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Abstract

Let X be an Asplund space. We show in this paper that X
admits a total biorthogonal system, (z;, u:)icr such that the closed
linear hull of {z; : i € I} is a weakly compactly generated Banach
space. We also prove that if Y is a weakly compactly convex-
determined normed subspace of a Banach space X with dens Y >
dens X} then there is a total biorthogonal system (2;, ui)icr for
X such that the linear hull {z; : i € I} is a dense subspace of Y.

Throughout this paper all vector spaces are suppose to be real ones.
The set of positive integers is denote by IN and the set of real numbers
by R.

When no confusion occurs, || - || will represent the norm in a normed
space X; unless stated, B(X) is the closed unit ball of X. We write
X* for the conjugate space of X; X** for the conjugate of X*, and we
identify X, in the usual way, with a subspace of X**. If A is a subset
of X*, A, stands for such a subset equiped with the induced weak-star
topology of X*; A, is the subspace of X orthogonal to A, and A° is the
polar set of A in X. By < -,- > we represent the usual duality between
X and X* ie, ifz € X and u € X*, < z,u >= u(z). For a subset
M of X, M+ will be the subspace of X* orthogonal to M, and M° the
polar of M in X*; also, lin M will denote the linear span of M. The
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space X endowed with the weak topology will be represented by X,.

For a dense subspace Y of X, o(X*,Y) will be the topology on X*
defined by pointwise convergence respect to Y; u(X*,Y) will denote the
topology on X* given by uniform convergence respect to each weakly
compact absolutely convex subset of Y. We shall shorten X . to mean
X* with the topology u(X*, X). Given two closed subspaces X7 and X2
of X, we say X is an orthogonal complement of X3 in X1+ X2 provided
X1N X2 = {0} and the projection of X1 + X2 onto X2 along X; has
norm one.

For a continuous projection T in the normed space X, T'* denotes
its conjugate projection in X*.

|A| will be the cardinal number of the set A. Also, | a | will stand
for the cardinal number of the ordinal o; w is the first infinite ordinal,
while Ry is the first infinite cardinal number.

The density character of a topological space M is the smallest car-
dinal number X for which there is a dense subset A of M with | A [= ).
We then write dens M = A.

A projective resolution of the identity operator in a Banach space X
is a family

{Ta tw<laZ< I"}

of continuous projections in X, where p is the first ordinal number such
that | 4 |= dens X, and T}, is the identity operator on X,

| Te I= 1, dens To(X) <[ |,
TaoTg=TgoTa=Tg, ifw<pf<Laly,
and for each limit ordinal o, w < a < p, the closure of
U{T(X) :w < B < a}

in X coincides with To(X). It is known that given x € X and ¢ > 0
there is only a finite number of ordinals a satisfying

I (Ta+1 — Ta) (=) > &,

A Banach space X is said to be Asplund provided that the conjugate
Y * of each separable subspace Y of X is also separable. For each Asplund
space X, M. Fabian and G. Godefroy show in [2] that the identity
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operator of X* has a projective resolution. Some of the ideas in [2] are
used in this paper. ‘
If (x;)ic ;1 is a collection of vectors in the normed space
X, [x; : i € I] is the closure of lin{z;:¢ € I}. A biorthogonal system
for X,
(zi, ui)ier i € X,us € X*, 1 € 1,

is total whenever lin {u; : i € I'} is dense in X2. When [z;:4¢ € I] is
X such a system said to be complete. Whenever (z;,u;);c; is both
complete and total then it is called a Markushevich basis. If besides
[u; : i € I] = X* such a basis is said to be shrinking.

A polish space M is a separable topological space admitting a com-
patible metric d such that (M, d) is complete.

For a given set I, ©() denotes the subspace of the topological space
R! formed by all elements (z; : i € I) such that the set

{i €I:z; # 0}

is countable. Every compact topological space homeomorphic to a sub-
space of ), for some I, is called a Corson compact.

Let P and Y be two topological spaces. A mapping ¢ from P on the
power set of Y is said to be upper semicontinuous if, for a given p in P
and a neighbourhood V of the set ¢(p) there is a neighbourhood U of p
such that ¢(q) is contained in V for every ¢ in U.

A topological space Y is defined as K -analytic, |3], if there is a polish
space P and a mapping ¢ from P in the compact subsets of Y satisfying
the following conditions

(a) ¢ is upper-semicontinuous.

(b) U{p(p):p€ P} =Y.

In the above definition we want P to be only separable and metriz-
able, instead of polish, then Y is said to be countably determined, [12].

We say that the normed space X is weakly convex-K-analytic if there
is a mapping ¢ from a polish space P on the weakly compact absolutely
convex subsets of X such that it is upper semicontinuous respect to the
weak topology of X and U{¢(p) : p € P} = X. If in this definition we
want P to be separable and metrizable, instead of polish, we obtain the
definition of a wekly countable convex-determined normed space X, [11].
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1 Biorthogonal system in Asplund spaces

Before starting the construction of certain biorthogonal systems in As-
plund spaces we give three preliminary propositions.

Proposition 1 Let X be a Banach space. Let A, and B, be infinite
subsets of X and X*, respectively, such that | A; |=| B, |. Let (¥n)
be a sequence of continuous mappings from X into X* which converges
pointwise to the mapping . Then there are two closed subspaces E and
F of X and X*, respectively, satisfying the following conditions:

(a) densE <| A, |, densF <| B |, Ac C E, B, C F.
(b) E* is an orthogonal complement of F in F + EL.

(c) For each z in E, ¢n(zx) and ¥(z),n=1,2---, are in F.

