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Hyperbolic systemsof conservationlaws.

Alberto BRESSAN

Abstract

Titis ja asurveypaper,writteniii the occasionof an invited tahk
given by tite autitor at tbe UniversidadComplutensein Madrid,
Octoher 1998. Its purposeis to provide an accountof sornere-
cent advancesin tite matitematicaltheory of byperbolicsystems
of conservationlaws in one apacedimension.After a brief review
of basic concepts, we describe in detail tbe metitod of wave-front
tracking approximationandpresentsorneof tbe latest resultaon
uniqueneesandstabiityof entropyweaksohutions.

1 Review of basictheory

Tbis chapterreviews the basicdefinitions andpropertiesof systemsof
conservationIaws. For a comprehensiveintroductionto the theory of
hyperbolicsystemswe refer to [22, 23, 24].

1.1 Basic definitiona

A single canservationlaw in onespacedimensionis a flrst orderpartial
differential equationof the form

ut±f(u)x=O. (1.1)

Hereu is tite conservedquantity whulef is the fln¿ Integrating(1.1)
over the interval [a,b] oneobtains
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dx = Lbu(tx> dx

= Lb f(u(t, x))~ dx (1.2)
= f(u(t, a)) — f(u(t, b))
= [infhowat a] — [outflow at bj

In otherwords, tite quantityu is neithercreatedflor destroyed:the total
amountof u containedinside any given interval [a, b] can changeonly
dueto fiow of u acrossthe two endpoints.

Using tite chainrule, (1.1) canbe written in tite quasilinearform

u~ + a(u)ua,= 0, (1.3)

wherea = f’ is thederivativeof f. Por smootitsolutiona,the two equa-
tions (1.1) and (1.3) areentirelyequivalent. If u itas ajuníp, itowever,
the left handside of (1.3) wihl containtite product of a discontinuous
function a(u) witit tite distributional derivativeu~, which in titis case
containsa Dirac massat tite point of junip. In general,sucit a prod-
uct is not well defined. Hence (1.3) is meaningful only wititin a class
of continuousfunctions. On theother hand,working with the equation
in divergenceform (1.1) ahlows us to considerdiscontinuoussolutiona
as well, interpretedin distributional sense. More precisely, a hocahly
integrablefunctionu = u(t,x) is a wea’e solutior¿of (1.1) providedthat

fJ [u~ + f(u)#tI dzdt = 0 (1.4)

for everydifferentiablefunctionwith compactsupport~ E

Ihe mainobject our studywilh be tite ti x ti systemof conservation
latus

1 kh-~-~[ fíóú,...,u,1)]=O,. . . (1.5)

1 ~

Por simphicity, this wilh still be written in tite form (1.1), but keeping
in mmd that now u (uí,...,u,.) is a vector in JW and titat f
(fi,..., f~) is a map from E’ into itself. Cahling A(u) 4 1)1(u) the
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ti x ti Jacobianmatrixof themapf st thepoint u, tite system(1.5) can
be written in the quasihinearform

ut+A(u)ua,=0. (1.6)

Wc saythat tite aboyesystern18 strtct¿yhyperboltcif everymatrix A(u)
hasu real, distinct cigenvalues,say Ai(u) < ... < A,,(u). In titis case,
onecan find dual basesof left and right eigenvectorsof A(u), denoted

1 it’ i=j,u>—10 it’ i#j.

1.2 Linear systems

Wc considerheretwo elementarycaseswherethe solutionof the Caucity
problemcan be written explicitly.

The linear liomogeneousscalarCauchyproblemwith constantcoef-
ficients hasthe form

ui+Au~=0, u(0,x)=di(x), (1.7)

witit A E iR. It’ ti c 6’, oneeasilychecksthat the travehlingwave

u(t,x) = t2(x — Nt) (1.8)

providesa chassicalsolutionto (1.7). In the casewheretite initial con-
dition ti la not differentiabheandweonly itave ti E ~ the functionu
definedby (1.8) can still be interpretedas a solution, in distributional
sense.

Next, considertite itomogeneoussystemwith constantcoefficients

whereA isanxn ityperbolic rnatrix, witit realelgenvaluesA1 < ... < A,
andelgenvectorar,, 1~, chosensothat 4 . y1 = 6~. Cali iij S 4 u the
coordinatesof a vector u E JR’ w.r.t. tite basisof rigitt cigenvectora
{r1,. . . , r,,}. Multiphying (1.9) on the left by Li, . . . , 1,, we obtain

(u,)t + A1(uí),,= (lIu» + A1(4u»=

4ut + 4
44ua, 0,
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uí(O,x) = 11t(x) 4

Therefore,(1.9) decouplesinto u sealarCauchyproblems,whicit canbe
solvedseparatelyin the sameway as (1.7). The function

n

u(t,z) = >5421(x — A1flr1 (1.10)
¿=1

now providesasolution to (1.9), because

II

u¿(t,x) = >3 —A1(11 . ua,(x — >.~t))r~ = —Au~(t, x)
1=1

Observetitat in tite seaharcase(1.7) the inhial profihe is shiftedwith
constantspeedA. Porthe system(1.9), the initial profihe is decomposed
asasuinof ti waves,escittravehlingwitit oneof tite characteristicspeeds

As aspecialcase,considertite Riemanninitial data

f4x) = f ir if x<0,
l~u~ if x>O.

The corresponding solution (1.10) can titen be obtainedas follows.

x=X
2

t

1=>~,

(Dl

= o>o

O
figure 1
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Write the vectoru+ — ir asa linear combinationof eigenvectorsof
A, h.e.

n

~ —ir =>5c~r,.
:1=1

Define tite intermediatestates

w1iu+>5c~r~,

so that eacit differenceco1 — w1..q is an i-eigenvectorof A. Tite solution
thentalcosthe form (Sg. 1):

w0u forx/t <A1,

u(t, x) = w. for A. < x/t < Aí+í, (1.11){ w~=u+ forx/t >A~.

1.3 Lossof regularity

A basicfeatureof norilinear systemsof tite form (1.1) is that, evenfor
smoothiriltial data, tite sohutionof theCauchyproblemmay develop
discontinuitiesin finito time [16]. To achievea global existenceresult,
it is thus essentialto work within a classof discontinuousfunctions,
interpretingtite equations(1.1) in their distributionalsense(1.4).

Example 1. Considertite scalarconservationlaw (inviscid Burgers’
equation)

(1.12)

with initial condition

1¡40,x) = 42(x) 1 + X
2

Pbr t > O srnall thesolutioncanbefound by thernethodof characteris-
tics. Indeed,if u is smooth,(1.12) is equivalentto

ut + uua, 0. (1.13)
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By (1.13) the directional derivativeof the function u u(t,x) along
tite vector (1,u) vanisites. Titerefore, u must be constantalong tite
citaracteristiclimes in the t-x plane:

b—~Q, x+tu)=Q, x+2).

For t <T 4 8/V~7, titesehines do not intersect (fig. 2). Tite sohutionto
our Cauchyproblemis thusgiven imphicitly 1»’

1’ tu ~t, x+ 1+z2)—1+z2. (1.14)

On tite other itand, witen t > 8/VTI, tite characteristiclimes start to
intersect.As a result, tite map

tx ‘-~ ~ + í + x
2

(1.14) no longerdefinesa singlevaluedsolutionofis not one-to-oneand
our Cauchyproblem.

An alternativepoint of view is tite fohlowing (fig. 3). As
creases,points on tite graph of u(t,.) move horizontah]ywith

time in-
speedu,

A

figure 2
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equalto titeir distancefrom tite x-axis. Titis determinesachangein the
profile of the solution. As t approachesthe critical time T 1
orie itas

2!w { ini u~(t,x) } =

and no classical
prolongedfor ah

solutionexists beyond time T. Tite sohutioncanbe
times t > Oonly within aclassdiscontinuousfunctions.

u(O) u(T)

1.4 Discontinuoussolutions

Motivatedby the previousexample,for anonlinearsystemof conserva-
don laws, global solutionsmust be studied in a spaceof discontinuous
functions. Wc now deriveconditionsimposedby (1.4) on asohutionat
pointsof jump. To fix tite ideas,considera piecewisesmoothsohution
u = u(t,x) havinga discontinuityacrossa Unex = Mt). Cail

u~(t) = hm u(t,x)

the rigitt and left limits of u(t,.) at tite point of jump. For any ~ c (4,

applyingthe &vergencetheoremto tite vectorfleid (u . 4’, f(u) . 4’) on
tite two domainaon tite right and on theheft of 7 weobtain

ff {u.tt+f(u).t~} dxdt=—ff{u¿+Á(u)ua,F4’dxdt

+ £ {[u±(t) — tc(t)]$t) — [f(u~(t)) — f(uit))I} . 7(t)) dt.
(1.15)

Since(1.15) is valid foreverydifferentiable4’withcompactsupport,from
(1.4) it follows that tite equation(1.6) must hohd at ahí points outside

figure 3
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tite uneof juníp. Moreover, ahong-y onemust itave

[u~ — ufl4 = f(u~) — f(ufl, (1.16)

The vectorequations(1.16) are tite famous Rarzkfne-Hugoníotcondí-
tiotis. They form a set of ti scaharequationsrelatingthe rigitt and heft
stateszd, ir E IR” andtite speed4 of the shock.
Define theaveragedmatrix

A(u,y) sf A(Ou+ (1— O)v) dO (1.17)

witit A Df tite Jacobianmatrixof f, andcail .X~(u,y) its elgenvalues.
Onecantiten write (1.16) in the equivalentform

4. (j~~ — ufl = f(u~) — f(ir)

= Df Df(Ou~ + (1— O)ir) . (tÉ — u) dO

= A(u~,ufl . (tÉ — ir). (1.18)

In otherwords, tite Ranldne-Hugoniotequationaitoid uf tite jump u~ —

ir is an eigenvectorof tite averagedmatrix A(u+, u—) and thespeed4
coincideswith tite correspondingcigenvaine.

In tite sealarcase,(1.16) reducesto asingleequation.Onecantitus
assign u~,ir arbitrarily and use the equationto determinetite sitock
speed:

u-

figure 4

Thelast expressionin (1.19) sitows that tite shockspeedcoincides
witit the averageof tite characteristicspeedsf’(u) over the interval

+u
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[ir, tÉ]. Of course(fig. 4), titis is closelyconnectedwith the conserva-
tion of tite total areabehowtite grapitof u(t,.).

Example 2. In tite caseof Burger’sequationu~ + (u2/2)a, = 0, nne
finds

• [(u+)2/21— [(1112/2] _ u~ +ir (1.20)

2

1.5 Entropy conditions

In tite presenceof discontinuities,tite Rankine-Hugoniotequationa(1.16)
maynot suifice to singleout auniquesohutionto tite (Jaucityproblern.

Example 3. Por Burgers’ equation(1.12), tite Caucity problem witit
initial data

{i

if x>0,
u(0,x) = it’ x <0,

admitsinfinitehy rnany weaksohutions.Naníely, for everya E [0,1], tite
piecewiseconstantfunction

if x <at/2,
u

0(tx) = at/2=x < (1 + a)t/2,
x =(1+a)t/2,

providesa solutionin distributionsense.Indeed,tite Ranldne-Hugoniot
conditiona (1.20)hohd along tite two unesof discontinuity41(t) = at/2,

= (a + 1)t/2. Outsidethesetwo Unes, ua is constant, itencethe
equationUj + uu2 = O is triviahly satisfied.

From tite previonaexampleit is clear that, in orderto achieveatite-
oremstatinguniquenessandcontinuousdependenceon the initial data,
tite notion of weak solution must be supplementedwith further “ad-
missibility conditions”, possiblymotivated by pitysical considerations.
Sorneof titeseconditionswill be presentlydiscussed.

Admissibility Condition 1 (Vanisbingviscosity).A weaksolution
u of (1.1) is adniissibleif thereexistsa sequenceof smoothsolutionsu

t
to

i4 + A(tt)u = eu~ (1.21)

witicit convergeto u in L1 85 E —* 0+.
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Unfortunately, it is very difficuht to provide uniform estimatesen
sohutionsto tite parabolicsystem(1.21) andto citaracterizetite corre-
spondinglimits ase —> 0±.From tite aboyecondition,however,oxte can
deduceothercenditionswhhchcan be moreeasilyverified in practice.

A continueusly differentiable functien i~ IR” í-+ IR is called an
entropylcr tite system(1.1),with entropyflux q : IR” ‘—* IR if

Dq(u).Df(u)=Dq(u) ueJff’. (1.22)

Observethat (1.22) imphies that, if u = u(t,x) is a £9 selution of (1.1),
titen

[n(u)h + [q(u)]~ = 0. (1.23)
Indeed,

Dn(u)ut+ Dq(u)u~ = D~(u)[ — Df(u)u~J+ Dq(u)ua, = 0.

