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On a reaction-diffusion system involving the
critical exponent.

Nicolae TARFULEA

Abstract

In this paper we study the existence and multiplycity of the
nontrivial solutions for the following elliptic system with Dirichlet
boundary conditions and critical nonlinearity

—Av=480u—vv me

—Au=Au+ W(z)u |u|2._2 —kv inQ
u=v=0 on 990

where Q C RV(N > 3) is a bounded regular domain, W () €
L () with the property that there exists # > 0 such that W (-) >
n a.e. in  and ), §, v are real parameters. We show that the
number of nontrivial solutions, in a left neighbourhood of each

A], j = 1,2,..., is at least twice the multiplicity of /\J, where
the set {S;} N represents the spectrum of a certain integro-
JEN*
differential operator.
1 Introduction
Rothe in [R] considered the system of reaction diffusion equations

Oudt = pAu+ f(u) —

eOVOt = Av+u—v
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for (t,z) € (0, 00) x . Here u, v are real functions of (¢,z) € [0,00) x Q,
where Q CR V (N > 1) is open, bounded and connected. As explained
in [RM], u and v, which are called the activator and inhibitor respec-
tively, can be interpreted as relative concentrations of substances known
as morphogens. The system (1) is supplemented by Dirichlet boundary
conditions

u=v=0, for (¢,z) € (0,00) X IN

and the initial conditions
u(0, z) = uo(z), v(0, z) = vo(z), for all .

As shown in [RM], the existence of equilibrium solutions in (1) is
determined by the problem with ¢ = 0 and the equilibrium states are
solutions of the elliptic system

pAu+ f(u)—v=0 inQ
Av+u—v=0 in Q

subject to Dirichlet boundary conditions
v =v =0 on 9.

It will be convenient to split the function f, which models autocat-
alytic and saturation effects, into the linear and higher order terms

f(w)=rutg(u).

Notation. In the rest of the paper we make use of the following notation

LP(2),1 < p < oo, denote Lebesgue spaces; the norm in L? is
denoted by ||-||,,;

WP (Q2) denote Sobolev spaces;

H} () denotes W, (), endowed with the norm ||u|® =q |Vu|?dz;

H~!(9Q) denotes the topological dual of H} (Q); the norm in this
space is denoted by ||-||z-1 -

We consider below the problem of finding nontrivial solutions of the
slightly more general elliptic system with Dirichlet boundary conditions
and critical nonlinearity

—Au=du+W@)ulu 2-kv inQ

(P) ~Av=0u—9v inQ
u=v=0 on 99



On a reaction-diffusion system involving. ..

where @ C RV(N > 3) is a bounded regular domain, 4, v and k are
constants such that k6 > 0 and v > —A; (Q), where A; (2) is the first
eigenvalue of the Dirichlet Laplacian on §2, and W () € L*° (Q2) with the
property that there exists > 0 such that W (-) > n a.e. in §. Here
2*=2N N - 2.

In the subcritical case the system (1) has been studied by various
authors (see [Ro], [Si], [FM], [NT] and others). The review, even partial,
of their results is out of the scope of this paper.

Assuming u to be known, the Dirichlet boundary value problem

-Av+yv=46u inQ
v=0 on 99

is uniquely solved by v = 1k Bu where the operator B = ké (—A + y)?
is bounded from L? (Q) to W2?(Q) for all 1 < p < oo. Also, by the

Schauder theory, B maps the Holder space C* (ﬁ) into C1* (ﬁ)
Moreover, it is easily checked that B is positive and self-adjoint in
the sense that

/uBud:c = %/lez + yw?dz
Q Q
for u € L? (Q) and w = Bu; and if w = Bu, z = Bv then

/qud:c = kl—&/Vsz + ywzdz = /vBuda:.
Q Q Q

Let us define the operator
T=-A+B:L*Q) = L*(Q), with D (T) = W2?(Q) n Hg ().
It is easy to observe that T is symmetric on its domain D(T') i.e.
(Tuq,u2) = (uy, Tup) for all uy,uz € D(T),

where (-, -) denotes the L2—inner product.

If0 < A < A2 < A3 < ...and (¢k), denote respectively the eigen-
values and the eigenfunctions of —A in © under zero Dirichlet boundary
conditions, then one can verify easily that the ;s are also eigenfunc-
tions of T corresponding to the modified eigenvalues

-~ ké

Ap=A — k=1,2,....
k k+7+/\k
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A more detailed analysis shows that the spectrum o (T) of T consists
precisely of these eigenvalues (see [FM, Corollary 1.2.]).

