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BOUNDARY SENTINELS IN CYLINDRICAL
DOMAINS *

J. SAINT JEAN PAULIN and M. VANNINATHAN

Abstract

We study a model describing vibrations of a cylindrical domain
with thickness e > 0. A characteristic of this model is that it con-
tains “pollution terms” in the boundary data and “missing terms”
in the initial data. The “method of sentinels” of J.L. Lions [7]
is followed to construct a sentinel using the observed vibrations
on the boundary. Such a sentinel, by construction, provides in-
formation on pollution terms independent of missing terms. This
requires resolution of initial-boundary value problems with non-
zero boundary data of mixed type and an exact controllability
problem. Further, we characterize so called “stealthy pollution
terms” present in the model.

1 Introduction

The subject matter of this work is vibrations of three-dimensional do-
mains of cylindrical shape Q¢ = w x ]—6/2, 6/2[, w being a planar
domain. Here e > 0 denotes the thickness of the domain in the z3-
direction. The vibrations of ¢ are modelized by the wave equation.
The boundary data are sums of principal terms and perturbing terms
known as “pollution terms”. Roughly speaking, these “pollution terms”
are unknown source terms creating the vibrations. Likewise, initial data
are of a similar nature and the terms of perturbation which occur here
are called “missing terms”. These terms of perturbation are assumed to
be small. The above system provides an example of what is known as
incomplete system in the literature.
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One of the objectives in the study of such systems is to obtain in-
formation on the pollution terms which are naturally required to be
“independent” of missing terms. We are thus dealing with a type of
inverse problem. The idea, as in many other cases, is to observe the
solution (here vibrations of Q¢) in a suitable portion of Q¢ during a cer-
tain period of time. Using suitable averages of these observed data, one
constructs functionals which, a priori, depend on pollution terms as well
as on missing terms. It is natural to require that the first order varia-
tions of the functional w.r.t the missing terms are zero. Conditions thus
obtained are referred to as “insensitivity conditions” and functionals sat-
isfying them are called “sentinels”. Thus sentinels are independent of
missing terms to the first order. Once constructed, they provide useful
information on the pollution terms. Insensitivity conditions lead to an
exact controllability problem which we know how to treat.

Above is a short description of the method of sentinels introduced
and developed in the book of Lions [7] wherein the reader can also find
further the significance of pollution terms and missing terms and dis-
tinction between them. Many models occurring in practice do contain
such terms and hence the study of sentinels is very important in ap-
plications. As far as our knowledge goes, there are not many articles
devoted to sentinels except the work [7]. We mention also that H.U.M.
(Hilbert Uniqueness Method) introduced in the books of Lions [6] can be
employed fruitfully to analyze the exact controllability problem arising
in the construction of the sentinel.

In our work, there are essentially three parts. The first part (§3 — §7)
deals with initial-boundary value problems with non-zero boundary data.
Our situation is slightly complicated because of the mixed nature of the
boundary conditions: Dirichlet condition on the lateral portion I'f of
the boundary 0€2¢ and Neumann condition on the top-bottom surfaces
'S of 00°. Starting from homogeneous problem, we proceed systemat-
ically and present a method of solving non-homogeneous problem and
obtaining estimates independent of e. For the treatment of non-mixed
problems, we refer the reader to [3], [4] and the references found therein.

The second part (§8) constructs a sentinel based on the observation
of the vibrations on I'j , I'¢.. The resulting exact controllability problem
has already been solved by the authors [8]. Here we recall the results
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from [8] with some significant improvements.

The last part (§9) deals with yet another aspect of the problem: there
are degenerate situations where sentinels provide no information on the
pollution terms up to first order. If this happens, such pollution terms
are called stealthy ([7]). In §9, we characterize stealthy pollution terms
in our problem. They appear as boundary values in some overdetermined
systems. Whether they are nontrivial or not depends on the domain w.

In this work, we derive estimates (uniform w.r.t e) on various prob-
lems connected with sentinel. Their asymptotic behaviour as e — 0 is
the object of a forthcoming paper.

2 Notations and problem to be studied

We are interested in the study of vibrations of the thin cylindrical do-
main ¢ To carry out the analysis, following the usual practice, we
make the transformation z, = 4, @ = 1,2 and z3 = e 'z3 which takes
the domain Q€ to a fixed domain Q = wx|—1/2,1/2] of thickness unity.
Here w is a bounded domain in R? with smooth boundary . We set

(2.1) To=~x]—1/2,1/2[, Ti=wx{£1/2}, [ =ToUl,Ul_.

We see that the boundary I' of € is partitioned into the lateral part
Ty, the upper part I'y and the lower part I'_. Let v = v(z) denote the
outward unit normal erected at the boundary point z € T".

We study the following initial-boundary value problem where the
state variable y¢ represents the amplitude of vibrations of the domain €2
during a time interval 0 <t < T"

Dy =0in Q,
(2.2) y® = h§ + Ao h§ on Xg,e L (9y°/Ov) = hS. + Ap hS on ¥4,
y°(0) = y§ + 705 in ©, (y°)'(0) = yf + 71 97 in Q.

Here we used the following usual notations:

Q=0x]0,T[, ©=TIx]0,T][,

(2:3) Yo =Tox]0, T[, Ss+=Tix]0,T].

(2.4) 0. = (0%/0t%) — A., where A, = (0%/024 024) + e 2(0%/023) .
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Here and in the sequel, we follow the usual summation convention with
respect to the repeated indices. Greek indices take values in {1, 2}.

In the above system, 7oy§ and 71y represent the missing terms in
the initial data whereas /\OES and )\iﬁft are the so-called pollution terms
appearing in boundary conditions. The parameters 7 = (79, 71) and
A = (Ao, Ax) are supposed to be small.

The question we are concerned with is the following: can we obtain
some information on pollution terms which is insensitive to the missing
data, at least up to first order in 7y, 7?7 For this purpose, we observe
y¢ = y°(A,7) on ¥4 and its normal trace on ¥y. We then construct the
functional

W ot — €y dodt— | €y dodt,
ov b v

(2.5) &
Yo

where we have taken averages of the observed data against given func-
tions &y, &+ and &_ . Unfortunately, such a functional may be sensitive
to the missing data. The idea is to introduce new unknowns w§, w$
and w® and define the sentinel in the form

Se(\, 7) —e/ (e6 + w) 2L dodt -
o 81/

(2.6)
—/ (€5 +wh)ydodt —/ (€¢ 4+ w® ) ytdodt .
I p)

We seek elements wf, w$ such that S¢ satisfies the insensivity condition
given below:

(2.7) (8S°¢/070) (0,0) =0, (9S/071)(0,0) =0  Vy&, 5.

It is natural to require the norm of (w§, w$ ) to be minimal so that the
value of the sentinel is not far from the one given by (2.5). This condition
is automatically satisfied by the very nature of H.U.M. employed to
choose (w§, ws) (cf. §8.4).

Thus, in order to construct the sentinel S¢, we need to solve (2.2)
for ¢ and study its trace on X4 and its normal trace on ¥y. This is the
object of §3 - §7. The task in §8 is to find (w§, wS) such that (2.7) is
satisfied
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3 Non-homogeneous mixed problems - weak so-
lutions

The purpose of this section is to describe some results giving existence,
uniqueness and estimates independent of e to solutions to the initial-
boundary value problems of mixed type (2.2) in the case of cylindri-
cal domains considered in §2. It is to be noted that we have a non-
homogeneous mixed Dirichlet-Neumann condition in (2.2). Several re-
sults concerning the pure Dirichlet and the pure Neumann problems are
already available in the literature and we cite, for instance, Lions [6],
Lasiecka, Lions & Triggiani [3], Lasiecka & Triggiani [4].