Hence,witeneverwehavea smootitsehutienef(1.1),not enly tite quanti-
tiesu1, ... , u,, areconserved,but tite additionalconservationhaw (1.23)
itohds as well. Oit tite otiter itand, whenu is discentinuous,in general
it doesnot provide a weak sohutiento (1.23), i.e. t~ = ~(u) is net a
censervedquantity. Titis can be seenin Example2, taking ~(u) = u

3
and <¡(u) = (3/4)u4.

We new study itew a convex entrepybeitavesin tite presenceof a
smalldiffusionterm. Assunie~1,q c C2, with ,~ convex. Muhtiphyingboth
sidesof (1.21) en the left by D~(u’) enefinds

[~(u9J,+ [q(u’)j~ = cDn(u’»4a, = s{[n(u’)I~± — D2~(u’) . (u ® t4)}.
(1.24)

Observethat tite last termin (1.24) satisfies

“ ¿92r¡(u’) 5u~Ou >oD2n(u9(i4®i4)= >5
~OujOu~ Ox Ox

becauset~ is convex,henceits secondderivativeat any point u’ is apos-
itive semidefinitequadraticferm. Multiplying (1.24) by a nonnegative
smeotit funetiencp with compactsupport and integratingby parts,we
titus itave

+ q(u’)~x} dxdt =—c JJu(u9soa,~dxdt.
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If u’ —* u in L1 ase —* 0, tite previousinequality yields

ff {n(utot + q(u)p±}dxdt > 0 (1.25)

witenever40 E (4, ~o> 0. The aboyecan be restatedby saying titat
«u» + q(u»=O in distributionsense,i.e. anyconvexentropydoesnot
increasein time. The previousanalysisheadsto:

Admissibillty Condition 2 (Entropy inequallty). A weaksolution
u of (1.1) is etitropy-admisstbleif

[n(u)J~+ [q(u)]a,=0 (1.26)

in tite senseof distributions,for every pair (i>, q), whereij is a convex
entropyfor (1.1) and q is tite correspondingentropyflux.

Let u = u(t,x) beapiecewisesmootit functionwitit jumpsalongthe
unesx = x

0(t), a = 1,,m. Rapeatingthe computationsat (1.15),oxte
finds titat u satisfies(1.26) providedtitat

Dn(u)ut+ Dq(u)u~=O

outsidetite jumps, while

±c4ti(u(xa+))— «u(x~—))] =q(u(x0+)) — q(u(xa—)) (1.27)

alongeacitshockline.

Of course,tite aboyeadmissibihitycondition can be useful only if
sornenontrivialconvexentropyfor tite system(1.1) is known. For ti x ti

systems,(1.22)canbe regardedasafirst ordersystemof ti equationsfor
tite twoscalarvariablesq, q. Witen ti > 3, thissystemis overdetermined.
In general,one should thus expect to find solutionsonly in the case
ti < 2. However,titereareimportantpitysicalexamplesof largersystems
which adrnitanontrivial entropyfunetion.

In the scalarcase,convexentropyfunctions are easyto construct.
In particular,for eacit ‘e E IR, considertite functions

~(u) = u—/el, <¡(u) = sgn(u— ‘e) . (f(u) — f(k)).
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It is easily citeckedthat i>, ej arelocahly Lipscbitzcontinuousandsatisfy
(1.22) at every u ~ ‘e. Altitougit t~,q ~ O’, we can still regardn as a
convexentropyfor (1.1), witit entropyflux ej. Following Kruzitkov [17],
we say that a boundedmeasurablefunctionu is an entropic solutionof
(1.1) if

Jf{¡u—k140t +sgn(u—‘e)(f(u) — f(k))401} dxdt >0 (1.28)

for every constant‘e c IR and every O’ function ~ =O witit compact
support.

Accordingto (1.28), oxte canshow that a sitock connectingthe left
and right statesir, tÉ is admissibleit’ and only it’

f(u~)—f(u”) f(u”)—f(ir) (1.29)
u —zr

for everyu” = au~+ (1 —a)ir, with 0< a < 1. The aboyeinequality
canbe interpretedasa stabilitycondition. Indeed,let u’ c [ir, ufl be
an intermediatestateandconsidera shightlyperturbedsolution(fig. 5a-
b), where the sitock (ir, u+) is decomposedas two separatejumps,
(ir, u”) and (u”, u+), sayhocatedat “>r(t) <y~(t) respectively.By tite
tite Ranldne-Hugoniotconditions,tite two sidesof (1.29)yield precisely
tite speedsof titesejunips. If the inequality itolds, titen $ = ‘5’~, so
that tite backwardshock traveisat least as fast astite forward one.
Therefore,thetwo shockswhhI not split apartastime increases,andtite
perturbedsolutionwill remaincloseto tite original solutionpossessing
asingle shock.

u

x

figure Sa figure Sb



Hyperbolicsystemsof conservationlaws 147

ff

Observingtitat tite Rankine-Hugoniotspeedof a sitock in (1.19) 18
givenby thesiopeof tite secantuneto tite grapitof f throughthepoints
ir, tÉ, tite condition (1.29) itolds if and only if for every a E [0,11oxte
has{ f(au~+ (1 — a)ir) =af(u~)+ (1— a)f(ir) if ir <W~,

f(au~+ (1 — a)ir) =af(u~) + (1 — a)f(u) if ir > tÉ.
(1.30)

In otiter words, witen ir <u~ tite grapitof f sitouhd remainaboyethe
secantUne (fig.6a). Witen ir > tÉ, thegraphof f sitouldremainbehow
thesecantune(fig.6b).

A third adndssibilitycondition,duetoLax [18),is particularlyuseful
becauseit canbeappliedto anysystemand hasavery intuitive geomet-
rical meaning. Accordingto (1.18),everysitock will travel witit a speed
‘5= >.1(tr, u±)equalto aneigenvalueof theaveragedmatrixA(ir, u±).
In Udssetting,tite Lax conditionrequiresthattite i-citaracteristics,trav-
elling on tite left andontherightof titeshockwith speedsN1(ir), >q(u~)
respectivehy,botit run into tite sitock:

Adinissibillty Condition 3 <Lax Condition). A shockconnecting
tite statesir, tÉ, travehlhngw¡thspeed‘5= A1(ir, u~) is admissibleif

A1(ufl =Adir,u~) > A.(zÉ). (1.31)

Titis situation is illustrated in fig. la. On tite otiter itand, onecan
checkthat for thesolutionsconstructedin Example3, neititeroftite two
shockssatisfiestite aboyecondition (fig. 7b).

u U~ U~

figure 6a figure Ob
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x=7(t)

ji

—‘‘ji

ti

—.

— III It

‘.tt’¡t
— — ti,~t ji

— 1 1 ‘.‘

figure 7a

x=at/2
u ¡ ¡

¡ ¡
1 3 ¡

¡j33i~~ . ‘ — —

¡III

• ¡ 1
¡ 1

e.
figure 7b

1.6 Shock and rarefactioncurves

Fix a stateuc> E IR” andan índex i E {1,.. . ,nj}. As before, let r1(u) be
tite i-tit cigenvectorof tite Jacobianmatrix A(u) = Df(u). Theintegral
curveof tite vectorfleid r~ titroughthepoint110 is calledtite i-rarefaction
curvetitrough110. It 18 obtainedby solvingthe Cauchyproblemin state
space:

du
da

u(O) = 110. (1.32)

We shalhdenotethis curveas

a k-* Rí(oj(uo). (1.33)

Ofcourse,tite parametrizationdependson tite citoice of tite eigenvectors
r1. In particular,it’ we imposetite normahizationlrdu)¡ = 1 titen tite
rarefactioncurve(1.33> wiIl be parametrizedby arc-lengtit.

Next, forafixed u0 E iR!’ and i E {1,...,n}, weconsidertitecurve
of statesu witich can be connectedto tite right of 110 by an i-shock,
satisfyingtite Rankine-Hugoniotequations(1.16). Accordingto (1.18),
titese equationsimnphy titat the vectoru — 110 is a right i-eigenvector
of tite averagedmatrix A(u,110). By a theoremof basic linear algebra,
titis holds if and only it’ u — u0 is ortitogonalto every heft j-eigenvector
of A(u,no), witit j ~ 1. The Ranldne-Hugoniotequationscan titus be
written in tite form

¿(u IZo) . (u .—. un) — O
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togetiterwith -y = >.~(u,u~). We regard(1.34)asasystemof n—1 scalar
equationsin ti variables(tite ti componentsof tite vectoru). Linearizing
(1.34) at tite point u = no we obtain tite linear system

lj(uo).(w—no)O Ni,

whosesolutiona are ah tite points sc = ~ + Crí(u0), e E IR. By tite
imphicit function titeorem, it titus follows titat tite set of solutionsis a
regularcurve, tangentto tite vector r1 at tite point ~o• This wiIl be
calledtite shoc’ecurve througit the point no anddenotedas

a ‘—~ S¿(a)(uo). (1.35)

Usinga suitableparametrization,tite twocurvesR~,S~ will itaveasecond
order contactat the point 11~ (fig. 8). More precisehy, the following
estimatesitoid [18,24].

{ ~ = no +arí(no)+ 0(1) . &, (1.36)
= tlo + 0T1(tLo)+ 0(1).

I.Rda)(uo)— S1(oj(~)¡= 0(1) .~3 (1.37)

r~(no) + 0(1) a~. (1.38)
A1(S~(a)(uo), uo) = A¿(uo)+ 2

Hereandthrougitout tite following, theLandausymbol 0(1) denotesa
quantitywitoseabsolutevaluesatisfiesa uniform bound,dependingonly
on tite system(1.1).

st

R.

s.

r.
u0

figure 8



150 Alberto Rressan

1.7 The Riemannproblem

Tite basicbuildingblocktowardtite solutionof tite generalCauchyprob-

lem for (1.1) is tite tite solutionof the fohlowhnginitial valueproblem:

if x<0, (1.39)
if x>0.

Tite initial dataitave itere a very simple t’orm, being constantfor x < O
and for x > 0, witit a singlejunip at tite origin.

Before describingthe generalsohutionof (1.39), a key assuniption
will be introduced. Recalí titat Ae(u), r1(u) denotetite i-tit eigenvalue
and right elgenvectorof tite matrix A(u) = Df(u). Following [181,tite
i-tit characteristicfleid is calledgenuinelynonltnearifDA~(u).r1(u) $0
for all u. On tite otherhand, if DA~(u) . r¿(u) = O for sil u, we saythat
tite i-th field is lir¿eartyj degenerate.In the genuinelynonlinearcase,we
canchoosetite orientationof tite eigenvectorsr~ so tbat

DA¿(u) . r¿(u) > 0. (1.40)

Observetitat it’ tite i-th characteristicfleid is genuinelynonlinear,titen
tite citaracteristiespeedA. is monotonicallyincressingalongtite i-rarefaction
curves(1.33). On theotiter hand, it’ the i-tit fleid is Unearhydegenerate,
titen \~ 18 constsntalongtite cunes1?,. Throughouttite following, a so-
lution of tite Riemannproblemwill be constructedunder tite following
sssumptions:

(4) The system(1.1) is strictly hyperbolicwitit smootit coefficients.
Poreachi e {1, . . . , n}, tite i-tit citarscteristicfield is eititergen-
uinely nonhinearor hinearlydegenerate.

Wc sitail first studytitreespecialcases:

1. CenteredRarefáctionWaves. Let tite i-tit fleid be genuinely
nonlinear,and sssunxetitat u~ lies on tite positive i-rarefactioncurve
titrougit ir, i.e. tÉ = R,(oj(ir) for sorneo- > O. PorescitaE [0,4
define

A1(s) = AdRds)(ir)).
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By genuinenonlinearity,themaps ~ A1(s) 18 .strictly increasing.For
t =O, tite function

<ir if x <tA.(ir),
u(t, x) = Rj(s)(ir) it’ x = tA,(s), s E [O,a], (1.41)

it’ x>tA¿(u+),

isthenapiecewisesmoothweaksolutionof theRiemannproblem(1.39).
Indeed,

hm ¡¡u(t, j — UIIL1 = 0.
¿—.0+

Moreover,tite equation(1.6)18trivially satisfiedin thesectorswiterex <

ÉA,(ir) or x > iA1(u+), sinceitere t¿~ = = O. Next, asgumex = tA1(s)
for sornea c]0,a[. Sinceuis constantalong eachray {(ttx’); o! =

we clearlyhave

u¿(t,x) + A1(s)u2(t,x) = 0. (1.42)

Observingtitat

Ou = dRj(s) (ir) da dA1 fdA1(a)V’ 1
= Ox da dAda) ~fr =rdu) kífr)

is an cigenvectorof tite matrix A(u) with eigenvalueA1(a) = A1Q4t,x)),
from (1.42) it againfolhows (1.6).

Observethat tite assumptiona > O is essentialfor the vaildity of
tbis construction.In theoppositecasea<0, tite definition (1.41)would
yield a triple-valuedfunctionin tite regionwherex/t E [A1(u~),A1(ir)].

