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Quantitativeestimatesfor interpolated
operatorsby multidimensionalmethods~
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Antón MARTINEZ*

Abstract

Wc describethe behaviourof ideal variationsunderinterpola-
tion methodsassociatedto pohygons.

O Introduction

Thebehaviourof weaklycompactoperatoraunderinterpolationmethoda
for N-tuplesdefinedby meanaof polygonahasbeenconaideredby Cobos,
Fernández-Martínezand Martínez [5] and by Carro avid Nikolova [4].
Among other thinga, theyahowa! that the interpohatedoperatoracting
betweentwo K-spareaor two J-apareais weakhycompartprovidedthat
alí but twa restrictionaof lA (locatedin adjacentverticesof the polygon)
areweaklycompact.Moreover,aalmilar reault holdafor otheroperator
idealaaharingcertainpropertieswith weaklycompactoperatora(see[5],
Rernark2.9).

In thia paperwe investigatehow far the interpolatedoperatorcan
be from being weaklycompact. lvi amoregeneralway, we estimatethe
diatanceof the interpolatedoperatorto a given operatorideal. In the
caseof the chassicalreal methodfor Banachcauplea,thia questionhas
beenrecentlyatudiedby Cobos,Manzanoavid Martínez [9] andCobos
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andMartfnez [10], [11], wherethey have eatabh¡shedeatimatesfor the
measures77 , f~ relata! to agiven operatorideal 1. We considerhere
similar queationain the multidimenajonalcontextof interpolationapares
associatedto polygons. Our techniquesuse sorneideasintroduced in
[9] combinedwith the geometricalelementawhich are natural to the
interpolation rnethodathat we deal with.

We atartby rev¡ewingin Section1 sornebasicfactaon ideal variationa
and on J- and ¡<-rnethodsaseociatedto polygons. Then, in Section2,
we eatabljahestirnatesfor y~ andfi~ whenoneof theN-tuplesof Banarh
apaceadegeneratesinto asingleapare.Finally, in Section3, wedealwith
the caseof generalN-tuplesassum¡ngthat theoperatorideal7 satiafies
the Eq-condition (see[14]).

1 Preliminaries

Let A and fi be Banarhapares. By £(A, fi) we denotethe collection
of ah boundedlinear operatorafrorn A into fi, endowedwith the uaual
operatornorm. The closed unit bali of A ¡a designatedby (1Á, and A

atandafor the dual of A. We put t1(UÁ) for the Banarhapareof ahí
abaolutelyaummablefamilies of acalara(Aa)rxeUA with (JA as index set.
The mapQÁ 4 (U,~) —~ A defined by QÁ(t\~) = ZaEU

4 A,1a ja a
rnetricaurjection. The apare4~ (Un.) ¡a formed by ahí boundedfarnihiea
of acalareindexedby the elernentaof UB~. Write J~ : fi —÷4~ (Un.>
for the iaometricernbeddinggiven by JBb = (<Ii b>)JEUB..

A clase7 of boundedlineár operatoraiasaid to be a» operatorideal
ifearhcomponentTn.C(A,fi) = Z(A, fi) ¡a alinear aubapaceof £(A, fi)
that containathe finite rankoperatoraami satisfiesthatSTRE I(E, E)
wheneverR E £(E,A), lA cZ}A,B) and S E £(B,E). The ideal 7
¡a calla! closed if eachcomponentZ(A, fi) la closed in £(A, fi). The
ideal 7 is said to be aurjectiveif for every lA E £(A, fi) it followa from
TQÁ c l

2(tl(UÁ),B) that TE 27(A,fi). The ideal Xis calla! injective
if for every lA E £(A,B) it fohlowa from JET E 2}A,1

00(Un.)) that
T c Z(A,fi). CornpactoperatorsK or weakly cornpactoperatoraW

are examplesof closed injective andaurjectiveoperatorideala. Strictly
singularoperatora8 is ay ideal which ¡a cloaedandinjective but it ja not
aurjective,while atrictly cosingularoperatoraC la closedandsurjective
but it is not injective (see [17]).
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Given an operatorideal 7, we put 22 for ita cloaed aurjectivehulí,
that ja, the amallestclosedaurjective operatorideal containing 7. For
lA E £(A, fi), it turna out that lA belongato I(A, fi) if andonly if for
every e > O thereja a BanachapareE and an operator1? E 7(E, fi)
auchthat

T(UÁ) C R(UE)+EUB (see[15]).