We will be primarily concerned with three types of solutions: regu-
lar solutions belonging to C°([0, T]; H*(£2)) for some s > 3/2, finite en-
ergy solutions belonging to C°([0, T; H'(£2)) and solutions in the space
CY([0,T); L*(Q)) which will be called weak solutions. In this section,
we focus our attention to the properties of weak solutions. Our plan is
to consider some properties of finite energy solutions with homogeneous
boundary conditions and, by duality arguments, deduce some informa-
tion on weak solutions.

3.1 Homogeneous mixed problem

Let us first introduce the function spaces

H = L*(Q), V={veH(Q);v=0 onTy},
(3.1) V¢ denotes the space V' with the norm [[v||ve = [[Ve v| (53
where Vv = ((0v/0z1), (0v/0z3), e (0v/Dz3) ) .

As usual, we identify L?(f2) with its dual and, in this case we have the
dense inclusions:
Ve H=H — (V¢).

With these notations, let us consider solutions 6° of finite energy
to homogeneous initial-boundary value problem with mixed boundary
condition:

0.0°=F°¢ inQ,
(3.2) 9°=0 onXy and e !(00°/0v) =0 on X4,
6°(0) = 05 amd  (6°) (0) = 5,
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where we take
(3.3) FeeLY0,T; H), 65€Ve, #cH.

We define the energy associated to problem (3.2):

(3.4) “(6°; t) /{ 868 )+ Ve 612} da.

We recall the following result from Saint Jean Paulin & Vanninathan
[8]:

Theorem 3.1. Under the condition (3.3), there exists a unique solution
0°¢ satisfying (3.2) and

(3.5) 0°€ C([0,T); V), (09) € C°([0,T1: H), (6°)" € L}(0, T3 (V<)').
Moreover, for all multipliers my, € WH(Q), k = 1,2,3, the solution 0°
satisfies the following identity:

e

6
0 )% do di+
v

06° a0¢ 06°
+%/ (mgVS){(W)2—8782 }dZdt:

SLUS
B a0c  90° .1 Omy, ,00° 2 €2
[ ot ™ B dz], + 8zk {(5) Vet P} dzdi+
omy 00° 06° omy 00° 06°
/Q 024 0z 021 dzdt+e Q Oz3 Oz3 Oz dz di=
/ . o0°
— Femy,
Q 6Zk
Further, there exists a constant C > 0 such that
E*(0°; t) / (869 ) do dt+
00¢ 00¢
+\/ { ———}d dt| +
(3.6) or i

< c{Eewe; 0+ ( /0 |F(8) 1 )}
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Here, and in the sequel, C' denotes a generic constant independent of the
thickness parameter e . [

In our study, we require certain other estimates also on the problem
(3.2). Let us take

(3.7) Fé = (Ff) (= 0Ff/0t) with Ff € L' (0, T; V).

Theorem 3.2. We suppose (3.7) and take 65 = 0 and 67 = 0. Then
the following estimates hold for solutions of (3.2):

IV e0|| Loo(0,:0) + 11(0°) | oo 0,11y < CIVeFT L1 0,110
(3.8) VO oo 0,75y < C (IVEE |10, 7515

H((‘?He/ay)HLQ(ZO) < CHveFleHLl(O,T;H)-

Proof. We sketch the proof, following the ideas of Lions [6] who treated
the Dirichlet problem. By density arguments, we can assume FY is
smooth, Ff(0) =0 and Ff(T) = 0. We introduce w® the solution of:

Oew® = FY in Q,
(3.9) w®=0 onYy and e !(Ow®/Ov)=0 on Xq,
we(0) = (w)' (0) =0,

and note that ¢ = (w®)’. Multiplying (3.9) by —A. (w®)’" and integrating
by parts, we get

(3.10)  [IVe(w) || oo 0,750y + 1 Aew®|| Loo(0,70) < CIVeFY | L1 0,10

This implies immediately that
169 (T) g < CIIVeFY llLio.r.m)-

Since T is arbitrary, we have the first inequality in (3.8).
To prove the second inequality in (3.8), we multiply (3.9) by —A (w®)’
and integrate by parts. We obtain

6’_1H(agwe/aZ%)HLw(o,T;H) + ||(82we/azaaz3)||L°0(0,T;H)+
(3.11)  +e (2w /020020 )| Loo 0,10y + IV (W) || Loo 0,150y <
< CIIVFY|ro,1;m)-
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To prove the third inequality in (3.8) we multiply (3.2) by
my (00°/0z1,) with my, in W1°(Q). We arrive at the following identity:

/ (Mmq Vo) (a;) do dt+
%/ (mgv3) (689;)2 06° aee}d dt =
2

0z
00¢
T
6 - (T) dz+

{\A — |V 0°?} dz dt+

S0 B 00° L, [ 00° Omy 90¢
dz dt —

0 0za 024 sz zatte Q Oz Oz Oz

[ ort c = / (m3vs) (F9)? do dt+

0 Oz e 2 Jsius_

+/ (m3 1/3) Fle (7)d0dt.

$LUS ot

am
(3.12) +% o

dz dt—

Taking into account the cylindrical geometry of our domain €2, we choose
the multipliers my, k = 1,2,3 which were introduced in Saint Jean
Paulin & Vanninathan [8]:

(3.13) my, my independent of z3, mg =v,onTy and mg=0.

Using these multipliers in (3.12), we can easily complete the proof of
(3.8).

As shown by Theorem 3.1, the trace on ¥4 of solutions 6° of (3.2) (with
F¢ € LY0, T; H)) satisfies the inequality (3.6). Let us introduce the
spaces W consisting of traces on ¥ of solutions 6° of (3.2). We provide
W$ with the following “quotient norm”:

lwsliwg = inf{ I 5o romny + 166]1ve + 165]1 s | 6° s associated
to (F'¢, 05, 65) via (3.2) and 6°|5, = wi}

The dual spaces are denoted by (W$)'. Since 6¢ € C°([0,T];V®) (cf
(3.5)), it follows from the trace results on H'(Q) that we have the in-
clusions W§ € C°([0, T]; HY*(I'y)).
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3.2 Existence of weak solutions

We seek weak solutions )¢ satisfying
Det)® = f¢ InQ,

(3.14) Ye=g5 onYy and e (9Y°/Ov)=g5 on X,
Pe(0) =5 and (¥°)'(0) = ¢§ in Q.

The following result proves not only existence and uniqueness of weak

solutions of (3.14) but also specifies the precise sense in which (3.14) has
to be understood.

Theorem 3.3. We make the hypotheses that
fee L0, T;(Ve)),vs € Hyy§ € (Ve
96 € L*(X0), 95 € (V£

where we take VE = WS (or) VE = L2(0, T; HY/?(I'y)).
Then, there exists a unique weak solution V¢ of (3.14) in the following

(3.15)

sense:
(3.16) ¥© e C(0, T]; H),
o1y < FY° > peeorm)=
(317) BTSS0Sy Fver < UL09(0) >ve -

< 1/18, (96)/(0) >H —L2(Z0) < gg,a@e/al/ >L2(Zo) +
ey < eflgi,ee >ve +vey < et g, 0% >ye,

for all F¢ € LY(0, T; H) and for all finite energy solutions 6° satis-
fying the following backward mized homogeneous initial-boundary value
problem:

0.0 =F¢ inQ,
(3.18) °=0 on¥y and e '(30°/0v) =0 on X,

0c(T) = (6°) (T) =0 in Q.
Moreover, we have the following estimate:

HweHLC’C(O,T;H) < C'Rl(feWS,lbfagSagiagi) with
Rl(fe7w(e)7wf7g(e)7g—ei-7gi> = erHLl(O,T;(Ve)’)'i_
(3.19) Fl5lle + Tl ey +
+g6l L2(s0) + e_lHQiH(Vf)'—i'
+e g% |l (vey-
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Proof. We follow the transposition technique to solve (3.14). Indeed
the formulation (3.17) is obtained by multiplying (3.14) by 0° solution
of (3.18) and applying Green’s formula, assuming sufficient regularity of
0¢ and v°.