2. Shocks. Msumeagainthat tite i-th family is genuinelynonlinear
and that the stateu~ is connectedto the right of ir by an i-shock,
i.e. u~ = S1(oj(ir). Titen,cailingA S A1(u~,ir) tite Rankine-Hugoniot
speedof tite sitoclc, thefunction

u(t,x) = if ~ < >«~ (1.43)

it’ a,> At,

providesapiecewiseconstantsohutiontotite Riemannproblem.Observe
that, it’ a <0, titan titis solutionis entropyadmissiblein the senseof
Lax. Indeed,sincetite speedis monotonicallyincreasingalongtheshock
curve, recalling(1.38) wehave

X¿(u+) <A.(uu+) <X}u+) (1.44)



152 Alberto Bresssn

In the casea> 0, however,oneitas A1(ir) <.A1(u+) and the admissi-
bility condition(1.31) is viohated.

3. Contact discontinuities.Assuxnetitat the i-th fleld is Iinearlyde-
generateandtitat thestateu~ lieson the i-th rarefactioncurvetitrough
ir, i.e. tÉ = Rda)(ir) for somea. By sssumption,the i-tit citsrac-
teristicspeedA1 is constantahongthis curve. CitoosingA = A(ir), tite
piecewiseconstantfunútion (1.43) titen providesa solutionto tite Rio-
mannproblem(1.39). Indeed,tite Ranldne-Hugonlotconditionshold at
tite pohnt ofjunxp:

f(u~) — f(u) = Df(Rds)(ir))rí(Rí(s)(ir)) da (1.45)

— Adir)’ [R.doj(ir) — ir~.

In titis case,tite Lax entropyconditionshoid regardlessof tite sign of a.
Indeed,

A1(u~) = A1(ir,tÉ) — A(tÉ). (1.46)

Observetitst, accordingto (1.45), for hinearlydegeneratefielda tite sitock
and rarefactioncurves actuallycoincide, i.e. S~(o)(uo) = Ri(oj (uo) for
ah a.

The aboyeresultscan be suinmarized58 foilows. For a fixed left
ststeir snd i E {1, . . ., n} define themira! curve

‘P1(a) (ir) = 1 R,(a)(u) íf o- > o~ (1.47)
1. S¿(oj(ir) it’ o<0.

In the specialcasewhere u~ = ‘P1(a)(ir) for sornea, tite Riemann
problemcan titen be solved by an elementarywave: a rarefaction,a
sitock or acontsctdiscontinuity.

Relyingon thcpreviousanalysis,tite solutionof tite generalRiemann
problem(1.39) cannowbe obtainedby finding intermediatestateswo =

ir, wi,..., w,, = tÉ sucit that eachpair of sdiacentstates~ w¿ can
be connectedby an ehementarywave, i. e.

= ‘1’~(a¿)(w¿...i) i = 1,...,n. (1.48)

Titis can be donewhenevertÉ is sufficiently closeto ir. Indeed, for
Iu+ — ir ¡ small, tite implicit function titeoremprovidestite existenceof
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unique wave strengths a1,... o, such that (fig. 9)

= ~I’,«a,) o... o t(oO(ir).

u~= o)o
figure 9

In turn, thesedeterminethe intermediatestatesco, in
solution to (1.39) is now obtainedby piecingtogetitertite
tite ti Riemannproblems

(1.48). The

solutiona of

Ut + f(u),, = 0, u(0,x) =
if :i,<0,
if x>.0

on differentsectorsof the t-x plane. By construction,eachproblemhas
an entropy-ad.missiblesohutionconsistingot’ a simple wave of tite i-tit
characteristicfamihy. More precisely:

Case1: Thei-th characteristicfleid is genuinelynonlinearand a1 > 0.
Titen tite solutionof (1.50)consistsof a centeredrarefactionwave. Its
i-th characteristicspeedsrangeover tite interval [A; Afl, definedas

4 At 4 A1(w1). (1.51)

Case2: Bititer the i-tit characteristic fleld is genuhnely nonlinearand
a.=0, or elsethei-tit characteristicfleid is hinearlydegenerate(with a1
arbitrar>’). Titen tite solutionof (1.50) consistsof an admissiblesitock
or of a contactdiscontinuity,travellingwith Rankine-Hugoniotspeed

(1.49)

u½o)

(1.50)

(1.52)
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figure 10

Tite solutionto tite original problem(1.38) can now be constructed
(fig. 10) by piecing togetiterthe solutionsof theti Riemannproblems
(1.50), i = 1,..., ti. Indeed, for al,..., a,. sufficiently smail, tite speeds
A;, At introducedat (1.51) or (1.52)remaincloseto tite corresponding
eigenvaluesA1(ir) of tite matrix A(ir). By strict hyperbolicity and
continuity,wecantitus assuniethat tite u intervais[A, AtJ are disjoint,
1.6.

Therefore,a piecewisesmooth solutionu : [0,00)x JA ‘—. E” is weIl
definedby tite assignment:

1’ tr=w0 if ¿ EJ—oc,

u(t, x) = Rds)(wí~i) if ~ = A¿(Rí(a)(w¿1))E [A;, AZ[,
~ [Ap,if ~ c

1. if ¶ c [At, oo[.
(1.53)

Observe titat tbis solution is self-similar, having tite form u(t,x) =

V’(x/t), witit i,b : E ‘—> IR” general>’ discontinuous.

.4.
x =

o)
2

t

í=X= 4

o>’

= o>o

O
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Example4. The 2 x 2 systemof conservation.laws

Luíb+ =0, [11216+[1±¿12±112]X=0,111,112>0,

(1.54)
is motivatedby tite study of two-cornponentcbromatograpity.Wrhting
(1.54) in tite quasilinearform (1.6), tite eigenvaluesandeigenvectorsof
A(u) arefound to be

1 1

ri(u) = 1 (—ui, —ura) r2(u) — 1 (1 —1).

Tite first citaracteristicfleld isgenuinel>’ nonlinear,the secondis linean>’
degenerate.In titis example, tite twa sitock andrarefactioncurves S1,
I?~ alwayscoincide,for i = 1, 2. Their computation15 easy,becausetite>’
arestraigitt Unes(fig. 11):

Ri(oj(u) = u + ari(u), R2(oj(u) = u + ar2(u). (1.55)

u2

u1

figure 11
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Observethat the integralcurvesof the vector fleid r1 are precisel>’
tite rays titrough the origin, wbile tite integral curves of r2 are tite Unes
witit siope —1. Now let two states ir = (uT,ui), tÉ — (u+,4)

be given. To solve the Riemann problem (1.39), we first compute an
intermediatestateu suchthatu” = Ri(ai) (u—), u+ = R2(a2)(it) for
some o-1, a~. By (1.55), tite components of it satisfy

t4+t4=u~+ujj, u4=ujt4.

Tite solution of the Riemannproblemtitus talces two different t’orms,

depending on the sign of u~ = (~T)
2+ (‘uj)2 — (111)2+ (ufl2.

Case 1: rr
1 > O. Titen the sohution consists of a centered rarefaction

wave of tite first famil>’ and of a contact discontinuity of tite second
fam 11>’:

f ir if xli < Ai(u-j,
att + s)u if x/t = Ai(st? + (1— s)ir), 8 C [0,1],

u(t,x) = it it’ Ai(tt) <xii < A2(tÉ),

1 if x/i =A2(u~).
(1.56)

Case2: a~ <0. Thentite solutioncontainsacompressivesitock of
tite first famil>’ (witich vanishesifaj = 0) and a contact discontinuity of
tite second famil>’:

f x/i < Ai(tr, u”),{ ~2-u(t,x) = Ai(irot)=x/t<A2(u~), (1.57)f x/t=A2(u+).

Observe titat A2(u”) = A2(tÉ) = (1+ut-I-4t’, because tite second
characteristic fleid is Unearí>’ degenerate. In titis special case, since tite
integral curves of r1 are straight lines, the shock speed in (1.57) can be
computedas

Ai(ir, u”) = ¡ Aj(su + (1 — s)ir) ds

= JL1+s(u;+u;)±e~aMuj-+ujy2ds
1

(l+t4±t4)(1÷ur±u~)
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Example5. A model for isentropie gas d>’namics (in Lagrangian coar-
dinates)Ls providedby the t’ollowing 2 x 2 ityperbolicsystem:

2)6 — 2½ = O, u6 +p(v)±= 0.

Mere y > O is tite specific volume, i.e. y = p
1 where p is tite dcnsity,

andu is the velocit>’. The funetionp = p(v) gives thc pressure in terms
of the specific volume. It is titus natural to assmne

(1.59)

A t>’pical choice,valid for mostgases,is

p(v) = ‘e~1 1<7<3.

Herey is calla! the adiabatiegasconstant.

Introducingtite vectors

U 1 (y, u)

tite s>’stem (1.58) can be written in the standard form

Ut+[F(U)1±=0.

II tite assumptions(1.59) hoid, thentite s>’stem (1.60) is
bolic. Indeed,the Jacobianmatrix

A(U) 4 DF’(U) =

strictl>’ hyper-

~1)

itas the two real distinct eigenvalues

A
1 =— —p’(v) <0< —p’(v)= A2, (1.61)

witit corresponding (unnormalized)eigenvectora

r2=(—1, —¡1(v)).

Wcnow study the Riemann problem for the system
inltial data

(1.62)

(1.60), with

U(0,x) = { ~j%= (ir,ir)
= (v+, u+)

(1.58)

F(U) 4 (—u, p(v)),

(1.60)

it’ x<0,
it’ x>0,

(1.63)
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assuming, titat vjv~ >0.

8>’ (1.62), tite 1-rarefaction curve titrougit U is obtained b>’ solving
tite Caucity problem

du — —¡1(v), u(vfl = u.
dv

This >‘ields tite curve

Rí={(v¡u); u—ir=f —P’(v)dI/}. (1.64)

Similarí>’, the 2-rarefaction curve titrougit tite point U is

u—ir =—f —P’~i) dy}. (1.65)

Next, tite sitock curves S1, 52 through U are derived from tite
Rankine-Hugoniot conditions

A(v—tC) = —(u—ir), A(u—ir) =p(v)—p(vfl. (1.66)

Using tite first equation in (1.66) to eliminate A, theseshockcurvesare

computed as

= {(vu); —(u~ut2 = (y — vt(p(v) —p(vj),s U
_____ > 0}~i.68)

Recailing (1.61)-(1.62) and tite assumptions (1.59), we now compute
the directionalderivatives

p”(v)
(DAi)r¿ = (DA2)rta — 2 —¡1(v) > 0. (1.69)

From (1.69) it is clear that the Riemannproblem (1.60), (1.63) admits
asolution in tite t’orm of a centeredrarefactionwave in tite two cases

E R1, v~ > v5 or elseU~ E It, v~ <ir. On tite other hand, a
sitock connectingU with U~ will be admissibleprovided that cititer
U~ c S~ and~ <ir, or elseU’ c 82 andv~ > ir.
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Takingtheaboyeadniissibihityconditionsinto account,we titusob-
tain four unes originating from tlie point U = (v, ir), i.e. tite two
rarefactioncurves

o’—4Ri(a), R2(a) a>O,

and the two shock cunes

ai—* Si(a), 52(0)

In tun,
(fig 12):

a<0.

thesecurves divide a neigitborhoodof Lh into four regiona

(1~, bordering on

(1~, borderingQn

Ri S2,

S1, S2,
(12

(14,

borderingon

borderingon

ForU~ sufllciently closeto U, tite structureof thegeneralsolution
to tite Riema~problemis now determina!by tite hocationof tite state
U~, witit respectto tite curvesR,~, S1 (fig 13).

Case1: U~ E 6h. Tite solutionconsistsof a1-rarefactionwaveand a
2-sitock.

Case 2: U~ E (1~. Tite solution consists of two centered rarefaction
waves.

R1,
S1,R2.

u

a

Li

y

figure 12
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Case 3: U~ E Tite solutionconsistsof two sitocks.

Case4: U~ C (14. Ihe solutionconsistsof al-sitock anda2-rarefaction
wave.

+U’

k 8

Case1

R R

Case2

Case3

Case4

figure 13

2 Wave-front tracking approximations

The main goal of titis citapteris to prove the globalexistenceof aweak,
entropyadmissiblesolutionto the Cauchyproblem

tL¿ + 1(u)2 = 0, (2.1)

u(0,x) = 42(x), (2.2)
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for ever>’ integrableinitial data42 witit suflicientí>’ small total variation.

Theorem1. Let tite ayatem(2.1) be stuictly ityperbolio atid asaume
thai eachchan¡cteriaticJield is either linearly degenerateor genutnely
nonlinear. Titen itere existaa conataní6 > O sucit thai, for everyinitial
condition42 c L’(IR; IR”) utiih

Toi. Var.Q2) <6 (2.3)

tite Caucityproblem(2.1)-(2.2) itas an entropyadmisaiblemeo/esolution
u = u(i,x) deflnedforalí 1=0.