The chararterizationfor the elementaof the closed injectivehulí 7’ of 7
la as follows: Let lA e £(A, E). The operatorlA belongato 2Y(A,fi) if
andonly 1? for every e> O thereja a BanachapareE andan operator
S E 7(A, E) auchthat

¡IlAzIia =I¡Szflr+eI¡ziIÁ, Z E A.

it ¡a naturalthento asanciatewith 7 the functionaladefinedfor each
TE £(A,B) by

y1(lA) = y1(lAÁ,B) = inf{a > O : lA(UÁ) cE CTUB + R(UE),

R E I(E, B), E anyBanachapace},

f1(T) = f1(TA,n) = inf{a > O: therela aBanachapareE and

S E 7(A, E) auchthat ¡¡lAz¡jn =U¡¡XJ¡Á + ¡ISX¡IF, z E A}.

The (outer) measure was introduced by Aatala in [1], and it ahows
the deviationof lA from 22 in the aensethat

y1(T) = O if andonly ¡f TE 7’(A, B).

The (inner) measuref~ wasintroduced by Tylli in [19] and it gives the
deviationof lA from 7’. Thesefuntionalaareaubadditive

77(S+lA)=-y1(S)+y1(lA) , f1(S+lA)=/31(S)+f7(T)

submultiplicat¡ve

‘y1(ST)=y7:(S)y1(T) , f1(ST) =f7(S)f1(lA)

aatiafy that

rnax{j’1(T), f1(T)} =¡jTfl



88 FernandoCobos,JoséMaría Cordeiro andAntón Martínez

and moreoverthe following minimal propertieshohd

y1(JBT) = min{y7:(jlA) : j : fi —4 E laornetricembedding} (1)

f1(TQÁ) = min{f1(Tw) mr: E —> A rnetricaurjection} (2)

(aee [1], pag. 21 and [9], ~2 ).
Let us see now sorneconcretecases. Chooae7 = PC, the ideal of

cornpactoperatora,so PC = PC’ = PC. It can be checkedthat y~(lA)
coincideswith the (balI) measureof non-compactnessof lA

r~ (lA) = inf{a > O : thereexista a finite numberof elernenta
bi,...,bueEfiauch thatT(UÁ) £U~~í{bá+aUs}}

while f~(lA) = him~.400c,.(lA), where (c~(T)) ja the sequenceof the
Gelfavid numberaof lA. Ihe measurea‘Yc and /3,2 areequivalent. Mare
precisely

Take next 7 = VV, the ideal of weakly compactoperatora. Again
W = VV’ = VV. The rneasurey>~, (lA) is equalto the measureof weak
non-cornpactnessintroducedby De Blasi [13]

y~(T) = inf{o> 0: thereis aweakly compartsetW in fi

auchthatT(UA) C W+UURI.

As in the previouaexarnple,f~ (lA) = y~,(229, but this time w andfyg
arenot equivalent(see[2]).

For 7 = S, the ideal of strictly singularoperatora,onehas& = 8
andS~ = 1?, where7? atandsfor the ideal of Rosevithaloperatora(see
[17]). Tite functional f~ ja the relevantoneto ahowthe deviationof an
operatorfrom beingatrictly singular, while -y<~ = y,~ gives the deviation
of anoperatorfrom being Rosenthal.

