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A Note on the Extension of Analytic
Functions off Real Analytic Subsets

G. NARDELLI and A. TANCREDI

ABSTRACT. Let X be a closed analytic subset of an open subset §} of
R". We look at the problem of extending analytic functions from X to §2.

0. INTRODUCTION

Let X be a closed real analytic subset of an open subset  C IR".
A real analytic function on X is a function that is locally restriction of
real analytic functions on open subsets of 2. It is well known (cfr. [3])
that every analytic function on X extends to 2 when X is coherent.

A bigger class of analytic subsets, the C-analytic subsets (cfr. [2],
[3]), i.e. the subsets that have global equations in {}, are characterized by
a weaker extension property: every analytic function on X that extends
to a neighborhood of X in  extends to the whole §2. Moreover on every
analytic subset without global equations in { there exist functions that
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do not extend to 2. We prove here that this situation arises even if X
is C-analytic, but not purely dimensional of dimension bigger than one.

In [5] it was pointed out that a C-analytic subset X C R™ may be
isomorphic to an analytic subset Y C R™ that is not €-analytic using a
C*° map inducing an analytic isomorphism ¢ : X — Y. We prove here
that such a situation depends on the fact that ¢ or ¢! does not extend
analytically and we show by examples that the isomorphism ¢ may be
simply restriction of rational maps.

Using the results of [6] it is not difficult to consider also the case
when (2 is a general coherent analytic space.

1. PRELIMINARY REMARKS AND DEFINITIONS

We recall some definitions and results that we use in the following.
We denote by k the field of real numbers IR or the field of complex
numbers €. ,

Let X be a closed analytic subset of an open subset Q C k™. We
denote by Ogq the sheaf of k-valued analytic functions on . An analytic
function on X is a function that is locally restriction of analytic functions
on open subsets of 2, i.e. a section of the sheaf Ox = (Oq/Jx)|x, where

Jx is the sheaf of ideals on ) defined by

Ix(V)={g € Oa(V)lgjvnx = 0}

for every open subset V of Q. Of course we speak of real analytic func-
tions (subsets) for £ = R and of complex analytic functions (subsets)
for kK = C. By morphisms of analytic subsets we intend morphisms for
the above structures of ringed spaces.

1t is well known that for £ = IR the sheaf of ideals Jx may not be
a coherent Og-module. A real analytic subset such that Jx is coherent
is said to be a coherent analytic subset. 1t is known that the notion of
coherence is invariant by isomorphisms.

We call a ringed space (X,Ox) a real analytic subspace of Q@ when
X = Supp (0q/J) and Ox = (Oq/TJ)|x, where J is a coherent sheaf
of ideals of Oq. Clearly every coherent analytic subset is an analytic
subspace.
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A real analytic subset X is called C-analytic if there exists a complex
analytic subset X of an open subset & C € such that @ C @ and
XNnQ=X.

Every coherent subset is C-analytic but there exist C-analytic sub-
sets that are not coherent.

Proposition 1. For an analytic subset X C § the following con-
ditions are equivalent:

(i) X isC-analytic;

(ii) there erists a coherent analytic sheaf of ideals J of Oq such
that

X = Supp (Oa/J);

(i) there exist analytic functions fi,..., fx on Q such that
X ={z € Qfi(z) = fo(z) = -~ = fi(z) = 0}.

Proof. See [3].

We refer to the third property of the previous proposition by saying
that X has global equations in ).

A C-analytic subset is said to beC-irreducible if it is not union of two
proper closed C-analytic subsets. 1t is well known that a @-irreducible
subset may be a reducible subset as it can be seen in the Examples.
Every €C-analytic subset has a unique representation as an irredundant
union of €-irreducible subsets.

Lemma 1. Let X be a closed real analytic subset of an open subset
Q C R". If there exists an open neighborhood U of X in Q such that X
has global equations in U, then X has global equations in .

Proof. By Proposition 1 there exists a coherent sheaf of Oy-
modules F such that X = Supp F. If G denotes the trivial extension of
F to Q then G is a coherent sheaf too and X = Supp G.
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Definition 1. A real analytic subset X is called a non pure dimen-
sional subset at a point a if:

(i) dim X, = dim X;

(#1) for every neighborhood U of a there exists x € U such that
dim X, < dim X;

(111) X, is irreducible.