Titeorem1 was first prova! in the fundamentalpaperof Ghimm [15],
constructingapproximatesohutionsby meansof a randomrestarting
procedure.
Here we sitahídescribean alternativemetitod for constructingapproxi-
matesohutions,basedQnwave-fronttracking. Rougitly speaking,a front
trackingc-approximatesolution (fig. 14) is a piecewiseconstantfune-
tion u = u(t,x) witose junps are locatedalongfinitel>’ man>’ segments
x = x0(t) in tite t-x plane. At eachtime 1 > 0, titese jumps sitould
approximately satisfr the Rankine-Hugoniotconditions

>5~±0[u(tx0±)—u(i,x~—)] — [f(u(t,x0-4-)) —f(u(i,x0—fl1~= 0(c).
a

If i~ is aconvexentropywith flux q, recalhing(1.27),at eachtime 1 one
sitould also have

>5 {k¡(u(i, x0+))—q(u(i,x.,—))]—±4t4u(t,x0-t))—«u(t,xc—))] } =O(s).
a

In practice,sincewe want to usetitese approximationsfor a detaihed
analysisof solutions,it is convenientto requirea numberof additional
properties,describedbelow.

Definition 1. Givene >0, we soythai u: [0,oo[~-.L
1(IR; IR”) is art

s-approximaiefi-rna iracking soluijon of (2.1) if tite follou’ing holds:

1. As a funotion of tu’o variables, u = u(i, x) is piecetuisecor¿stant,
tuiiit discontinuiiieaoccurningalongfinitely manyUnesin tite t-x plane.
Onlyfinitely manytvave-front inieractions occur, eachinvolvingexacily
twa tncomingfronta. Jumpa can be of three iypes: shoc/es(or contad
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dtscotitinu¿ties),rarefactiotis <md non-physicalwaves, denotedas .7 =

SuR uKP.
2. Along eacha/wc/e (or contact disconúnutty)x = x0(t), a E 5, tite
valuesir 4 u(t, z0—) atid 11+4 u(t, x0+) are retraedby

=

5i, (o-
0)(~) (2.4)

for sorne k~ E {1, . . . , ti> <md sorne tuavesizea~. If tite k0-th fam4
is genuinelynonlinear, titen tite entropyadrnisstbihty conditiono~ <0
also itolds. Moreover, tite speedof tite a/toe/efi-ant satisfies

— Ai,~(tÉ, ufll =e. (2.5)

3. Alony eadtrarefactionfrvnt x = x0(t), a c 1?, onehas

tÉ — a~)(ufl, o~ c~0,eJ (2.6)

br sornegenuinelynontinearfamay k0. Moreover,

— Ai,0(u~)I =e. (2.7)

4. ALt non-physical frontax = x0(t), a E KV have tite sanie apeed:

±0(t)= A (2.8)

mitere A is ajixed constantstrtctly greater titan alt citaracteriatio apeeda.
Tite total strengtit of alt non-pitysicalfronta in u(t,.) remainsuniformly
amatí, narnely

>3 ¡u(t, x0+) — u(t, xa—)I <e for <¡lii > 0. (2.9)
aGNP

If, in addition, tite initial valueof u aattsfies

— ~IIL’ ce, (2.10)

mesaytitat u is ait e-approximatesolutionto tite Cauchyproblem (2.1)-
(2.2).

Toward a proofof Theorem1, we sitalí first estabUshthe existence
of front trackingapproximationa.



Hyperbolicsystemsofconservation¡aws 163

Theorem 2. Por everye > O and every initial data 42 mith auffi-
cientlyarnalí total variation, tite Cauchyprobtern (2.1)-(2.2) admita art
e-approximatefront trackÁngsotution, definedfor alt t > 0.

In a secondstep, we will show that a suitablesequenceof front
trackingapproximationsconvergesto aIimit, providinganentropyweak
solutionto tite Cauchyproblem.

We now describean algorithrn witich generatesthesefront track-
ing approximations. The basic ideas were introduced in tite papera
of Dafermos[12]for scalarequationsand Di Perna[131for 2 x 2 sys-
tenis, thenextendedin [1, 3, 21] to general ti x ti systems.The con-
struction (fig. 14) startsat time t = O by taking a piecewiseconstant
approximation«0,.) of u satisfying (2.10), witit Tot.Var.{u(0,~)}<
Tot.Var.{42}. Let x1 < ... < xp¡ be tite points witere u(0,.) is dis-
continuous. For eacha = 1, ..., N, tite Riemannproblemgenerated
by tite jump (‘u(0, x0—), u(0,x0+)) is approximatelysolved on a for-
ward neighborhoodof (0,x0) in the t-x planeby a functionof tite form
u(t,x) = ~((x — x0)/t), with ~ IR ~.-* IR” piecewiseconstant.More
precisel>’, it’ tite exactsolution of tite Riemannproblemcontainsonly
shocksand contactdiscontinuities,titen we Iet u coincide witit the ex-
act solution, which is aIread>’ piecewiseconstant.Qn tite otiter hand,
if centeredrarefactionwavesare present,tite>’ areapproximatedby a
centeredrarefaction fan, containingseveralsmahljumps travelling witit
a speedcloseto tite characteristicspeed.

NP

t

x

ti

figure 14



164 Alberto Bressan

The approximatesohutionu can then be prolonga!until a time ti
is reached, witen tite first set of interactionsbetweentwo ormorewave-
fronts takesplace. Since«t1,.) is stiil a piecewiseconstantfunetion,
tite correspondingRiemannproblemscanagainbe approximatelysolved
within the classof piecewiseconstantfunctions. The solutionu is then
continua!up to atime t2 wherethesecondsetof wave interactionstalces
place,etc...

ir

figure iSa

accurateRieníannsolver

figure 16a

simplifiedRiemannsolver

figure 16b

Fbr generalti x u s>’stems,tite main saurceof technicaldifficulty
stemsfrom tite fact that tite nuinberof wave-frontsma>’ approachin-
finit>’ in finite time, in which casetite constructionwould breakdown.
To seethis, observetitat at a genericinteractionpoint therewihl be two
incoming t’ronts, while tite nuniberof outgoingfronts is ti (if alí waves
generatedb>’ tite Riemannproblem are shocksor contsctdiscontinu-
ities), or evenlarger (if rarefactionwavesare present).In turn, these

figure 15b
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outgoingwave-frontsma>’ quickl>’ interactwitit severalotherfronts,gen-
eratingmoreand moreUnesof discontinuity(seefig. isa).

We thusneedto modMy the algorititm, to ensuretitat the nuinber
of t’ronts wihl not becomeinfinite within finite time. Foilowing [1, 3], we
will usetwo different proceduresfor solving a Riemannproblemwithin
tite classof piecewiseconstantfunctions: An AccurateRiemaxmSolver
(fig. lOa), witicit introducesseveralnew wave-fronts,and a Simplified
RiemannSolver (fig. 1Gb), witicit involvesa miimum nurnberofoutgo-
ing fronts. In tbis secondcase,ahí newwavesarelurnpedtogetiterin a
single tion-phyaicalfront, travellingwith a fixed speedA strictly larger
thanahí characteristicspeeds.Tite main featureof titis algorititn is il-
lustratedin fig. 15a-b. II ah Riemannproblemsweresolvedaccuratel>’,
the numberof wave-frontscould approacitinflnity within a finite time
r (fig. 15a). However, sincethe total variationremainssmail, tite new
frontsgeneratedb>’ furtiter interactionsarever>’ small. Whentiteir size
becomessmalhertitanatitresholdparameterp > 0, aSimplifiedRiemann
Solver is used,whichgeneratesoxte singlenew (non-ph>’sical)front, witit
ver>’ smailamplitude. Thetotalnumnberof frontstitus remainabounded
for ahí times (fig. 15b).

Givena generalRiemannproblemat a point (t, ~),

v(t,x)= {“+ it’ ~ (2.11)
if x>Z,

we now describe two procedures, whicit >‘ield approximatesolutions
within the chassof piecewiseconstantfunctions. As in the previous
chapter,for a givenstateu E IR”, we denoterespectivel>’b>’

o’—.Rí(o)(u), o-’—.S~(o)(u) (i=1,...,ti) (2.12)

tite <-rarefactionand i-shockcurve througit tite stateu. Moreover,we

set ‘P1(oj(u) 4 { &(a)(u) if a =0~ (2.13)
S1(oj (u) it’ o <O.

AccurateRiemannSolver.
Given ir, u~, we first determinetite stateswo, w1,..., w,. andpara-

metervalues~i,... , o,. suchthat

(2.14)
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Ofcourse,Wc,,.. . , w,, aretite constantstatespresentin theexactsolution
of tite Riemannproblem.11 ah juinps (w11,w1) wereshocksor contact
discontirnilties,titen tite Riemannproblemwould itave a piecewisecon-
stant solutionwitit < ti Unes of discontinuity. In tite generalcase,tite
exactsolutionof (2.11)18notpiecewiseconstant,becauseofthepresence
of rarefactionwaves.Titesewill be approximatedby piecewiseconstant
rarefactionfans, inserting additionalstatesw~j 85 follows.

Let 6 > O be a fixed smail constant.It’ tite i-th characteristiefleld is
genuinelynonlinearanda~ > 0, considerthe integer

1 + fr~/~!, (2.15)

witere taj denotesthe integerpanof a, i.e. thelargestinteger=s. For
j=1,...,p¿,define

wí,j = x~~(t) = 2 + (t — OAdw1J. (2.16)

On tite otiter hand, it’ thei-tb characteristicfleld 18 genuinel>’nonlinear
ando~ <0 or if tite i-tit citaracteristicfleld is linean>’degenerate(with
aí arbitrar>’), definep~ 4 1 and

o) o)
2

(t,i) x

figure 17

wi,1 = col, x1,i(t) =2+ (t —OAe(w1...i,wO. (2.17)
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Here A¿(w1...x,w¿) is tite Ran]dne-Hugoniotspeedof a jmnp connecting

wj.1 witit w~, so titat

A(w¿.4,w¿) . (w~ — w¿..a)= f(w1) — f(w1.-i). (2.18)

As soonastite intermediatestatesw~j and tite locationax¿,g(t) of
tite jumps itavebeendetermina!by (2.16) and(2.17),we candefinean
approximatesolutionto tite Riemannproblem(2.11)b>’ sett¡ng(fig. 17)

f u it’ x < xi,1(t),

v(t,x) = j u± it’ x >

(2.19)
Observethat tite differencebetweeny andtheexactself-similarsolution
of (2.11)is dueto tite fact titat ever>’ centeredi-rarefactionwave is itere
dividedinto equalpartsandreplacedb>’ a rarefactionfan containingp~
wave-fronts.Becauseof (2.15), tite strengthof eacitoneof titese fronts
is <6.

ShnphifiedRiemannSolver.

Case 1: Let j,j’ c {1, . . . ,n} be tite familiesof tite two incoming
wave-fronts, witit j > j’. Assume titat the left, middle and right states11L, u,,,,u,. beforetite interactionarerelata!b>’

u,,, = %(a)(u¿), u,. = ‘I’~(o’)(u,,.). (2.20)

Define tite auxiliar>’ right state

*j(a) o ‘1’j’(a’)(u¡) if j >j’,
(2.21)

1. Q~(a+a’)(u,.) jt’ j =1

Let 43 = 43(t, x) be thepiecewiseconstantsolutionof theRiemannprob-
lem witit datau¡,ú,., constructedas in (1.19). Becauseof (2.21), the
piecewiseconstantfunction O containsexactí>’ two wave-frontsof sizes
010 it’ j > j’, or a single wave-frontof sizea+ a’, it’ j = j’.

Ofcourse,in generaloneitas4~,. # u,.. Welet titejump (43~,., u,.) travel
witit a fixed speedA, strictly biggertitan ahí citaracteristicspeeds.In a
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forwardneighborhoodof tite point (1, ~), we thusdefineanapproximate
solutiony as follows (fig. 18a-b)

1 iJ(t, x)
v(t,x) = 1~ ~

if x—±<(t—flA,

it’ x—±>(t—OA.

Observetitat thissimplified Riemannsolverintroducesanewnon-physical
wave-front,travelhingwitit constantspeedA. In turn, this front ma>’ in-
tersawitit otiter (pit>’sical) fronts. Oxte more caseof interactionthus
needsto be considera!.

Case 2: A non-pitysicalfront hits from tite left a wave-frontof the
i-characteristicfamil>’ (fig. 18c), for somei E .1...., ti}.

Let u1, u,,,,u,. be tite left, middle and rigitt statebefore the interac-
tion. If

‘Uir = (2.23)

definethe auxiliar>’ right state

42r = t(u)(uO.

a
figure iSa

a

u’.

040’

ji

unl

o a
figure 18b

(2.24)

a

u

figure 18c

Cali O tite sohutionto the Riemannproblemwitit datauz,O,., con-
structedasin (2.19). Becauseof (2.24),43 will containasinglewave-front
belongingto tite i-tit fandí>’, with size a. Since 42,. $ u,. in general,we
let tite juinp (42,., u,.) travelwith tite fixed speedA. In a forwardneigh-
boritood of tite point (4±),tite approximatesolution u is titus defined
againaccordingto (2.22).