To finish the proof, it suffices to consider the right-hand side of (3.17)
as a linear map of F¢ € L'(0, T; H). Thanks to our assumptions and
the inequality (3.6) for the backward problem, the above map is con-
tinuous and hence given by a unique ¥¢ € L>*(0, T'; H) satisfying the
estimate (3.19). The passage from the regularity ¢¢ € L*>(0, T'; H) to
Y¢ € C°([0, T]; H) is done by the usual techniques (adapt for instance
Lions [6], tome 1, p. 46 to our case).

Corollary 3.4. The spaces WS are dense in L?(X1) respectively.

Proof. Let g% € L?(¥X4) be such that 2(sy) < 9%, 0° >p2(n,)= 0 for
all solutions € of (3.2), and in particular solutions of (3.18). By Theorem
3.3, we know that there exists a unique weak solution ¢¢ € L>(0, T'; H)
of (3.14) where we take g5 € L*(X4) C L*(0,T; H-'/?(I'y)) and
f¢=0,g5=0, 95 =0, ¢y =0. If we apply (3.17), we obtain

210,71 < F 0 >pec0, 7, m)=
= r2(xy) < et gi, 0° >r2my) treeo) < e ! g¢ , 0° >r2(s_)= 0.

Since F° is arbitrary, we conclude that ¢ = 0 and hence that g¢ = 0.

3.3 Additional estimate on weak solutions

In this paragraph, we derive an estimate on (1¢) in the space
L>(0, T; (V€)) where ¢ is the weak solution of (3.14).

Theorem 3.5. Under the assumptions of Theorem 3.3, (¢¢) €
Co([0,T); (Ve)) and

(320) ||(77Z)e),||L°°(O,T;(Ve)’) < CRl(fea w(e)a wfa 987 g-e‘,- ) gi)‘
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Proof. Asin the proof of the previous theorem, we consider the linear
functional

F¢ — L(F¢) defined by the right-hand side of (3.17) with the choice
that F¢ = (Ff)" where Ff € LY(0,T; V¢). Applying the estimates
(3.8), we deduce that (see Lions [6] in the Dirichlet case)

|L(F6)| < C ||F6HW_171(0,T;V‘3) Rl(fev ¢87 1/)%7 g(e)u gi? gi)
This easily implies that ¢¢ € W1°°(0, T'; (V*)’) and (3.20) holds.

4 Non-homogeneous mixed problems - finite en-
ergy solutions

We concentrate our efforts in this section in obtaining existence, unique-
ness and estimates of finite energy solutions to the system

L 0°=F° inQ,
(4.1) 0°=hs on¥y and e ' (90°/Ov)=hS on X,
6°(0) =605 and (6°) (0) =6f in Q.

It will be convenient to decompose the solution into two parts: 6¢ =
0°¢+(0°—0°) where 6 ¢ and §°—0 ¢ are solutions of the following systems
respectively:

. 0°=0 inQ,
(4.2) f¢=hs on¥y and e 1 (90¢/0v)=hS on Xy,
0¢(0) =65 and (0°)(0)=06¢ inQ,
(06 —60°) = F¢ in Q,
(4.3) (0°—0¢) =0 on Xy and e 1(0/0v)(0° —6°) =0 on L,
(0¢ — 6°)(0) = (6 — 6°)(0) = 0 in €.
A simple application of Theorem 3.1 yields

(4.4) V(6 =8| oo o,y +1(0°=0) Nl oo 0,710 < CIFC N L0,

It remains to study problem (4.2) and exhibit solutions of finite energy
for (4.2). This is the object of the following paragraphs.
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4.1 First results on problem (4.2)

To obtain finite energy solutions of (4.2), we need to follow a differ-
ent strategy. The technique adopted in the result below yields only
an estimate on (6¢) in L°°(0, T; H). To get an estimate on §°¢ in
L>(0, T; HY(S)), we have to follow yet another method which will be
taken up in the next paragraph.

Theorem 4.1. We assume that
05 € HY(), 005/0v € HY2(I'y), 65 € H,

(4.5) hg € H'(0, T; L*(T)) N CO([0, T]; H'Y/?(Ty)),
¢ eC[0,T]; HY2(Iy)), (hg) € (Wg)

In addition, we assume the following compatibility conditions:
(4.6) hg‘t:(): 05 onTy and i‘t:OZ e 1 (005/0v) onT..

Then, there exists a unique solution 0 ¢ satisfying (4.2) with the following
reqularity:

(4.7) 6°eCl([0,T]; H), (69" ([0, T]; (V).
Further, we have the estimates

H(ge),HL‘X’(O,T;H) + H(ge)"||L°°(0,T;(ve)') <
< C Ry(05, 07, h§, hS , he)
(4.8) with Ra (6§, f,hg,hﬁ_,he_) = [|60$]| a+
HIAOG || (vey + [1(hG) || L2(s0)+
+e (AL Nwey + e HI(RE) | we -

Proof. We set 8¢ = (4°) and note that 6°¢ formally satisfies the fol-
lowing system:

Oe 6¢c=0 in Q,
(4.9) 0¢=(h§) on¥y and e (90¢/dv)=(hS) on i,
6e(0) =69 and (8°)(0) = A0 in Q.

It is in the verification of (4.9) in the sense of duality (cf. (3.17)) that
we use the compatibility conditions (4.6).
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It is important to note that A, 05 € (V¢)" and its action is indeed defined
by

065 dv | _,965 v

(vey < Aellg; v >‘:‘3: _/Q{azaf)za T o aZs}d

_9 00
(4'10) +6H*1/2(F+) < TS’U >H1/2(F+) +

_9 00,
+€H_1/2(F,) < TVO,'U >H1/2(F_)7

for all v € V¢. We now apply Theorems 3.3, 3.5 to problem (4.9) and
conclude.

To show that §€ has finite energy, it remains to prove that 8¢ €
CY([0, T]; H'(2)). To this end, we use the equation in (4.2). More
precisely, we have the following stationary problem in which ¢ plays the
role of a parameter

0°(t) = —(0")" () (Ve)' in €2,
(4.11) { 0°(t ) hi(t) onTo, e~' (00°¢/0v) (t) = h&(t) onTx.

4.2 Stationary problems of mixed boundary conditions

In the last paragraph, we were led to study stationary problems of the
following form:

(412) AL =G in 9,
' Ype=hi onTy and e ' (0y¢/0v) =hS onT4.

It is classically known that there exists a unique solution ¢ € H'(£2)
if G¢ € (V) ,h§ € HY/?(['y) and hg. € H-'/?(T+). However, in order
to have estimates on ¥¢ uniform with respect to e, we need to assume
more regularity on the data. This is the purpose of this paragraph.

We decompose the solution into two parts ¢¢ = 1) ¢+ (¢° —1) ¢) where
) ¢ satisfies

A€ =0 inQ,
(4.13) {we:hg onTy and e 1 (9y¢/ov) =hS onTy.
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Clearly (¢¢ — v ¢) satisfies (4.12) with h§ = hi = 0. It is easy to
deduce the required energy estimate on ()¢ — 1) ) from the variational
formulation of problem (4.12) with homogeneous boundary conditions.
We obtain

(4.14) IVe (0 =) ms < NG vey

Now, it remains to study the problem (4.13). We will need some ad-
ditional hypotheses on hf and hS in our analysis. To introduce these, let
us denote by 71(z), 72(2) a piece-wise smooth selection of orthonormal
tangent vectors at boundary points z € 92 such that their components

satisfy
7 =(0,0,1) and (7%)3=0 on Iy,
=(1,0,0) and 72=(0,1,0) onT..

We can express the gradient of a function y as follows:
2
(4.15)  0x/0zr = v (Ox/Ov) + Z k (0x/077) k=1,2,3,
7j=1
where Oy /0717 are tangential derivatives of x on the boundary. We set
(4.16) opX = Z ()1 (0x/077) and V,x = {oxx}i_;-

We are now in a position to state our next result.

