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A short intervals result for linear equations in
two prime variables.

M. B. S. LAPORTA

Abstract

Given A and B integers relatively prime, we prove that almost
all integers n in an interval of the form [N, N+ H], where N1/3+5 <
H < N, can be written as a sum Ap; + Bps = n, with p; and
p2 primes and ¢ an arbitrary positive constant. This generalizes
the results of [PP] established in the classical case A = B = 1
(Goldbach’s problem).

1 Introduction

Let us consider the linear equation Ap; + Bps = n, where p; and p2 are
prime numbers and A, B, n are positive integers satisfying the following
conditions:

1) A, B are relatively prime, (4, B) = 1,
2y ne A= {n:(AB,n)=1, ABn =0 (mod 2)}.

In the classical case A = B = 1 (Goldbach’s problem) Perelli and
Pintz [PP] proved that the above equation has solutions for all even inte-
gers 2n in an interval of the form [N, N 4+ H] with O(H L~ F) exceptions
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and
R(2n) = 2n6(2n) + O(NL™C),
where
_ n p-1
R(2n) = ’hg::%A(h)A(k), &(2n) = pll( 1)2) :’!';!2 (p _ 2) ’

A is von Mangoldt’s function, L = log N, N/3*¢ < H < N and E,
C >0, 0 < & <2/3 are arbitrary constants.

In this paper we want to establish the same results in the general
case for A and B. Let us denote

R(n)=R(n,A,B)= Y A(h)A(k),

Ah+Bk=n

M(n)=M(@,A,B)= Y. 1,

Ah+Bk=n
S(n) = 6, 5(n) = p‘gn (1 + %) p}{IA'[Bn (1 - (p__lT)_‘Z) )

Theorem 1. Let 0 < ¢ < 2/3, C > 0 be arbitrary constants and
NY3t€ < H < N. Then

z | R(n) — M(n)8(n) |* Kcu00 HN?L7C.
N<n5§+H
ne

Clearly Theorem 1 implies

Corollary. Let E, C > 0 be arbitrary constants and N 1/3+e < H < N.
Then, for alln € [N, N + H|N A with at most O(H L) exceptions, the
equation Ap; + Bps = n is solvable and we have

R(n) = M(n)&(n) + O¢ 4 po(NL7E).

Theorem 2. Let 0 < € < 5/6, E > 0 be arbitrary constants. Then,
for alln € [N,N + H| N A with at most O, , 5 o(H L~E) ezceptions, the
equation Apy + Bpa = n is solvable, provided N 7/36+e < H < N.
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Remarks.

|

II.

II1.

The condition (A, B) = 1 is natural. In fact, if (4,B) = d > 1,
then the equation Ap; + Bps = n has no solutions when d jn. If
d|n, then the equation is equivalent to A’p; + B'py = n/, where
A'=A/d, B' = B/d,n' =n/d with (A",B') = 1. If n ¢ A, then
our equation has at most one solution, and our method is not able
to detect it.

It is easy to see [A; ch.2, ex.9] that for fixed A and B, (4,B) =1,
we have
¢(AB)
N,N+HNA|~——H,
(NN + Hn A~ £
where ¢ is Euler’s function. Hence the exceptional set in the above
results is of order smaller than | [N,N + H{N A]|.

The number of non-negative integer solutions of the linear equation
Az + By = n, with (4, B) = 1, is given by

M(n) = [ ] or [ ] +1.
This result can be proved by appealing to the following theorem

(see [NZM; Theorem 5.1]) and recalling that [a] — [8] = [« — 8] or
[@ — 8] + 1 (where [a] denotes the integer part of a):

Theorem 3. Let (z,,y0) be an integer solution of the linear equation
Az + By = n, with (A, B) = 1. Then the solutions of Ax + By = n are
given by:

T =2z,+ Bt, y=yo,— At

where t is an integer.

IV.