(2.22)

u
1

u
ti

u

ci
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B>’ construction,all noxt-ph>’s¡cal frontstravel with the samespeed
A, hencetite>’ never interactwith eachotiter. The aboyecasestiterefore
coverall passibleinteractionsbetweentwo wave-fronts.

To completetite descriptionof tite algorithm,it remainsto specifywhich
Riemannsolver is usedat an>’ given interaction.Tite choiceis madein
connectionwith a titresitold parameterp> O:

— Tite accuratemetitodis usedattimet 0, andateveryinteraction
witeretheproductof tite strengtitsof the inconrdngwavesis Ioa’j>
/>~

— Tite simplifiedmetitodis usa!at ever>’ interactioninvolving anon-
physicalwave-front,andalsoat interactionswiteretite productof
tite strengthsot’ theincomingwavesis ¡ua’~ <p.

In tite aboye,we tacitly assurnedtitat onl>’ two wave-frontsinteract
at an>’ givenpoint. Titis canalwa>’sbe achievedb>’ an arbitraril>’ smail
citangein thespeedof oxteof theinteractingfronts. We sitail alsoadopt
tite provisiontitat, in tite AccurateRiemannSolver,rarefactionfrontsof
thesamefamil>’ of oxteof the incomingfrontsareneverpartitioned(even
it’ their strengthis > 6). This guaranteestitat ever>’ wave-frontcanbe
uniquel>’ continua! forwardin time, unlessit getscompletel>’cancehled
by interactingwith anotiterfront of thesamefamil>’ and oppositesign.

The constructionof anapproximatesolutiontitus involvestitreepa-
rameters:

— A fixed speedÁ, strictl>’ largertitan ah characteristicspeeds.

— A smahl constant6 > 0, controlling the maximrnn strengtit of
rarefactionfronts.

— A thresholdparameterp> 0, determiningwhethertite Accurate
or tite SimphifiedRiemannSolver Ls used.

Titis completestite definition of our ahgorithn. To prove Theorem
2, we now need to sitow that for an>’ a > 0, if the initial datafi itas
small total variation, b>’ a suitablechoice of tite parameters6, p our
ahgorithmwiil produceane-approximatesolutiondeffnedfor alí t > 0.
Observetitat onecanalwa>’ssolvetite newRiemannproblemsgenerated
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by wave-front interactionsprovidedthat tite statesir, u~ areclaseto
eachatiter. A keypanof theproofwiil titus consistin sitowing that the
total variationof the approximatesalutionremainssmail far alí times.
An outUneof tite proof is given belaw.

1. InteractionEstiniates. Whenevertwa wave-frantsinteract,tite
newRiemannproblemis solvedin termsof a famil>’ of autgoingwaves.
Well knawn estimates[15, 24] statethat tite difference betweenthe
strengthsofthecorrespondingincomingandoutgoingfrontsis of secand
arder. More precisel>’, tite following itolds.

figure 19a figure 19b

(i) Let o-Í~o-3 be tite sizes of twa
distinct characteristlcfamilies
a Riemannproblem(fig. 19a),
wavessa>’ of sizesat, .. ., 4.

wavesby tite estimate

incoming fronts, belongingto tite
i > j. Iheir interaction determines
witasesolutioncansistsof autgoixtg
Theseare relata! to the incoming

lo~ —a~1+ lo-Y —o-ji + >5 lo-tI=O(’).lo-~a1I
k#Iá

(2.25)

(u) Let a,a’ be thesizesoftwo incomingfronts,bothbelongingto the
i-th characteristicfamil>’. As befare,calling a~,... , 4 thesizes
of the outgoingwavesgeneratedby tite correspondingRiemann
problera(fig. 19b), oxte itas

lot—o-— al + >5141 — 0(1). loa’I(¡o¡ + ¡—‘1)
k#I

(2.26)

+ 4

a. a a’
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(iii) L.et a,o-’ be the sizesof two incomingfronts,sa>’of thefamihiesi, i’.
Letu¡, u,,,,u,. betite left, middleandrigitt statesbefareinteractian,
so titat (2.20)halds. Introducingtheauxiliar>’ right state42,. asin
(2.21),oxte has (fig. 18a-b)

Iiir — u,.I = 0(1) . lo-o-’j. (2.27)

(iv) Let anon-pit>’sical frant connectixtgthe statesU¡, u,,, interactwith
ani-waveof sizeo-, connectingu,,,,u,-, so titat (1.13)holds. Defin-
ing tite auxiliar>’ rigitt state42,. as in (2.24),oxtehas (fig. lSc)

142r — u,.l =0(1). bo-lIu,, — u¡I. (2.28)

2. Boundson tite ‘Tbtal Variation. Thesea priori boundsarede-
rival t’rom theaboyeestimates(2.25)—(2.28),usingan interactionfunc-
tional introducedin [15~.Letu = u(t, a,) beapiecewisecanstantapprox-
imatesolutian.At afixed time t let a,«,a = 1,. . . , N, be thelacationaof
the frants in u(t, j. Mareover, let o-0~ be thestrengthof thewave-front
at x0. In caseaf anaxt-pitysicalfront, onesimpí>’ defines

lo-al 4 ¡u(t, x0+) — u(t, x0—)I. (2.29)

In tite follawing, for natatianalcanveniencewe sa>’ titat non-pitysicah
frontsbelongto a (ti + 1)-th citaracteristicfamil>’.

As in [15],considerthe two functionals

V(t) 4>5 lo-al, (2.30)

a
messuringthe total strengthof tuaves in u@,~),and

Q(t) 4 >5 O~U¡3[ (2.31)

(a,P)CA

measuringtite tuave ititeraction potential. In (2.31), the summatian
rangesover ah cauplesof approachingwave-froxtts. More precisel>’, we
saytitat two fronts,locatedatpointsa,0 <x0 andbelongingtothecitar-
acteristicfamilieska, kp E {1, . . . , n+ lj} respectivel>’,areapproachitigif
‘e, > k~ or elseif’e<, = kp and at heastoxte of tite wavesis a genuinel>’
nonlinearshack.
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Now consider an>’ approximatesolution canstructedb>’ the t’ront
trackingahgoritbm. At ever>’ time ‘i- wheretwafrontsof strengthja¡,
interact,tite interactianestimates(2.25)—(2.28)>‘ield

V(r+) — V(r—) = 0(1) . ¡o-o-’¡, (2.32)

Q(r+) — Q(r—) = —lo-a’! + 0(1) . laa’l VQ-—). (2.33)

Indeed,thetwafroxtts o-, o-’ areno longerapproachingaftertime ‘,-. It’ V

remainssuificientí>’ small, (2.33) implies

Q(r+) — QQr—) <Á¶1 (2.34)

B>’ (2.34) and (2.32) we cantitus choasea constantCc, largeenoughso
titat tite quantit>’

T(t) 4 V(t) + C’oQ(t)

decreasesat ever>’ interactiantime, providedthaty remainssulficientí>’
smail. Observingtitat

V(t) = 0(1) . Tot.Var.{u(t, .)}, Q(t) =V2(t), (2.35)

we concludethat, if tite total variationof theinitial datau(O,.) is suRi-
ciently small, then

V(t) + CoQ(t) =y(o) + CoQ(0) for alí t > 0. (2.36)

By (2.35), the total variationof u(É,.) titus remainssmail for ahí times

t > 0. In particular,theapproximatesolutionsofalí Riemannproblems
generatedb>’ tite interactionaare well defixted.

3. Bounds on tbe numberof wave fronts. To prove titat tite
total numberof wavet’ronts remainsfinite, we recalí that the Accurate
Riemann Solver is usa! when the strengtits of the interacting waves
satist’y Jo-a’¡ =p. Titis canitappenonly finitel>’ man>’ times. Indeed,by
(2.34) at sucit times oxte itas

Q(r+) — QQr—) =—p/2. (2.37)

Titerefore,newpit>’sical froxtts areintraducedonl>’ atanumber=2Q(0)/p
of interactionpoixtts, itence their total number is finite. In tun, a new
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noxt-pit>’sical frant Ls generatedonl>’ when twa pit>’sical t’ronts interact.
Olean>’, an>’ twa ph>’sical fronts cancrossaxil>’ once. Hence tite total
numberof non-ph>’sicalfronts is alsofinite.

Tite aboyesteps 1—3 shawtitat, for small enougit initial data, tite
piecewiseconstantapproximatesolutianis well definedfor alí times t>
0.

4. Strengthof eacbrarefactionfront le email. E>’ constructian,
at atime t<.~ whereanewrarefactionfront Ls intraducedby theAccurate
RiemannSolver, its size 18 o-(tc,) E ]0,6]. Observetitat twa rarefaction
fronts of tite samefamil>’ never interact. II a rarefactianbits a sitack
of tite samefamil>’, its sizewilh decreasedue to a cancellatian.On tite
otiter itaxtd, b>’ subsequentixtteractionswith frontsof atherfamilies, a
rarefactionfrant ma>’ increaseits inilial strextgth. However, using the
interactionestimates(2.25), it is not difficult to shawtitat titis strengtit
remainsunit’ormh>’ bounded:

o-(t) = 0(1) . o-(to) = 0(1) .6 for ah t > tc,. (2.38)

Citoosing6 > O suificientí>’ small, tite right handside of (2.38) remains
smallerthane.

5. TÓtal strengthof non-phyeicalfrente le sinail. Toward tbis
estimate,to eachwave-frantin u we attachan integernumber,counting
how man>’ interactionswere neededto producesuchfront. More pre-
cisel>’, the generatioti onLer of a t’ront is inductivel>’ definedas follows
(fig. 20).

— Alí frontsgeneratedby theRiemannproblemsat the initial time
t = O havegenerationorder ‘e = 1.

— Let twoincomingfrantsinteract,sa>’oftite t’amiliesi, í’ c {1, . . .,

1 }, with generationorders‘e, ‘e’. Tite orderaof tite outgoingfronts
aretiten definedasfollows.
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Case1: i $ i’. Titen

- tite outgoingi-waveandi’-wave itave tite sameorders‘e, ‘e’ astite
incomingoxtes.

- tite outgoing fronts of ever>’ otiter famil>’ j $ i, i’ itave arder
max{k,k’} + 1.

Case2: i = i’. Titen

- tite outgoixtg frant of the i-tit famil>’ itas ardermin{k, k’1,

- theoutgaingfrontsofever>’ family j $ 1 itaveardermax{’e, k’} + 1.

Far‘e> 1 calí Vk(t) the snmat time t of tite strengtitsof alí waves
of arder > ‘e. Moreoverset Qi,(t) E a~a~¡, witere tite smn extends
ayerall cauplesof approacffingwavesin u(t,.), sa>’of arderk<,, kp, witit
max{k0, k¡3} =‘e. II the total variationis sufiiciently small, from tite
interactionestimates(2.25)—(2.28)oxte obtainstite a priori bounds

Vk(t)<C-y” foral! t>0 k>1 (2.39)

for someconstantsC and j~ c 1. Now let N be tite numberof wave-
fronts in u(0+,.). At an>’ time t > 0, tite numberof first arderfronts
in u(t,.) is titus =N. From each interactionbetweenfronts of first
arder,recallingtitat rarefactionwavesarepartitionedinto piecesof size

figure 20
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< 6, a number0(1) . 1/6 of frants of secandarderis generatal.Tite
total numberof frontsof secondarderfronts is titus 0(1) . N2/6. By
induction, tite total nuxnberof of frontsof order < ‘e in u(tr) can be
estirnata!b>’ sornepolynomialfunctianof N, &«‘, sa>’

[numberof frantsof arder =‘e] =Pk(N,6—’). (2.40)

Tite particularfarm of ~k is of no interestitere. By tite interactianesti-
mate(2.27), if at sornetime te tite Simplifla! RiemannSolverintroduces
a new non-physicalfront, tite strengtitof this newfront is

¡a(to)j = 0(1). ¡o-o-’! = 0(1).p. (2.41)

By subsequentinteractions,the strengthof a non-physicalfrant ma>’
rncrease.Hawever, using the estirnates(2.28), anecan show that this
strengtitremainsunifarml>’ bounded:

!a(t)I = 0(1) . jo-(tc,)¡ = 0(1) . p for all t > to.

Titerefore

[maximumstrengthof eachnon-ph>’sicalfront in u] SC’p (2.42)

for someconstantC’. To estimatetite total strengtitof ahí nan-pit>’sical
wavesin u(t,.) we ]ceeptrackof the frontsitaving generationorder > ‘e
and=k separatel>’.Using (2.39), (2.40>axtd (2.42) wededuce

[total strengthof non-pit>’sical froxtts in u(t, ~)]
— >5 ¡o-

0(t)~+ >2 ¡o-0(t)¡
order<o)>i, order(o)<k

=[total strengtitof ahí t’ronts of arder > k]
+ [maximumstrengtitof non-physicalfronts]
[numberof frontsof arder =‘e]
+ C’p~ P&(N, 67’). (2.43)

Fbr an>’ given s > O, since .c 1 we can now citoase‘e largeenough
so that Crrk <42. We titen choasep > O small enougit so titat tite
secondtermon the right itand sideof (2.43) Ls <c/2. Parah t > O this
achieves

[total strengtitof ahí non-pitysicalfrontsin u(t, .fl <e, (2.44)
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completingtheproofof Theorem2.