Theorem 4.2. We suppose that h§ € H'(Tg) and h§ € H™Y2(T'y).
Then we have the estimate satisfied by the solution ¥ € of (4.13):

/ IVetp€|? dz < CRs(h§, h%, h) with
(4.17) R(hs,hiﬂ@ = / (Vb2 + 20

0z3
2Hhe

+ |h§|*}do+

2Hh‘ HHfl/Q(F+) HH 1/2(F )

Proof. We decompose 9 ¢ as follows: 1) ¢ = £° + (1 ¢ — £¢) where £€ is
the solution of

(4.18) ZAeE7=0 i,
' € =hi only and e 1 (9¢/0v) =0 onTy.
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Then (1) © — £°) satisfies clearly (4.13) with h§ = 0. From the variational
formulation of Problem (4.13) with homogeneous boundary conditions
on I'g, we deduce, using Poincaré and trace inequalities, that, for e < 1,

W (¥ —€9)2dz <

(4.19) ) )
<C{€‘ RS 1% 1o,y + e 2NN —a oy }-

Thus, we are reduced to derive the required estimate for the problem
(4.18). As a first step towards this goal, let us multiply (4.18) by &°.
We obtain

.0
@) [ Ve - / 5% do < |1 2qro) 19270V g,

To estimate 0£¢/0v in L?(T), we multiply (4.18) by my, (96¢/0z,) where
my € WH(Q). After some computation, we arrive at

e\ 2 9§ Omy, OE°

1

Q/FO(W;B Vﬁ)( 1/) do = aza 0z Oz dz=

-3 / VP dat
(95 omy, 0&°
682:3 823 8zk

+e

(4.21)

8h8 } do+

To 81/ ahe
—i—é/ (mgvg) {|Vo h &2 + 2(8—z:())))2}(1c;'—|—

+3 (mav) 0 % g

Iy ur_ aza aza

Let us now use the choice of multipliers defined by (3.13). We get
e a e
/ (8§ ) do — o0& Omg O doe

0 02q 0z Ozp
—/ BV, €2 dat
4.22 ¢ o, OhE
422 z/F{Ith *(52)° ) do.
0
< Clm|lwr.eo @ HV fe\lifﬁ

RO O
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Combining (4.20) and (4.22), it is an easy matter to deduce

856 2 e|2
( ) dO’ + |ve§ | dZ S
(4.23) /1“0 o /Q

sc/ {IVo h§]> +e7? (%)2+|h8|2}do—.
To Oz3

Combining (4.14) and (4.17), we can now easily state our estimate on
the problem (4.12).

Corollary 4.3. We consider the problem (4.12). We suppose that
Fee (Ve), he € HY(T) and he. € H=Y/?(T+). Then we have

(4.24) /Q Vet P dz < C(|F¥l|wey + Ra(h, 1, h°)).

4.3 Final results on problem (4.1)

We now go back to problem (4.1) and derive estimates on the finite
energy solution #°. Combining the results of §4.1, §4.2, we obtain

Theorem 4.4. We suppose

Fe e LY0,T; H), 05 € H(Q), %8 ¢ H'/2(Ty), 05 € H
(4.25) { hg e CO([0,T); H (To)) N H'(0,T; L2(Ty)),
hg € C°((0,T); H'2(Ty)), (h%) € (WE)'.

We further assume the compatibility condition (4.6). Then there exists
a unique solution 0° satisfying (4.1) with the following regularity:

(4.26)  (6°,(6°)) € C° ([0, T]; H'(Q) x H), (6°)" € L*(0,T; (V°))
Further the following estimate holds:

Ve Ol m) + 11009) |0, 75 ) <

4.27
(4.27) < CUFN 0.7 + Ra(B5 ., 05 B B b))

286 REVISTA MATEMATICA COMPLUTENSE
(2001) vol. XIV, num. 1, 271-309



J. SAINT JEAN PAULIN AND M. VANNINATHAN BOUNDARY SENTINELS IN ...

with R4(907 1 87 hi—’ he—) = HGTHH + HAe 08||(V5)’+
+ A5l o0, 75 22(r0)) + Vo Bl oo o, 7; L2(0o)) T
(428)  +e [ Oh5/025) || o 7 oy + 106) 250+
et 1h& pooo, 7 17200, y) T €7 (g )/H(Wj_)/""
+e P oo, 7 -2y e IRE) llwey

5 Regularity in z3-variable for solutions with fi-
nite energy

Let us consider the finite energy solution of system (4.1) whose existence
and uniqueness have been proved in Theorem 4.4 . We are now interested
in its regularity with respect to zs-variable. To this end, we exploit the
cylindrical structure of the domain. We introduce ¢ = 96° /0zs and
note that 6 ¢ satisfies

Dege:ﬁe in Q,
(5.1) He—he onYy and e '0°=hSvs on Vg,

0¢(0)=0¢ and () (0)=0% inQ,
where we have posed
= (OF€)0z3) ,h§ = (Ohg/0z3) , 05 = (905/0z3) , 05 = (065 Dz3).

Let us mnote that (5.1) is an initial-boundary value problem with
purely Dirichlet boundary conditions. A priori, we know that 6° €
CO([0, T]; H) and (6¢)" € C°([0, T]; (V¢)'), and so the problem (5.1)
has to be understood in the weak sense. The goal of this section is to
assume that the data in (5.1) are more regular in z3 and prove that ge
is more regular in z3. For this purpose, we need to derive estimates on
the Dirichlet problem (5.1).
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5.1 Problem with non-homogeneous Dirichlet boundary
condition

We begin by writing down the system which will be understood in a
weak sense:

Cep® = f¢ inQ,

5.2 =gt on Yy and e Lt = gs on X4,
® 0 ¥ +
©°(0) =95 and (¢°) (0) =] inQ.

The meaning of this problem is analogous to that of (3.14) and is de-
scribed in the following theorem, along with existence and uniqueness
result. For the Dirichlet problem (5.2), the natural function space is
Ve = H}(Q) with norm || Vv || gs. Its dual is denoted by (V¢)".

Theorem 5.1. We assume that the data in (5.2) satisfy

e LYN0, T (Ve)), (v, 7) € H x (VY

(5.3) (95,9%) € GL*(S0) x L*(X4)

Then there exists a unique solution ¢° such that
(5-4) € CO([0, T; H), (¢7) € CO([0, T]; (V°))
and satisfying (5.2) in the following sense:

o) < G0 >pec01m)=

=r10,1,ve)y< I X >reoor;ve) +

+(Ve)/ < (pi,xe(()) >ye —

—1 <95, (X)'(0) >1 —r2(n9) < (OX/OV), 96 >12(x0) —
—6221(2” < (Ox°/0v), 95 >r2(ny) —

_6221(27) < (8X€/ay)’ge_ >L2(Z_)7

for all G° € LY(0, T; H) and for all finite energy solutions x° of the
following backward homogeneous Dirichlet initial-boundary value prob-
lem:

Cex® =G inQ,
(5.6) X¢=0 onXyUXy,
X (T)=Kx)(T)=0 inQ.
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Moreover, we have the following estimates:

(110Nl oo 0,1 1) + 11(9) | Loo (0,750veyy <
< C R5(f* ¢§, 1,96, 9% 9%)
(5.7) with R (f€, ©§, ¢%, 95, 9%, 9%) =
= | fell o, veyyt+
gl + o5l (vey + 119611 22(s0)+
g2y + 192 2252y

Proof. The above result has been proved by Lions [6] in the case where
there is no parameter e in the problem. The effect of this parameter can
be analyzed as indicated in Section 3, in the case of mixed boundary
conditions. More precisely, for the proof of (5.7) we consider solutions
x¢ of (5.6) with G¢ = (G%)" where G§ € L*(0, T'; V¢) and establish

IVexClzeeo, 7 1y + 11(X) | oo (0, 75 1) + H (0x¢/ov) HLQ(EO) +
(5-8) +e | (9x“/ov) HL2(2+UZ_) <

< CVeGillpo,r;m) -

This requires the introduction of another type of multipliers mki €
W (Q), k =1,2,3 different from (3.13) and they satisfy:

(5.9) mf , mét independent of z3, m§ =0 onlTy,
' mgtzl/g onI'y and mi}f:O onl'_, mg =0 only.

