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A p-adic behaviourof dynamical systems.

Stany De SMEDT, Andrew KHRENN¡KOV

Abstract

Wc studydynamicaísystemsin the non-Archimedeannumber
fields (i.e. fields with non-Archimedeanvaluation). The mal»
resuítsare obtainedfor the fields of p-adicnumbersand complex
p-adic numbers. Aíready the simplest p-adic dynamical systems
have a very rich structure. Thereexist attractors,Siegel disks and
cycles. There also appearnew structuressuch as “fuzzy cycles”.
A prime number p plays the role of parameterof a dynamical
system.The behaviourof the iterationsdependson thisparameter
very rnuch. In fact, by changingp we can changecrucially dic
behaviour attractorsmay hecomecentersof Siegel disks and
vice versa,cyclesof different length mayappearanddisappear...

1 Introduction

During the last 100 years p-adic numherswere consideredonly in pure
mathematics.But lastyearsnumerousapplicationsof thesenumbersto

theoreticalphysics were proposedby l.Volovich, P. Freund, E. Witten,

G. Farisi, 1. Arefeva, E. Marinan, 8. Dragovic (stning theory, see[1],

[5], [11], [16], [17]), V. Vladimirov, E. Zelenov (quantum rnechanics)
[15], A. Khrennikov (p-adic valued p}íysical observables)[6] and many
others, seethe books [7], [15]. A number of inodels of p-adic physics
might not be describedby the ordinary tbeory of probability basedon

Kolmogorov’s axiomatic [10]. A new class of probability modeis, p-
adic valued probability models, xvas investigated in [7]. Here p-adic
probabilities are defined as limits of relativefrequenciesVN = n/N but

1991 MathematicsSubject Classification: 46S10,58F12.

ServicioPtíblicacionesUniv. Complutense.Madrid, 1999.



302 StanyDe Smedt,Andrew Khrenn¡kov

witlí respectto a p-adic metric on the fleid of rational numbersQ (fre-

quencíesare always rational numbers) . There exist randomsequences
see [7], ~vhere limite of VN do not exist in R, but they exist in oíu=

of the p-adic number fielde Q,. This situation can be consideredasthe
classificationof chaos. A sequence,which is totally clíaotic from the real

point of view, rnay havea definite p-adic structure.

lii the present paper we study dynamical systems (witlí analytic

functions) in non-Archirnedeannumber fields. The most :iríterestingex-
amples of such flelds are the fields Q~ of p-adic nurnbersaííd C~ of

complex p-adic numbere.Wc start with general resultefor an arbitrary

non-Arehimedeanfleld 1< and then apply theseresulteto study the be-
haviour of the dynamical systemy x”in Q~, and C~. Already tuis
simplest dynamical systemhas a very rich structure. Wc obtain sorne

general resulte about this dynamical system. However, many proper-
tice of tuis dynarnical syetemchange crucially by clianging p. Here Wc

could not flnd somegeneral laws1,but we illustrate thesepropertiesby
numerousexamples. Wc further continuetheseinvestigationswith t}íe

aid of a computer with the aid of the complex of programefor p-adic
dynarnicalsystems.

As xve hopethat tuis paperwould beintereetingfor ecierítisteworking
in applications (mathematical physics, dynarnical systems,chaos), WC

prescnt MI l)rirnary notione about non-Archimedeanflelds and p-adic
nurnbers (eec, for example,[4], [13]) in the next section.

2 Non-Archimedean fields, fields of p-adic
nurnbers

Let E be a fleId. Recalí tlíat a valuation is a rnapping ¡ E’ —4 R.~
satisfying tlíe following conditione

(1) jx[p- = O ~ x = O

(2) xy¡p = ¡x[r¡ylp
(3flx+y¡p< ¡x¡p+¡y¡r

Prolmbl~ mt. ms irnpossil~le to fiísd s,.íclm laws, becasíse tlíe set of prime mIlilIseIs lías
a vol-y complicacedstríucturc.
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The Iast inequality is the welI known triangleaxiom. A valuation is said

to be non-Archimedeanif the stroíig triangle axiom bolds, i.e.

¡x + Vir =max(¡z¡r, ¡y¡p). (lj

A fleid E with a non-Archimedeanvaluation is said to be a non-Archi-

medeanfield.
Everywherein what foliows 1< denotesa completenon-Archimede-

aíí fleId with a nontrivial valuation ¡ . ¡¡<. 2 The caseChar 1< = O is

coíisidered.
Wc shall obten use the following property of the non-Archimedean

valuation 1

¡a + blg = max(¡alg, IbI¡~’) if ¡aig # ¡b¡g. (2)

Set Ur(a) = {x E 1< — a¡g =I,a E I<,r > 0. This is by
definition a closed bali in 1< with center in a of radius it The term
“closed bali” is only a terminoiogy. [u fact, thesebaUs are at the same

time closedand open (“dopen”). We introducealso open balísU7(a) =

{a E 1< — ajg < 4 which arealso dopensets. SetSr(a) = {x E 1<
[x — aig = 4. This is by definition thesplíere in 1< with center in a of

radius it It is also a dopen set.
Ihe following simple fact will be very useful for us

Lemma2.1. LetaE Sí(o). ThenSí(0)\UI(a)G Sí(a).

Set ¡K¡ = {r = ¡z¡g z E 1=). A function f Ur(a) —+ It, r E

11<1 is said to be analytic ib it is expandedluto a po~ver series1(z) =

Z~o f»(z — a)~,1~. E 1<, which convergesuniformly on the bali It(a).
Set ¡¡f¡¡,. = max, ¡f~~grfl. This is the norm on the spaceof analytic
fuuctions f it(a) —* 1< (see,for example,[4] for the theory of auaiytic

fuuctions).
TIíe fícíd of real nuínbersR is constructedas the coíi~pletion of tite

ficid of rational ííumbers Q with respect to the metric p(z, y) = [z —

~vhere ¡ . 1 is tlíe usual valuation given by the absolutevalue. The Iields
of p-adic numbersQ~ areconstructedin a correspoudingway, by using

otíter valuatious. For any prime uurnber the p-adic valuation ¡ ¡, is

dcfiííed iii tite following way. First we define it for natural íumbers.