We naw work toward a proofof Theorem 1. Pix an>’ sequencee,
decreasingto zero. Por everyu =1, Theorem2 >‘ields tite existenceof
an e~,-approximatesalution u~ of the Caucity problem (2.1)-(2.2). ~
tite previousanal>’sis,theseu,, itave uniformí>’ boundedtotal variation.
Moreover,tite mapat — u~(t,.) areuniformí>’ Lipschitz continuouswith
valuesin L’(IR; IR”). Indeed,

¡¡u1.(t) — uv(a)¡¡L1 =(t — a) . [total strengtitof all wavefronts]
.[ma~cimum speed]

< L• (t — a)
(2.45)

for sorneconstant.11 independentof u. We can titus appl>’ Hell>”s com-
pactnesstiteoremand extract a subsequencewhich convergesto some
himit t’unction u in Li,~.

Since ¡[u~(0) — ~IlL’—* 0, b>’ (2.45) tite condition(2.2) clearí>’ itolds.
To provethatu is a weaksolutionof tite Caucit>’ prablem,it remains

to sitow that, for ever>’ 4’ E (2’ witit compactsupport containedin the
opon italf planewitere t > 0, oxte has

fi í: 4’~(t, z)u(t,a,) + 4’~Q, x)f(u(t,x)) dxdt = 0. (2.46)

Since tite u,, are uniformí>’ boundedand f is uniforml>’ continuouson
baundedsets, it suificesto provetitat

Hm ¡7ff {te(t,x)u~(t,x) +#r(t,x)f(udt,x))} dxdtl = 0.

(2.47)
ChooseT> O sucit that 4$,x) = O witenever t ~ JO,T[. Pora fixed u,
st ~ time t cali a,i(t) < ... < xN(t) the points witere u,.}t,.) itas a
jump, andset

Au,,(t,x0) 4 u4t, x0+) — u,}t,a,0—),

Af(u,..(t,a,0)) f(uÁt, x0+)) — f(u,.4t,a,0—)).
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Observetitat tho pol>’gonal Unes a, = x0(t) subdivide the strip
[0,1’] x IR into finitel>’ man>’ regions 1% witere u,, Ls constant. Intro-
ducingtite vector

cbS(<b.u.,,4’.f(u,,)),

b>’ tite divergencotiteoremtho daublointegralin (2.47) canbe writtext

as

ZJidiv4(tx)dxdt=ZLr C~ndo-. (2.48)

llorear~ is theorientalboundar>’of r~, witile n denotesanautornormal
(fig. 21). Observetitat nda = ±(±~,—1)dt along eacit pol>’gonal lino
a, = x0(t), witile 4$,a,) = O alongtite Unes t = 0, t = T. B>’ (2.48) tite
expressionwithin squarebracketsin (2.47)is computedb>’

JT [±0(t) . Au,,(t,a,0) — Af(u,,(t,x0))]«t, a,0(t)) <It. (2.49)

Ta estimatetite aboyeintegral, Lot Kl be tite strengthof the wave at
x0. If this wave is a shock, a rarefactionor coxttactdiscontixtuity, b>’
(2.4)—(2.7)oxte itas

x

figure 21

Au4t,x0) — Af(u,(tx0))~= 0(1) .¿4o-0~. (2.50)
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On theotiter itand, if tite waveata,0 is non-pit>’sicalwith strength¡o-0¡,
titen

±~.Au4t,x0) — Af(u~(t,x0))~ = 0(1). bo-~!. (2.51)

We now sphit the summationin (2.49),consideringph>’sical (shocks,
contactsor rarefactioxts)andnoxtph>’sicalwavesseparatel>’:

Hm sup >5L±0(t). Au~(t,x0)
cESUIZt.W’P

< (maxt.±¡4$, x)I) ~limsup { 0(1). >5 e,4a~¡ (2.52)
cESaR

+ 0(1). acKp

Indeed, tite total strengthof wavesixt u,. remainsunifarmí>’ bounded,
while tho amountof non-pitysicalwavesby (2.44) approscheszero as

0. The limit (2.47) xtow follows from (2.52). Titereforo, u is

a woak solutionto tite Caucity problem. In tite prosenceof a convox
entrop>’q with entrop>’ flux q, aix ontirel>’ similar argumontsitows that
tite inequality (1.26) is alsosatisfied.

3 A semigroupof solutions

Tite anal>’sisin tite previouschapteritas sitowntite existenceof aglobal
entrop>’weak solutionof the Cauch>’problom for ever>’ initial datawitit
suificientí>’ smalltotal variatian. Mare precisoly,recahUngtite deflnitions
(2.30)-(2.31),consideradomain of tho form

= cl{u E L’(IR;IR”); u is piecewise constant, ()
T(u) 4 V(u) ±C’oQ(u) <a4,

whore cl denotesclosurein L
1. Witit a suitablechoiceof tite constaxtts

Cc, and 6o > 0, tite proat’sof Theorems1, 2 showtitat, for everyfi E 7),
oxte cancoxtstructa sequencoof c-approximatofront trackingsolutions
coxtvergingto aweak solutionu taking values insido7). Observetitat,
sinco the proof of convorgoncerehied on a compactnossargunxent, no
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informationwasobtainedon tite uniquenessof thelimit. Tite mangoal
of the prosentchapter18 to sitow titat titis limit is uniqueand deponds
contixtuously on tite initial data:

Theorem3. Por ever¡jii E 7), ase—> O evertj sequenceofe-approxirnate
aolutionsu, : [0, oo[ ~-+ 7) of tite Cauchyproblern (2.1)-(2.2) convergesto
a utit~gue lirnit solutíoti u40,oc[ ‘-. 7). Tite rnap (42,t) ‘-* u(t,.) 4 $42
is a uniformlyLipacititz aernigroup, i. e.:

5o42 = ~, SÁScÚ) = 5.+t~, (3.2)

¡IS¿u—SSVIIL: =L.(II$2—ii3¡¡L1+¡t—s¡) far all 42,43EV, s,t =0. (3.3)

A constructionof tite semigroupwas fis carriedout in [2] for linead>’
degeneratos>’stems,then in [6] for 2 x 2 s>’stemsand in [7] for general
u x ti systems.Ah titeseearUerestimateswerebasa!on ahinearization
motitod. In ordorto estimatehow the distancebetweentwa sohutions
u, y varios in time, ono constructsa ano-parameterfamil>’ of solutions
u0joining u witit u, as sitawn in fig. 22. At an>’ time t E [0,T], tito
distance ¡¡u(t) — v(t)IILI is titus bounda! by tite length of the curve

O i—* u0(t). In tan, as long as ah solutionsu0 reniain sufficiently
regular, tite length of ‘y¿ can be computedb>’ intograting tho norm of
a generalizedtangentvectory. The advantagoof tbis approach18 titat
tangontvectarssatisfya linearizedovolution equation.Froma uniforni
a-priori estimatoon tite norm of titese tangentvoctors, ono obtainsa
boundon tite lextgth of ‘y~’ and henceon thedistancebetweenu(T) and
v(T). Unfortunatel>’, titis approach18 hamperedby the possibloloss of
regularit>’ of tite solutions¿. In ordorto retantheminimal regularity
(piecewiseLipschitz continuity) required for tho existonceof tangent
vectors,in [6, 7] variousapproxlinatioxtand restartingproceduresitad
to be devised. Theseyield ontirel>’ rigorausproofs,but at the price of
iteavy technicahitios.
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Vm

u<O>

figure 22

In tite remainderof titischaptor,wo will thusfollow tite new approacit
of Liu andYang[19, 20] in its simplifled version [11].

To provo tite uniquenessof tite limit of front trackingapproxima-
tions, we needto estimatetite distancebetweenan>’ two c-approximate
solutionsu,v of (2.1). For tffis purpose,following [11] we introducea
functional 4’ = $(u,y), uniforml>’ equivalentto tite L1 distance,witicit
15 “ahnostdecroasing”a]ongpairsof solutions. Hecailingtho construc-
tion of sitock cunesat (1.33), given u, y, considertite scalarfunctions
ejí definedimpUcití>’ by

v(x) = S,,(q,4x))o ... o Si(qi(x))(u(x)). (3.4)

Intuitivel>’, q¿(x) can be regarded85 tite strengthof tite í-shockwave in
the jump (u(x), v(x)). On a compactneighboritoodof tite origin, we
cloarí>’ hayo

1 n—.Iv(x)u(x)l =Elqdx)i=Cí.lv(x)—u(x)I
C

1
t=1

(3.5)

for someconstant~71.We now considertite ftmctional

4’(u,v) >zJ ¡q¿(x)lW1(x)dx,

whero tite woights VV1 aro dofinedb>’ setting:

W¿(x) 4 1 + n1 [total strengthof wavesun u and in y

which approachtite i-wave q1(x)J

+ K2~ [waveinteractionpotentialsof u andof y]

— 1 + níA¿(x)+ n2[Q(u) + Q(v)].

(3.6)

(3.7)
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Tite amount of waves approaching ej~(x) is defined 85 fohlows. II tito
i-shock and i-rarofactioncurvescoincide,we simpí>’ talco

~ 1 io-~¡. (3.8)..4¿(x) + ±a>±,1<k
0<iJ

Tite summationshere extendto wavesboth of u axtd of y. According
to [25],the definition (3.8) appUesII the i-th fleid is linean>’ degener-
ate,or else if alí i-raret’actioncurvesarestraigitt linos. On the otitor
itand, if tite i-th fiold is genuinel>’ nonlinearwitit shoclcand rarefactions
cunesnot coinciding, aur definition of A1 wihl contain an additional
term,accountingfor wavesun u andin y of tite samei-tit famil>’:

A¿(x)4 [ >5 + >5 1
aGff<tÓLuff(tÓ]

F >5 + 1 ¡o-~~¡ it’ q1(x) <0, (3.9)

nGJ(u). LoO oEJ(tÓ, za>z
+~ 1[ >5 + >2 ¡ ¡aol if q~x)>0.

]
aEJ(n). oC~ cEff<tí>, ra>±

Mere and in tite sequel, 3(u) and ¿1(v) denotethesetsof all juxnps un
uaxtdinv,whileJ4J(u)U3’(v). Werocalltitatk0e{1,...,n+1}
is the famil>’ of tite juinp beata!at a,0 witit size o-0. Notice that tite
strengtitsof non-ph>’sicalwavesdo enterin tite definition of Q. Indeed,
a non-pit>’sical frant locatedat x0 approachosah sitad and rarefaction
frontslocatedat pointsx~ > x0. On tite otiter itand, non-pit>’sicalfronts
pía>’ no role in tite definition of A1.

Tho valuesof the largo constantsni, n2 un (3.7) wilI be specified
later. Observethat, assoonas titeseconstantshayo beenassigned,we
cantiten imposea suitabí>’ smallboundon tite totalvaniationof u, y so
that

1
1

1=Wdx)=2 forahl i,x. (3.10)
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From (3.5), (3.6) and (3.10) it titus follows

1
— . II” — uIILI =$Qu,v) =2C1 . ¡¡y — ~IIL’. (3.11)
<A

Hecahhingthe definition T(u) 4 V(u) + CoQ(u), tite basic L’ stabilit>’
estimatofor front traclcingapproximationscannow be statedas follows.

Theorem4. Por suitab(e constanta<72, iq, n2,
6o > O tite follovAng

halcAs. L~ u, y be E-approxtrnatefrr.rnt tracking solutionsof (1.1) con-
structedbu tite algorititrn in Chapter2, tvitit

T(u(t)) <do, T(v(t)) <6o for ah t > 0. (3.12)

Titen tite fi.rnctional < itt (8.6)—<’S.9) satialies

«11(t), v(t)) — $(u(s), y(s)) =C
2c(t — a) for oIl 0< a <t. (3.13)

Rel>’ing on tite aboyeestimato,aproof of Titeorem3 canbe easily
worlcedout. Indeed,lot 42 CV be givon. Consideran>’sequence{u,,}~>i,
suchtitat eachu,, is a front traclcinge,,-approximatesolutionof Cauch>’
problem(2.1)-(2.2),witit

hm 4..=0, T(u~(t)) <6c, forahí t>0 u> 1
U—~00

Porevory ji, u =1 and t >0, b>’ (3.11) and (3.13) it now follows

¡¡u~(t) — uu(t)¡¡L: =<A «u~(t), u,.}t))

=Cw [s(u,40), u,,(0))+ C2t . max{e~, ~1.}]
<2C?¡¡u~(0)— u,,(O)t[LI + C1C2t . max{e~, gui.