CoaingularoperatoraC aatlafythat C’ = C andO’ = 7?. The relevant
functional to work with O ¡a then y<~.

Next we reviewthe definition andsornebasicresultaon interpolation
methodsdefivied by meanaof polygona.

Let 11 = l~1 ... PN beaconvexpolygon in the planefi
2, with vertices

= (zj,yj) ,j= 1,...,N. ByaBanachN-tuplewemeanafarnilyÁ=
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{A1,. . . , AN} of N BanachaparesA, which arecontinuouslyembedded
in acommonHausdorfftopologicalapare. It will be uaeful to imagine
eachapareA, asaitting in the vertexP,.

By meanaof the polygonfl, we define the following family of norma
on E(A) = A1 + . ..4-

N )
a,E A,> , t,s>O.

5=1

The correspondingfamily of normaon A(A) = Aí fl ... fl Ap, is

J(t,s;a) = max {t’½sY’¡IaIlA}, t,s >0.

Givenanyinterior point (a, /3) of II [(a, /3) E mt rl] andany1 =q <

oc, the ¡<-apareA(as)q.Kconsistaof alí a in E(A) which havea finite
norm

¡Ia¡I(043),q;K = ( >5 (rom~~n¡<(2m,2”; a))~’) (if q < 00)

\(rn,n)eZ~

= sup {2—an.—13n¡<(2m 2”; a)}.
(m,n)eZ

2

The J-apaceA<a,¡~>,q;j ¡a forma! by ahí thoseelementaa in E(A)
which can be representedas

a = >5 u,,,,,. (convergencein E(A))

(rn,n)6Z2

with u,,,,,, E A(A) and

((,n,n)6Z2 (2~am~~nJ(
2m,2n;umn))~) ~

<00

(the aurn ahould be replacedby the suprernurnif q = oc). The norm lvi

la

IIa¡I(ú,~),q;J = mf {((m,~z~t (2—om—Pn..r(2m,2”; ~».~)))~}
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wherethe infimum ia takenover ah representationa(u,,,,.)of aasaboye.
Theaeinterpolationapareswere introducedby Coboaa»dPeetrein

[12]. One canfind therecontinuouscharacterizationaof A(a,s),q;Kavid
A<o,~>,q;j, uaingintegralamateadof suma,but they w¡ll not be required
here. An importantdifferencewith theclasaicalreal methodfor couples,
whereK- andJ-spacescoincide to within equivalenceof norma (see[3]
and [18]), ¡a that in generalA(O,g>,Q;K # A(a,~),q;J. We only havenow
that A<a,a>,q;j is continuoualyembedded¡n A(a,~),q;K (see [12], Thm.
1.3).

Let B = {B1, . . ., fip¿} be anotherBanachN-tuple which we alao
¡magineasaitting on the verticesof anothercopy of the polygon U. By
T E £(A, fl) we meana linear operatorfrom E(A) into E(B) whose
restriction to each A5 definesaboundedoperatorfrom A5 ¡vito fi5,
j = 1,.. .,N. Let M5 = fllAI¡Á1,R,.

If lA E £(A, B), thenthe restrictionof lA to A(a,~),q;K givesabounded
linear operatorlA : A(a,p),q;K .~ B(o,~),q;K. The norm of thia interpo-
lated operatorhasbeencomputedin [8], Thrn. 1.9. It turnaout that

IITIIÁ(OP,Q.K,n<Op)Q.K ~ (11 rnax{M~
1 M¡7< Mr : {i, le, 4 E P} . (3)

HereC
1 is aconstantdependingonly on rl avid (a, /3), 7’ atandafor the

set of ahí those triples {i, le,4 auchthat (a, /3) belongato the triangle
with verticesP~, Pue, Pr, avid (ci, cue, cr) arethe barycentriccoord¡natesof
(cv,f) with rcapectto Pi,Pue,Pr. A similar estimateholdafor J-apaces.