2 A ~alí,atio,í is called trivial if it is ecítíal to 1 for any nonzeso ele¡síeíít.
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Every natural number u can be representedas the product of prime
numbers u =

2r23r3 ... pr~ Then we define ¡uL, = p—r~, and set
¡OIr = O and 1 — u¡~ = ¡uI~. We extend the definition of the p-adic

valuation ¡ ¡, to Ml rational numbersby setting for m ~ O ¡u/m¡~ =

IuIp/Iml,. The completion of Q with respect to the metric pp(zí y) =

Ir — v1, is the locally compact field of p-adic numbersQ,,. It is weii
known (Ostrovsky’s theorem),see [4], [13], that 1 ¡ and ¡ . ¡, are the

only possibievaluationson Q. The p-adicvaluation satisfiesthe strong

triangle iuequality. Denotethe ring of p-adic integers by Z~(= llí(0)).

For any z E Q~ we havea unique canonical expansion (convergingiu
the 1 ¡~-uorm ) of the form

x=anp+•..+ao+...±akp ~ (3)

where a5 = 0,1, ...,p — 1, are the “digits” of the p-adic expausion.
We shall use tirie following property of the binomial coefficientsC,~ —

a!
k =u ¡C,§j~ =1. Ihe proof can be achieved by observing

that the binomial coeflicient b(a—b) is integerand, therefore,its p-adic

norm is < 1.

Denotethe ring of residueclasseswith respectto muZu by F,~, F,~ =

{0,I,...,u— 1};F, is its multiplicative semigroup (if u = p is a prime,
then E, is a fleid). Using (3) it is easyto show that Z,,/pZ, = 1%. As
usual we introducethe factor map Z, —* E71, x —* x.

The greatestcommoudivisor of natural numbersu and m is denoted
by (u, m). U (u, m) = 1, then u and m arecalled relatively prime.

Denotethe algebraicclosureof Q1, by Q. It is an infinite dimen-

sional spaceover Q,. We note that an extensionof any finite order of
Q, is not aigebraicallyclosed. The p-adicvaluation ¡.¡~, canbe extended
cauonically to the valuation on Q~ (seo [4], [13]). However, the fleld

is uot completewith respectto this valuation. By Krasuer’s theorem
[4] the completion C71 of Q~ is algebraically closed. We use the same
symbol ¡ ¡~ for the valuation on O~, which is constructedas the unique

proloíígationof the valuation on Q~. The roots of unity in C~ will play
an important role in our considerations.Denotethegroupof m-th roots
of unity, m = 1,2,..., by ~(m)• Set

r = u~ ~(m) Un. = u?l1rh’), Fu = U(m,pfriUm

By elerneutarygroup theorywe havef’ = U,,. [4,F,,ntj = {1}. Denote
the kth roots of uuity by

65k,J = 1,..., k, 9i~ = 1.
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Lemma2.2. Leí y” = a,a = B~.»—í for sorne j = 1,2, ...,n — 1, and

~ a. !f(n,p) = 1, tIten yE Sí(a).

¿From this iemmawe get the well known consequence

Corolíary 2.1. r~ c Si(1).
The foliowing two results can be found, bar example,in [4], [13].

Lemma 2.3. ¡C~I~ =hp for oil j = 1, •••,~k —

Lemnia 2.4. %C Uf(1).

To find fixed points and cycles of functions f(z) = x” in Ql,, we

have to know whether the roots of unity belong to Ql,. Denote by
¿,, 1 = 1,2,..., aprímitive lth root of 1 in C71. We areinterestedwhether

¿¡ E Q,.

Prapasition 2.1. (Primitive roots) If p ~ 2, then¿¡ E Q, if and only
if 1 Ip— 1. ThefieldQ2 cor¿tainsonly¿1= 1 and¿2= —1.

In fact, this proposition is a consequenceof the sameresult bar P,
(which is well known in the elementarynumbertheory) and tbe Hensel

lemma (seeappendix).

Coroílary 2.2. The equationz~ = 1 hasg = (k,p — 1) different roots
in Q,.

The sameresult is valid for E’71.

3 Dynamicalsystemsin non-Archimedeanfields

We study the dynamicalsystern

U—*U,Z-4f(Z) (4)

where U = ¿IR(a) or 1< and f U —* U is a» analytic function. First
we shall proveageneraltheoremabout the behaviourof iterations x,, =

f~(xo), xo E U. As usual f”(z) = f e ... o f(z). Then we shall use
tbis result to study the behaviourof the concretedynamicalsystems,
1(x) = z~,u = 2,3,..., in the fields of complex p-adic numbersO,.

We shall use the standardterminology of the theory of dynamical

systems fixed and periodic points, cycles, stableand unstablepoints,
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attractors,basiíi of attraction (wo denotethe basinof attractionbr the

attractor a by A(a)), repeller (seo, br exampie, [3], [12]).

Wc hayo to be ínore careful to define a non-Archimedeanaííalogue
of a Siegel disk. Lot a e U be a fixed point of a functioíí 1(x). TIte

bali UJ(a) (contained in U) is said to be a Siegel disk if each splíere

p < y, is an invariant sphereof f(x). i.e. ib ono takesan initial

1)oiItt oit ono of t}ío spheresSa(a),p < y, alí iteratod poiííts ~viil also

he on it. TIte union of ah Siegel disks with conter in u is said to be a
maximal Siegel disk. Denotethe maximal Siegel disk by Si(a).

lii the saíne way ~vedefine a Siegel disk with center ¡u a periodic

poiiít a E U witlí the correspondingcycle y = {af(a), ...,f~
1(a)} of

tlíe period n. Herotlíe spheresSa(a),p < y, are invariant spheresof tilo

map f”(x)
As usual in tite tlíeory of dynamicalsystems,we can fiud attractors

repelíersand Siegel disks using propertiesof the dérivative of f(z).

Lot a be aperiodic point with period u of theC’-fuííctioíí g U —* U.

Set .\ =
2

4~g~(a). This point is cailod 1) attractive ib O ~ ¡Á¡i < 1; 2)
iíídifferent if ¡.X~g = 1; 3) repelling if ¡Á¡

71 > 1.

Lemma 3.1. Lel f U —i U be un analytic function aud Mt a E U aud

f’(a) /z 0. TIten there exisis r > O such ¿bat

1 d~f
s = ínax —---—--—(a) r < jf’(a)¡g. (5)2<n<oo 71! dx~ ~<

Ifí > O satisfie.s ¿¡jis inequality aud ¿Ir(a) c U. ¿ben

¡1(x) — f(y) g = ¡f’(a) pr — y¡,< (6)

for allxyEUr(a).