(3.14)
Since tite rigitt hand side of (3.14) approachoszoro as ji, u —. oc, tito
sequenceis Caucity and convergesto a uniquelimit. Tite semigroup
property(3.2) 18 an immediateconsequenceof uniqueness.Finahl>’, lot
42,13 c 7) be given. Far eacit u > 1, let u,,,v,, be front traclcing e,..-
approximatesolutionsof (2.1) witit

— ~IIL’ <CV, Ik,,(O) — V¡¡LX <e,,, hm ~, = 0. (3.15)



Hyperbolicsystemsofconservationlaws 183

Using again(3.11) and (3.13) wededuce

< c1. [s(udo), w(0)) + C2tEj (3.16)

< 2Cfl¡u,,(0) — v,..(0)I¡L1 + C1C2te,,.

Letting u .-. oc, b>’ (3.15) it follows

¡¡u(t) — v(t)IILI =2C~ . ¡¡42— u¡¡LL . (3.17)

Titis estabhishosthe uniform Lipechitz continuit>’of tite semigroupwith
respectto the initial data. RecaUing(2.45), tite Lipschitz continuit>’
witit respectto time is clear. This complotestite proofof Theorem3.

In tite remainderof titis citapterwe wilI slcetchtite main ideas in
tite proofof Theorom4. Tito lce>’ point is to understanditow the func-
tional <1’ evolvesin time. lix connectionwith (3.4),at eacha, define the
intormediatestateswo(x) = u(a,), wi(a,), ... , w,,(x) = v(x) by setting

w~(x) 4 S¿(qí(x))o ~ o • o Si(qi(x))(u(x)). (3.18)

Moreover,cali
4 A1(w11(x), w1(x)) (3.19)

tite speed of the i-shock connectixtg w~.-i(x) with w1(x). A direct com-
putation now yields

~
4¡$(u(t),v(t)) = >3~~j 2~’=~ { ¡q¿(x

0—)¡W1(x0—)

.rc
(3.20)

= 2061 L=~ {Iq9t~W9+(A?+ —

~jq?~W?0~}A? 4)}~

with obviousmoaningof notations.We regardtite quantit>’ ¡q1(x)¡A¿(x)
as tite flux of tite i-th componentof y — uj at x. Por x0~ <x <x0,
onecloarly itas

~fr-l)±¡ A~0’>±j4a1>+ = ¡ej~(a,)IA~(x)W~(a,)= ¡qV¡ A~W
0

Moreovor,tite assumptionu(t),v(t) E L’ andpiecewisoconstantimplies
q

1(t,x) O for x outsideaboundedinterval. This alhowedus to addand
subtracttite abovetermsin (3.20),without citangingtite overall sunx.
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In connectionwith (3.20), for eachjump point a E ¿1 and ever>’

i=1,...,u,defino

E0,1 4 ¡q’+¡W9+(A9+ — t) — ¡CtIt
0(A? — ±~). (3.21)

Our maingoalwill be to establishtite bounds

n

>5 E
0,1 =0(1) ¡o-0~ a E KV, (3.22)

í=1

>5 E0,1 =0(1) E¡00J a E RUS. (3.23)
1=1

As usual, by tite Landaus>’mbol 0(1) wo denoteaquantit>’ whosoab-
soluto valuesatisfiesa uniform bound, dependingonhy on the s>’stem
(2.1). In particular,titis bound doesnot dopend Oxt E or on tite func-
tionsu,v. It is alsoindependentof tite choiceof tite constants¡cl, t~2 in
(3.7).

From(3.22)-(3.23),recalling(2.9) andtite uniform bounds(3.12)on

tite total strongthof waves,oxte obtainstite lce>’ estimate

a
a.rb(u(t), y(t)) =0(1) .c. (3.24)

If tite constant¡c2 in (3.7) is citosenlargo enough, b>’ tite interaction
estimates (2.25)—(2.28) aU weight functions W1(x) will decrease at eacit
timo r where two fronts of u or twa fronts of y interact. Integrating
(3.24) ayertite interval [a,t] we thoreforeobtain

•(u(t), v(t)) =$(u(s), y(a)) + 0(1) E(t — a), (3.25)

provmgtite titeorem. Ahí tite remainkgwork Ls titusalmedatestabUsh-
ing (3.22)-(3.23).

If a E NP, calling o-<,~ tite strengtit of this jurnp as in (2.29), for
i = 1, ...,nonohastheoas>’ estimatos

— Ar =0(1).o-0. (3.26)
W~9~—Wfl =0 if r.~7 >0
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Titerefore,writing

_ — ¡CI)W~?~(A?~ — ±0)

— Wr)(A?~ —±~) (3.27)

tite estimate(3.22)¡s clear.

The proofof (3.23) requiresmore work. Insteadof writing down
ah computations,we will tr>’ to conve>’ tite main ideaswitit tho itelp
of a few picturos. Por sil detailswe refer to [11]. Given two piecewise
constantfunctionsu, y witit compact support, for i = 1,..., ti we can
define the scalarcomponentsu,,y1 asin [19],b>’ inductionon tite jurxtp
pointsof u, y. Westartby sottinguí(—oc) = 2)~(—oc) = O. Ifa,0 E ¿1(u)
is a jump point of u, titen we Lot u, be constantacrossa,0 and set

uda,0+) 4 u,(a,0—) — [ejí(a,o+) — qí(a,0—)J.

On tho otiter band, if x0 E ¿1(y) is ajurnp point of y, thenwe lot u, be

constant acrossa,0 and set
v¿(x0+) 4 v1(a,0—)+ [ejdx0+) —

Thesedoflnitions trivisil>’ impí>’

figure 23

Observetitat, accordingto the deflixition (3.9), the i-wavos in u and y

which approachq¿(x) arethoselocatedwithin the tbick portionsof tho
graphsof u,, v~ in fig. 23. Viceversa,for agiven i-waveo-., hocatedat

x
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a,.,, the rogions where tite jumps q1(a,) approacho-., are representedb>’
tite sitadedareasin in fig. 24.

figuro 24

Nowlot y hayo a waye-froxtt at a,., with strengtho-.,, in tite genuinel>’
nonlinear k-th famil>’. To fix tite ideas, assurne titat vi,(a,.,±)> uk(x«).
lix connectionwtth titis front, for every i .c ‘e tite functioixal $(u,y)
containsa termof the form (fig. 25)

[aresof tho regionbetweontite graphsof u,
and y1, to tite rigitt of a,.,].

figuro 25

By strict ityperbohicit>’, the i-th and k-tit characteristicspeedsare
strictl>’ separated,sa>’ Ah — A, =c > 0. lf oacit componentu1,v1, t =

Ka

xa
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1,... , ti, weresnexactsolutionto a scalarconsorvationlaw:

(~» + Fd~)2= 0, (F = A1)

uncoupledfrom ahí tite otiter componoxtts,thenwe would havetite esti-
mate

dA.,,. ~ —ní¡o-.,IIq~~I(±.,— A?~) =—cníjo-.,Ijej~~¡. (3.28)
di

Here A?~ 4 Aduí(a,.,+), v~(x.,+)) is aspeedof aix i-shockof strongtit
q~. Li general,theostimate(3.28)mustbe supplementedwitit coupling
and error terms, whose size is estimated ss

0(1). + ¡qr~¡(¡ej~~!+ ¡o-al) +>5 lqY+¡’1 ¡o-.,¡. (3.29)
j~k /

A detailedcomputationthusyields

E.,1 <0(1). + Iqr~IOqr~¡ + fo-~¡) +>5 a~¡ — cni¡q?~~¡a.,¡i $ ‘e.

ha
(3.30)

Next, accordingto (3.9) tho functional$(u,y) alsocontains a term of
tite form

‘ci ¡a.,¡. [areaof theregionbetweeixtite graphsof
11k

and2)k, to theright of a,.,].

‘e’k

si Kcz

figure 26
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If the componentsuk,vi, wereexactsolutionsofagenulixol>’ nonllnear
scalar conservation law, sa>’

(ui,» + F&(ui,)~ = 0, (Fj = Ah) (3.31)

with Fff =¿ > 0, thon oxte would itave tite estimate

=—‘q¡a.,¡¡q~~¡(±.,— A%~) =—¡ci ja<,l¡ej~fl.

(3.32)
Tite decreasoof titis arosis illustratedun fig. 26. lix general,tite estimate
(3.32)mustbe supplemontodwith couplinganderror terms,witoso size
15 againestimatod85 (3.29). A detaila!computationtitus >‘ields

E.,,,. =0(1).(e + ¡ejr~Iuq~~¡ + Io-~I) + 3~#~ q7+¡) ¡a.,¡

+ ba~¡)~ (3.33)

Choosing¿q suificientí>’ large, (3.30) axtd (3.33) togetitor>‘iehd (3.23).

A differontestimateisneededun thecasewiteretitejumpun v~ crosses
the graphof ti,, sa>’ v,.(a,.,±)< u,.(a,.,) c y,.(a,«—). To fix the ideas,
assmne

= ¡t>h(Xo+) — uh(x.,)¡ =!~~(~.,—) — u,.(x.,)l = ¡q%’1. (3.34)

In titis case,tito estimates(3.30) remainvalid. lix connectionwith tite
k-tit fleid, tite functional > containsa term of tite form (fig. 27):

Vk

x
a

figure 27
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A.,,,.4 [areaof therogionbetweentite graphsofui, and y,.], (3.35)

witeretite aboyeareaincludespoiixtsbotit to tite rightandto tite left of
a,.,.

It’ thecomponentsu,.,vk providedaix exactsolutionto tite genuinel>’
nonlinearscalarconservationlaw (3.31),due to genuinononlixtearitywe
would itave

dA.,,,. ¿ ¿
di 2

Indeed, b>’ (3.34),

= ¡q~fl + qn =2¡qfl.

¡ix general, tite estimate(3.36) must be supplemexttedwith coupling
and error terms, whosesize is againestimatedas (3.29). A detailed
computationtitus >‘ields

>5
j#h

(3.37)
Assumingthat thetotalstrengthof wavesromainssuificientí>’ small,

we hayo
¿

~ + o-.,¡

hence(3.30)and (3.37)togetiter>‘iold (3.23). For detailswe againrefer
to [11].

4 Uniquenessof solutions

Haviixg prova!thatthe limits offront traclcingapproximationsareunique
anddeterminea semigroupof salutions,wewould like to shawtitat this
semigroupis canonicalí>’ associatedwith tite s>’stem (2.1). In otiter
words, wheix O c 7), tite semigrouptrajector>’ 1 ‘—. $42 is the unique
oixtropy wealcsolutionto the correspondiixgCauchyproblem.I~br scalar
consorvationhaws, a very generaluniquonossaxtd stabihit>’ result was
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provedin thefundamentalpaperof Kruzhhov[17].¡ix the case of ti x ti

s>’stems,undersornemild regularit>’ 85sumptions,resultsin this diroc-
tion worerecentí>’obtained~xt [8, 9,10]. Porsakeof charit>’, acompleto
set of assumptionsis lista! below.

(Al) (ConservationEquationa)Tito functionu = u(t, a,) is a woak
solution of the Cauchy problem (2.1)-(2.2), taildng valueswithin
the doman7) of a somigroup5. Moro precisel>’, u : [0,TJ k4 7)
is continuousw.r.t. tite L’ distance. Tite initial condition (2.2)

holds, togotherwitit

II (u’p¿ + f(u)so~) <IxcAL = 0 (4.1)

for ever>’ O’ functioxt <.p with compact support contained inside the
oponstrip ]0,T[ xl?.