X 15 called a non pure dimensional subset if it is a non pure dimen-
sional subset at some point.

Lemma 2. Let X C  be aC-analytic non pure dimensional subset
at a. There exists a C-irreducible subset T of X, with dim T < dim X,
that contains a and points ¢ arbitrarily near to a such that X. = T,.

Proof. Let s = dim X. By a result of [2] X is union of the set
R(X) of the regular points of X of dimension s and of a closed €-analytic
subset T" of X such that dim T < s. Clearly a € T since a ¢ R;(X). By
the hypothesis there exists at least an irreducible component of the germ
T, that is not contained in the closure of R;(X). The conclusion follows
by replacing T with one of its €-irreducible components that contains a
and taking points ¢ not in the closure of R,(X).

Remark 1. We recall some properties of the smallest complex
analytic subset that contains a C-analytic subset (cfr. [2], [7]). Given a
real analytic subset X of Q@ C IR® for every open subset  of C* such that
XcQlet X & be the complex analytic subset defined as the intersection
of all closed complex analytic subsets of  that contain X. Clearly Xﬁ
is the smallest complex analytic subset of ) that contains X and X is
a C-analytic subset of Q if and only if there exists an open set Q such
that X'ﬁ NQ = X. In this case if  is a small enough neighborhood of
Q and X is C-irreducible of dimension s, then we have:

(1) f(ﬁ is irreducible of dimension s;

(2) if Q; is an open neighborhood of X in Q then X5 N {4 contains
just one irreducible component Z that contains X and Z = XQ,,
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(3) there exist open sets { such that Xﬁ is invariant with respect
to the antiinvolution o of €" induced by conjugation;

(4) if X and X are irreducible at a point z € X of dimension s,
then X, is the complexified of X,.

_ We will use often the notation X without specifying the open set
Q.

2. EXTENSION PROPERTIES

Let X be a real analytic subset of an open subset 2 C R". We say
that the extension property holds for X if every analytic function on X
extends to §.

We say that the weak extension property holds for X if every analytic
function on X that extends to an open neighborhood of X in 2 extends
to Q.

The Theorem B of H. Cartan (cfr. [3]) implies that the extension
property holds for every coherent subset. Even if the following theorem
too is a consequence, more or less known, of Cartan’s results for non
reduced spaces (cfr. [6]), we think that may be interesting to produce a
short proof of it.

Theorem 1. Let X be a closed analytic subset of @ C R". The
weak extension property holds for X if and only if it has global equations
in ). ’

Proof. Let us suppose that X has global equations in ; by Propo-
sition 1 there exists a coherent sheaf of ideals J C Jx of Ogq such that
X = Supp (Oq/J). Let us consider the real analytic subspace (X, Ox)
where Ox = (Oa/J)|x and let 5 : (X, @x) — (2,0q) be the canonical
embedding.

Let f € T(X,Ox) be an analytic function such that there exist an
open neighborhood U of X in Q and an analytic function g € I'(U,Ogq)
such that f(z) = g(z) for every z € X. The function g induces a
section nu(g) € I'(X,0x) and, by Cartan’s theorem B, there exists
h € T'(Q2,0q) such that ng(h) = nu(g). Since 7 is a morphism of R-
ringed spaces the values of no(h) and ny(g) at any point £ € X are h(z)
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and g(z) respectively. We conclude that the analytic function h extends
f.

Let us suppose now that the weak extension property holds for
X. For every a € Q© — X let us consider the analytic function f° :
Q - {a} — R defined by f*(z) = ||z — a||~% for every z € Q, z # a.
From the hypothesis there exists an analytic function g% : © — R such
that g% x = f% x and then we have

X=[{ze|¢ @)l - =1}
ag X

The conclusion follows since (cfr. [2]) the intersection of any family of
C-analytic subsets is a C-analytic subset.

Corollary 1. Any connected component Y of a €-analytic subset
X of @ C R" isC-analytic.

Proof. By [1] X is locally connected and then Y is open and
closed in X. It follows that any analytic function defined on an open
neighborhood of Y in ) extends to an open neighborhood of X in .
The conclusion follows from the previous theorem.

