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ON JACKSON TYPE INEQUALITY IN
ORLICZ CLASSES

Konstantin RUNOVSKI

Abstract

It is shown that Jackson type inequality fails in the Orlicz
classes (L) if ¢(z) differs essentially from a power function of
any order.

1 Introduction

As is known a best approximation to a given 27 -periodic function
in Ly, 0 < p < +o00, by trigonometric polynomials of order at most
n can be estimated by its Lp-modulus of continuity with argument
(n 4+ 1)1, This result is called the direct theorem of Approximation
Theory or Jackson type inequality in honour of D. Jackson who proved
it for continuous metric (p = 4o00). Afterwards it was extended to
the case of an arbitrary Banach space of 2w-periodic functions, where
translation is a continuous isometry (see, for instance, [1]). The quasi-
normed case 0 < p < 1 can be found in [2]. At present there is
an enormous number of works dedicated to various generalizations of
Jackson type inequality that deal with several variables, higher order
moduli of smoothness and so forth. However, for a long time nothing
was known about similar results in the setting of Orlicz classes ¢(L),
where @(z) differs essentially from a power function of any order. As
far as we know it was expected Jackson type inequality would be valid
for comparatively wide set of functions ¢(z). To our surprise, it is
not. In fact, the main result of this paper is that if ¢(z) decreases
to 0 for £ — 40 or increases to + oo for x — +oo slower than
a power function of an arbitrary order, Jackson type inequality fails.
Moreover, for such ¢(z) the modulus of continuity turns out in general
to be unfit to estimate the rate of approaching 0 of a best trigonometric
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approximation in ¢(L) in the sense that the inequality remains false
even after replacing (n + 1)~! by an arbitrary sequence of positive
numbers {0, };7> that goes to 0 for n — +oo.

We prove our result not only for the trigonometric system, but also
for more general class of systems we have called non-localized. Tt will
be shown that this class contains all systems of 27-periodic analytic
functions. The property of "non-locality" makes clear the difference be-
tween the trigonometric system and the system of piece-wise constant
functions, for which Jackson type inequality holds in (L), where ¢(x)
satisfies only the natural conditions, and in particular, can have prac-
tically an arbitrary behaviour at the neighbourhood of 0 and + oo

(120)-

2 The main result

We deal with Orlicz classes ¢(L) of measurable 27-periodic functions
f(x), such that the functional

2

1£llp = / o(f (2))de

0

is finite. Henceforth, ¢(z) is even, continuous, strictly monotonically
increasing on [0, +00) function, such that ¢(0) = 0 and

¢(22) < Cp - p(z), 20 (1)
for some positive constant Cy,. The condition (1) is quite natural. In
particular, it provides linearity of the class ¢(L).

For f(z) € ¢(L) we define its modulus of continuity

w(f,8)p = sup |[f(z+h)—f(z)],, 6 >0,
0<h<é
and its best approximation

En(f)wzljl”lf ||f_T’fl||<P’ n:Oa172a
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by trigonometric polynomials 7;, of order at most n. If ¢(z) = |z[P for a
certain p > 0, the Jackson type inequality holds, that is,

L

Eufy < G- (£

) ,m=0,1,..., f€L,, (2)
p

where the positive constant C), does not depend on f and n.

Before we formulate the main result of this paper we introduce a
concept of non-localized system. Let e be a measurable subset of real
axis with positive Lebesgue measure u(e). As usual, we denote by sym-
bol Ly (e) a space of essentially bounded measurable functions equipped
with the norm

1f|zoc(e) = esssup|f(2)]; f € Loo(e) -

Definition. A system Q = {w,}'2 of functions in Lo is non-localized,
if there exist § € (0,m) and a sequence of positive numbers {a,}1% ,
such that

[flloo < an - inf{[[fllLo(e) : € C[0,27), ple) >2(m —0)},  (3)

for all f € Q, = span{w1,...,wp} and n € N .

Clearly, Haar system does not satisfy this definition. Afterwards we
will prove that the trigonometric system does.

Theorem. Let p(z) satisfy the conditions above and Q2 be a non-localized
system. If

(A) 2P =O0(p(z)), £ — 40 for every p >0
or
(B) ¢(z) =0(2P), £ — +oo for every p>0,

then for each sequence of positive numbers {an}:gi that converges to
0 and for each positive constant C there exist f(z) in ¢(L) and n € N,
such that

En(f)tp;ﬂ > Cw(fa Un)(p .
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Here
En(f)(p;ﬂ = inf ||f _gH(p y € N y
geQ,

is a best approximation to f in ¢(L) by polynomials with respect to
the system € and as usual, “g(z) = O(h(z)), z = 40 (z — +o0)”
means that there exist a positive constant C and X > 0, such that
g(z)| < Clh(z)| for z € (0, X) ((X,+00)).