(A2) (Entropy Condition) Let u havesnapproximatejump discan-
tinuit>’ at sornepoiixt (‘-, 4) E]0, T[x IR. More precisel>’, lot titere
existsstatesir, tÉ e (1 anda speodA E IR suchtitat, calhing

ifa,<4+A(t—r),
tÉ ifx>4+A(t—r), (4.2)

titeroholds

~ [+P JI-VP u(t, a,) — U(i, a,) dxdt = 0. (4.3)

Titen, for sornei e {1, . . .,n}, ono itas tho entrop>’ inequality:

A¿(ir) =A =A4u). (4.4)

(AS) (Tamo Oscillation Condition) Por sorneconstants<7, A tite
following itolds. Porever>’ point a, e JA and ever>’ t, h> O oxte has

¡u(t+h, a,) —u(t,~)I=C.Tot.Var.{u(t,O;[a,.—Ah,x+AhJ}. (4.5)

(A4) (BoundedVariation Condition) Titereexists6 >0 sucit that,
for over>’ space-likecune {t = r(a,)} witit ¡dr/dx¡ < 6 a.e., the
funetiona, i— uQ-(a,),a,) itas locail>’ botmded variation.
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Remarks. Assumption(A2) genorahizesthe Lax entrop>’ condition.
Indeed, if (4.2)-(4.3) itold, using (4.1) oxte can prove titat tite states
tu, u andtite spoedA must satisfytite Hankine-Hugoniotcoxtditions.
B>’ (1.18), the speedof tho junip coincideswitit aix eigenvalueof tite
averagodmatrix A(ir,u+), sa>’ A = A1(ir,tÉ). lix this setting, the
condition (4.4) requirestitat thespeedof an i-sitoclc be greaterthanthe
i-speedof the stateu~ aheadof the shoclc,but smailertbantite i-speod
of the stateir bohind the shoek. lix the t-a, plane, the i-charactoristic
linos thus flow into theshockcurve from both sidos.
The condition (A3) restrictstite oscillationof tite solution. An equiv-
ahent,moreintuitivo formulationis the following. For sorneconstantA
largor thanal] charactoristicspeeds,givensn>’ lixterval [a,b] and t > 0,
tite oscihlationofuon tite triangleA 4 {(a,~¿) : a =t,a+Aa <y
b—Aa}, definod as

Osc{u; A} 4 sup ju(a,p) — tds’,v’)¡,

is boundedb>’ aconstantmultipleof tite totalvariationof u(t,.) aix [a,b].
Assumption(A4) simpí>’ requiresthat, for sornefixed 6 > 0, thofuixction
u hasboundedvariationalongal space-hikecunes{t = «~); a, c [a,b] }
withslopo <6 le with

— r(a,j[ = — a,’¡ for alí a,, a,’ E [a,b].

Onocanpravotbat sil of thoaboyeassumptíonsaresatisfiedby weak
solutionsobtainedaslirnits of Glimm or wave-fronttrackingapproxirna-
tions. The folhowing result showsthat tite entrop>’ weaksolutionof the
Cauch>’ problern(2.1)-(2.2)Ls uniquewithin theclassof functioixs that
satisfyeithertite additionalregularit>’ condition (A3), or (A4).

Theorem5. Lfl tite rnap u: [0,7’] ‘— 7) be continuoua(w.r.t. tite L’
distavwe),toidng valuesin tite domnaiti of tite sern¿group5 generatedby
tite systern(2.1). If (Al), (A2) ancA (A3) ¡¡oid, titen

u(t,.)=Sd¡ foroJl tc[0,T]. (4.6)

Itt particular, tite tuso/esolutionthat satiajiestitese conditioneis tmique.
Tite sarne oonclusioti¡¡oída if tite asaurnption(AS) is replacedby (A4).
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Thefirst panof Theorem5 follows from theresultsun [8],thesecond
partwas prova! in [10].Tho main stepsof theproofaregivon below.

1. Sinceu takes values inside tite domain 7) of the sernigroup,tite total
variationof u(t,.) remaixtsuniforiní>’ bounda!. Promthe basicequation
(2.1), it follows that u is Lipschitzcontinuouswitit valuesun L1, narnel>’

ju(t) — u(s)¡¡L1 =L. t — a] (4.7)

for sorneLipschitz constaixtL. Moreprecisel>’, if M and A aro constants
suéit that

Tot.Var.(u)=M for al] u E 7),

¡f(w) — f(w’)¡ =A¶W — w’¡ witenover ¡w¡, ¡w’¡ =M,

ss Lipschitz constantun (4.7) oxte can take L 4 AM. As a canse-
quence,u = u(t, a,) canbe rogardedas a BV function of tite two vari-
ablest, a,, in the sensethat thedistributionníderivativosD~u, D

7u are
Radonmensures. B>’ a weIl known structuretheorem [14],titere ex-
ists a set .N cJO,T[ xl? of 1-dimensionalHausdorffmensurezero such
titat, at ever>’ point (i-,~)~ K, u either is approximatel>’coixtinuous
or hassnapproximntejuinp discoixtinuit>’. Talcing tho projectionof >/
on tite t-axis, we concludethat thereexists a set N c [0,7’] of aiea-
sure zero, contaixting tite ondpointsO and 7’, suchtitat, at ever>’ point
(r,4) 6 [0,7’] x IR with i- ~ K, sotting ir 4 u(r,4—),tÉ 1

tite following proporty holds.

(P) Either u+ = ir, un whicit case (4.2)-(4.3) hold with A arbitrar>’.
Or else~¿+# ir, un whichcaso(4.2)-(4.3)hoid for sornoparticular
A El!?. ¡ix this secondcase,for sornei E {1,.. .,n} theRanlciixe-
Hugoniotequationsand theLax eixtropyconditionhold:

A¿(ir, u~) . (tÉ — ir) = f(u~) — f(ir),

2. Theidentity (4.6) will be proved b>’ meansof the error estimate:

f
2’f ________________

¡¡u(T) — Sil4O)¡IL’ =U
0 lim mf Iu(t + it) — Shu(t) ‘IL’ (4.9)}it
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vaUd for ever>’ Lipscbitz continuousrnapu: [0,7’] ‘—* 7). Observethat
tite integrandun (4.9)canbe ixtterprotedassn instantaneouserror rute.
As shown Lix flg. 28, the distanceIIu(T) — BTU(O) ¡¡Li is bounded by

the lengthof tho patht ~ Sr,,_u(t). ¡u turn, titis lengtit is obtaina!by

iixtegratingthe instantaixeouserrorrato,magnifiedby afactorL. Indeed
¡13 u(t + h) —3 u(t)¡¡ < L. ju(t + h) — S,,u(t)¡¡.

T—(t+h) T—t —

For a detailed proof of (4.8), seo [4, 5].

uCP

u(t+b)

We will establisit(4.6) b>’ sitowing that tite integrandon tite
itand sido of (4.9) vanishosat eacit time t ~ K. Becauseof tite
speedof propagation,it actunil>’ suificesto show that, for eacit t
e > O andever>’ interval [a,b], thoreitolds

~fi + h, a,) — (S,.u(t))(x)I dx = 0(1).

right
finito

(4.10)

3. Lot u = u(t, a,) be as Lix Titeorem5. Lix tite folhowing, for aix>’ given
point (7-, ~), wedenotoby UW = uU thesolutionof theRiomannprob-
lem

if a,>¿,

it’ a,<$

u(O)

figuro 28

W~ + f(w)2 = 0, wQr, a,) = { Y ~$‘~ (4.11)
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B>’ theproperty (P), apnrt from tite trivial casewhore u+ = ir, this
solutionconsistsof a singleontrop>’ admissiblositock. Tite functionW
providosa goadapproximationto tite solutionu in a forwardneigitbor-
hood of the point (7-, 4). Moro precisel>’, using tite Lipschitz contixtuit>’
(4.7), ono canprove that

i fC+hA

for ever>’ A > O andever>’ (>r, 4) with r ~

4. Next, for a givenpoint (r, 4) we denoteb>’ Ub = U¿’,.¿) tite solution
of tite linear s>’sternwitit constantcoefficients

Wj + Ato1 = 0, w(1-,a,) = u(r, a,), (4.13)

witereÁ 4 A(uQr,4)). As un tite provious stop, wo needto ostirnatethe
difforonce betweonu and u% un a forward noigitboritoodof tho poiixt
(i-, 4). Considor aix>’ opon interval ]a, b[ containingthe point 4 and flx
a speed A strictl>’ largor titan tite absolutovaluesof all characteristic
speeds.Por t > r define tite opon intervais

J(t) 4 ]a + (t — r)A, b —(1—r)X[ (4.14)

and tite region

r@) 4 {(a,x); a E [r, fl, a, E J(s)}. (4.15)

With theabovenotationwo claim that, for evory Y =r,

/~‘> u(r’, a,) — U~(r’, a,) dx = 0(1) . sup ¡u(t, a,) — «r, 4)¡Ctz)cr(ro

Tot.Var.{u(t, ); J(t)} di. (4.16)

To derive (4.16),cail A1, L~, f~ respectivel>’tite i-tit eigonvaluesandloft
axtd right eigenvectorsof tite matrix A. Solving (4.13) wo find

L~. U~’(r’, a,) = lj U
1’(r,a, — (r’ — r)Yq) t~. u(7-, x —(7-’— dV>.
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Now fix aix>’ 4’,

E1(4’, 4”)

4” E J(r’) andconsiderthequantity

4 u. (u(r’ a,) U
6(r’, x)) da,

=u.t (u(r’, a,) u(r, a, — (Y — r)Aí)) dx. (4.17)

Sinceu satisfiestheconservationoquation(2.1) ovor thedomain

£44 {(t,z); tc [r, r’], 4’+ @ —rjA
1 =a, =4”+ (t—r’)A1},

tite difforoncebetweentheintegralof u at thetop and at tho bottomof
tite domain D¿ is moasuredb>’ tite inflow from tito left sido minus tite
outfiow from tite rigitt sido (fig. 29).

II

5~u

t a b

figuro 29

From (4.17)it titus fohlows
¡r’ () 5.yt 4’ + (t — r’)AJ) <It (4.18)

— jr ¡~. ((f(u) — X1u)(t, 4” + (t — r’)Aí)) di.

To ostimatethequantity in (4.18),considortite states

u’(t) 4 u(t, 4’ + (t — r’)A¿), u”(t) 4 u(t, 4” + (t — r’)A¿), 42 4 u(r, O.

We titenhayo

= ¡. [Df(ii).(u”—u’)—X1(u”—u’)]+¿~ A .(u”—u’),
(4.19)

whoret is theavoragedrnatrix

A4 J~ [DAau” + (1 — s)u’) — Df(i74] da.
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Since tite first termon the rigitt itand sido of (4.19) vanishes,we thus
obtain

k~ (f(u”) — f(u’) — A¿(u” — u’))
= 0(1). u”—u’¡ (lu”—úI+ ¡u’—ii¡),
= 0(1). Tot.Var.{u(zj; [4’+ (t — r’).Sq, 4” + (t — i-’)Aí]} ‘~“‘

SUP(É,í)Er(r¿) ¡u(t, a,) — u(r, 4fl.
lix turn, (4.20) >‘ields

¡E1(4’, «o¡ = 0(1) suPQ7)Er(~~)¡u(t,x) — u(r, ¿)¡
f~ Tot.Var.{«t, ~);[4’+ (t — r’)

5
4, 4” + (t — r’)Á¿]} di.

(4.21)

Sincetite estimate(4.21)holds for all i = 1, ... , ti andahí4’, 4” E J(r>j,
it implies (4.16).

5. Givon r ~ K, e> O anda .c b, using eithoroxte of tite assumptions
(A3) or (A4) wo can cover a neighborhoodof tite Lixterval [a,6] with
finitely man>’ points ~ and opon intervais1, 4Jc~,, b~[ such titat the
following conditionsitold (fig. 30).
(i) Eacitpoint a, is containodun at most twa of tite opon intervais ¡.
(u) Tho total variationof u(r,.) on each1, is <e.
(iii) ForsorneY > ~ calling 4~ 4 (a~ + 6)12 and

t+b
ir

figure 30

titero holds
sup Iu(t, x) — u(7-,4)I <E.

(t.r)er~

Pi 4 {(t,x);

a a 1:~~ b
j ¡

(4.22)
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6. Wenowcoxtstructa functionU = U(t, x) whicit coincideswitit tA(r,¿í)

neareachpoint (r, ¿í) andwith U~ in a forwardneighborhoodofeach<r,Cj)

t U~,.e)(i, a,) if la, — ~ =(t — r)A,
U(i, al?> 4 U~rcj)(t~

By (4.12)and(4.16),titis funetionU providosagoadapproximationof
u, for times 1 = r +h witit h > O small. Indoed,recalhing(4.22) andthe
proport>’ (i) of tite covoring, we hayo

hirnsup ~jjju(r+h~ x)—U(r+h, ~ dx

=>5]im supk JWu(r + h, a,) — Uk)(r + h, x)j <¡a,2

+ z limsup~ jb,—hA u(r + it, x) — (4r,ci>(r + h, ~)I<¡a,
aj+hX

=0+ Hm sup fO(1). >5 ~ Tot.Var.{u(t); 1,1 dt}

<hmsup 0(1). ~ j2 . Tot.Var.{u(t); IR} dt}
1.

(4.23)

7. Wenow observethat thesomigrouptrajector>’v(t,.) 4 $41 is alsosn
entropywoaksolutionto theCauch>’problem(2.1)-(2.2),andsatisfiesalí
tite assumptions(A1)—(A3). In particular,tite total variationof v(i,.)
remainsuniformly boundod, axtd its oscillationon eacitdomain12(t) of
tite form (4.15) is bounded1,>’

sup jy(t, a,) — vt¿r,¿)¡ = 0(1) . Tot.Vnr.{v(r); Ja, ~41~ (4.24)

(t,x)Er(r’)

As aconsequence,wo canrepoattite ostimato(4.23) witit y in tito role
of u andobtain

Hm sup~ fi v(r + it, a,) — U(r + h, a,4 dx = 0(1).e. (4.25)
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Togetiter, (4.23) and (4.25) impí>’ (4.10). Sinco e > O andtho interval
[a,b] werearbitrary, this achiovestite proofof Titeorern5.
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