Corollary 2. If X has not global equations in ) the extension
property does not hold for X.

In the following theorem we prove that the extension property does
not hold for non purely dimensional subsets of dimension bigger than
one. Of course the condition on the dimension is necessary since all
analytic subsets of dimension one are coherent.

Theorem 2. Let X be a C-analytic subset of & C R with
dim X = s > 2. If X is non pure dimensional then there ezist analytic
functions on X that do not extend to any open neighborhood of X in Q.-

Proof. Let us first assume that X is C-irreducible.

In X we can choose a point a that verifies the conditions of Definition
1. From Lemma 2 there exists a C-irreducible €-analytic subset T, with
dim T < s, @ € T, that contains a point ¢ such that T, = X.. With
the notations of the Remark 1 there exist a Stein open set 2 C C" such
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that © = N R" and analytic subsets X, T in { such that X nQ = X,
ThnQ=T, dim X =dim X,dim T = dJm T, X and T irreducible. We
can assume {2, X, T invariant with respect to the antiinvolution o of €*
induced by conjugation.

Let us consider the analytic set

C = {z € Q§(z) = 0}
where

n

i(2) =) (= — ).

i=1

Being C~'~ N X a proper subset of X it is easy to see that the dimension
of CN X is s — 1 at every point.

Let us denote by S1,..., 57 the irreducible components of C N X
that contain ¢. For each 7 = 1,...,p, a(S’) is an analytic irreducible
subset of C N X of dimension s — 1 The condition ¢ € o(57) implies
that there exists k(j) such that

o(§7) = 540,
Since 7 # T, for each j = 1,...,p, there exists
Ge§-T
and
¢ ¢ S for I # 5.

By Cartan’s Theorem A there exists a complex analytic function izj €
Oa= () such that

hi(¢i) # 0, )

. o (1.2)
hj(z) = 0 for every 2z € U S'uT.
1#3
Let §; be the function
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1. 0
2z 5(hj(2) + hj(2)).

If k(j) = j, by multiplying if necessary ilj by the imaginary unit, we can
assume that

gi(G) # 0,
L (2.2)

gi(z) = 0 for every z € U StuT.

I#5

If k(j) # j, we have

G;(2) = 0 for every z € U S'uT,

I#3,k(4)
j i (32)
9i(6i) = 5hi(¢5), :

3i(0(¢3)) = 3haGs)

and then §; is a function not identically zero on §7 U §%9) such that
G;(Q) C R. Let us call jy,...,Ju,h1,.. by, l1,...,1,, where u+2v = p,
the index (j;)i=1,..., according to

o(§%) = §% or g(§M) = §'=
and let

u v 2
7= (2a+Ym) .

i=1 t=1 .
The function so defined is identically zero on T, hence on T, but it is
not identically zero on any irreducible component S7 and §(2) C R as

it follows easily from (2.2) and (3.2).

Let us now consider the real analytic functions on Q

g =§lo and ¢ =gg
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and let us denote by A : X — R the function defined by

,\(x)={f7;%(% z#c

T =Cc.

In order to prove that A does not extend to any open neighborhood
of X in Q by Theorem 1 it is enough to prove that it does not extend to
. We can suppose that there exists a real analytic function p: @ - R
such that pjx = A. On a suitable open subset Q' C Q there exists a

complex analytic function i such that fijq = u. Let X' be the irreducible

component of Q'N X that contains X and 7" the irreducible component
of ' N T that contains T'.

Let

P ={ze X'lj(z) + §(z) = 0}

and

S ={z e X')§(z) = 0}.
We observe that

and

dim § = s — 1.
Moreover P QX’ because §(a) # 0 while §(a) = 0; hence X' — P £ 0 is
an irreducible analytic subset too.