Let us now turn our attention towards solutions with finite energy
for non-homogeneous Dirichlet problems. Thus, we consider
Oe X =G In@Q,
(5.10) xé=45 onYy and e lx®=/¢% on Xy,
x°(0) =x§ and (x°)(0)=x{ inQ.
Treatment of this problem is similar to that of (4.1) and one can indeed
prove

Theorem 5.2. We make the following regularity and compatibility
assumptions

Gee LY 0,T; H), x§€ HY(Q), x¢ € H,
(5.11) t5 € C%([0, T); H'(To)) N H'(0, T'; L*(Ty)),

¢ €C%[0, T]; HY(Ty)) N HY(0, T'5 L*(T'1)).
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(5.12) 05 lt=0= x5 onTy and (% |i=o=e 'x§ onTy.

Then, there exists a unique solution x¢ to (5.10) with the following
regularity:

(5.13) Xt e C%([0, T]; HY(Q), (x°) € C%([0, T]; H).
Moreover, we have the estimate

IVexlreoo,7:my3 + 1(X) o0, 75 1) <
< CY(Hc;’eHLl(O,T;I'I) + RG(XSa X? > ‘6(6]7 éi—a Ee—)
with RG(XSaXiE&KBHKE) = ”X8HH+
(5.14) +||AeeX8||(ve)/ + x5l + .
+||£01||L°°(0,T;L2(F0)) + ||Vofo||Lo<>(o,T;L2(r0))+
+e |065/028| oo 0 1200y T
) 1| z2(s0) + €12 0,7322(04 ) + [1€5
oo 0,111 (04 )) + I N mr(0,7502 02 y) + I Loo (0,711 (1))

5.2 Regularity in z3-variable

We establish the regularity of finite energy solutions 6¢ of (4.1) with
respect to zz-variable under suitable additional assumptions on the data.
We impose conditions on Fe , %8 , ~ft , 58 , gf which will imply existence
of a finite energy solution to (5.1) (via Theorem 5.2). Let us record these
results below.

Theorem 5.3. With reference to problem (4.1), let us make the hypoth-
esis that the data satisfy (4.6), (4.25) and in addition that

O ¢ LN0,T; H), 38 e H'(Q), 98 € H,
(5.15) T e C([0, T); H'(To)) N H' (0, T5 L*(Ty))

hg € C([0, T); HY(T1)) N HY (0, T3 L*(T'y)).

Then the solution 0° has the additional regularity (apart from the one
announced in Theorem 4.4):

o0¢ o(0¢)
G16) ol e oo, 71 @), 5T e oo, T1; @),
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Moreover, we have the estimate

Ve (00°/023) || Lo (0,1 my2 + || (0(0°)'/023) I o0, 7 1y <
9605 96¢ Ok

(517) 9Fe e e
< C(” %% ||L1(O,T;H) + R6 Oz3 ) Oz3 ) Oz3 h+7 h—)) .

Using classical trace results, we derive, from Theorem 5.3, the following;:

Corollary 5.4. Under the assumptions of Theorem 5.3, we have
(5.18) 6° s, € C°[0, T]; HY(T1)), (6°) |s.€ C°[0, T]; L*(T1)).
Further, the estimates below hold

10N oo, 7 51 (rwyy + 110 1 Looo, 7: 2(0a)) <
(519) < C{HF€||L1(O,T;H) + || (6F6/823) ||L1(0,T;H)+

VRA(65. 05, WG he L hE )+

1 Ro (06503, 005/0z3, Oh/0z5, b, . he )}

6 Regular solutions of (4.1)

We now establish a result which gives regularity of finite energy solutions
to (4.1) by imposing additional hypotheses on the data. The index s
appearing in the next theorem is due to the fact that our domain 2 is
cyclindrical and we have mixed boundary conditions. This index s is
the same as the one which occurs in the regularity of stationary mixed
boundary value problems (see Grisvard [2]).

Theorem 6.1. With reference to problem (4.1), we suppose

Fe e LY0,T;V®),05 € H*(Q),05 € HY(Q),

h§ € CO([0, T]; H¥2(Ty)), (h§)' € C°([0, T]; HY(Ty)),

(r§)" € L'(0,T; H'*(To)), % € C°([0,T]; H'/*(T'y)),

(hy) € C°([0,T]; H~Y/2(Ty)), (hg)" € L0, T3 H™V/2(Ty)).

(6.1)

Further, we assume that the following compatibility conditions are sat-
isfied

(6.2) % 289@8 lt=0 on Lo, 07 = (h§)" li=0 on Lo,
6*16—5 =hS |1=0 onTy.
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Then, there exists s, with 3/2 < s < 2, such that the solution 0° of (4.1)
has the reqularity

(6.3) 0° € C°([0, T); H(RY)), (#°) €0, T]; H'(Q)).

Proof. We introduce the stationary problem with non-homogeneous
boundary data parametrized by ¢:

(6.4) ~AH(t)=0 inQ,
' He(t)=h§(t) onTo and e '2H° (1) =ng(t) onTy.

Applying the trace theorem from Grisvard [1] p. 230, for each fixed ¢, we
can lift the boundary data h§(t), hS.(t) to a function in H*(2), for some
s such that 3/2 < s < 2, without compatibility condition. This enables
us to transform the problem (6.4) into a problem with homogeneous
boundary data and a right-hand side belonging to H*"%(Q). It now
follows, from Grisvard [2], that there exists s, with 3/2 < s < 2 such
that

(6.5) H® e C0, T); H*(Q)).

Thanks to our hypotheses on (h§)", (h§)”, (h%) and (h%)", we deduce
that

(6.6) (H)' € C(0, T]; HY(Q),  (HY)" € C(0, T]; H(Q)).
The next step is to consider 6 ¢(t) = °(t) — H¢(t). Then 6°¢ satisfies

0. 0¢=F°— (H" inQ,
(6.7) ¢ 0¢=0 onYy and e !1(90¢/0v)=0 on 34,
0¢(0) =65 — H®(0) and (6°)(0)=6— (H®)(0) in Q.

From the conditions (6.2), it follows that 65 — H°(0) € H*(Q2) N V¢,
07 — (H¢)' (0) € V* and (9/0v) (05— H(0)) = 0 on I'x.. This enables us
to apply once more the regularity results of Grisvard [2] to 6 ¢ and this
gives the result (6.3) on 6°.
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7 Direct inequality for finite energy solutions
with non homogeneous mixed boundary con-
ditions

We begin by remarking that the result in the homogeneous case has been
proved in Saint Jean Paulin & Vanninathan [8], and we follow the same
method to treat the present non-homogeneous case. The main result of
this section (referred to as Direct Inequality in the literature) shows that
the normal derivative 99¢/0v of the solution of (4.1) is in L?(3). It is
to be stressed that this property is automatic for homogeneous solutions
with finite energy, whereas, in the non-homogeneous case it holds only
under additional hypotheses on data. This will be made clear by the
identity established in the result that follows.

Theorem 7.1. We consider the problem (4.1) and assume that the
data satisfy (4.6), (4.25) and (5.15). Then, for all multipliers my, €
Whee(Q), k=1,2,3, the solution 6¢ satisfies the following identity:

1 96 2 96° 96° 3
R it~ L

+
[ 08 98° r
= [/ ot mki{?zk dZ]O +

1 90° 2
2/20(771011/0[)( 81/) dodt+
+

1 omy, . ,00° .2  06° 06° _9,00° 2
- — ) - — - — )" bdzdt

T2 )y o Wor) " amman, ¢ (gsy) YT

omy, 06° 00 dodt 4 02 omy, 00° 06 dodi—
0 0za 024 Ozg Q Oz3 Oz3 Oz
(7.1) o0°

—/ Femy dzdt—
N O Oh, oh,
1 612 e e 012

2/E (maVa){( Oto) *U,@hoaﬁh0*€ 2(822) }dadt—

6° Ohg
— /EO E{ma O'aho + ms3 az3l}d0'dt—
—= / (m3vs) (hS)*dodt — 2/ (m3vs) (h%)*dodt—
b

o0 - o0
—el/ himadadt—e_l/ he ma—dodt.
E+ aza o aza
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Proof. The proof of the above identity is done in two steps.