Following the proofs of Theorem 1 and 2 below and computing
the implicit constant in <¢ 45, it is easy to remark that the fore-
mentioned results holds uniformly for A, B < LC1, for a suitable
constant C; = C1(C) > 0.
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2 Notation

C - an arbitrary positive constant,

¢ - an arbitrarily small positive constant,

§=1/3+e0r7/36+¢, _

N, H - positive integers such that N < H < N, N > No = No(4, B,C,¢),
D =22c+25), Q=YL

a 1 1
Ige= '(;‘*"’Ivﬂeﬁq,a , where £aCl——,—%),

Q 9Q
4D r4D
' a ' ' L™ L
—-Ja h S
Ino= {q+7),n€£q}, where £, ( o qY)
T, _ 1 1 .
m= U U I,, major arcs, m= |—,1+ — \ 9 minor arcs,
q<LD a=1 Q Q
(a,9)=1
B-1
Bqa ={a€l0,1] |3,3€ :Ba=f (mod1)}=B"! U(r+I('M),
r=0
q
= U U hege m=[01\M,

<[P a=1
esLP om

R*(n) = R*(N,Y,n,A,B)= 5. A(WA(),
Ah+Bk=n
N-Y<ah<N
BE<Y

M*(n) = M*(N,Y,n,A,B)= > L

Ah+Bk=n
N-Y<Ah<N
Bk<Y

e(a) = ™™, eq(a) = e(a/q),

Si(a) = Z A(h)e(Aha), Ss(a)= Z A(k)e(Bka),

N-Y<ARLN Bk<Y

S(B)= Y A(k)e(kB), T(n)= Y e(kn),

Bk<Y Bk<Y

R@n,a.0) =8 (3+1) - "Eq;cr( )
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W,n) = Y. Ak)x(k)e(kn) — 65T (n),
Bk<Y

. _ 1 if x = xo,
with 8, = {0 if % 7 Xo.
q,

q
Z = E , || 8]l = distance of 8 from the nearest integer, d(g) =

a=1 a=1

(a,9)=1
L

dlq

q .
cq(m) = E e (m) , Ramanujan’s sum

a=1 q
q, “
T(x) = Z x(a)e (—) , Gauss’ sum
a=1 q

¥(z,x) = D Aln)x ().

n<lzx

The constants in the < and O-symbols might depend on ¢, A, B,
C, even in an ineffective way.

3 Lemmas

Lemma 1. Let 0 < € < 5/12, D, G > 0 be arbitrary constants, and
N be a sufficiently large integer. Suppose that N/1**¢ <Y < N and
g < LP. We have

Y _
> AW = s+ Oane(Y L),
N-Y<h<N ¥ 9)

h=a(mod q)

for (a,q) = 1.
Proof. We have (see [PPS])

Y(N,x) —v(N-Y,x) =6Y + OE,D,G(YL_G), for every x (mod g),

with G > 0, N/12+¢ <y < N, ¢ < LP.
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Then the Lemma follows from the property

1
Y AR = S7((1—)zxjsz(a)(f/;(N,x) —$(NV =Y, x))-

N-Y<h<N
h=a(mod q)

Lemma 2. If (A,B) =1 and n € A, we have
. p(q) »
};I,, (l+p_1)p/r££n (1 - 1)2) ;w(q a(n)f4,5(q),

where f,5(q) = p(a(a, B))n(a, A)p(q, A).
Proof. As in [V; p.34], using the well-known property c4(n)=

E Z, qq"; n“o 2} we obtain

> #(q) ) o ) funla) Zu(tu) > u(tz)2

xSy #(9)? ™ x5ty o)
ulA (g,ABn)=1
p@)? . (d )
< min|( —,1]).
2 o ™ (X
Hence Z u((q)ch(n) fas(g) converges. Furthermore, it is easy to see
that
(1, if s =0,
1 if s = 1 and p|An
s W’ s ana p y
“((:s)) cpr (n) fas(P°) = §
-‘pl , ifs=1andp fABn,
L0, ifs=1landp/Bors>1.

Then, the Lemma is proved.

Lemma 3. Let X and Y be natural numbers such that X < Y. If
(A, B) = 1 then for every real £ # 0 we have that

. [Y—-X 1
Z e(t§) K 4s N | = i ’
x<tey 6AB " ||6AB¢||

tEA




A short intervals result for linear. .. 23

~ _(_1\AB
where6=3 1

Proof. This is wellknown for A = B =1 (see [Vi]). Let
hl,hg,...,h¢(3 AB) be a reduced residue system mod §AB.
Define h; = min{X < ¢t <Y : ¢t = h; (mod 5AB)}, for every
i=12,...,0(6AB). Then we write

#(3AB) .
3 oe(e)= Y e(hif) e(s8ABE) <
X2 =1 osss iz
& ¢(5AB) min YA‘X, 1 .
5AB ' ||6AB¢ ||

Thus, the Lemma is proved.