When the interpolatedoperator¡a considera!frorn aJ-apareinto a
¡<-aparethenabetterestimateis vahid. Namely

N

1 IlAI¡Á(0fl)q;j,S<0~)q;~ =C2HMP. (4)
j~:1

Here O < #I>...,ON < 1 with = 1 avid r% 631% = (a,/3)
(that is, O = (Oi, . . ., Gp,) aresornebarycentriccoordinateaof (a, /3) with
respectto the verticesP1, ..., Pp,), andC2 la aconstantdependingonly
on O (see[8], Thrn. 3.2).

Estimate(1.4) imphies that

N

IIdI¡(o,g~q;K =C’3 H IIaII~t, a E A(A). (5)
j=1
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On theother hand, inequahity(1.3) in the caseof J-aparesyields that

rnax~ IJC& Cr : {i, le, r1 Eqq ‘~l¡[Ik lIaILj•k hallA , a E A(A).
(6)

2 Estimatesfor degeneratedcases

The following reault deacribeathe behaviourof the ideal variationawhen
one of the N-tupleareducesto a single Banachapare.

Theorem2.1. Let7 be ay operator ideal, leí II = ¡‘í . . . Pp.’ be a convez
polyyonw¿th verticeaP

5 = (z5,yfl, leí (a,/3) E Ini II a»d 1 S q =00.

Defir¿ePavide=~ asbefore.AasumethatA={Aí,...,Ap,}
¿a a fia»ach ZV-tuple avid thai fi Ls a Ba»achapoce.

JITE £(E(Á),B) tIte»

a) Yz(TÁ(o&)q;K,R)

< D1 rnax{y7:(TÁ1,B)
t~yT(lAÁk,B)ckYr(TAr,R) : {i, le, r} E P}.

N

5=’
IfTE4B,A(A)) tIte»

< Darnax{/3
1(TB,Á.)

0~/3z(TR,-
4k)”~ /3u(lAn,Ár)cr : {i,le,r} E P}.

N

d) fz(TB,Á<O~9.K )=D4ll~2 (TB,A)
6’.

.7

Here D
1 avid D3 are constavita dependirzyo»ly on tI avid (a, /3), wIt¿le

D2 avid D4 are other constanisthai only depevido» 6.

Proa?.Since A(a,~),q;KC~4 A(a,fl>,oo;K with norm leasthanor equalto 1,
in order to eatabhiaha) it iaenoughto conaiderthe caseq = 00. Observe
that therela aconstantC, dependingonly on II and (a, /3), such that

aup {raa7PK(í,s;a)} =ChIa¡I(~,,p),00;r<, a E Á(aq~),oo;K.
t,OO
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Hence,given anya,1,5> 0 anda E UÁ wecanfind adecornpo-
(a~),oo;K

sition a = 2% a5 with a5 E A5 and IIas¡IA, =(1+e)CtaXia
0LIÁ 1 <

j =N. So
N

UÁ<o 6) ocX c>5(í+ OCtOXit~G(JA,.

5=’

Let ~ > y~(TÁ
1,B). According to the definition of ‘y~, thereexista a

BanarhapareE5 andan operatorR5 E 7(E5, fi) so that

r(uÁ,)cylrR+RJ(u<, 1<j<N.

Therefore
lA

N
c >5(1 +e)CaSta—xit~YiU~ + >5(1 ±e)Cí~’iA~&Rs(UE5)

5=1 5=1

C (1+e)C(t la-ra
11B + R,#,

3(Us).