Step 1. We establish the identity (7.1) for solution ¢ of (4.1) with data
satisfying (4.6), (4.25) and (5.15) and having the additional properties
assumed in Theorem 6.1.

Step 2. By density arguments, we conclude that (7.1) remains valid for
solutions #° when data satisfy (4.6), (4.25) and (5.15).

Proof of Step 1. Following Lions [6], we multiply the equation in
(4.1) by my, 00°/0z;, and integrate by parts (which is allowed because
the solution is smooth by Theorem 6.1). Now, we have

e a0° o e\’ a0° T

/QFm 9o —[/Q(H)mkazkdz]o—t—

0 1
2)  +h [ TR Pdzdt- g [ (mave) () P dodt -
' § 06°

—% (mzvs) | (0°)|? do dt — / (Ac 6°) my,
by 0z
+UX_ Q k

We will now do the computation of the last integral separately.

/(Ae 0°)m 9
Q aZk

06°¢ Om,, 06° _ 00°¢ Omy, 06°
Q 0z 0zq 8zkd zdt = ¢ / 0z3 0z3 8zkd zdt +
omy, . 00°¢ 06° 89
+§ o D 020 Do +e” ( ) }dzdt+
7.3 [ O s ar s
() Zana amkaka
+e2 09 — U3 —— 06 do dt—
R az?ée " oo
1
—= dzdt —
5 | msva {5 5 (G e

00¢ 06°
_5 /E+UE (m3 1/3) {% 82{1 e (

We use the following relations

00°

) }dadt

) | o Orlgln = 00/ =15 on B,

gga = Va G, + 0a h§ on Yo and Vaaaho—Oon Yo .
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Use of (7.4) in (7.3) yields (7.1) and this completes Step 1.

Proof of Step 2. On one hand, it is obvious that data satisfying (4.6),
(4.25) and (5.15) can be approximated by those satisfying additional
hypotheses of Theorem 6.1. On the other hand, each term of the iden-
tity (7.1) established in Step 1 remains continuous with respect to data
satisfying (4.6), (4.25) and (5.15). This ends the proof.

The last two terms in (7.1) are especially troublesome. To bound
them, we need hypothesis (5.15), Corollary 5.4 and hence the regularity
result w.r.t z3 in cylindrical domains. All other terms can be estimated
with the hypotheses under which we obtain energy estimates (cf. The-
orem 4.4) and these are available for general domains.

Corollary 7.2. Under the hypotheses of Theorem 7.1, we have 06 /0v €
L*(X0) and we have the estimate

1(86°/0v) || 12(s56) < CLNF N 10,7, 1y + Ral65, 05, b, hS, hS)+
+Re (005023 , 005 /023, OhG/0z3, hS , he)},

where Ry and R are defined by (4.28) and (5.14) respectively.

Proof. We decompose the solution into two parts: §¢ = ¢+ (0°—0°¢),
where 6¢ and (¢ — 6°¢) are solutions of finite energy of (4.2) and (4.3)
respectively.

The estimate of (3/0v) (¢ —0°¢) in L?(Xg) is already announced in (3.7):

1(0/0v) (6° = 0| 12(zg) < CNEF 10,7 1) -

To estimate 90 °¢/0v in L?(Xg), we use the identity (7.1), Theorem 4.4
and Corollary 5.4.

Remark 7.3. Let ¢° be a solution with finite energy of problem (4.1)
with F'¢ = 0, h§ = h§ = 0 and with initial conditions (¢f, ¢{). Then,
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performing calculations analogous to (7.1), we obtain

O Vgt V.6 dzdt+

omy, . 0p® 00° 89 Op©
aza (o om T 9o 000 2
omy {(?go 00°¢ 8@ %
823 0z, 823 0z3 0z,

}dzdt.

By making the choice of multipliers (5.9), we see that

|/ — (0¢° /024 (06° ) 024) ) do dit|<

< CEe (%50 1/2{||F'3HL1 0,7;H)F
+SuP0§t§T E°(0°; )12 + H (Ohg/0z3) HL2(EO)}'

Thus we get an estimate merely under the hypotheses of Theorem 4.4.
On the other hand, to estimate |/ (0p°©/0v) (00°/0v) dodt|, we make

Yo
the choice of multipliers

me independent of z3 mg =voon vy, mz=0,

and require additional hypothesis (5.15). Thus, somewhat surprisingly,
0¢ on Y+ behaves better than expected.

Remark 7.4. In Theorem 7.1, if we replace the assumption (5.15) by

(7.6) < eC%0,T); H(T1)) and mg € W3*(Q),
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then relation (7.1) remains valid with the last two terms replaced by

A(he.ma A(he ma
(7.7) +e—1/ (er)Oedcrdt—i—e_l/ Oh=ma) e 1 gt
E+ 820& 8za

The proof uses usual density arguments. This trick shows a different
way of managing the troublesome terms in (7.1) without using regularity
w.r.t zs.

8 Construction of boundary sentinels

We consider the original problem of sentinels posed in Section 2. We
start by stating a result which ensures existence of a unique finite energy
solution to the problem (2.2). This result is an easy consequence of
Theorem 4.4, Corollary 5.4 and Corollary 7.2 and the fact that F¢ = 0.

Theorem 8.1. With regard to problem (2.2), we suppose that

~¢ OyS§ Oy§ oys  0y§ —
(675, 55, ) € () (4, 58) € ()
(yfai/\fa TZ;? 8?;,31) € H47

T e OhS Oh§ 4
(h87 h87 37227 ng) € [CO([OaT]v-Hl(FO)) N H1(07T7 LQ(FO))] )

(h%,h%) € [CO([0,T); HM(T+)) N HY(0,T; L2(T4))] .

(8.1)

The following compatibility conditions are also assumed:
52) { 6 lio= s onTo, S o= e G on T,
h§ lt=0=y§5=0 onTo, h% |i=0= 6*1% =0 onT4.
Then, there exists a unique solution y© to (2.2) such that
(8.3) (v, (v°)', (u)") € C° ([0, T); H'(R) x H x (V')

e

Jy
ov

Further we have the estimates

(8.4) € L*(%0), (¥° s, (v°)' [52) € CO([0, T); H (T) x L*(I'y)).

IV eyl oo (0,1 ()3 + 109y /O) || oo 0,15 1) <
(8.5) < CR4(y§ + 71)@8, y§ + T@j R
hE + Aoht, he. + AL hS, he + A_R),
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(8.6)

lz2(s0) + 19N o0, 75 ey + 11 (@) oo, 7 22(02)) <
<C{Rs(y5+m0¥§, ¥ + 17T,
WG+ AT, RS+ A RS h%+>\_hi)+
v5 5 9y% v
+R6 (52 + 05,0 52y + 1oz

Bb 4 Mo Qb hs + ARG B+ AR},

where Ry and Rg were defined by (4.28) and (5.14) respectively.

BOUNDARY SENTINELS IN .

Remark 8.2. Obviously, we can modify hypothesis (8.1) in the light of
Remark 7.4.

The purpose of this section is to give a reformulation of the insen-
sitivity conditions (2.7) as an exact controllability problem and thereby
construct the sentinel in the form prescribed by (2.6). To this end, let
us start by introducing the adjoint state.