Proof. Wc coíísider the case U = Un(a). Wc hayo : f(x) — 1(y) =

[f’(a) + T(x, y, a)](sr — y) wit,lí

CC
~— 1 d”f

T(x,y, a) = ~ ~ (a)[(x—a)~’+(y—a)(z—a)~2±. .

l)eííote tite exl)r(~ssioll ilí tlío sqiía.robra.ckotsby 8,,(x y, u.). Lot y, y E

Uf(a). > = 1?. (Jsiííg tIte stroíig trianglo i ne<íua.li ty, we got J B,, (x y a) ¡¡< <
Set

1 d’1f
cr(p) = 2<n<cc ~ ~ (a) p,p >0.

Iv
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By analyticity of f on Un(a) we have a(R) = ¡¡f¡¡n/R2 < ~. As
o}r) =a(R) for any r < R we get

sup ¡T(z, y, a)¡« =ra(R) —+0, r —*0. (7)
r,vEUr (a)

Hence, if fi(a) # 0, then thereexists r > O satisfying (5). 13y (2) we
obtain (6) for such r.

Thenrem3.1. Let a be a fizedpoint of tIte analytic funclion f U .—* U.
Tben:

1) II a is an auractive poin¿ of f, ¿ben it is art atiractor of ¿be
dynarnica¿ systern (.Q. ifr > O satisfies¿he inequality

1 d~f
q= max ——(a) r”~ <1 (8)

n!dz” ~<

and ¿Ir(a) CU, tIten ¿Ir(a) cA(a).

2. Ifa is an zndifferen¿ point off, ¿ben it is ¿be centerof a Siegel
disk. Ifr > O satisfles¿be inequality (5) aud ¿Ir(a) C U, ¿ben ¿Ir(a) C

Si(a).
3. ifa is a repeflingpoint of f, ¿bena is a repelterof ¿be dyna;nical

sys¿ern(.4).
Proof. If fi(a) # O and r > O satisfies (5) (with ¿Ir(a) c U), titen it
suifices to usethe previous lemma.

U a is an arbitrary attractive point, thon again by (7) thereexists
y > O satisfying (8). Thus we híave ¡f(x) —f(y)¡g < q¡x —y¡g,q < 1, for

ahí z,y E ¿Ir(a). Consequently,a is an attractorof (4) aud¿Ir(a) c A(a).

We note that (in tite caseof an attractivepoiíít) thíe conditioíí (8) is
less restrictivetitan tlíe condition (5).

To study dynamicalsystemsfor nonanahyticfunctions, we can use
tIte following titeorem of non-Arcitimedeananalysis [13]

Theorem 3.2. (Loca! injectivity of C1-fuíictions) Leí f ¿Ir(a) —* 1<
be C’ at ¿be point a. If f’(a) # O ¿bere is a bali it(a). s < it sueh ¿bat
(6) holdsfor allx,yE¿I

5(a).

However, Theorem3.1 is moreuseful br our coíísideratioíís,because
Thteorcín 3.2 is a so-called“existencethoorern”. This theorcni (¡oesííot

say aííytiting about tite value of s. Titus we caíínot estiínatotIte voltíííie
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of .4(a) or SI(a). Theorem 3.1 gives ussucit possibility. We needonly

to test one of tite conditions (8) or (5). Moreover,the casefi(a) = O

is “a pathologicalcase” for nonanalyticfunctionsof a non-Arcitimedean

argument. For example, titere exist functions g wbich are not Iocally
constantbut for whicit g’ 0. In our analytic framework we Lave not

such problems.

Tite Julia setJf for tite dynamicalsystem(4) is definedas tite closure
of tite set of aH repelling periodic points of 1• Tite set Eí = U \ 4 is
calied tite Faton set. Titese setsplay an important role in tite titeory of
real dynamicalsystems. In tite non-Archimedeancasetite structuresof
titese setsare more or less trivial.

We shalh also use an analogueof Titeorem 3.1 for periodie points.

Itere we must apply our titeorem to tite fuííction f~(z).

4 Dynamical systems in the fleid of complex
p-adic numbers

As an application of Titeoreni 3.1, we study dynamical systemswith

pn(X) = z~, vi = 2,3,... in tite fie!ds of tite comphexp-adic numbersO,,.
It is evident that tite points a= O and a = ~ areattractorswitit basins

of attraction A(O) = ~V(~) and A(oo) = O~ \Uí(O) respectively. Ihus
tite main scenariosis developedon tite spitere Sí(o). Fixed points of

pn(X) belonging to titis spitereare the roots 65,,,...1,j = 1, ...,n — 1, of
unity of tite degree(n — 1). Itere are two essontiallydifferent cases 1)

n is not divisible by p; 2) n is divisible by p.

Theorem4.1. TIte dynarnical systern p~(x) has (n — 1) fixed points
a1=65,,,..1,j= I,...,n— 1. on¿hespbereS,(O).

1. Le¿ (np) = 1. TIten alt ¿bese poin¿s are cen¿ers of Siegel disks
and Sí(a5) = U¿(a5). lf(n — l,p) # 1, ¿ben Sí(a5) = 81(1) = ¿¿[(1)
foraltj=I,...,n—1.If(n—1,p)=1, ¿berta,ESj(1),j=2 n—1,
aud Si(ag) n SI(a¡) = ~,i # j. Por any k = 2,3,... oIl Ic-cyclesare also
cen¿ers of Siegel disks of unit radius.

2. If(n,p) !=1,¿ben ¿bese poin¿s are a¿¿ractors andUf(a~) c A(a).
Por any k = 2,3, ... alt k-cycles are also a¿¿rac¿ors and open uni¿ batís
are con¿ained in basins of a¿¿rac¿ion.

Proof. 1.Considerthe first case. Titere we bave
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Theorem3.1 ah points a5 are centers of Siegel disks. Wc are interested
in the radius of tite maximal Siegel disk. Wc use tite condition (5). As

It ‘Q? (b)¡~,= ¡C%, for any b E S~(0), tite condition (5) has tite form

r max rk
2ICflp < 1.

2<k<oe

lb r < 1, then titis condition is satisfied. Titus Uf(a
5) cE Si(a5). Wc

need only to show that tite spheresSí(a5) are not invariant sets for

p,-. Titere Lemma 2.2 is used. Wc citoose xo = y where y” = a5 and

yE Si(a5). Titen pn(y) = a5.
If (n — i,p) ~ 1, then by Lemma 2.4 ahí a5 E ¿¿[(1). Hence

Uf(a5) = Uf(I) and Si(a5) = 31(1). Titus the dynamicalsystemPn(z)

describes tite following motion in tite bali Uf(1). Tbere ezis¿ (n — 1)
points a1, ...,a~...1 sucb ¿bat for any initial poin¿ za E Uf(1) ¿be dis-
¿onces betweer¿ iterations x,~ of x0 aud ¿bese poin¿s are constar4s of ¿he
motion.

lf(n—1,p)=1,titenbyCorohlary2.1a5ESí(1)forj=2,...,n—1.
Titus titere are (vi — 1) different Siegel disks witich itave empty intersec-
tions.