Proof. For each v in X* and each positive integer n, we choose in X
an element z(u,n) such that

1
2w n) =1, <z (un)u >2) u | -2

We proceed inductively and suposse that, for a non-negative integer m,
we have already found the sets

AmC_X,BmC_X*,IAol:'Am|:'Bm|-

Let C,, and D,, be the lineat spans over the field of rationals of A,, and
By, respectively. We write

Am+1:CnU {z(u,n) :u € Dy, n=1,2,---}

Bm+1.:: Dm U {wn(x) X € Cm, n= 1, 2, .. ‘}

Let E and F denote the closures of U Am and U Bm in X and
X*, respectively. Clearly, E and F are Banach spaces such that

densE §| Ao l, denSF §I Bo I, Ao C E, Bo C F.
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We take now v € E+, w € F and € > 0. We may find a positive integer
m, -,1; < ¢, and element u in By, so that || w — u ||< e. Then

1
Twl<llw—wll +lul<et <z(um)u>+—

<2+ < z(u,m),u+v>< 2+ < z(u,m),u — w >|
+l<z(u,m)v+w>|<2+ u—w||+|v+w|<3et | v+w]

and consequently
lwlI<llv+wl,

hence we conclude that E- is an orthogonal complement of F in F+ E-L.
Take now z in E. We many find a sequence (z,) convergent to z so
that z,, is an Ay, m = 1,2--- If we fix a positive integer n, we have

Vnzm) EF,m=1,2---,

and thus
Yp(z) = lim ¢p(zm) € F,

hence
¥ (z) = lim Yn(z) € F.

q.e.d.

Proposition 2 Let X be a Banach space that does not contain a copy
of £1. Let M be an absolutely conver bounded and closed subset of X*.
Let ¢ be a mapping of the first Baire class from X to X* such that

Y(z) €M, < z,¢(z) >=sup{< z,u>:ue M}, z€X.

Then M is weak star compact and it coindices wit the closed absolutely
convez hull in X* of (1) {v(z) : z € X}.

Proof. Let us assume that the stated property does not hold. Let P
denote the weak-star closure of M in X*.. We take an element u, in
P not contained in the closed absolutely convex hull of (1) in X*. Let
(¥n) be a sequence of continuous mappings from X to X* pointwise
convergent to . We find two countably infinite subsets A, and B, of
X and X*, respectively, so that u, be in B,. By applying the former
proposition we get hold of two closed subspaces E and F of X and
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X*, respeclively, with the properties there stated. We identify E* with
X*/E* in the usual manner. Let f denote the canonical mapping from
X* onto X*/EL. Let A be the closure of f(M) in X*/EL. If ¢ is. the
restriction of f o ¢ o E, then, for every x of E,

o(z) = f(v(z)) € 4,
<z, p(x) >=<z,¢(z) >=sup{< z,u>:u € M} =
= sup {< x,u>: u e.-A}.
Siuce E is separable with no copy of €1, we may apply [4, Th. IIL4] to -
conclude that f(u.) is in the closed absolutely convex hull in X*/E-L of
{o(z):z € E}.

Since F is isometric to the subspace f(F) of X*/E' and u. belongs to
F we have that u, belongs to the closed absolutely convex hull in F' of

{¥(x) :x € E},

which is a contradiction.
q.e.d.

Proposition 3 Lel X be a Banach space not contairing copy of £1. Lel
¥ be a mapping of the first Baire class from X lo X* such that

| ¥(z) |I=1, < z,%(z) >=}z ||, = € X.

Let E and F be two closed subspaces of X and X*, respectively, such
that E* is an orthogonal complement of F in F+ EL+. If ¥(z) is in F
for each x in E then EL is an orthogonal complement of F in X*,

Proof. As before, we identify £* with X*/EL, Again, let f denote the
canonical mapping from X* onto X*/EL. Let ¢ be the restriction of
fo v to E, Then ¢ : E — X*/E" is of the first Baire class,

le(@) =1 < z,0(@)>=||z |,z € E,

hence, by Proposition 2, we have that B(X*/E"') coincides with the
closed absolutely convex hull in X*/EL of

{p(z):x € E}.
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Thus, if M denotes the closed absolutely convex hull in F' of

{¢(z):z € E}

it follows that F(M) = B(X*/E*). But M C B(F) and f(B(F)) is
contained in B(X*/E~). Therefore, f(B(F)) = B(X*/E'), and so E+
is an orthogonal complement of F' in X*.

q.e.d.

In the next two propositions we consider an infinite dimensjonal As-
plund space X such that dens X = dens X. Let Y be a closed subspace
of X with densY,’ = dens X. Let u be the first ordinal of dens X. We
set

{wn:0<7n< p}

to be a dense subset of X*. Let (¥5,) be a sequence of continuous map-
pings from X to X* converging pointwise to the mapping ¢ such that

l¥@) =1 <z,9(@) >=|zl,z€X

The existence of these mappings in guaranteed by [6]. We represent by
H the family of all triples

(x4, wi)ier, E, @)
which accomplish the following conditions:
1. (s, ui)ss is a biorthogonal system for X, | I |> Ro.
2. E is a closed subspace of X such that

zi€ENY,i€l,densE =|T]|.
3. Yp(z) €Eui:i € Il,n=1,2,---,z € E, and [u; : i € I] has Et
as orthogonal complement in X*.

4. a denotes an infinite ordinal not exceeding p and such that
la|=[ I},
wp€fui:i €1,0<n< 0.

Proposition 4 H is non empty.
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Proof. We choose a countably infinite set A, formed by linearly inde-
pendent vectors of Y and a countably infinite subset B, of X* containing
{wy : 0 < 5 < w}. Proposition 1 yields two subspaces E and F of X and
X*, respectively, with the properties there stated. Proposition 3 then
tells us that F has E1 as orthogonal complement in X*. We apply now
the method described in [8, Prop. 1. £3] to find a biorthogonal system
(Zn, Un)pen for X such that

lin{zy:n € N} =linA,, [up:n € N]=F.
Then
((:cn, “n)neN’ E,w) cH.

Given two elements of H, we write

(x4, ui)ier, E,a) < ((¥i,v5), G, 7)

whenever {(z;,u;) : i € I'} and E are strictly contained in {(y:,v;) : j € J}
and G, respectively, and a < 7.

Proposition 5 (H, <) is an inductive ordered set.