Lemma 4. Let us denote

1" = Iq,a\Ié,a ifg< LD,
9.4 Ija ifg> LD,

We have that
max |8(8)|2dp < YL™203,

q<Q Jyn
(a,g)=1 " "9

Proof. See [PP; §5].

4 Proof of Theorems 1 and 2

We note that M*(n) = MA_BM'—I%—O(I). Moreover, in the case Y = N,
for N < n < N + H we have that R*(n) = R(n) + O,,(HL), M*(n) =
M(n)+ O, 5(HL). Hence, from &(n) < L we get that

Y |R() - M@)&0) [ <

N<n<N+H
ne A

Z | R*(n) — M*(n)S(n) |* + H3L? =

N<n<N+H
neA
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oy 2
= Y R*(n)—-—G(n)l +O(H3L?).
N<néN+H AB

Moreover, writing

mp N<n<N+H
neA

| su@sy(@e(-ne)ia

/mt, S4(@)Ss(a)e(~na)da — 2%6(11) r,

=

N<n<N+H
th neA

we have

>

N<n<N+H
ncA

R*(n) — —S(n)

<<XE+Z

In order to prove Theorems 1 and 2 it sufficies to choose H = Y1/3+¢
where Y = N in Theorem 1 and Y = N7/12t¢ jn Theorem 2 and show
that

Y < HY?LC, (1)
M5
Y <« HY?LC. (2)
mg

Proof of (1). In this section we show that (1) holds for N7/12+¢ <y <
N. For any a € I , 4, We have that

Ss(a) = S(B) = Y A(n)e(kB),

Bk<Y
where 8 € I , with Ba =8 (mod 1). Then, for 8 = g+mne £qy We
write

Su(a) =5 (2 47) = “Eq;T(n) + R(n,9,a).

Now, we have that

Raa)= 3 Awe (k (240)) - £076) -

Bk<Y
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I+ fab r(q) 9y
)y e(—) > Alk)ebn) - BT () + 0008’ ¥) =

Bk<Y
k=b (mod q)

i'e (—”) LS 2) T AR Rk~ 2D 1()+0(10g>¥) =
a/ (@)% v(q)

b=1 Bk<Y

(p(q) Y x(e)r (X)W (x,n) + O(log?Y).

By partial summation, using the Siegel-Walfisz theorem, we have that
W (x,n) < YL7°P,

uniformly for ¢ < LP, ¢ g T1 € I] .. Thus, from the well-known estimate
Cr(x) < ¢12, we obtam

R(n,q,0) < YL™'%, (3)

uniformly for n € 5{1’,1, g < LP, (a,q) = 1. Hence, we write

f S.(@)Sa(a)e(—na)d Z Z Z (—%(%—f—r))x

q<LD a=1 r=0

/ga ( ( +r+ ))(ZEZ; ("I)“"'R(’I'],q,a))e(—%n)dn<<

where
B S oL DIBCICRR
T B v & = B
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1/2 1,a n
Juo S:(5 G+ + m)Tiase( = Foran,
q

T3 ¥ Y e(-5C+n)x

3 q<LP a=1 r=0

1. a n

ndl ool — Zn)dn.
/%SA(B(q +r+1))R(n,q,a)e( gMan

Recalling that

- Zea(r(Ah —n)) =

{ 1 if B|Ah —n,
r—O

0 if B fAh —n,

we have
Z Y #la) 3 cgs(4h —n)A()x
q<LP ¢(e) N—Y<AR<N

— Z es(r(Ah —n)) Z /21 es(n(Ah + Bk — n))dn

r—-O Bk<N“" "2

-y ulq) Y c(BTN(AR —n))A(R). (4)

g<LPD ‘P(q) N-Y<ARSN
Ah=n (mod B)

Using the property cq(m) = 2 du ( ) we write
d|(gm)

> (B AR —n))A(R) =) dp S Ah).