3 Proofs

A proof of the Theorem is based on two Lemmas. We consider the func-
tion of "getting-out a constant" given by

p(\z)

U,(A) =sup———=, *eR. 4

(p( ) x>0 (P("E) ( )

Because of (1) W,(A) is well-defined. Clearly, it is monotonically
increasing on [0, 00), even and ¥, (0) = 0.

Lemma 1. If o(z) satisfies (A) or (B), Y,(A) =1 for A € (0,1] .

Proof. First we consider the operator S defined on a set of positive on
[0, 4+00) functions by

S: g(z) = (gl™)™
and we notice that

Ts,(A) = Ty(A), AER.

Moreover, S = S~! and condition (A) for ¢(z) is equivalent to condition
(B) for Sp(x). Therefore, it is sufficient to prove Lemma 1 only for one
of them.

Let, for example, ¢(z) satisfy (B). Then for each p > 0 there exist
Cp > 0 and X, > 0, such that

(p(]?) S CP ' xp/Z, T € (Xp,+OO)
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and
In p(z)

InC,
§+ TP g€ (X, +00) -

Inz
Therefore,

lim e(z) =0, (s(w)zln(p(w)) . (5)

T—+00 Inz

As e(z) is positive and continuous on [2, +00), we have from (5) that

go= sup ¢&(z) € (0,400). We set
T€[2,+00)

A ={z €[2,400): e(z) >n 1}, n>ny,

where n1 = [g; 1] + 1. Clearly, A,, are not empty. For each A € (0,1) we
consider the sequence

tn =ty = A osupA,, n>ng .

Using (5), we have t, < 400, n > n;. Moreover,

1) lim ¢, =+o0; 2) e(Aty) > e(ty), n>mny .

n—-+o0o

Indeed, if liril t, = tg < 400, any z € (tg,+0oc) does not belong to
—1+00

n
A, for all n > ny and, therefore, e(z) = 0 and ¢(z) = 1 in [ty, +00). To
prove 2), we notice that e(A\t,) = n~! and ¢, > M, = sup Ap; therefore,
tn € A, and e(t,) <n=!=e(At,).
Using 1), 2) and (5), we obtain

0,00 = sup P22 5 g PO

>0 ©(@) T n e(ty)

= sgp(exp{ln tn - (e(Atn) —€(tn))} - exp{ln A - e(Aty)})

= supexp{ln p(At,) — Inyp(t,)}

> supexp{lnA-e(At,)} > lim exp{lnX-e(At,)} =1.
n n——+oo

The upper estimate is obvious.
The proof of Lemma 1 is complete.
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Lemma 2. Let Q be a non-localized system. If there exist a sequence of
positive numbers {Un}:gi that converges to 0 and a positive constant
C, such that

En(f)po < Cw(f,on)y (6)
for all f € (L) and n € N, then
)\1_1)120 Pe(d) =0

Proof. Let Q = {w,}% be a non-localized system and & >0 as in
(3). For each 7 > 0 we consider a 2w-periodic function f.(z) that is
equal to 0 for z € [0,27 — §] and is equal to 7 for (27 — §,27) . Let

n1 be a natural number, such that o, < ¢ for n < mny . Clearly,

W(frrOn)p = 20(T)om, 1 > 1t m
Actually,
21
“Afrony = sup- [ ota+b) - fr(a)ds
- 0

2r—d—h
AN IRV EY
0<h<an /

2n—6—h 27—6 27—h

= sup 2hep(T)=20(T)0n .
0<h<an

We choose g,;-(x) € Qy, , such that
1fr = gnirlle < En(fr)ga + Cw(f,0n)p, n > 11 .
Then we have from (6) and (7)
1fr = gnirllp < 4Canp(T), 1> 11 . (8)
We set

E=Epr = {z€10,21—0) : (gn:r () <4CT  opp(r)}, n>ny, 7> 0.
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To estimate their measures we use Chebyshev inequality and (8)
WE) = 2m—6—pfw €[0,21—8) : (gnr(x)) > 4C5 Lonip(r)}
2m—4
> 2 =3 - (40 oup() ™ [ $lgur()is
0
> 21— 0 — (400 onp(T)) - 1fr — gnirllp 2 2(m = 0) .