Proof. Clearly, (H, <) is an ordered set. Let £ be a non-empty subset of
H such that (£, <) is linearly ordered. We denote by {(ck,uk) : k € K},
G and ~ the union of the sets {(z, u;) : i € I}, the closure of the union
of the sets E and the supremum of the ordinals e, respectively, when
((zi,ui)icr, E, ) ranges covers £. We then have that (Ths Uk) ek 18 @
biorthogonal system for X, G is a closed subspace of X such that

zr €GNY, k € K,densG =| K |,

Yn(r) Eux: k€ K], ,z€G,n=12---,

and, in light of Proposition 3, G is an orthogonal complement of
[uk : k € K] in X*. Finally

wp€lur:k€K],0<n<,

and [ |=| K |-
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Theorem 1 Let X be an Asplund space such that dens X = dens X .
Let Y be a closed subspace of X with densY, = dens X. Then there is
a biorthogonal sytem (x;, ui);c; for X such that

€Y, j€l, [us:iell=X".

Proof. We base our discussion on the density character of X. For
separable Banach spaces the property is certainly true, as it follows
from the proof of [8, Prop. 1. f 3]. Let us assume now taht X is
not separable and that, for each Asplund space Z such that densZ =
dens Z} < dens X and each closed subspace W of Z, dens W5 = dens Z,
there is a biorthogonal system (z;, vj) jeJ such that

Z€EW,j€J, [vj:j€d)=2"

Let p be the first ordinal of dems X. We take a dense subset
{wn: 0 <5 < p} of X*. In light of [6], we may find a mapping % of the
first Baire class from X to X* such that

() |=1, < z,9(@) >=| z |, z € X.

Let (¢n) be a sequence of continuous mappings from X to X* which
converges pointwise to ¥». We consider now the inductive ordered set
(M, <) formerly defined. Let ((xi, ui)icr, E, @) be a maximal element of
(H,<). Assume a < u. We open up a transfinite induction process by
setting Eq := E and Fqo := [u; : i € I|. Suppose also that, for a given
ordinal p, a < p < p, we have already defined £, and F, o < v < p, so
that E;- is an orthogonal complement of F, in X *, dens E, = dens F,, =
|v], wp €Fy, 0 <<,

Yn(z) EFy,z € Byyn=1,2--,

If p is an isolated ordinal, since densY, >| p — 1 |, we have that F,_;
cannot separate points in Y and hence there is a non-zero element z,
inY N(Fp_1),. Take M and P to be two dense subsets of E,—; and
F,_1, respectively, with | M |=| P |= dens F,_;. Applying Propositions
1 and 3 to A, := M U {z,} and B, := P U {wp_1} we obtain two closed
subspaces E, and F, of X and X*, respectively, such that

(a) Ao C Ep, Bo C Fp, dens Ey, = dens F), =| Ao |.



200 M. Valdivia

(b) 1/),,(1:) € FP? z€ Epv n= 1,2:"'
(c) E;,L is an orthogonal complement of F,, in X*.

If p is a limit ordinal, we define E, and F, as the closures of
U{E,:a<v<p}and U{F,:a <v < p} in X and X*, respectively.
Then

densE, =dens F, =| p |

and conditions (b). and (c) are thus satisfied.
We write Tp, a < p < p, for the projection of X* onto F, along E,J;,
and T}, for the identity operator in X*. The collection

{Tp,a<PS#}

fulfills then all the requirements of a projective resolution of the identity
operator in X*, except that o may be different from w. Consequently,
given § > 0 and u in X*, the set of ordinals p for which

I (Tp-1—Tp) (u) ||> 6
is finite.
By the procedure we have just followed, given a < £ < u, the sub-

space Y N Egyy N (Fe) 1 is different from {0}. Let u be any element of
X* and let us assume that the set of ordinals ¢ for which

Y O Eep1 N (Fe)y C {u},
is not countable. We may then find
el <fit+l<f<btl< - <m<émtl<---<up,
e>0and zm € Y N E¢,+1N(Fe,) | » | ©m ||= 1, such that
<zTmu>>e,m=12,.-.
Clearly,
< Ty Tyt 18 >=< T, >, < T, Tg,u >=0,m =1,2--.

and thus
< Tegpt1 = Te)(w) 1> &, m = 1,2,---,
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a contradiction. Therefore, the set of such ordinals £ must be countable.
If now G stands for the closure in X of the linear

U{YﬂEEH N(Fe), :a <€ <2},

then G is a closed subspace of the Asplund space E2,. Let f be the
canonical mapping from Eo, onto E9,/E,. In the case | a |= R,
we have dens G, = dens Eg,. On the other hand, if | a |[> R, for
a subset A of X* we have in light of the argument above used that
the set of ordinals £, < € < 2a, for which there is some w in A not
vanishing in Y N E¢i1 N (F¢) | has a cardinal number not greater than
| A | Ro. Consequently, if A separates points in G, then | A |=| a |, and
dens G}, = dens E2,. Now, since Fo, has Eg,, as orthogonal complement
in X*, we may identify Fo, with the conjugate of Eo, and Foq N F}
with the conjugate of Eo,/E,. Since G is an orthogonal complement of
Fo in Eq + G, it follows that f(G) is a subspace of the Asplund space
Eoq/ Eq isometric to G, hence

dens f(G), = dens (E2q/Eq) < dens X

and we may thus find a biorthogonal system (t;, ui);c, for Eoa/Eq, It
disjoint from I, such that

t; € f(G),i €I, [uj:i € Ij| = Foq N Ex.

By selecting z; in G with f(z;) = t;, i € I, and setting J := I U Iy, it
turns out that
(%5, u5)jes, E2a,20) € H
and
((zi, wi)ien, E, @) < ((zj,u5)jer, B2, 22),
thus attaining a contradiction. Thereby o = p and (z;, ui);c is a
biorthogonal system for X such that

ze€Y,i€l,[u:iel]l=X"*
q.e.d.