Let A: & — P —C be the complex analytic function defined by

(R (C))

=+ i)
Now we can suppose that arbitrarily near to a there exists a point z € X
with dim X, = s that is regular for X and X. It follows that X' is the
complexified of X at z and since X is defined in a neighborhood of a it
results (A— A)1x, = 0 and so (A- ) 2 = = 0. By the analytic continuation

principle we can conclude
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X = ji over X' - P.
Since . does not vanish on any § i, i=1,...,p, SN P is a non empty
proper subset of S with

dim.(§NP)<s—1.
Indeed if were dimc(S' N 13) = s — 1 every irreducible component of
(§ N P), would be an irreducible component of some SJ but then §
would be identically zero on $7. So the set

A=85-8nP
is an open subset of S such that c € A. But
A(z) = ji(z) = 0 for every z € A

and so

() = 0

because [ is continuous in ¢. This contradicts the assumption

fi(c) = p(c) = 1.

If X is C-reducible there exists a unique C-irreducible component
X' of X that contains a. By the above construction we find an analytic
function on X' that does not extend to . Since we can assume that
¢ does not belong to any C-irreducible component of X except X' the
analytic function we found is well defined on the whole X and, of course,
does not extend to 2.

Corollary 3. If X is normal, i.e. if the R-algebra Ox , is in-
tegrally closed in its quotient field for every x € X, then the following
conditions are equivalent:

(i) the extension property holds for X ;

(i) X is coherent;

(iii) HY(X,Jx) = 0.
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Proof. By [6] a normal analytic space is coherent if and only if it
is of pure dimension. ’

3. GLOBAL EQUATIONS

Theorem 3. Let X C R, Y C R™ be real analytic subsets, ¢ :
X — Y an analytic isomorphism such that ¢ has an analytic extension
to R® and ¢~! has an analytic extension to R™. Then X isC-analytic
if and only if Y is C-analytic.

Proof. Let us suppose that ¢ and ¢~! are induced respectively
by analytic maps ¥ : R® — R™ and § : IR™ — IR". Let us denote
by X and Y the smallest C-analytic subsets of R® and R™ respectively
that contain X and Y. Every analytic function identically zero on X
(on Y) is identically zero on X (on Y). 1t follows that 84| = id; and

Yol =idy, ie. X is isomorphic to Y. Now X is C-analytic if and only
if X = X and we have (Y) =X =4(Y) ifand only if Y = Y.

Examples. We will produce examples of analytic subsets X and
Y that are isomorphic, but only one of them is C-analytic.

Let

X ={z € R}(1 - x3)x! + x2 = 0}
be the classical Whitney umbrella and

Z = {z € R’|(1 - x3)x3x] +x3 = 0},
Y ={z € Z|z3 # 0} U{0,0,0},

L ={z € R%x; = x3 = 0}.

It is easy to see that Y is a closed analytic subset of R® and Z =
Y UL.

We want to show that Y is not €-analytic: by Lemma 1, it is enough
to show that every analytic function f : IR® — R that vanishes on Y
vanishes on L too. There exist an open neighborhood Q of R? in €3



96 G. Nardelli and A. Tancredi

and a complex analytic function f: € — @ such that f |rs = f. Let us
consider now the complex analytic subset

Z = {z €@®(1 — 23)z323 + 2% = 0},
and the path vy : [0,1] — €3 defined by

(1) = (1 - 1), det(1 - 2),1),

where ¢ is a positive small enough real number. 1t is easy to see that
1(t) € Z N Q for every t € [0,1] and for t # 0,1 it is a regular point of
Z. The complex analytic subset Z is the complex1ﬁed of Z at the point
7(1) and since the real analytic function f vanishes on a neighborhood
of 7(1) in Z the complex analytic function f vanishes on a neighborhood
of ¥(1) in Z. It follows that f (y(0)) = f(y(0)) = 0, but v(0) € L - Y.

We observe that Z is a C-analytic C-irreducible subset, but it is
union of two closed proper irreducible subsets: Y that is not C-analytic
and L that is trivially coherent.

Let us denote by ¢ : X — IR? the analytic map defined by
_ J(,22,23) 23#0
¢(z) = {(030 0)  z3=0

and ¥ : Y — X the analytic map ¢ : z — (z123,23,23). It is
straightforward to see that ¥¢ = idx and ¢¢ = idy.

A similar example may be produced even if ¢ extends to R?® by
considering the analytic map on X ¢ : z +— (z1,2323,23) and the
analytic map on Y defined by

_J (@1, 2,23) 23#£0
@b(z)“{gooo) ) zz_o
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