N-Y<ARZN dlq ( ) N-Y<AhSN

Ah=n(mod B) Ah=n (mod Bd)
We observe that, since (4, B) = 1 and (AB,n) = 1, the linear congru-
ence Ah = n (mod Bd) has a solution if and only if (A,d) = 1 and, if it
exists, this solution is unique. Then, from Lemma 1 we obtain

Y (BT (AR —n))A(R) =

N-Y<AhSN
Ah=n (mod B)

% Z.: <P(:B) ()“’m(qd(q)“‘lra)—

(d,An)=1
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Y d,B) d L
Ap(B) jﬁ:‘ <p(fi B))¢(d) ( )+0en,a(qd(q)YA 1L-6).  (5)

(d,An)=1

For every square-free q, we have

od,B) d_ (q)_ cq)
2 @B o@" #(5) = Ly 1ae@ ©)
(d,An)=1

where f,5(¢) = u(q(q, B))n(q, A)p(q, A) (see Lemma 2).
Since T(n) <« min(YB~1,|n|~!), using the Cauchy-Schwarz in-

equality, we have that

1

ap Sa(B™ Ya/g+r+n))T(n)e(-nB  n)dn| <

Yy
1
ﬁ4D
qY

1

2 -2
Juo 10172
N

Analogously, from (3) we have that

1/2
X

S(B Y a/q+r+m)| dn

1/2
< q/2y 12D,

/ S«(B~Y(a/a+r +n)R(n, g, a)e(—nB ln)dn <« ¢ V2¥ LI~ F
€I
Therefore, the contribution of Z and Z to E is

3 Ms

L up HY max(L2P, 12740y « HY2L™C. (7)

Recalling that F(%F = H (1 + ;—1—-1-), from (4)-(7) it follows that
»|B

+O(HY?L C) <

v 2
21 - EG(H)

ISP
My N<nSN4H
2

Y (B #(9)
AB (cp(B) <ZL:D 0(q)? — =5 fas(@)cq(n) — 6("))

N<n<N+H
neA
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2

yATlL¢ 9d(q) ) +0(EY2L7O).

o ¥
N<n<N+H g<LD ‘P(Q)
ncA -

The contribution of the first O-term is
< HY?L3P-26 <« HY?L™C,

provided 2G > 3D + C. Then, from the proof of Lemma 2, it is eaéy to
see that

2

N<n<N+H
neA

2

B 5 #0) ey(n) - ()| < HLZP <« HLC.

0(B) b #(9)

Thus, we conclude that (1) is proved.

Proof of (2). By the Cauchy-Schwarz inequality, Parseval’s identity,
the Brun-Titchmarsh inequality and the Lemma 3 we have that

%;_—_

/ §.(6)S4(€)e(—né)de / 5:(@)5,(@)e(na)da <

[n 1S4€)55O)1( [ 15u@)Ss(a) | %

n il 1 da)dt <
54B’ [34B(a—0)

2 2

3 2 . H 1

B ~ 3 ~ d

(YL)?2 £s€1:‘ga (LB | Sp(a) |“ min (6AB 13AB(a—2) ”) a) <
2 \32
3 1
YL)? S(8) | g <
WP & (f 151 (MB 1546 ) ||) )

) 2 \13
vy ,_2152‘[3"1] ([n S6)Fm (6AB 1648 - g)u) dﬂ) ’

where my; = mnN Jg, with J, = [9%, ;’;], s=1,.., A
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Hence, (2) is proved whenever

/ 18(B)PdB <YL X3 s=1,.,4 (8)
m,ﬂ(f— "1:1;16“"'1};)

for Y,(C,e) <Y, Y1/3+¢ < H uniformly for ¢ € [0, 1].
4
Since, for % # %; and ¢, ¢’ < Q, we have that

1 4
> —_— _
-Q* H

then there are at most two punctured arcs I, with ¢ < Q and (e,¢) = 1
(see Lemma 4) which intersect (¢ — 1/H,£ + 1/H). Then, in order to
establish (8) it sufficies to show that

95Q
(a,g)=1

xmyA|ﬂmﬁm<Yr”4.
g,a

But this is given by Lemma 4. Hence, (2) is proved and the proof of
Theorems 1 and 2 is complete.
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