Theorem 2 If X is an Asplund space, then there is a total biorthogo-
nal system for X, (zi,ui);cr, such that, if v; is the restriction of u; to
[zi:i €1}, i €I, then (x4,v:);c; i8 a shrinking Markushevich basis for
[zi:i €.
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Proof. If X is separable, the result then follows from [8, Prop. 1. f.
3]. Assuming that X7 is not separable, let {wy:0 <7 < pu} be a dense
subset of X, with p the first ordinal number of dens X}. Let (v,) be
a sequence of continuous mappings from X to X* converging pointwise
to ¥ and such that '

I4@) =1, < z,¥(x) >= = ||, z € X.

We consider a countably infinite set A, of linearly independent vectors
of X, as well as a countably infinite subset B, of X* such that w, €
Bo,0 £ n < w. We apply Proposition 1 to obtain subspaces E and F
with the properties there stated. We open up a new transfinite induction
process by setting E,, := F and F,, := F. Suppose that for an ordinal
p,w < p < u, a collection of subspaces E, and F,,w < v < p have been
defined in such a way that E;- is an orthogonal complement of F,in X*,

densE, =dens F, =| v |, wy € Fp,0 <> v,

Yn(z) € Fy,z € Eyy,n=1,2,--

Proceeding analogously as in the proof of our last theorem, taking Y =
X, we are able to construct E, and E,. Since E, is an orthogonal
complement of F,, in X*, we may identify F,, with the conjugate of E,,.
For every ordinal o, w < a < p, let Sq be the mapping from F, onto Fy
along to EX N F,,. Then '

{Sa:w<a<p}

is a resolution of the identity operator in F,,. The argument followed in
the proof of the mentioned theorem leads us to

dens B, = dens(E,) =|p | .

By appling Theorem 1 we obtain a biorthogonal system (z;, u;);c; for
E, such that [u;:i € I] = X*/ E;f Hence, if v; denotes the restriction
of u; to [z; : i € I] we have that (x;,v;);c; is a shrinking Markushevich
for [z;:4 € I].

q.e.d.

Corollary If X is an Asplund space, then there is a total biorthogo-
nal system for X, (zi,u),c;, such that [z; : i € I} is a weakly compactly
generated Banach space
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Proof. A straightorward consequence of the former theorem and [9, p.
700].
qg.e.d.

2 'Weakly countably convex-determined normed
spaces

We give here a few results, some of which will be used in the next section.

Proposition 6 For a Banach space X the following assertations are
equivalents:

(a) X is weakly countably convez-determined.
(b) X is weakly countably determined.

(c) There exists a metrizable separable topological space P and a map-
ping ¢ from P to the compact subsets of X, which is upper semi-
continuous, respect to the weaek topology of X, and such
that U{p(p) : p € P} is dense in X.

Proof. (a) = (b) and (b) = (c) are obvious. We show that (c) = (a).
Since every polish space is a continuous image of IV N , IN equipped
with the discrete topology, it means no restriction to assume that P
is a subspace of IV N Let B denote the closed unit ball of X. For

an element (ny, no,---,ng,---) in P, let ¢(n1,n2,---,nq---) represent
the closed absolutely convex hull of ¢(ny,no,---,nq---). By Krein’s
theorem, |7, p.325}, ¥(n1,n2,- - -, ng- - -) is weakly compact. Besides, it is

not difficult to verify that v is upper semicontinuous respect to the weak
topology of X. Now, given a positive integer n and a double sequence
(nrq) such that, for each positive integer r, (nyr1,nr2, -, nrg,--) is in
P, we define

A, (rg)) = (B) 0 (55 (et nr - irgy ) + 2 B)).

Clearly, this set is absolutely convex, closed and bounded in X. We
consider a sequence

(2) (n, (b)), m = 1,2,---,
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such that
b( )—n,.q,r g=12,---.m,m=12,---,

and, for fixed positive integers m and r, (bq(nq ) be in P. For each positive

integer m, we choose an element z,, in A(n, (b(m))). Let z, be a point in
the weak—star adherence of (z,,) in X**. For any fixed positive integer
r, we may write’

_ ( 1
Tm = Ym + Zm, Ym € ¢(b£;n)r bs-;n) bv(;;n), )7 Zm € ;B-

Then there is a point 2z, in the weak-star adherence of (zm) in X** such
that yo := &, — 2, is in the weak-star closure of (ym) in X** and, since

vl 2 0r2 s rq >
is a sequence in P converging to (nri,ns2, -, Nrq, - ), it follows that
Yo belongs to ¥(ny1,nrg, -+, nrg- - ). Besides this, distance in X** from
Zo to X is less or equal than || zo — yo ||=| 20 |I< % and, being the

inequality true for any positive integer r, we have that z, is in X. it
is now clear that z, belongs to A(n, (nrg)). If the sequence (2) is taken
such that

b(m) = Nipg, M, 7, ¢ =1,2,---

then zp, is in A(n, (nyg)),m = 1,2,-- -, and thus has its weak adherent
point z, in this set. Hence A(n, (nyq)) is weakly compact.

Now, let M be the set of all pairs (n, (nrq)), where n is a positive
integer such that, for each r, (ny1,nr9, <+, 7rq---,) is in P. We consider
in M the topology of termwise convergence. We then have that M is
metrizable separable topological space, and A is a mapping from M to
the weakly compact absolutely convex subsets of X. We see next that
A is upper semicontinuous respect to the weak topology of X. Take
(n,(nrq)) in M. Let V be a neighbourhood of A(n,(ns)) in X5. On
assuming that no image under A of any neighbourhood of (n, (nrg)) in M
is contained in V', we may find a sequence in M convergent to (n, (nrq))
and such that the image under A of each of its terms is not contained in
V. Since this sequence has a subsequence of the type (2), we may select

ZTm € A(n,(bs.Z'))\V, m=12,---
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Thus, if z, is a weak-star adherent point of (zy,) in X**, by the argument
formerly employed, we have z, in A(n, (nyq)), which is a contradiction.