Here E = {(zí, . . ., zp,) : z5 E E5} normed by ¡(zí,. . ., zpj)I¡s =

max{IIZSIIE, : 1 = j =N} (i.e., E = (eL, Es» ), avid R~1,
E —* B is the operator defined by R~,,,,(zí,. . .,zp,) =

(1 + e)C2~’~1 t
0xi

8/~Y5R5z5. Ideal property of 7 implies that J4,j,, E
I(E, fi). Hence

EN ‘1
7z(TÁ(o,,g)q;K,R)=C ¡nf l~ 1=1 .1

~ NC ¡nf { max {r r, 5P y,

— NCmax{yX(lAA~B)cíyI(TÁk,nfk 7I(lAÁr s)Cr {¿,le,r} E P}

wherewe haveused [8],Thm. 1.9, ¡vi the last equahity. This establiahes
a).
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To prove b) let again a~ > ~y1(lAÁ,,n),and conaiderthe following
on E(A)

5=1 a3 EA3
1.IIaIlI=inf{Zo.7¡IasI¡Á. : a=>5a

3,

lake any a E ande > 0. Uaing the Hahn-Banachtheorern,

wecanfind fE (E(Á),I.I) suchthatI((1+e~’a) 1(1+eY’aI
and ¡II¡IÁ~ < o3 , 1 =j =N. By (4), the norm ¡II¡I(Á<~>~)~ of the

ej

restrictionof 1 to A(a,¡3),q;J ja leasthanor equalto O flN a~. Whence
¡al = (i+e)¡I((i+ey’a)¡

N
=(1 + e)C II <¡(1 + e)’a) ¡<a g)qJ< (1 + e)CHo’3

0’<
5=1 j= 1

Thia a¡lowa us to find a representationa = Z% a, of a with i¡a5IlA~ <
e~—í 0N

(1+e)Co~’ . ..o~ . . .op, , 1 =j =N. ChoosingagainBanachaparea
E

5 andoperatoraR5 E 7(E5,fi) with

T(UA,)~osUB+Rs(UE,), 1<j<N,

it followa that

N

5=1

N
C (1+e)CNo~ ...a%NUB.f~(1+s)C>5o~¡ <<.0V

1
5=1

C (1+e)CNo~ ...o%Nrj~4-Rqj~)

whereE = (@¶..
1Es) andII E 7(E, fi) la theoperatordefinedby

N

3=1
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Conaequently

N

77: (TÁ(0,p~q;J ~ =CNflydTA,,B)
8>.

5=1

To proceedto c) avid d), assurnethat lA e £(1B, A(A)) avid let a~ >

1 = j < N. By the definition of fr, we can find Banarh
aparesE

5 andoperatoraS5 e 7(B, F) so that

¡IlAbIIÁ, =a5¡¡bfl~ + ¡¡S5b¡¡¡z~, bE fi.

PutE = , o = min{ai o’N} andlet S E iI2(fi, E) be the

operatordefinedby

Sb= rnax{o~’<a~ka~r : {i,le,r} E p}~í (S1b, .

Using (6) we get that

iTb¡I(o,0),q;j ~ C max{IITbI¡~t IITb¡I~~ IlTb¡12?r : {i, le, r} E P}

< Cmax {a,9a~kc4r : {¿, le, r} c Pl ¡¡b¡¡8 + CI¡SbI¡r,
and c) follows.

Finally, working with theoperatorV E 7(fi, E) given by

N

Vb=u’([Jc4’)(Síb, .,Sj’gb)
j=1

andusing (5), we derivethat

IIlAbII(a,o),q.K < c ri ¡¡lAbI¡~-’ < CH (aj¡bfln + I¡Sób¡IFj)
6’

~=1
N N

~cJI 4’ (I¡b¡¡R + !¡IRsb¡¡r) =C( JI a~)I¡b¡¡s + C¡¡Vb¡¡p.

Thia impliea d) avid completesthe proof.

u
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Writing down Theorem2.1 for the case27 = VV, the ideal of weakly
compactoperatora,we getaquantitativeveraionof Thma2.3 avid 2.4 in
[5]. For 7 = PC, the ideal of compartoperatora,we obtain estimatesfor
the measureof non-compactnessof the interpolatedoperatorthat are
analogousto thoseprovedin [7], Prop. 3.1 and3.3 for entropynumbera.
Recalíthat the measureof non-compartnessja the himit of the sequence
of entropy numbera.Theorern2.1 ca»be also applied to derive resulta
on atrict aingularity andcoaingularity.