From the above, we obtain that (P) is equivalent to the integro-
differential equation

(P)

—Au+ Bu= A u+W(e)uul¥ 2 inQ
u=0 on 9Q

We associate to the problem (P’) the functional

1 .
INOEE / IVuf® + uBu — Autdz — %;/W(:c) luf*" de, Vu € HL ().
Q Q

In a standard way we can prove that I, € C! (H} (Q),R) and the
critical points of I are solutions of (P’).

Note that p = 2* is the limiting Sobolev exponent for the embed-
ding H} () — L? (). Since this embedding is not compact, the func-
tional I does not satisfy the Palais-Smale condition in the energy range
(=00, +00). Hence there are serious difficulties when trying to find crit-
ical points by standard variational methods.

Using the ideas of Pohozaev (see [P]), Figueiredo and Mitidieri ob-
tained a similar identity for the system (P) (see [FM, Lemma 4.1 and
Remark 2.7]). From this identity, if Q is starshaped, we can obtain that
(P) admits only the trivial solution v = v =0 for A <0.

Denote

e i
w€H(O\{0} || u|5

where ”"”129 =q |Vu|* + uBudz, Yu € H} (). From the positivity of B
we have that

2
Sp>S= inf M”T’
weH}(@\{0} ||ul|3-

where S corresponds to the best constant for the Sobolev continuous
embedding H} (Q) < L*" (Q). Then Sp > 0 because it is well known
that S > 0.

Under the above conditions and notations, the result proved in this
paper is the following:
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Theorem 1.1. For A > 0 denote X, = min {5\; 1AL :\;} and suppose
that the multiplicity of A, is m. Then, if

2

— n \2 -2
o< (W) S [meas (@],

the problem (P) admits at least m pairs of nontrivial solutions
{(ue (A) o (A) 5 (—uk (A), —ve (W)}, k=1,2,...,m.
Moreover
luk (A) || = 0 and |jvx (A) || = 0, as A 2~ Xy,

for every
ke{l,2,...,m}.

The proof of the above theorem uses standard ideas and the tech-
niques are essentially the same as those used in [CFS] and [CFP]. The
main tool used is the following slightly modified result of Bartolo, Benci
and Fortunato (see [BBF, Theorem 2.4]) contained in [CFS, Theorem
2.5]:

Theorem 2.2. Let H be a real Hilbert space with norm ||-|| ; and suppose
I € C' (H,R) is a functional on H satisfying the following conditions:
I1) I is even, I (0) = 0;

12) There ezists a constant 8 > 0 such that the Palais-Smale condition
(PS) holds in (0, B);

I3) There ezist two closed subspaces V, W C H and positive constants
p, &, B with £ < B’ < B such that

i) I(u) <P for any u € W;

ii) I (u) > € for any u € V, fully = p;

i11) codimV < oo and dim W >codimV.

Then there ezists at least dim W — codimV pairs of critical points of 1
with critical values belonging to the interval [€, 5'].
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2 Proof of Theorem 1

Stepl.
First we show that although the Palais-Smale condition does not

hold globally for I, it is satisfied locally in (—oo, 1N Sg/ 2||W||ON?2—2) in
the following sense:
N=2
Ife<1 NS;;I/2 W|.Z and (um),,>, is a sequence in H}(Q) such
that -

, a8 m — 00,

I)‘ (um) — C
dIy (um) — Ostrongly in H! (Q)

then (um),,>, contains a subsequence converging strongly in HE(SQ).

Let ¢ € (—-oo,lN,S'g/ZHW”oZ_?—z') and let (um)m>1 C H3(R) be a
sequence such that

I\(um) — ¢, asm — 00, and
dl) () — 0,asm — oo, in H71(Q).

It is easy to observe that there exists M > 0 a positive constant such
that, for every m €N*, |I) ()| < M.
If we choose 8 € (12*,12) and m € N* sufficiently large, we obtain

M + 9)|um|] > I (um) — 0 d In (um) um > %/IVuml2 + U Bu,, — ,\ufndx—
0

_%/W(z) |um[2‘ d:c—O/|Vum|2+umBum-—/\ufnd:c+0/W(:c) |um|2' dz >
h Q Q
> (-;- - o) /|Vum|2 + Um Bugy — AuZ,dz + (0 - -2}-) /W(z) lum|? dz >
Q Q

1 1 :
> (5-0) Huml = Cotlfuml 471 (0= 5 ) Tl >

]. 2 . 1 2‘ 2
> (5—0> |feten || +;rzlg[n(9-2.)p —C'v\/?],

where C; > 0 is a positive constant.
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Then (un,),,5, is bounded in H} (Q2). Hence we may extract a sub-
sequence (uy,),,>; (relabeled) such that

U, — u weakly in H} Q)
Uy, — u strongly in L? (), for any p € [1,2%)

Uy —> U a.e. in
Now, we prove that u is a solution of (P’). Let ¢ € C§° () . Then
AL (u) ] < lldT () g1 P+ (AT (8) = A () 0] = O, a5 m = oo.