Finally, for a point z in X, we find a positive integer m such that
z € mB and, for each positive integer r, we find (my1, mp2,- -, Mg, *,)
in P such that

1
(IB+ ;B)ﬂ@(mrlymr%"',mrq"’:)7£¢-

Hence,

1
x € (MB)ﬂ(¢(mr1,mr2,"',mrq’“y)+;B)-

Consequently,
U{A(n, (nrg)) : (n,(nrg)) € M} = X.
q.ed.

Proposition 7 For a Banach space X, the following assertions are
equivalent:

(a) X is weakly convezr K -analytic.
(b) X is weakly K -analytic.

(c) There is polish space P and a mapping ¢ from P on the compact
subsets of X, which is upper semicontinuous with respect to the
weak topology on X, and such that U {o(p): pE P} is dense in
X-

Proof. It is totally analogous to the proof of last proposition, only
noticing that P is now identifiable with IV N and M is the set of all pairs
(n, (nrq)), n being any positive integer and (nsy) any double sequence
of positive integers.

g.e.d.

Note 1 Let X be a weakly compactly generated Banach space. Let D
be a weakly compact absolutely convex hull of X such that lin D is dense

in X. Let ¢ denote the mapping from N on the compact subsets of
Xo such that
Sa(nl,né’...,nq,.. -) = nlD, (nl,n2,...’lnq,..l.) € NN

Then, condition (c) of the former proposition holds, this yielding Tala-
grand’s result that X is weakly K-analytic, [10].
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Proposition 8 For a normed space X the following assertions are equiv-
alent:

(a) X is weakly countbly convez determined.

(b) X admits a sequence (Uy) of absolutely convez closed and bounded
zero-neighbourhoods such that, for each x in X, there is a decreas-

. . . o0 oo o)
ing subsequence (Uy;) of (Up) such that « is in n Up; and Y Up,;
18 a zero neighbourhood in X ;;

(c) In X, there is a sequence (By) of compact absolutely convex sub-
o
sets such that for each zero-neighbourhood W it is possible to find

an increasing subsequence (Bn;) of (Bn) so that _OJI Bn,; be a zero-
j= »

neighbourhood in X, contained in W .

Proof. (a) = (b).B denotes the closed unit ball of X. Let ¢ be an upper

semicontinuous mapping from a subspace P of IV N on the weakly com-
pact absolutely convex subset of X, X provided with the weak topology,
such that

X =U{e(p):p € P}

Given the positive integers j,m1,- -, m;, we write Am1,mo,---,m; for
the subset of P whose elements (b1, b2, -, bq- - -) satisfy

bq: mg, 4 = 1,2,"'aj'
Given the positive integers m, j, m1, ma,- -+, mj, we define
Cm,ml,mz,...,mj =X

whenever Am,,m,,.,m; is empty. If this latter set is not empty, we write
B, ,my,---m; for the absolutely convex hull of ¢ (Am,,m,,.m,) and denote
by Cm,my,mz,,m; the closure in X of the set

1
(m B)N (Bml,m,,...,mj + ]—,B).

We order all the sets Cy, m, ,ma,-,m; i & sequence (Up).
For a point z in X, we find (m1,m2,---,mg,---) in P such that

z E‘P(mlvm%""mq"")-
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We determine also a positive integer m such that z is in mB. Then,
from the sequence

Cmymlrﬂ"Z)"'tmj’j = 1’ 27 “e ’

it is possible to find a subsequence which at the same time is a subse-
quence (Uy,) of (Uy). This subsequence is clearly decreasing and

o0 Q0
x G ng Un, = jgl Cm,m1 ’mz’...’mj.

For each positive integer j, we take z; in Uy,;. Then, there is

1
y; € Bml,mz,---,m,-,zj € ;B, yj +2; Em B,

1 .
| 25— (y; + 25) lI< J-.,J=1,2,---

Since (z;) converges to zero in X, there is an element z, in X** which
is weak-star adherent to both sequences (x;) and (y;). Let us suppose
that z, does not belong to p(mj,ma,- -, mg, ). We find u in X* such
that

< zo,u>> 1, |< z,u>|< 1,z € p(m1,mo,---,mgq,--*)
We determine a positive integer » such that
|< z,u >|< 1,z € (p(blyb'-’y' "7bq1"')’

(b]_,b2’-.-’bq,-.-) EP, bi:‘mi, i: 1,2,...,:’-_
Hence, |< yj,u >|< 1, > r, and |< zo,u >|< 1, a contradiction. Thus,
(o o}

n Un, is weakly compact. Consider now
=1

* oo o
veEX',vg U U,
=1 "
For each positive integer j, we select

zj € Un, |< zj,v >>1
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We proceed as before to find z, in p(m1,mo,---,mq, - -) weakly adher-
ent to (z;). Then, |< zo,v >|> 1, and thus

[0 o]
3) weX*:<z,w>|<l,z € ﬂUnj C OJ Up..
| i=1 §=1
[ o}
Since n U, is absolutely convex and weakly compact, the conclusion

j=1 -
now follows from (3).
(b) = (a). We arrange in a sequence, (By), the sets

(U{Un:n € J})

with J ranging over the family of non-empty finite subsets of IV. These
sets are absolutely convex and compact in X;. Let W be a zero-
neighbourhood in this space. There is a finite number of points
z1,%2, -,y in X such that

{z1,x2,-,zp}° C W.
We find, for each z;,1 < i < r, a decreasing subsequence (Un;.,i) of (Uy)
[o o] [o o]
such that z; is in n Un,,; and U Up,iisa zero-neighbourhood in X .

j=1 Jj=1
From the sequence

(U{Unm’ 1= 1,2,---,r})°,j =1,2,---

we may find a subsequence at the same-time being a subsequence (Bp,)
of (By). Obviously, (Bp;) is increasing and

U B, CW
j=1 '

It can be easily seen that
”

A(DUS,)=UB
i=1%=1 ™Y T o

therefore this set is a zero-neighbourhood in X}
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(c) = (a). Let P stand for the subspace of IN N consisting on
all elements (nl,ng,-;_- ,Ng,--) such that n; < nji1,5 = 1,2,---, and

f.lol Br; be a zero-neighbourhood in X;. We write
J:

o0
‘P(nh ng, - -,Nq, " ) = n B:J-'
i=1

We have that ¢ maps P on the weakly compact absolutely convex parts
of X.
Given z in X, there is an increasing subsequence (By,) of (Bn) such
that fJol By, is contained in {z}° and is also a zero-neighbourhood in
]:
X,. Then (n1,n2,--+,ng,---) belong to P and

z € p(n1,ng,---,ng ---).