3 Estimatesfor the generalcase

We dealnowwith thecaseof non-degeneratedN-tuphca. It ja not difllcult
to ahowby rneanaof exampleathat Theorern2.1 faila in thisgeneralcase.
However,assumingan extraconditionon theoperatorideal 7, we ahahí
be able to describethe behaviourof the ideal variations.

Given anysequenceof Banarhapares(Zm~J( n)EZ” anysequence

of non-negativenumbera(Am.n)( >6r and 1 <q < ~, we denoteby

tq(Am,n.3,n,n) the vector-valued
tq apacedefinedby

tq(An,nZm,n) = = (Zm,n) : Zmn E Zm,n and

¡¡Z¡IfqIlX,n,nZmn.n) = (E(mn)EZ2 (Atn,n¡¡z,n,n¡¡g~<n)~) ~ <

Any operatorlA E £ (4(Am,nZm,n) , tq(jim,nY,n,n)) betweentwo vector-
valued tq apacescan be imagined as an infinite matrix with entries
Qr,,lAPu.v. Here P.~,, : ~ —> tq(kn,nZm,n) ja the embedding
P~z = (6~t,fl,z), where

— ( 1 ifrn= u,» = V avid Qn : tq(pm,nYvnn) —* pr,.Yr,. la the

m,n ~ Q otherwise

projectionQr,s(y,n.n)= Yr,s
For 1 < q < 00, we aay that the operatorideal 7 satiafiesthe Eq~

condition if for anysequencesof Banarhapares

(Am,n.3m<n), (iim<nYm,n) andany TE £ (eq(A~,nZm,n),iq(sm,nYm,n)),

it follows from Qr,,TPt,,, E 7 (An,vZt,t,, gr,sYr,,) for any r, a, u, u that

T EX (tq(>m<nZm.n), tq(gm,nYm.n)).
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Weakly compartoperatora,Roaenthaloperatora,Banarh-Sakaoper-
atoraor dual Radon-Nikodyrnoperatoraareexamplesof idealasatiafying
the Eq-condition (see[14]). AII of thern arealsoinjective aurjectiveand
closed.

The following rcault ahowa the behaviourof the measurey~ with
K-spares.

Theorem3.1. Let U = P~ - . . Pp, be a covivezpolyyovi tnith vertices
1% = (z5,y5), let (a,/3) E mt tI, 1< q <oc, and let 7 be a» operator
¿dealwh¿ch satLsfieatIte Eq-co»d¿tion.Asaumethot A = {Aí, . . ., A,v}

avidB = {B1, . . ., fip,} are fia»achN-tuplesavid let lA E £(A,É). TIte»
for tIte interpolatedoperator tve Itave

z ([t’s<o.s><q;~ lA] A(o,~),q~K,tco(U~

< D rnax{yz(TÁ.,BDce~yz(TÁk,Rk)Ckj/T(TAV,Br)cr : {i,le,r} E P}

where D ¿a a covista»tdepevidúigovily o» U avid (a, /3).

Proa?. Let Fm,n = (Bí + . . . + Bp,, ¡<(2”’, 2”;.)), (m,vi) E Z
2, avid

form the vector-valued apare tq(2amflnEm,.). The map
j : —> tq(2~~mWJnE~,)definedby jb = (...,b, b, b is ay
isornetricembedding.By (1.1),it ja tbenenoughto showthe inequality
for jlA.

Let a~ > y

1(TÁ~B,) avid fivid BanarhapaceaE5 avid operatoraR5 E

7(E5, fi5) so that

lA(UÁ~)casUn+Rs(UE.) , j=1,...,N. (7)

Put
Wm,n(Ei®...@Ep,», (m,vi) EZ

2

and, for 6> 0 and (r, a) E Z2, conaidertheoperator

—+ tq (2~am~~~nFmn) definedby

R (z7t”t..., z’~) = (~‘(i + 6)2(0xi)(m+r>2U3—vJ(n+4RsJ<n).