To study k-cycles, we use tite fact that (né,p) = 1 if and only if
(n,p) = 1. Henceeacit fixed point of tite map p~(z) is tite centerof a

Siegel disk.

2. Now we consider tite secondcase. Let vi = pkm k > 1 witit
(m,p) = 1. Titen we have ¡p~,(a5)¡71 = i¡9. Titus alí points a5 are
attractors.Furtiter we are interestedin basinsof attraction. We use tite

condition (8) whicit itas tite form

q = max(1/pé,r[C,~¡~, ..., r”
1) < 1

lf r < 1, titen titis inequality is satisfied. Titus Uf(a
5) c A(a5).

lo study k-cycles, we use tite fact titat (vié, ¡4 ~ 1 if and only ib
(np) ~ 1. Henceeacit fixed point of tite map ¡4(z) is an attractor.

Carollary 4.1. Le¿ (np) = 1. There ezis¿ art infinute number of k sucb
¿bat (~k — 11>.’) ~ 1. Any k-cycle y = (aí, ...,aé) for sucb k is loca¿ed
in ¿he bali U[(1); it Itas ¿he behaviour of a Siegel disk wi¿It 51(y) =

Uk ~U((a5) = U~(i). During ¿he process of ¿be motion ¿be dis¿ances

cj = Pp(zoí a,), j = 1 k, wbere zo E U¿(l) is on arbilrory initial
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point, ore cbanged according ¿o ¿be cyclic taw (ci, c2, ..., c,,í, c~) —*

Proof. 13y thíe Fermat theoremz”~
1 = 1 for any x E r;. Tbus, as

(n,p) = 1, we hiave ,
25(P—l) = 1 modp.

Now xve prove the cyclic law for the distances. It is asimple conse-

quenceof Lemrna 3.1

— ag¡71 = ¡¡(zo) — f(ap..í)¡71 = f’(a5..i)¡p¡xo — ap..í Ip = cp.í.

Títus iii tite case(np) = 1 tite motion of a point in tite bah! UI(1)
is very coínphicated. It moyoscyclic (with different periods) around atí

infinite í¡umber of centers.

Examples. Lot vi = 2 in ahí foliowiííg examples.

1. Lot p = 3. Then (~Vc — lp) # 1 and (n2k+l — lp) = 1. Thus alí
even cycles (aud only they) are located in tite bali Uf(1).

2. Letp=5. Titen (n4k~l,p)# land (n4k+5~1,p)= lforj= 1,2,3.
Titus ahí 4k-cycles (andonhy thiey) are located iii tite bali U(1).
3. Lot p = 7. Titen (n3é — lp) # 1 and (n

3k+5 — ~p) — 1 for j = 1,2.

Tiíus ah 3k-cycles (andonly they) are locatod in the bali UV(1).
Nowwefind titebasinsofattractionA(a

5ftj = 1,...,n—1,(n,p)# 1,

exacthy. Wc begin from tite attractor al = 1.
Lot u = mp’, (m,p) = 1 and k > 1.

Lemma4.1. TIte bosin of aflrac¿ion A(I) = U~Uy(E) where ~ E F~;
¿bese batís bayo ernp¿y intersec¿ions for differen¿ poin¿s C.

Proof. 1. Lot ¿ E F,,~, and y = ~ + i blp < 1. Titoíí

—1

— i¡~. = >3 C~,Q~yn>i ~ ¡~I~ < 1
¿=0

71

i.e. tlíe 1-tu iteration of y bolongs to thíe bali U~(1) G A(1). Hence
UI(C) c A(1). Ihese baus hayo ompty intersoctioíísfor different ~,
l)ecause¡a — b¡ = 1 for any a, b E l~, a ~ 6.

2. Now let s = m
0t,ct ~ O,(s.p) = 1.(t,rn) = it. ~ 1 and ~ E

r~> \ pO”0). Titen ~ = uy, u E pOn0), u E F0~ aud u ~ 1. Lot y =

¿ + y, ‘y’
7, < 1. TIten ~ = ~ ±fiwlíere ii3~ < 1, i.e. ~ E

It suifleesto slíow thiat Ene e S1(1) br ah sufliciently largo It.
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First we note that if k > a, titen ~ = 1. Furtitor lot nk — it + q

witit the remainderq = 1, ...,t — 1. lf It > a then WChave cnt —

Let u = ¿~ .\ — 1 .,t — 1 (as usual ¿~ is a t-th primitivo root). Ihon

— EA? Finahiy we hiave to show tiiat Aq ~ O mod t. Supposethat
= O mod t. It imphies that (q, O = w ~ 1. Titus mkpík = j’w. It

contradictstite condition (m, t) = (p, t) = 1.

Thus it has been shown that U[ (¿) C C~, \ A(1) for any ~ such
that it is a s-th root of unity, (sp) = 1, and it is not a m’-Ut root of
unity, 5 = 1. Finahly wo usetite fohlowing fact witich can be obtained by

Loinma 2, p.lO3, [13]

Sí(1) = UUI(E) where ~ e r~,¿ ~ 1.

Corollary 4.2. Let vi — p’ 1 > 1. TIten Sí(1) is ¿he invoriant sphere of
¿be dynamical sys¿ern p»(x).

Examples. 1.Let u — p1 1> 1. Then A(I) = ¿If(1).

2. Let p ~ 2 and vi = 29,1> 1. Then A(1) = UUÍ (E) whoro E E [2.

Theorem4.2. Tbe basin of at¿raction A(aé) = U¿U{ (Eak) wbere E E
F~. Tbese batís Itave ernpty in¿ersec¿ionsfor different points E.

Proof. Titis thoorem is asimple consequenceof Lemma4.1. We intro-

ducethe map Tk U~(1) —4 U¶(ak),Téx = akz. It is an isomotric map.

lf zo E U~ (1) and 4 = Tk(xo), titen ‘ve liave for tite iterations of tite
íííitial poiíít 4 e Uí(aé) z~ = p~(4) = Tk(ZN) whereXN = p~’(xo).

Titus tite behaviourof the dynamicahsystempn(z) in the balI M (ak)

can beobtained as tite Tk-imageof tlíe bebaviourin tite bali U~(1).