Henéeforth,

U{<P(n11n2v"')HQ1"'):nlynQ""anlb'“) EP}:X

Assuming that ¢ is not upper semicontinuous, there are a point
(n1,n9,---,ng,--+) in P, a neighbourhood V of ¢(n1,ne,---,ng,---) in
X, and a sequence in P,

(ngj),ngj)v”',ngj)"")’ .7 = 172""7
such that, for each positive integer j,ngj) =ng s=12,---,j, and
¢(n¥)a ngj)v Tt nt(i’)7 o ) Vv
Choosing

T; € (P(ngj)’ ‘ﬂg): T ng') o )\V,

we have ]
J
; € N By .
T; € £, Br,
For a given element u of X*, there are a > 0 and a positive integer m
such that au is in By,,. Thus

1
< zj,u>|< P j2m,
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and so (x;) is a bounded ‘sequence in X. Now, let z, be weak-star
adherent to (z;) in X**. Obviously,

To ¢ So(nl,n2, PP ’nq’ . .).
Let v be an element of X* such that

|< Zo,v >|> 1,|< z,v >|< L,z € p(n1,n2,-+-,ng," ).

oo
Since 'Ul Bp; is a zero-neighbourhood in X, we have that v belongs to
j:

such a neighbourhood. Hence, there is a positive integer k such that v
is in Bp,. Thus, z; is in By _for j > k, which implies that < z,,v >< 1,
a contradiction.

' g.e.d.

Note 2 It is shown in [13] that if X is a weakly countably determined
Banach space, there is a sequence (Ay,) of absolutely convex closed and
bounded zero-neighbourhood in X such that, for each = in X, there is
a subsequence (Ay;) of (Ap) for which

w ~
z € Anj C X,

Jj=1
where Enj denotes the weak-star closure of A,; in X**,j = 1,2, --- This
result can be used to obtain condition (b) of proposition 8 when X is a

Banach space.

3 Markushevich bases in weakly countably con-
vex-determined normed spaces

It is shown in [12], using a method originally introduced by D. Amir and
J. Lindenstrauss to study certain properties of weakly compactly gen-
erated Banach spaces, [1], that a weakly countably determined Banach
space admits a projective resolution of the identity operator. This result
is extend in [11] for certain metrizable locally convex spaces by means
of a somewhat simpler method than that of [1].

Following a standard procedure, Markushevich bases for certain Ba-
nach spaces, such as those weakly countably determined, may be ob-
tained by means of projective resolutions of the identity operator.
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In this section we shall use some ideas of [11] to construct total
biorthogonal systems in certain Banach spaces, consequently obtains
Markushevich bases, with some additional properties, in weakly count-
ably determined Banach spaces with no mention of projective resolutions
of the identity operator.

In the next four propositions, we consider a Banach space X and a se-
quence (V,,) of absolutely convex closed and bounded zero-neighbourhood
in X, with || - | being Minkowski’s functional of Vp,n = 1,2,--- Let Y
be a normed subspace of X. We assume that, for each y in Y’ ‘,x,:chere is'a

decreasing subsequence (Vy,;) of (V) such that y belongs to n Vn; and
=1

.oljl V,‘:j is a zero-neighbourhood of X* [u(X*,Y)].
J:

Proposition 9 Let A, and B, be two infinite subsets of Y and X*,
respectively, and let \ be a cardinal number such that | A, |< A, | Bo |<
M. There are two closed subspaces E and F of Y and X, respectively,
such that

(a) E D Ay, densE < .
(b) F D Bo, densF < .

(c) If E denotes the closure of E in X, F| is an orthogonal complement
of E in E+ F, respect to || - |n,n=1,2,---

d) E+F.NY =Y.

Proof. If u is an element of X* and m is a positive integer, we put
| % |y for the norm of u |y when we consider Y provided with the norm
restriction of || - ||;». For every positive integer r ad = in X, we choose
u(z,r) in X* such that

I u(z,r) lr=1,1| 2 lr=< 2, u(z,r) > .

Given two positive integers r, s and a vector v in X* we find z(v, r,s) in
Y such that

s—1

" a:(v,r,s) "7': 1, |< x(v,r,:c>,v >|Z |'U|r

o
-



212 M. Valdivia

Proceeding inductively, let us assume that, for a non-negative
integer n, we have subset A, and By, of Y and X*, respectively, with
| An |< A,| Bp |< A. Denote by Cp, and D,, the linear span over the
field of rational numbers of A, and By, respectively. We set '

Apt1:=CpU{z(v,r,z) : v € Dy, 1,8 =1,2,---},
Bupy1:= DaU{u(z,7) i € Cp, r=1,2,-- -},

If £ and F are the closures of U A, and U Bn in Y and X, respec-

tively, with the topologies mduced by those spaces, then E and F are
linear spaces such that

densE < )\, densF <\, E D A,, F D B..