Ihia operator¡a boundedbecause



Quantitativeestimatesbr interpolatedoperatorsby... 97

¡IR (zr<”, . . . , zR~<”) I¡tq(2omPnFm,n)

N

=( >5 (r~”’—~” >5(í + 6)2mri+nh¿2(0xi)(m+r)
<m,n)6Z2 51

,n n
=(1 +6)N 1<j<N 1 2~”~)’IIRáIIz~.B~} II(z

1

Moreover, sinceeachentry
.,zp.r) =

fO if (t, tu) # (u, y)

j >5(1 + ¿)2(a.x)<¿+r>2(
0vi)(w+s>Rszs if (t,w) = (u,v)

5=1

belongato 7(W,,,>,2atawEt,~), the Eq-propertyirnpliea that

RE 717 (tq(Wm,n),eq(2«~m~nEm,n))

We clairn that

jlA (UA(
08)q.K)

~ j~N(1+6) ~ {2r(a—rJ)+8&3!/J)}J U, <2—~”’—>”’F >+R QY’4(Wm,n))

Indeed,givenanya E UÁ<mx we canchooaedm,,, dm,n(a)> O with

2~am~onK(2m,2n;a)<din,,. avid >5 d~,,,.=(1+69.

(m,n)EZ
2

Since

we canfind adecompositiona = _ a’?”” with a7’» E A
5and
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Put
tu u

~?“ — 2(m+r)xs2(n+s)vÁ <1 ~ j ~ N; = 2a(m+r)2fi(n+
4dm+r 71-1-,

By (7), we can chooaez7”’ E tjE,• auchthat

,n

— Rsz7”’ ¡IR,P<n .7 Sas.

In otherwords,
~fl,n Tun

—~-~-a~ — ~rj)2(n+s)(P~uj)dir.,,. F~ liB., 5
2(rn+r)(a a rn+r,n±s.

PS PS’

Let

z = ((1 + 60’dm+r,,.+s z7”’, . . ., (1 + 67
1d,n+r,,.+s 40’»)

Then z E ~4(Wvnn) and
¡j(jT)a — RZ¡l; (2—am F.»n)

qr mu

< >5 [ram—~nkZ2mxd»Yi¡¡lAaru —

(tu u ) E

<>5 [rarn—~n (É ~ 1
(m,u)EZ’ L

=[iv {27(ú—zá)+«fi—uiaj}] >5 dZ,+r,.~.
(rn,n)

6Z’

< [~<i +6) rCj<N{%}]

Whence

-y7(jlA) =N(1+6) ~ta<xp,

Here 6> 0 avid (r, a) E Z
2 arearbitrary. Thereforewe derive that

y
7:(jlA) =N mf [ rnax

(r,s>EZ
2 <5<N L~JJ
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< D mf [max {r—rs01¡1a5}]
— D max{o~ ucJtacr : {i, le,4 E P}

wherewehaveused[8], Thm. 1.9,in the last equality. Th¡a implies that

y1(jlA) ~ D rnax{yI(TÁÍ,Bi)c~ ~rz(lAÁk,BkYkyI(lAÁr,njcr : {i, le, r} E P}

andcompletestheproof. U

The operator<Ja<~1 ,< ~ esaentialin Theorem3.1 as we shownext
by meanaof an example.We adaptan ideaof [9], Remark3.4.

Let 7 = VV the ideal of weakly compart operatora. According to
[2], Thm. 4, therela a Banachapare E anda sequenceof operatora
(R,.)~1 cE £(E, co) auchthat

= 1. (9)

Fut
lA,.=Q~R~ ,

choosetI as the aimplex {(0, 0),(1,0), (0, lfl andconaiderthe 3-tupíes

A = {e1,t1,td , B = {E,E,¿00(Us)}.