TIte dynamicalsystempn(x) itas no repelling points ¡u O,, for any
p. Tiíus the Julia set4 = ~ and tite Fatouset P~ = O,,. Theroforein
thío p-adic case tIte Julia set doesnot play tite rolo of a set where“tite
sceíiaríosof citaos is devohoped.” It seemsto be interesting to study tite

beiíaviourof dynamicalsystemson thío int.errnedia¿ese¿whiicit 15 defined

as INTf = U \ [(U
0A(a))U (UbSI(b))] witore {a} are ah attractors and

{ b} are ahí centersof Siegel disks of a dynaínical system. lii tite case

(np) = 1 tuis is dio set INTp0 = Sí(O) \ u?4Si(aá); ¡u tite case

(it, ¡) ~ 1 titis is tite set INI’,,,, = Sí(0)\ íj74 A(a5). Titesosotscontain

cyclesof ah leíígthís.
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5 Dynamical systems in the fields of p-adic
numbers

Here we study the behaviourof tite dynamicahsystemp~(zr) = za i~ =

2,3,..., in Q71. In fact, this behaviourcan be obtained on tite basis of
tite correspondingbehaviourin C,,. We needonly to apply tite results

of tite secondsectionabout tite roots of unity in Q1,

Proposition 5.1. TIte dynamicalsys¿ernpn(x) has m = (vi — l,p — 1)
fixed points a5 = 65,m,J = 1, ...,m, on ¿be .sphere Si(O) of Q71. The
charac¿er of ¿bese poinis is described by Tbeorem 4.1. Fized poin¿s a5 ~
1 belong¿o ¿he spbere Si(I).

Proof. Tite first statementis aconsequenceof Corollary 2.2. We must

only show titat ahí fixed points a5 ~ 1 beiong to S~(1). As m = (vi —

l,p— 1), titen (rn,p) = 1. Finaíly we useCorollary 2.1.

We remark that the number of attractors or Siegel disks for tite
dynamical systemp~(x) on tite sphere Sí (O) is less titan or equal to

(p— 1).

To study k-cycles in Ql,, we use tite following numbers mk =

Proposition 5.2. TIte dynamicalsys¿emp,-jz) hask-cyc¿es (k =2) in
Q71 if avid only ifmk does no¿ divide any m5,j = 1,...,k— 1. Ah ¿bese
cycles are located on Si(1).

Praof. 1. Supposethat m¡. does not divide m5, 1 =5 < k — 1. We
a

citoosea1 = ¿ma. It is, a primitive rné-th root. Titen we havea~ = a1.

Supposethat a7’ = a1 br s <z It. Titen ar = 1. [lenco rnk divides m~.
It is a contradiction.

2. Suppose titat m¿, divides m5 for sorne5 < It. Let = 1. Titena1
= 1 and, consequentiyanil — 1. Titus at~ = 1. Titus tite cycle

= y(aí) itas lengtit =s < It.

In particular, if (n,p) = 1 (i.e. aH fixed points and k-cycles are
centersof Siegel disks), titere is no sucit comphicatedmotion around a

group of centorsin UI(1)(=UI/,,(1)).

Corollary 5.1. TIte dynamicalsys¿empn(x) bas only a flni¿e number
of cyctes in Q,, for any prime number p.
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Example. Lot vi = zI,1 =1. Titen m1 = p— 1 and titere are p —1

attractorsa5 = 6~...í,j = 1, ...,p — 1, witit tite basinsof attraction
A(a5) = Uík(as) and titere is no k-cycle It > 2. As we can citoose

a5 = 5 mod p, titen Ui1~(a5) = Uíi~(i). As Si(O) = u~
1U the5=1

intermediateset is empty. In particular,if p = 2 titen ahí points of tite
sphereSr(O) are attractedby a

1.
To study tite general casevi = qp’,1 =1, (q,p) = 1, we use tite

following elementaryfact.

Lemma 5.1. Let vi — qp’ 1= 1,(q,p) = 1. Then m¡, = (ik,p— 1) =
(qk — l,p— 1),k= 1,2,...

ac+1, witereb,c EN. Hence
tk = vik...1 = (ab+1)(ac+1)é¡~~1and aIlk

and, consequently,a¡a’. On tite otiter itand, we itave
11k = a’d±I’p =

a’z+1,whered,z EN. Henceqk(a~z+1)él= ~
i>kl = a’d + 1 and, consequently,a’~(qk — 1)(a’z + i)él, i.e. a’~(qk — 1).

Titus ¿¡a.

Examples. 1). Lot vi = 2p,p # 2. Itere is only one attractor a1 = 1

on S~(0) for ahí p. To find It-cycies, It > 2 wo itave to consider tite
numbersmé,k = 2 However, by Lemma 5.1 rn¡~ — (2k — — 1).

Thus tite numberof k-cycles for tite dynamicalsystemp271(z) coincides
witit tite correspondingnumber for tite dynamical systemp2(x). An

extendedanalysisof the dynamicalsystemp2(x) will be presentedafter
Proposition 5.4. Of course, it should be noted titat tite beitavioursof
k-cycles for p271(x) and p2(x),p ~ 2, are very different. In tite first case

titese are attractors;in tite secondcasetitesearecentersof Siegel disks.
2). Lot vi = 3p,p!=2.Titere are two attractorsa1 = 1 and a2 = —1

on Sa(O) for aH p.
3). Lot vi = 4p. Titen titere is amore comphicatedpicture 1 attrac-

torforp=2,3,5,L1,17,23,...and3attractorsforp=713,19,29,31,...
4). Lot vi = Sp. Titen we bave 1 attractor for p = 2; 2 attractors

forp=3,7,11,23,31,...and4attractorsforp=5,13,17,...
Now westudy basinsof attraction (in tite casen— qp’ ,1=

1). As a consequenceof our investigationsfor tite dynamical system

in C~, we get titat A(1) = u~U11,.,(¿) witere ¿ E [4 fl Q,,. We have
F9nQ71~ {1} if aíid only if(q,p— 1) !=1.

Examples. 1). Lot p = 5 and vi = 10, i.e. q = 2. As (q
2, p — 1) = 4,
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titen E2 fl Q~ = hM~) aud A(I) = uJ....1U115(054). Titus A(1) = Si(O). Ahí

points of tite spitereSí(o) are attracted by a1 = 1.
2). Lot p = 7 aud vi = 21, i.e. q = 3. Titen m1 = (q— l,p— 1) = 2.