Given z in E,z in F|,r in IN and 6 > 0, we choose a positive integer n
and an element ¢ in Ay, with || z — ¢ ||,< 6. Then

I lr<lle =t llr + 1 ¢ lo< 6+ < t,u(t,7) >= 6+ <t + z,u(t,7) >

<o+ |<z+2zu(t,r) >+ i<t —z, ult,r) >|
<étllztzflr+lit—zle<|z+z|r+26

and consequently
hzlr<llz+zllr,r=1,2---,

whence we have that ENF| = {0} and F, is an orthogonal complement
of E in E+F respecto to || - ||, 7 = 1,2,- - - Suppose now that E + F;
does not contain Y. We find w in X* whose restriction to Y does not
vanish while it does in the Banach space E + F,. Take y, in Y with
< Yo, v >= 3. We find a decreasing subsequence (Vy,,) of (Vp) such that

oo
Yo EM = n an:
J=1

and

(4) G ve
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is a zero-neighbourhood in X* [u(X*,Y)]. We claim that
(5) (v+M°)NM® = ¢,

otherwise, if u were in (v + M°) N M°, then v — u and u would both
belong to M°, thus yielding the clear contradiction

12|< yo,v — u >|2|< yo,v >| — |< Yo, u >|> 2.

Since (4) is a zero-neighbourhood in X* [u(X*,Y)] and v is in F, there
is a term V. of (V) and an element w in X* such that

o0
©) we @+v)n (U B
n=0
It follows from (5) and (6) that w is not in M° and || w — v ||,< 1. But
M, being the polar of (4) in X, is a weakly compact absolutely convex
subset of Y, hence
(¢ o]
M = ()(Vn; NY).
j=1
It is now plain that w is not in (V; NY)° and so | w |»> 1. We take a
positive integer s such that ’—_51 | w |r> 1. Then z(w,r,z) is in E and
thus

s—1
12| w—v [|r2|< z(w,r, 8), w—v >|=|< z(w, r, s),w >|> - | w|p> 1,

again a clear contradiction. it follows then that E + F; D Y. Finally,
take a point z in Y. We find a decreasing subsequence (Vin;) of (Vi)
such that

o0

2€P =V

j=1

and
oo [¢}

(7) ]L=Jl VmJ
is a zero-neighbourhood in X * [¢(X*,Y)]. Then P is the polar set of (7)
and thus it is a weakly absolutely convex subset of Y. Let T be denote
the projection of E 4+ F; on E along F;. Then

(o <]

[ o]
Tz€T(P)C (T (Vim) C [ Vm; =P CY,
j=1 '

=1
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and so z — Tz is also in Y. Hence
2=Tz+(2—Tz), Tz € E, z— Tz € F| NY,

and we have E+ F, NY =Y.
q.e.d.

Proposition 10 IfdensY > dens X, then densY = dens X.

Proof. Assume ) := dens X} < densY. Let A, be an infinite subset
of Y with | A, |< A, and Bo a dense subset of X} such that | B, |= A.
We apply our last proposition to obtain E and F with all the properties
there is stated. Since dens E < A and E+ F| NY =Y, it follows that
F, has infinite dimension . It is also clear that F coincides with X*,
thus attaining a contradiction.

g.e.d.

For the two coming propositions we assume X is infinite dimensional
and densY = dens X;. Let u denote ther first ordinal of densY. The
sets

{y:0<n< p}, {vg<n<p}

will be two dense subsets of Y and X, respectively. We shall represent
by H the family of all pairs

(x4, us))ier, @)
satisfying the following conditions:
1. (zi, ui)ier is a biorthogonal system for X.

2. {u;:i €I}, is an orthogonal complement of [z;: i € I] in
[zi:i€l]l +{ui:i €I} for thenorms| - |pn,n=1,2,---

3. a is an infinite ordinal not greater than p and such that| o |=| I |,
y€lzi:i€l],0<n<aq,
and if Fr denotes the closure of lin {u;: ¢ € I} in X},

4 z;€Y,i€l,and[z;:i €INY +{u;:i €I}, NY =Y.
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Proposition 11 H is not empty.
Proof. We take two countably infinite subsets A, and B, of Y and X*,
respectively, such that lin A, has infinite dimension and

Yn € Ao, vy € Bo,0 < < w.
Proposition 9 applies to yield E and F with the afore mentioned prop-
erties. Using the method described in [8, Prop. 1, £ 3] one can
easily construct a biorthogonal system (zn,un), gy for X such that

lin{zyp :n € N} and lin {un : n € IN} be dense subspaces of E and F,
respectively. It follows inmediately that

((xn, Un)new, w) E H.

For two elements in H, we write

(x4, wiier, @) < ((24,v5)je7, B)

whenever {(z;, u;) : i € I} is strictly contained in {(z;,v;):j € J} and
a < f.

Proposition 12 (H, <) is an inductive ordered set.

Proof. It is plain that (H, <) is an ordered set. Let £ denote a non-
empty linearly ordered subset of (H, <). We denote by {(zk, ux) : k € K}
and v the union of all sets {(z;, u;) : i € I} and the supremum of all or-
dinal o, respectively, when ((z;, ui)ics, @) ranges over L.

We then have that (zk, uk)rek is a biorthogonal system for X such
that z is in Y,k € K. Clearly, {ur : k € K} is an orthogonal comple-
ment of [zx : k € K]in|zg: k € K|+{ur: k € K} respectto || - |ln,n =
1,2,--- Besides, v is an infinite ordinal, v < u, such that | v |=| K |,

ynElrk: Kk €K], 05 <y,
and, if Fj is the closure of lin{ux : ¥ € K} in X, then
vy € Fi,0 <n < 4.

Let us take
A= ((zi, ui)iei, @) € L
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and choose z in Y. Then
z=y(A)+2(A), y(A) € [zi:i € I|NY, 2(A) € {ur:i €I}, NY.

We find a decreasing subsequence (Vy;) of (Vy,) such that

o0

J=1

and fJol V.,‘:j be a zero-neighbourhood in X* [u(X*,Y)]. Now following a
]:

similar argument to that of Proposition 9, we have that y(A) belongs to
the weakly compact absolutely compact subset P of Y. Hence, the net
{y(A) : A € £, <} has a weakly adherent point y in PN[zg : k € K]. The
point z := x—y is therefore weakly adherent to thenet {2(A) : A € £, <},
thus obtaining

z=y+z€zk:k€K|NY +{ur:k €K}, NY

andso [zx: k € KINY +{ur: k € K} NY =Y. We may thus conclude
that ((zk, uk)kek,?) is an upper bound of £ in (H, <).