Let a>O, /3>0 with ck+/3 <1 (i.e. (a,f) E Int U) and 1< q <00.

It ¡a clear that A(ajj),q;K = e1 w¡th equivalenceof norma. Moreover

fi(a,~,q;K = E (equivalentnorma) becauseE is a cloaed subapaceof
£oo(Us). Hence,if Theorem3.1 would be truewithout <JS(«,9)qK’ there
wouhd exiat aconstantD> O such that for any vi 6 1V

Hut Q~ : E* —* E la an laometryonto,so (9) yields

-ts, ([lA»],1,r) = y~ ([Rfl,1 ,E~) = 1.

On the other hand,by (8) and [1], Cor. 5.3, we get

Yw ([Tn]e1,e~u9~) = y~(lAfl = ‘y~(Rfl =1/vi.
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Whence(10) reada

1<Dn” foranyviEN

which is impossible.
Qur last reault describethe behaviourof /3~ with J-spaces.

Theorem3.2. Let II = P1... Pp.’ be a convezpolygovi uÁtIt vertices
P5= (z5,y5), Jet (a,fi) E mt II, 1< q <00, avidlet 7 be a» operator
¿deal which satLsfieatIte Eq-co»d¿tio».AsaumetItat A = {A1, . ., Apq}

avid fi = {B1, . . . , Bp.r} are BaviachN-tuplesavid JetT E £(A, É). Tibe»
for tIte iviterpolatedopemiorme have

< D max{/3I(TÁ,,BI)cí /3z(lAÁkBjCk/3r(TABYr : fi,k, r} E 7’>

where D ¿a a co»ata»tdependirzgo»ly o» II avid (ct,/3).

Proof. Put O,»,,.= (A1 fl . . . fl Ap,, J (2~, 2»;.)), (m, vi) E Z
2, and let

ir : tq (r~”’—~»O~,,.) 4 Á<cjj.q>,q;j

be the metric aurjection ir(u».,») = 2eZ’ u,»,,.. Taking into arcount
(2), it aufficesto eatabliahthe ¡nequalityfor lAr.

Let o~ > /3
1(TÁ,B). Thereexist Banachapares.35 andoperatora

E 7(A5,Z5) such that

IFTzaB, =G5¡IzI¡A1 + ¡Sszj[z~ , z E A5, 1 S j < N. (11)

For each(m, vi) E Z
2, let V,»,,, = (Eí@. . <SEn».. Takeany (r, s) E

avid let S: tq (2al~4~»O,»,.) —+ 4(V»,,,) be theoperatordefinedby

=

Since
¡IS(um,n)IIegV,r.,»>=
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< (~ 2(0xi)r2(0v1»IISSI¡ÁJ<ZJ)¡1 (u,»,,~)¡I4<2Otu~flflG,nn>~

the operator5 ia bounded.Now, by the Eq-property,it ja easyto check

that S E 7(4 (2—am—OnO,»,,.), 4 (Vr.,»)). A direct computationusing

(11) ahowathat

¡¡lAir(u».,n)IIn<0p>qj

< max )r2(i3—vs)s~l.
— ‘=SSN{U 2(0x.7 < (1Lm,n)IItq(2~am~~nGmn)+IIS(Um<n) ¡Itq(Vm,n)

This implies that

Since (r, s) E Z
2 ¡a arbitrary, taking inflmum and uaing [8], Thrn. 1.9,

the result followa.

U

Theorema3.1 and3.2 cornprlaeThm. 2.6 and Remark2.9 of [5]. In
particular, they give quantitativeestimatesfor the weak compactneas
resulta mentioviedin the Introduction.

Note that Theorema3.1 and3.2 do not apply to compartoperatora
becausethia ideal faila the Eq-condition.Thia problemhasbeenatudied
in [6] and [7].
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