Therefore

Hgn;’rHoo <ap- ||g’I’L;T||L0°(5) <Ynyr s, m2mn1, T>0, (9)

where

Ynyr = Qn * (P_1(406_10n(p(7-))

Without loss of generality we can assume that {a,} ] tendsto + oc.
Let no be a natural number, such that

4C5 (1)
©(3)

for all m > ng and 7 > 0. Let also n3 = max{ni,nz} . We will prove
that

ol >40671w(2) >

T < 27n;7 (10)

for n > ng and 7 > 0. Indeed, otherwise, by virtue of (9) we get for
some n > ng

.
T = gnir(T) 2 7 = |gnir (T)| 2 7 — Yy > )
almost everywhere in [0, 27). Furthermore,
2
.
I = gnrlle > [ 0(r = grla))da > 8- (3) > 4Conp(r),
2m= 90
that is in contradiction with (8).
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We rewrite (10) as follows:
7 < 20,07 (406 opp(7));
¢((2an)"'7)

¢(7)
As the right-hand side of (11) does not depend on 7, we get

<4C5 oy, >0, n > n3 . (11)

T,((2a,)7") <4C5 oy, n > my .

Thus, there exists a sequence M, = (2a,)~!, n > n3, that converges
to 0 and ll)I_iI_l U,(Ay) =0. As ¥,(A) increases on [0,400), we have
n o

finally

lim ¥, () =0.
e o(N)

Lemma 2 is proved.

Proof of Theorem. Theorem follows immediately from Lemmas 1 and
2.
4 Non-locality of systems of analytic functions

Now we prove that a system of 27-periodic analytic functions is non-
localized. Without loss of generality we can assume that it is linearly
independent. We consider the functions

®(\) = inf{||Mwi+...+ Anwn|| Lo (e) o € C[0,2m), ple) > 7}
F(j\) = |IMwi+ ...+ Anwnlloos 5\:()\1)\n) e R .
It is easy to see that they are continuous on the sphere S*~! =

(REeR:A24...+A2=1).
Furthermore,

BA) #£0, e ST,
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Indeed, if ®(\) = 0 for a certain A € S"~!, there exists a sequence of

measurable sets {ep,},>, such that em C [0,27), u(en) > 7 and

||g||Loo(em) < m_la m €N ’
where ¢ = Mjw1 + ... + A\pwy. Let
Em={z €[0,2m) : |g(x)| <m~'}, meN.

Clearly,
EmDdem MEN, £ D6 D...D&,D...

Hence,

+o00o
M(g) = lim lj’(gm) > lim N(em) >, (8 = ﬂ 5m) .

m—+00 m—+00
m=1

As g(z) = 0, z € &, we have by the uniqueness theorem for analytic
functions that g(z) = 0 and, therefore, A = 0, that is in contradiction
with the condition: X € S~ 1. )

F(\)

By virtue of (12) the function ] is continuous on 8"l As it is
+oo

homogenous, there exists a sequence of positive numbers {a,}, ],
that

such

F(A) < ap®()), XeR".

5 Remarks

1.  As it follows from our research, the class of functions ¢(z), for
which Jackson type inequality is valid, is being practically exhausted by
power functions. It means that there does not exist a "bound" function
as it has been believed. However, it should be noted, that the powers
near 0 and + oo can be different from each other.

2. Asis known, if ¢1(x) = @a(z) for some zg >0, then ¢i(L) =
@w2(L) and convergences in these classes are equivalent to each other.
It is obvious that if we change ¢(z) in any segment [z1,z2] , where
0 < x1 < T2 < 400, this does not affect the validity of Jackson type in-
equality. However, in difference from the topological properties of Orlicz
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classes it depends essentially on behaviour of ¢(z) near 0. Besides, the
contributions of 0 and + oo turn out to be similar.

3. It can be shown by the method developed in [3| that a converse
result to Lemma 2 is valid, if ¢(z +vy) < ¢(z) + ¢(y) for z,y > 0.
However, we do not regard it to be very important, because as it follows
from Lemma 1, the function of “getting-out a constant” is equal to 1, if
¢(z) isslower than any power function near 0 or +o00. Moreover, if ¢(z)
is a power function, W, (x) = ¢(z) . Thus, the situation: /\l_i)m+0 U,(A) =

0 turns out to be interesting only for functions, which have “abnormal”
behaviour.
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