Theorem 3 Let X be a Banach space. Let Y be a normed subspace
of X such that densY < densX;. IfY is weakly countably convex
determined, then there is a total biorthogonal system (xi,ui)icy for X
such that lin{z : i € I'} i3 a dense subspace of Y.

Proof. We proceed over the density character of Y. If Y is separable,
the stated property can be shown via the method of (8, Prop. 1. f. 3].
Assume now that Y is not separable and that for each Banach space W
with a normed subspace H such that dens > dens W, ,dens H < densY’,
being H weakly countably convex-determined, there is a total system
(2j,wj)jes such that lin {z; : j € J} is a dense subset of H. Let (Uy) be
a sequence of zero neighbourhoods in Y such that they are absolutely
convex closed and bounded and, for each y in Y, there is a decreasing

[o o]
subsequence (Up,) of (Up) such that y belongs to ﬂ Un; and, if Wy, is
j=1
the polar set of U, in Y*,n=1,2,---, _EJol W, be a zero-neighbourhood
J:
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in Y*[u(Y*,Y)]. We denote by V,, the closure in X of Up + 2B(X). It
is clear that '061 Uy, is a zero neighbourhood in X * [4(X*,Y)]. Let u be
i= -

an element of % fJol U;ij. We find a positive integer = such that 2u € U
]:

and 2 || u ||< ny. Let us assume that u is not in ,(L)Jo1 V,fj. Thus, u is not
J=

in V,; , and hence there is an « in Up,, + ﬁlm—B(X) such that < z,u > > 1.
We write

' 1
=2z +x2, 21 €EUyp,,x2 € n—B(X).
r

We have then

1 u 1
=~ 2L 1, u>=<z,u> — < 9, U > > 1—u>—,
2 ny 2

a contradiction. Therefore

DO =

Oug. c v
=1 g2

and ‘CL’Jol Vp, is a zero-neighbourhood in X* [u(X*,Y)].
3::

Now, Proposition 10 may be applied. Let u denote the first ordinal
of densY = dens X ;. We choose and set {y, < n < pu}, {vy:0 <7y < p}
and (H, <) as before. By applying Proposition 12 we obtain a maximal
element ((x;, ui)ics, @) in (H, <). Suppose @ < p. Then | a |=|I |<| u |.
We choose a subspace H of Y N {u;:i € I} with densH =| a | We
take a dense subspace A of H with | A |=| a |. Applying Proposition 9
for

As:={z;:i €I} UAU {ya}

Bo = {u;:i € I} U {vn}

and X :=| a |, we get two subspaces E and F with all the properties
there mentioned. Let G represent the closure of lin{u;: i € I'} in X}.
Let ¢ be the canonical mapping from X onto X/F,. If L := @(E), then
L is isomorphic to £ and thus is weakly countably convex-determined.
We identify F, in the usual manner, with the topological dual of X/F .
Let M denote the orthogonal complement of G in X/F,. Then, M NL
is a topological complement of ¢([z;:i € I]NY) in L. We have thus
the following situation: M is a Banach space whose topological dual is
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F/G; MNL is a normed subspace of M such that it is weakly countably
convex-determined and

| a |= dens(M N L) > dens(F/G).

Hence, there is a total biorthogonal system (tj, wj)jcs for M, J disjoint
from I, such that lin{t;: j € J} is a dense subset of M N L. Let ¢
denote the canonical mapping from F onto F/G. For every j in J
we take z; in E N {u;:i €1}, ‘and u; in F N [z;:7 € I]" such that
@(zj) = t; and ¥(u;) = wj. Setting K := IUJ, we have that (z;, u;)ick
is a biorthogonal system for X such that [z;:i€ K]NY = E, and
lin{u; : i € K} is dense in F. It is easy to see that ((z;, ui)ick, @ + 1)
belongs to (H, <) and it is clearly strictly posterior to ((z;, u;)icr, o).
We have thus attained a contradiction. Hence a = u, (x4, u;);cr satisfies
the required properties.
q.e.d.

Corollary Let Y be a dense subspace of a Banach space X. IfY
18 weakly countably convexr determined there is a Markushevich basis
(4, ui)icr for X such thatz; €Y, i€ 1.

Note 3 Let X be a weakly countably determined Banach space. Propo-
sition 6 and the former corollary allow us to assert that there is a Marku-
shevich basis (z, us)ics for X. Let M be the subset of X* consisting on
all elements u such that

{i € I:< zi, u ># 0}

is countable. Clearly, M is a linear subspace of X*. Let (By) denote the
sequence of weakly compact absolutely convex subsets of X} defined by
means of condition (c) of Proposition 8. Let v be a point in the closure
of M N B(X*) in X}. Given a positive integer n, if

(v+ Bp) N M N B(X*)

is not void, we take v, in such a set; on the other hand, if it is empty,
we take vy, to be the zero vector of X*. Let V be a zero-neighbourhood
in X;. We find an increasing subsequence (Bp,) of (Bn) such that

an CV7j=1a27"',
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and U Bp, isa zero-nelghbourhood in X ;. Since M N B(X*) is convex,
j_
its closures in X and X, respectlvely, coincide, and hence we have that

v+ .Ul By; meets M N B(X*). Thus, there is a positive integer j such
J:

that
v+ Bn;, "M N B(X*) # ¢,

and so vp; belongs to v + V. Consequently, (vn) has v as an adherent
point in X * and we conclude that v is in M. Then, M N B(X*) is
weak-star closed By Krein-Smulian theorem, [5, p. 246}, we have that
M coincides with X*. A consequence of this is the well known result
which states that, for a weakly countably determined Banach space X,
the closed unit ball of its dual is a Corson compact for the weak-star
topology, [12].
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