Henco titere are two attractors;those are a1 = 1 and a2 = —1. As al!
= (q’ — Lp— 1) = 2,5 = 1,2 titore are no It-cycles. k >2. lo

fííid tlíe basinsof attraction, xve computo (q,p— 1) = 3. Titus A(1) is

tite uniolí of bahís Uip(6s3),5 = 1,2.3. It is evident that ~2,3= 2,63,3 =
4 ¡nod 7. Tlíerofore A(1) = Uí,’7(I) u ¿4,42) U 1)1/7(4) and A(—1) =

Uí/7(—1) UUí/7(3) UUíp(5) (since2(—1) = 5,4(—1) = 3 mod 7).
3). Lot p = 7 and u = 14, i.e. (q,p — 1) = 2. Titus 1% fl Q~ =

aííd A(I) = Uí/7(1) uU1,,7(6). Titere iNT,,~4 = U~2U117 (5). Asm2 = .3,
titere exist 2-cychesin INI’,,,4. It is easyto seo that that tite 2-cycle is
unique and y = (¿mí, b2) withí ¿mí = 2, b2 = 4 mod 7. Titis cycle generates

tite cyche of bahis on tite spitoro Sí(1) ; V~> = (Uí¡7(2),UI/7(4)) (“fuzzy
cycle”). Tite otiter two balís on Sí(1) UI¡7(3),Uí/7(5) aro attracted

by -~(J) (by tite baus ¿4/7(2) and U~¡7(4) respoctivoly).
Tite last exampleshows us titat sometimosit can be interesting to

study, not only cyclesof points, but also cyclesof baus.Wo proposethe
fohlowing generaldefinition.

Lot z —* g(x), z E Q,,, be a dyííamical systeín. lf there exists balís
Ur (a5), 5 = 1, ...,íi, such that itorations of tite dynaínical systcm generato
tite cycle of bahís y(f) = ((ir(a1), ..., Ur(an)), (r = p’,t = 0±1,...) thoíí
it is callod a fuzzy cycte of tito longtit u and tIte radius r. Of courso, vio
supposetitat tite balís in tIte fuzzy cycle do uGt coincide.

Proposition 5.3. Tberc 18 a onu ¿o arte correspondencebetweencycíes
aud fuzzy cyclesof radius r = hp of ¿be dynamical system p~(x) iii Qp.

Proof. 1.Let y = (a¡. .... aje) be a It-cycle nf tite dynamical system

Pn(X). Titen P,, Uíp,(as) —* Uíb(as+í) (withí ak~l = aí). i.e. ~(i) =

(Uipdai). ....UI,,,,(ak)) isafuzzy cycle. 2.Let Y
1~ = (Uí¡,,(bí), •...Uí/,,(bk))

be a fuzzy cycle. Tlíeíí b~ — = 1 ínod p. le. b~ satisfies tite oquatioíí

~(z) = x”’~ 1 = O mod p (see tite rcníark after Corollary 2.2.). By
tite Heíísel letítíría (seoappeíídix) tlíere existsa = b~ mod p sucit titat

= O in Q
71. As a E Uii4bí), thíen a”’ E UípÁbj) Siííce titese baus

líave clii pty i ¡itersectiozís,tite poiitt a getíerates tite cyclo of tite leíígthí

k.

‘[líe situa.tioíí wi tit fiízzy cycles of radius ¡ < t/p is moro Co lii ph—
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cated.

Examples. Lot p = 3, vi = 2. Titere exist 2-cycles of radius r = 1/9

whicit do not correspondto any ordinary cycle. For example, ~(Í) =

(4,7). Furtiter diereexist fuzzy 6-cycles with r = 1/27; fuzzy 18-cycles
wítit r = 1/81,...

Proposition5.4. Any poin¿z E INT~,, is a¿¿ractedby sorne cycte.

Proof. By Proposition5.3 it sufflcesto showtitat anypoint zo E INT,,C

is attractedby afuzzy cycle. Wc itave INI’71, = uf21””’U1 /71(ql) witero
mí = (vi — ‘Ip— 1) and ql arenaturalnumbers2< q¡ =p— 1. Titus we
can reduceour considerationsto iterationsof q¡ mod p. However,titere
is only a finito numberof different qp~ mod p.

Examples. Lot vi = 2 in ah fohlowing examples.
1). Lot p = 2. Itere is only onefixedpoint a1 = ion S~(0). It is an

attractor and A(1) = ¿4/2(1) = Si(O). Titus Q2 = A(O) U A(1) U A(oc)

and INI’712 = 0.
2). Let p !=2. Tite point a1 = lis tite center of tite Siegel disk

So INI’712 = $(O)\Uí/~(l) =

{z=ao+ctíp+...+anp~+...:as=0,1,..~p— 1,cvoj0,1} (9)

Tite behaviourof tite dynamical systemon tite intermediateset is not
described by our general titeorems. It must be investigated in each

concrete case.
3). As

tk are odd numbers, titen ~ must also be an odd number.

Titerefore titere are no k-cycles (It > 1) for p = 3,5,17 and br any prime
numberwitich itas tite form p — + 1 [14]. In titesecasesINI’,,

2 does
not contain any poriodic point. By Proposition 5.4 ¡NT,,2 is attracted

by tite Siegel disk Uí/~(1).
4). Lot p = 7. Titore m¡. can be equal to 1 or 3. As m2 = 3, titere

are only 2-cycles. It is easy to sitow titat tite 2-cycle is unique. By
Proposition 5.4 ¡NT,,2 is attracted by tite Siegel disk UI/,,(1) and tite

fuzzy 2-cycle ~(f) = (UI/,,(2),U¶/,,(4)) which corresponds to tite ordinary
two cyche.

5). Let p = 11. Tiíere ni¡. = 1 or 5. As ni2 = ni3 = 1 and ni4 = 5,

tiíere exist only 4-cycles.Titere is only ono 4-cycle y(Es).
6). Lot p = 13. Titere ni,. = 1 or 3. As ni2 = 3, titero oxists only tite

(unique) 2-cycle.
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7). Let p = 19. Ihero ni,. = 1 or 3, or 9. As ni
2 = 3, titoro ís

a (unique) 2-cycle. However, altitougit ni4 = 3, diere are no 4-cyclos,
becauseni4 divides ni3. As ni6 = 9 does not divide ni2, ...,m5, titere

oxist 6-cychesand titere are no k-cycles witit k > 6. Titere is only ono
6-cycle

8). Lot p = 2.3. Titere ni,. = 1 or 11. Diroct computations sitow that
titero are no k-cychos for tite first It = 2, ...,9. As ni10 = 11, titere is a

(unique) 10-cyclo. Itere are no k-cycheswith It > 10.