8.1 Adjoint state

It is classical in Control Theory to introduce the adjoint state in the
following manner:

(8.7)

0eq°=0 in @,
¢ =& +wi on Xy and e‘l%zgi—l—wi on Yy,
“(T)=(¢°) (T) =0 inQ.

We assume that

(8.8)

€5 € L* (%), &5 € (Wg).

We seek therefore w§ and wq such that insensitivity conditions (2.7) are
satisfied and

(8.9)

wé € L*(Xo), ws e (WE) .

By Theorems 3.3 and 3.4, we know that there exists a unique weak
solution ¢¢ such that

(8.10)

¢ € C°([0, T]; H), (¢°) €C[0, T]; (V).
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Further, it has the property that

(8.11) 6%l o< (0,75 11y + 1(@°) | oo 0, 75 (veyy <
<CRi(0,0,0, & +w, €& +uf, & +u),

where R; is defined by (3.19).

8.2 First reformulation of the insensitivity conditions

With the help of the adjoint state ¢°, we rewrite the insensitivity con-
ditions in a different form. To this end, let us differentiate (2.2) with
respect to 7o and 7. We set y7 = (8y6/87'j)} for j =0,1. Then
for instance, y5, satisfies

7=0,A=0

Teys, =0 in@Q,
(8.12) Yp, =0 on Yo and e ' (9yg /Ov) =0 on Ui,
Yr, (0) =75 and (yg) (0)=0 inQ.

Multiplying (8.7) by s, we see that the insensitivity condition
(856/87'0)‘

=0 A=0= 0 is equivalent to

ey < (49)(0), 7§ >ve=0,

Oyp _

8.13
(8.13) Vy§ € V€ satisfying 52 =0 on I't.

Since such functions are dense in V¢, above condition becomes
(8.14) (¢°) (0) = 0.

Likewise, multiplying (8.7) by y5 , we can see that the second insensi-
tivity condition in (2.7) can be rewritten as

(8.15) ¢°(0) = 0.

8.3 Transformation to an exact controllability problem

In this paragraph, we reformulate the insensitivity conditions (8.14),
(8.15) as a problem of exact controllability. To this end, let us decom-
pose the solution ¢¢ of (8.7) as follows: ¢¢ = u® + v¢, where u®, v¢ are
respective weak solutions of

Ocu®=0 in @,
(8.16) ut=¢§ onYy and e !(u¢/Ov)=¢&$ on Bi,
u(T) = (u®)'(T)=0 in Q.
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0.v*=0 in @,
(8.17) v =w§ onYy and e !(d¢/Ov)=wS on X,
ve(T) = (v9)'(T) =0 in Q.

The insensitivity conditions (8.14) and (8.15) are then clearly rewritten
as:

(8.18)  v°(0) = —u(0) in Q,  (v°) (0) = — (u°) (0) in .

Finding w§, w$ such that (8.17), (8.18) are satisfied is obviously
an exact controllability problem. This has been studied by Saint Jean
Paulin & Vanninathan [8]. We will recall in §8.4 some relevant results
from this work, along with some improvements.

8.4 Study of the exact controllability problem

Following Hilbert Uniqueness Method (HUM) (cf. Lions [6]), the solv-
ability of problem (8.17) and (8.18) is transformed into the resolution of
an equation associated with a certain operator A¢. To define it, let us
consider the homogeneous mixed problem

=0 in @,
(8.19) =0 onYy and e !(0p°/Ov) =0 on Ii,

©°(0) = ¢f and (°) (0) =] inQ,

where the initial condition (¢, ¢) is taken in the space V¢ x H. Hence,
we know by Theorem 3.1 that there exists a unique solution ¢¢ such that

(8.20) (9% (¥°), (¥9)") € C°([0,T); Ve x H x (V)

/( ? do dt+\/ {(5) - ag"}d dt|+

8.21
(8.21) +|/ { 2 89" }dadt}<CTEe(<p ; 0).

Above estimate is generally known as Direct Inequality.
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Let us now consider finite energy solution 6° of

0. 0°=F°¢ inQ,
(8.22) 0°=0 onYy and e !1(90°/0v) =0 on X,
6¢(0) =605 and (6°) (0) =65 in .

Using the multipliers (3.13) and (5.9), we deduce from (7.5) the
following inequality, which is a generalization of (8.21).

| /E (0¢°/0v) (86° /Ov) do di|+

(8.23) ] /E {(£°) (0°) — (9" /Dza) (06° /020 } do dit|+

+| /E {(%)(6°) — (09°024) (06° /020) } do dt| <
< CTE (%5 0)/2{E(0° 0)2 + | F¥llpio, 7my } -

Above inequality in particular shows that the bilinear form

(8.21) L e -Go G dods

is well defined for all finite energy solutions. Indeed, the definition of
the bilinear form can be obtained from the right-hand side of (7.5). We
interpret (8.24) as the duality action

82906 82()06
2 — — € .
(8.25) /Z e (F2 8za8za)0 do dt

Recalling that W$ denote the spaces of the traces on X4 of solutions with
finite energy, we see that the above procedure shows that ( (0%¢¢/dt?) —
(0%¢°/020024) ) ‘Eie (W$)'. Further, (8.23) shows that

82 (Pe 82 (,06
Ot 0z4 074 I (W$)

(8.26) | , < CTE(p°; 0)/2.

Let us now pass on to what is referred to as Inverse Inequality and it is
as follows.
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Proposition 8.3. There exists Ty > 0 and a constant C' > 0, both
independent of e, such that VT > T*, we have

TE°(¢°;0) <C [/E (%)Zdadtqt
0
8()06 9 8@6 awe
4 /E o L) G0 G yoat]

Before giving the proof, let us observe that there is no modulus in
the second integral on the right-hand side of the inequality.

(8.27)

Proof. We multiply (8.19) by my, (0¢¢/dz;) with my, = zj, — z) where
20 = (29, 28, 0) is a point a priori fixed. After some standard computa-
tions, we arrive at (see relation (5.6) of Saint Jean Paulin & Vanninathan

[8]):
() -
_ 1/ (Ma va) <a¢e)2 do dt +
(3.29) L e o o
1 /&UE {( ot ) " 92 aza} dordt=
15 (emiz) o],

Now, we estimate the last term in a fashion different from Saint

Jean Paulin & Vanninathan [8] and this yields a marked improvement.
Indeed, we have

aspe . 8(,06 1/ 8(,06 2
<1 .
/Q ot <*0 + M 8zk) dz' o) \ar ) %F

8.29 0p°
(8.29) —i—;/ <906+mk Ld > dz
Q Oz,

< CE°(¢°; 0), by Poincaré Inequality.

If we apply this inequality in (8.28), then classical arguments imply
(8.27). ]
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The next step in H.U.M is to consider the backward problem written
formally as follows:

O Y¢ = 0 in @,
e 2 € 2 e
(8.30) P® = 8u on Yo, e 88% =e (8822 - afa‘gza) on Xy,
(T) = (@) (T) =0 inQ,
where ¢ is the solution of (8.19) with initial conditions (¢f, ¢f) €

Vex H.
To give a rigorous formulation of (8.30), let us multiply (8.22) by 9°.

Using (7.5) and multipliers m{ are such that
mg independent of zj3, mg =0 on Iy, mg =v3 on 'y,
we obtain

/ﬁF%ﬁdzﬁ—i/{aw (0) 65 — °(0) 05} dz =
o\ ot
D 9

0 0¢°
dodt +/ Fem) - 3, dzdt—
2k

B o 81/ 81/8 8@ 80
[ (G G+ S Sy el -
(8.31) om 8(,0 Do
/az o o~ Ve s -Veﬂ}dzdt—

Bmk 00°¢ 0yp*° . % 06°
aza 8,2& 8Zk 8Za sz
om3 90¢ dy°

dzdt .
823 82’3 (92:3

} dzdt—

—26*2

We demand that relation (8.31) is satisfied for all F¢ € L1(0, T'; H)
and for all corresponding solutions 0°¢ of (8.22). This is the rigorous
formulation of the problem (8.30). It follows from (8.31) (cf. Saint Jean
Paulin & Vanninathan [8]) that there is a unique solution to (8.30) such
that

(8.32) (v°, (¥°)) € L=(0,T5 H x (Ve)'), () (0),4(0)) € (V) x H
Further, we have the estimate

(%€, (@) ) lLoe (o1 x(vey)+
(8:33) (WY 0),62(0) ) lveysar < CE (55 0)1/2,
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With the help of the backward problem, we are now in a position
to introduce the operator A¢ which will solve the exact controllability
problem. Let us define

A VeExH— (Vo) x H
(5, ©5) — ((¥°)(0), —¥°(0)).