Hence u weakly solves (P’).
Let v, = u,, — u. Clearly

vm — 0 weakly in H} (Q) (2)
vm — 0 strongly in L? (), for any p € [1,2%) (3)
Uy, = 0 a.e. in Q

From (2) and (3) observe that

0(1) = dls (tm) vn = [ VimVtm + v Bt = Mimmdz —
Q
- /W(a:)vmum [um|* 2 dz
Q

= / |Vt |? + v Bopda — /W(a:)vmum |um|? "2 dz + o(1)
Q Q

lomll? — / W (2)Vmtim |um|* "2 dz + 0 (1) .
Q

Hence

lomlly = [ W(@)omim fuml™ 2 dz +0(1) < Wik, [ loml* de+0(1). (4
Q Q

Since
dl (um) um = 0(1),
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we have that

/W(z) [um|? dz = / |Vt |2 + t Bty — AuZ,dz 4+ 0(1).
Q Q

Using this last equality we obtain

1 1 .
IGm) = 5 (lumls = Munl) - 55 [ W) luml do 2
Q

v

n . 1 1
Lol + 5 lomlih +0 (1) > 5 llomllh +o0 (1)

Then

llvmll% < NI (um) +0(1) < Sg’z ||W||f;°ﬂ , for m sufficiently large.  (5)

From (4) we have
i .
lomlis < IWlleo S5 7 llomllp +0(1) <=

z ._
lomlls (SE = Wil lomlf 2) < o(0).

Since, from (5),

2% .
SE > IW|leo lvmlly ~% for m large enough,
we obtain that
vm — 0, strongly in H} (Q) , as m — oo,

and this ends the proof of the faﬁt that I, satisfies the Palais-Smale
-2
condition on (—oo, 1 NS]BY/2 ||W||°oz') .

Step 2.
Set

Hi=%2> X oM(N)and B =3 < oM (%),
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where M (A ) denotes the eigenspace of T corresponding to the eigen-
value /\j. Denote ), = Hzsup Iy and observe that, if u = E a;p; €

N<hy
H,, we have
1 2 2 1 2°¢ 1/~
B = gl = Al - g [ W) d <5 (% - A)
wdz ~ Lifull < 2 (%5 —2) (meas (@)™ [jul. — 2 [lll2:
2
Q
1/~ 2/N 2 N o
< p>0sup [5 (A+ —A) ( meas (@))% p° — 50p
1 2~ /~ N/2
= 317 (5 =2)"" (meas (@)).
Thus

o< 1T (3 = )™ (meas ().

Ifu= Z a;p; € Hy, a simple computation shows that

Ai>

B2 (1= 2 ) ol - Gl

+

where C; > 0 is a positive constant. Clearly, there exist constants
P, €x € (0, 85) such that

Step 3.

I) (u) > &), for any u € Hy, |lul|g = pa.

Now, it is easy to observe that the hypothesis of Theorem 2 are
satisfied for H = H(Q), f = I,8 = INSY\W)Z2, V = Hy,
W = Hz, £ =&\, p=p», #' = B and so, for

2
'S 1 = —2/N
Ay = AL | 77— Sp [ meas (R ,
+ (nwm) B[ meas (@)
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the problem (P') admits at least
m = dim (H; 0 Hy) — codim (Hy + H) = dim M (X7)
pairs of nontrivial solutions |
{uc (A),—ur (N}, k=1,2,...,m.
Since

3-N

1 —~ N/2 —~
777 (R =2)" (meas(@) 50, as A 2K,

I (ue (A) €[6,4] and ' <

we obtain that
I (uk (\)) = 0, as A M Ay, Ve €{1,2,..,m}.
From this and from dI (ux (A)) = 0, we obtain that
uk (A) = 0, strongly in H} (Q), as A /Ay (6)
since I, satisfies the (PS) condition in the interval
(—o0, 1N 32 W17 -

Now, from the equivalence between (P’) and (P), it is easy to observe
that if A; — A < (7)||W||00)ler Sg[ meas (2)]7%", then (P) admits at
least m pairs of nontrivial solutions {(ux (A), vk (A)) ; (—ux (A), —vx (A))},
k=1,2,...,m, where v; (A) = 1kB (ux (X)) . Moreover, from (6) and
the continuity of B, we also obtain that

vk (A) = 0, strongly in H} (), as A 2 Xy
and this ends the proof.
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