9). Lot p = 29. Itere ni~ = 1 or 7. As ni3 = 7 and ni2 = 1, thore
exist only 3-cycles. It is oasy to show that titero are two 3-cycles

and y(¿~).
10). Lot ;> = 31. Titere ni,. = 1,3,5,15. As ni2 = 3, titere exits

a (unique) 2-cycle. As ni4 = 15 and nia = 1, titero exist 4-cycies

y(Eís),-r(C5),y(¿~). Itere are no It-cyclos with It !=2,4.
11). Lot p = 37. Titere ni,. = 1,3,9. As ni2 = 3, titere exists a

(uniquo) 2-cycle. As ni6 = 9 and ni2 = ni4 = 3, ni3 = ni5 = 1, titere
exist 6-cycles. It is easy to sitow titat titere is tite unique 6-cycle: ~y(Ea).

Titere are no k-cycles, It !=2,6.
12). Lot p = 41. Titore ni,. = 1,5. As ni4 = 5 and ahí previous
= 1, diere oxist 4-cyches. It is easy to sitow titat titis cycle is uniquo

y(¿~). Titere are no It-cycles witit It ~ 4.

It is sufliciently complicatedto continuo titesocomputationsfor largo
p.

It is interesting titat Wc itave never observodany 5 or 7-cycio. Do

titoy exist? According to our formaiism. titis questionis reducedto tite
following questionof number theory Are thero prime numbersp such
that p = 1 mod 31 or mod127? As 31 and 127 are prime numbers,thíeíí
by tite Dirichlet titoorem (seo. for example, [14], p.129) titero exist an
iíífinite nuruber of sucit prime numbersp.

Furtiter westudytite beitaviourof tite dynamicahsystomp2(x) on tite
intermediateset. We considertite casep !=2 witere titis set is described

by (9). Wc sitahí use tite folhowing resuít.

Proposition 5.5. Let p ~ 2 avid vi = 2. Le¿ ¿be canonical expansion

of a p-adic nunzber 2:0 E INT,,2 Itas ¿be forni x = ..

0m~~.&0 wbere

00 = ... = a,. = p — 1 and a,.
1 p — 1. TIten tIte flrs¿ itera¿íon of ¿be

inz¿íol poínt 2:0 belongs¿o (be spbereSíp,a41(1).

Proof. Wc hayo 2:o = (1 + cvp+í)pk+í — 1 mod p~’~
2. Titus z

1 = 4 =
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1— 2(l+a,.+í)pk+í mod 9+2. Finalhy we remarktitat 2(1+a,.+í)!=p-
By titis propositiontite setUí/

71(p— 1) is attractedby tite Siegel disk
81(1) = after tite flrst iteration.

Examples. Lot vi = 2 in ahí furtiter examples.
1). Let p = 3. Titere ahí points of tite intermediate set satisfy tite

condition of Proposition 5.5. Titus after tite first iteration INI’,,2 is
attracted by 31(1).

2). Let p = 5, i.e. INI’,,2 = Uíp(
2) UUq~(S) UU

1/5(4). Tite hast bah!
wihl be attractedby 31(1) after tite first iteration. Direct computations
sitow titat tite baus ¿4/s(5),5= 2,3, wiIl be attractedby 51(1) after
tite seconditeration. Titus after two iterations tite configurationspace

of tite dynamicalsystemon Si(O) wihl be reducodto 51(1).
3). Let p = 7. Titere we consider tite baus Uí/i(5)’5 = 2,3,4,5

(tite case5 = 6 is describedby Proposition 5.5.). it is evident titat

Itere exists tite fuzzy cycle ~(.¿) = (UI/7(2),Uí/7(4)). Titus after tite
flrst iteration any point 2:0 6 ¡NT712 arrives lo ono of tite Siegel disks

UI/7(1) or 1)1/7(2) UUI/7(4).
It sitoníd be noted titat tite flehd of complexp-adic numbersO,, is

an infinito dimensional linear spaceayer Q,. Titus dynamical systems
in C~ are, in fact, infinite dimensional dynamicah systems over Ql..

6 Computer calculationsfor Fuzzy cycles

Tite folhowing results wereobtained witit tite aid of tite packagep-adic
arititmetic, witicit was created by 5. De Smedt [2] o» tite basis of tite
standardprogram packetMATHEMATICA [18].

Example. Consider tite funclion pa(z) — 9 in Q~. Titen we fou¡íd
amongotiters thíe following fuzzy cycles.

Cyches of !engtit 2

U¡(2) — Ui(3) ; Us(7) — Us(18) ; U1(57) — U~(68)

Cycles of hengtit 4

U±(2) — U±(8)— U±(12) — U±(3)
25 25 25 25

U_ (9)— U±}4) — U±(14)— Ux(19)
25 25 25 25
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U±(6)—Us(16)—Uí(21)—U±(11)25 25 25 25

U1(22)—U±(23)—U±(17)—Uí(13)
25 25 25 25

U___ (7) — U ; (93) — U; (107) — U___ (43)

Uj..(24) — U~(74) — U~(99) — ~

U1 (26) — U~(76) — Ut(101) — U~ (sí)
125

U~ (18) — Uí(82) — U; (112) — U’ (32)

Cychesof lengtit 20

— U..t(91) — Us(71) — U.~.(36) — U.±.(31) — U..t(41) — U.t(46)—
[25 125 125

Un.. (86)— U.j.456) — U.±.(116)— U..±.(21)— U (11)— U...u(81) —

U..±.j121) — U.±..(61)— (J..±..(106) — U..±..(16)— U.1..(96) — U..1...(L11)

As we itave said in tite previoussoction, if p2(z) = z
2 iii Q~, titere

are fuzzy cyches of tite !ongtit 2,6,18,... On tite basis of dieseexaínphos

and Fropositions5.2. and 5.3. we proposetite following
Lot iis consider tite function f(z) = z” in Q,. lo find cycles of

Iength ni, we liave to solve fm(x) = z. Now f~(z) = z ~ z = O or
= 1. So i~is tite memberof a cyche if and onhy if i~ is a root of

unity of degreovi”’ — 1 or 17 = O. Consideringtite Hensel Lemma, we

thius need to solve tite congruence
2:nmí — 1 modp. Titis congruenco

itas exactly (vim — 1, p — 1) roots.

So we migitt conchudetitat titero exist (vi”’ — l,p — 1) mombers of
cychesof lengtit ni. Of ceurse,we itave each timeto subtracttIte ¡tuníber
of mernbersof cychesof Iength adivisor of ni.