It is verified that, if T > T™, then A¢ is an isomorphism and in fact we
have

(8.34)

(8.35) (veysmr < A(9F, 5), (05, ©7) >vexn = C (G Do -

This is a consequence of the Inverse Inequality stated in Proposition 8.3.
Thanks to the isomorphism A€, we can now go back to the exact
controllability problem (8.17), (8.18) and solve it. In fact, it is enough
to observe that ((u€)’ (0), u¢(0)) € (V€)' x H and the problem (8.17)
coincides with (8.30) where the boundary controls are given by

(8.36) wi = (0p°/0v) on ¥,

(8.37) wh = e ((¢°)" — (0%¢°)020024)) on Sy
Here ¢° is the solution of (8.19) with initial conditions defined by

(8.38) A%(gf 5 1) = (=(u?)' (0), u(0)).

Let us terminate this paragraph by writing down the estimates that
easily follow from our analysis. First, it is an easy consequence of (8.35)
that

(8.39) 1026, @D llvexa < C (=) (0), u(0)) | (veyxm -

Next the inequalities (8.21) and (8.26) show that (wg, w$) € L*(3g) x
(W) and we have the estimate
lwgllL2(s0) + € Hlwillgvey + e Hlw ey <

(8.40) < CT[(—(u) (0), u(0))]|(vey s -
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8.5 Definition of the boundary sentinel

Let us recall that, for given functions (5, €5) € L?*(Xo) x (W$)', the
boundary sentinel is defined by (cf. (2.6)):

S\, 1) = e/ (&5 + wg) (Oy©/ov) (N, T) do dt—

3o

—/ (fi—i—wi)ye(/\,T)dadt—/ (&8 +we)ye(\, 7)do dt.
P

We are now in a position to answer the question of finding w§ , wg
such that the sentinel defined by (2.6) satisfies the insensitivity condi-
tions (2.7). Indeed, w§ , wq are given by (8.36), (8.37) respectively, and
so the boundary sentinel takes the form

Se¢(\,T) = e/ &= )\ T)dodt — Sy (N, m)dodt—
Xy

(8.41) —/ ECyYt (A, T) dadt—i—e/Z (0p°)Ov)(0y® ) Ov) (A, T)dodt+

—i—e/ (%) (%) — (0¢°/02a)(0y°/0z4) ) dodt.
SLUS_

Let us remember that the mapping (&5, £5) — ¢° is defined by (8.16),
(8.38). We end this paragraph by observing that the sum of the last two
terms can be obtained from the relation (7.5) with the following choice
of multipliers:

m1, meo independent of z3,
(8.42)
mg =vgon g, =1,2,m3=wv3 0onl4.
In particular, this shows that e~! w$ acts not only on homogeneous
solutions 6°, but also on non-homogeneous solutions y¢ of finite energy.

9 Stealthiness conditions

In general, the boundary sentinel S¢, defined in (8.41), (which satisfies,
by our constructlon the insensitivity conditions) depends on the pollu-
tion terms Ag ho, At hi since the solution y®(\, 7) does so. In order
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to bring out this dependence, at least up to first order in Ag, A+, let us
do a Taylor expansion:

(9.1) SN, 7) =S(0,0)+ A (3S¢/ON) (0, 0) + - --

From this, it is clear that S¢(\, 7) contains no information on the pol-
lution terms (at least up to first order) if
0S¢ 0S5°¢ 0S5°¢

0,00=0, —~——(0,00=0, —=—(0,0)=0.
(3)\0(’) ’ 8)\+(’) ’ 8)\,(’)
If the pollution terms are such that (9.2) holds for all sentinels S¢ of the
form (2.6) (or equivalently for all choices £, £%), then such pollution
terms are called stealthy.

(9.2)

Our objective, in this section, is to write down explicitly the condi-
tion (9.2) for the system (2.2) under investigation and thereby charac-
terize all stealthy pollutions. To achieve this, let us differentiate (2.2)
with respect to Ag, A+. We set

(9-3) Yso = (0y°/0X0) (0, 0), g5, = (9y°/0A+) (0, 0).

For instance y§  satisfies the system

Ce yf\o =0 in Q,
(9.4) ys, =h§ onZo and e ! (Iy5 /o) =0 onZi,
(v5,) (0) = (¥5,)' (0) =0 inQ.

Recall that Theorem 8.1 guarantees the existence and the uniqueness of
solutions y5 .
Now the first condition in (9.3) is written as

e [ €+ wh) (05, /ov) dodt-
>

—/o (£} +ws) y5,dodt —/ (&8 +we)yS, dodt =0.

sy _

(9.5)

Let us recall that wf, wS are defined by (8.36), (8.37) and that they
are determined by (&5, £%) (cf. (8.16), (8.38), (8.19)). In order to make
this dependence transparent, we introduce the following operators:

{ Me : L2(g) x (W) x (We) — (V€)' x H

(9:6) Me(Eg, €5, &) = ((ue) (0), —uc(0)).
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N¢ : Ve x H— L2(5g) x (W) x (We)

(97) ]\;e(esps’ gpi)a?c 82 e 62 e 82 e
(% S0’ e(Gir — 8zagza)‘2+’ e(Gir — ﬁ)‘z,)'

Easy computations show that the adjoint of M€ is given by

(9.8)

S0t eil‘Pe‘m ety )

{ (Me)* : Ve x H — L*(Sg) x W x W€

wh o Op°
(Me) 22 = (%

P1

With these definitions, it is quite clear that
(9.9) (wf, w, w®) = = N°(A9) ™ M(&G, €5, €9).

We can now recast the relation (9.5) as

9ys
(9.10) < (e sy ¥sols, > ¥Sols )
(I —Ne(A)~ M) (&, €5, €2) >=0.
Stealthiness requires that this be true for all (£, £5, £°) and thus we
obtain

(1 = (M) (A)~H(NO)*) ((95,/0v) |, -

9.11 _ _
(6-11) ¢ 1y/e\o‘z+ c = el ls ) =0

The second and the third relations in (9.3) may be treated in the same
manner and we get

(I = (M) (A)~H(NO)*) (95, /Ov) |y,

9.12 _ _
(9-12) —e 1yf\+‘z+ » T € 1yf\+‘z,) =0.

(1 — (M) (A9)~1 (N)*) (D5 [o) s, -

9.13 _ _
(9:13) —¢ 1yf\,‘2+ , —ehs [y ) =0.

Thus (9.11) - (9.13) constitute the necessary and sufficient conditions
for the stealthiness of the pollution terms Ao h§ and Ay h§. If we use
the form of the image of (M€)* (cf. (9.8)) in the above relations, we

arrive at the following conclusion.
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Theorem 9.1. The pollution terms )\oﬁg, )\iﬁi are stealthy iff there

e

exist finite energy solutions xg, X5 , X& satisfying the overdetermined
systems

DGXSZ iHQ,
x5 ="h§ and (0x§/0v) =0 on Xy,
xX§=e 1 (0x§/0v) =0 on X, UY_.

e x: =0 in@,

X6 = (35)=0 on Xy,

1oxs ) hS onX, 1oxe [ 0 onXy,
e alj_{ O+On277 and e o /}ze_ 01’127,
X:=0 on¥X,UX_.
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