Lot us take aít example to explain it. Let vi = 3 and p = 17.
Itere shouid be (2,16) = 2 members of cychos of hengt}í 1 and titus 2

cychesof hength 1. Indeod U±(1) and U±(16)are.
17 17

Itere sitould be (8, 16) = 8 members of cycies of heíígthí 2. Subtracting
tite previous 2 (1 and 16) titero remain6 mombers,whíicit allows os to
construct3 = 6/2 cycles of iengtit 2. And indeed ~veflnd

U i(2) — Uí(8) U~(4) — Uí(13) and U,,()
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Titere sitould be (26,16) = 2 mombersof cychesof leuígtit 3. It is 1 and

16 witicit ~veaireadyfound ascyclesof iongtit 1. So titere are no cycles

of lengtit 3.

Titere sitouhd be (80, 16) = 16 membersof cycles of hengthi 4. lf we
dehete tite 8 previoushyfounded cyclos of Iengthí 1 and 2, thíere remain 8
ínemberswiticií ahlows us to construct2 cyches af heíígtit 4

U±(3)-U±(10)-U±(14)-Uí (7)
17 17 17 17

aítd

Uui5) — U±(6)— U±(12)— U±(11)
17 57 17 II

And titere are no more cyclos witit bahísof radius siíice wo usedtite1~7
17 possible centers.

In general ive obtain tite fohhowing proposition

Proposition 6.1. TIte nurnber of eyctesof leng¿It ni — príp7•.•y4f > 2

w,tb radius 1 for ¿be func¿ion f(x) = x” in Q~ is equal ¿o
P

(u”’ —. lp— 1)— (n4’’ — 1, p— 1

)

fork=1
‘Ti

(u
01 — lp— 1)+(k— 1) *(n— t~— 1) 2t(?ZP: — 1~ 1) fork =2

VI

As WC inentiotied ahready ¡it tite previotis section tiíe situation for
cyches ~vithi radius r < 15 moro comphicated.

Example. Consider tite function p
7(x) in Q~ Titis dyítamical systeín

lías tite fohlowing attractorson Sí(O) : = 1; 2:~ = —1:

= 2.46302624344521214611...;¾= 3.46302624344521214611...;

= 4.20364042322145452055...;x~ = 5.20364042322145452055...

p—a.dic aritítínetie gives tIte possíbihity to study mure comí>hicated
dynaínicahsysteíns.However, XMO caííííot fiud exactcycles~vithítite aid of

tite cozuputer.As a consequence,of a finito exactness,XMO couhd find oniy
fiízzv cyches. Titerefore we shíahh studv fuzzy cvchesand tlíeir beiiaviour.

Wc definofuzzy attractors and fazzy S¡egctdisksby direct generalization
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of tite correspondingdeflnitions for point cycles. Lot f(z) = z2 + x Tite
fohhowing fuzzy cycleswerefound in casep is a prime less titan 100.

Cychesofhengtit2forp=5,13,17,29,37,41,53,61,73,89,97.More-

over, we provedtite foflowing generalstatement.

Propasition 6.2. Let p = 1 mod4. TIten ¿be dynarnicolsys¿ernf(x) =

x2 + z Itas fuzzy cycles of ¿be ¿eng¿b2. lvi case p = 5 ¿bese are fuzzy
cyclic ottrac¿ors, ivi ¿he other cases¿beseare Siegeldisks.

Cychesof hongth 3 for p = 11,41,43,59,67,89(twice), 97. Iii case
p = 89 ono of tite fuzzy cychesare attractors,ahí otiters are Siegel disks.

Cychesof hengtit 4 for p = 19, 43,47,71 (ahí Siegel disks).
Cycles of hengtit 5 for p = 23,41,71,73(ahí Siegel disks)
Cyclesof hengtit 6 for p = 47,83,89 (ahí Siegeldisks)

Cyches of hengtit 7 for p = 29, 53,5967 (cychic attractors in case
p = 29)

Cychesof length 8 for p = 61 (ahí Siegel disks)
Cycles of Iengtb 9 for p = 31 (ahí Siegel disks)
i{emark titat for sorneprimesweitave fuzzy cyclosof differenthengths.

Titere arefuzzy cyclesof hength2, 3 and6, for example,for p = 89 Titere
are fuzzy cychesof lengtit 2, 3 and5 for p = 41

Someof titese cycles(we supposeahí of titem, but we did not provo
titis) contain subcycles.For examplein casep — 11 we hayo tite cyclo

of hengtit 3:

— (1/11(6)— Uí/íí(9)

witicit containssubcychesof lengtit 15

Uí/l2í(112) — Uí/
121(72) — (1/121 (53) — (i/i2i(79) — UI/12í(

28)—

Uí/í
2í(86) — Ulp2í(1O1) — (1/121(17)— (1/121(64) — (1/121(46)—

Uíp2í(IOS) — (1/121(119) — Uí/121(2) — (1/121(6) — (1/121(42)

and

(1/121(35) — Ulp2í(50) — UI/12l(9) — (1/121(90) — (1/121 (83)

(1/121(75) — (1/121(13) — Uí/12í(61) — (¶/121(31) — Uí/12í(24)—

(í/¡21(116) .— (~~~(
2O) — (Jh/12i(57) — (í/í2í(39) — (u/í21(108)

and
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In casep = 13, we itave tite cycheof hength2

(1/13(4) — (í/ía(7)

whicit containsamongotiters tite subcycheof hengtit 8

Ui/íes(4) — UI/í69(20) — (1/169(82) — (¡/169(36) —

(qío~(7) — (1/189(56) — Uí/íso(150)

witich containsamongotherssubcychesof Iengtit 104.
Oneof tite problems,whicit arisein ourcomputerinvestigationsof p-

adic dynamicahsystems,is titat we could not proposea reasonableway
to createp-adic pictureswhicit couhd illustrate our numerical results.
However, this is ageneralproblemof tite p-adicframework,sinceituman
brain couhd understandonhy picturesin realspace.

7 Appendix

Theorem7.1. (Henselhemma)Let F(x), x e Z71, be a polyviornial with

coefficients F~ E Z,, Let ¿Itere ezists-y E Z71 such tha¿

F(y) = O modp
264’ ar¡d F’(y) = O mod9, F’(-y) ~O mod9~’

wbere 6 Ls a viatural number. TIten ¿Itere exis¿sa p-adic integera such

tha¿
F(a) =0 anda=ymodpS+l.

Someresultsof this paperwerepubhisited in tite proprint [8] (seealso

[91for apphications).
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