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ABSTRACT

We consider a family (Ps), where § is a small positive parameter, of singular
elliptic transmission problems in the juxtaposition Q° =]—1,0[xG of two bodies,
the cylindric medium Q_ =] — 1,0[xG and the thin layer Q) =]0,[xG. It is
assumed that the coefficient in Q7 is 1/3. Such problems model for instance heat
propagation between the body Q_, the layer Q‘_S,_ (when supposed with infinite
conductivity), and the ambient space. After performing a rescaling in the thin
layer to transform the problem in the fixed domain | — 1, 1[X G, it is shown that
the sum of operators’ method by Da Prato and Grisvard works and gives an
existence and uniqueness result in the framework L? spaces, p > 1. We deduce
that the family of solutions u’ converges in LP to a function u in the case of
second member in LP and converges in W'T2%P for a second member in W27,
(0 €]0,1/2[). We then prove that the restriction of the limit u to | — 1,0[xG
is in fact the solution to an elliptic problem on | — 1,0[xG with a boundary
condition of Ventcel’s type and it has an optimal regularity.

Key words: sums of linear operators, elliptic problems, interpolation spaces, Ventcel’s
problem.
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1. Introduction and main results

Consider the boundary value problems

—é div(bsVv®) = g% in Q°,

(Ps) v =0 on 90° \ T, (1)
e’ =0 on I'?,
where § is a small parameter given in |0, 1[, Q° is the cylinder | — 1,5[xG of R™ in

variables (£,7), G is a regular open domain of R*™1, I = {§} x G and bs is the

function defined by
1 if € €] —1,0[,
b =
5(8) {1/5 if ¢ €]0, 4.

g’ is given in LP(Q%), 1 < p < oo.
This problem models, for instance, the heat propagation between the fixed body

Q_ =] - 1,0[xG,
the thin layer
Q% =]0,6[xG,

(when supposed with infinite conductivity) and the ambient space.

The main purpose of this paper will consist in solving (Ps) for some fixed 6 > 0
and then in studying the convergence of the family (Ps) when § — 0 .

If we denote by v? and ¢° the respective restrictions of v® and ¢° to Q_, and
by vf_ and gf_ the restrictions of v® and ¢° to Qi, problem (1) is equivalent to the
following singular transmission problem

(eq) —Av? =¢° inQ_ and —Av] =g% in Qf

(be) 2 =0o0n9Q_\TY, v} =0on 904 \ (T°UI?)
and agvi =0onI?

(tc) v2 =0, onT% and 9ev? = $8¢v% on I,

where '’ = {0} x G and 99 is the boundary of Q°. The two last transmission
conditions mean that the jumps of v° and b(;(-)ﬁgv‘s through I'? are equal to 0.
Recall that h € W2%P(U) if and only if h € LP(U) and

p
hlI® = ||h|I? hir)] do d
e R | M= S

= Hh||1£p(U) + [h]29,p,U < 00,
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where U is an open set of R, 1 < p < oo and 0 < 6 < 1/2 (see [7]).
The main results in this work are given by the following Theorems:
Theorem 1.1. Let 1 < p < 0.

(i) For any g° € LP(Q?), there exists a strong solution
5 v on Q_
v =
v} on QY

(ii) Moreover if g% € W29P(Q_) and g5 € W2*P(Q%) with 0 < 0 < 1/2, then v° is
a strict solution satisfying

in LP(92%) of Problem (2).

(a) v0 € LP(=1,8; W>P(G) N Wy P(Q)),
(b) w0 € W2r(~1,0,12(G)),
() 8 € W2r(0,5;L7(G)),
(d) Ay € W2P(Q7), 92v° € W2P(Q_) and 93vl € W20r(Q)).
Theorem 1.2. Let 1 < p < co. For any g° € LP(Q°) such that
(a) ¢ tends to g_ in LP(Q_) when § — 0,

(b) there exists a constant M > 0 such that for any 6 > 0

1
S AT
2
(c) 3 06 g5.(&,-)d¢ = m’, tends to m in LP(G) when § — 0,

there exists a unique (v_,vy) € LP(2_) x LP(G) and a constant C independent of &
such that

(i) lims—ol[v® —v_|zro_) =0, and
||Ui _U*HLP(Q_)
<C- 5(\|95_||Lp(9,) +571/p||gi”Lp(Qi))
+C(lg2 = 9-llzray + Mm% = mllo()),

(i) lims_od™/P[[0] — vyl Lo(qs) = 0, and
5Pl — U+||Lp(9i)

<C-5(llg° ey + 5_1/p‘\9i‘|m(95+))

+C(lg° — g-llra) + Im = mllroe))
(here, vy stands for the function (§,1) — vy(n)),
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(iii) v— is the unique strong solution of the following non homogeneous Ventcel’s
Problem
—Av_=g_ in Q_,

v_ =0 on 0Q_\T°,
Oev—(0,-) = Ayv_(0,-) =m on G.

Theorem 1.3. Let 1 < p < o0 and 0 < 0 < 1/2. Set Q. =]0,1[xG. For any ¢°
€ W20r(Q9), such that

(a) ¢ tends to g_ in W2*P(Q_) when § — 0,

(b) there exists a constant M > 0 such that for any § > 0

1938, Mlw=o0, ) < M,

(c) 3 06 95 (&,-)dé = mS,. tends to m in W?*P(G) when § — 0,
then (v_,vy) € W2P(Q_) x W2P(G) and
(i) for anyn e G
vy () = v-(0,7),

(ii) lim(;_)0||v5_ — U_HW1+29,p(gL) =0 and

||Ui—v—||w28+lm(n,)
<C-¢- (HQ(;—HWWJ’(Q,) + Hgi(é-, ')||W29>P(Q+))

+C(llg° - g—lw=2e0p 0y + ||mi = m|lwz20.0(a)),
where C' is a constant independent of 9,

(iii) lims—o|[v](6-,-) — villwrt20m(a,y = O (here, vy stands for the function

(&n) = vi(n))

(iv) v_ is the unique strict solution of the following mon homogeneous Ventcel’s

Problem
—Av_=g_ in Q_,

v_ =0 on 0Q_\TY,
Oev_(0,-) — Apv_(0,-) =m onG.

The paper is organized as follows.
In section 2, we perform a rescaling in the thin layer to transform Problem (2) in
a problem set in the fixed domain

Q=]-1,1[xG.
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Section 3 contains the main results on the solution u° of the transmission problem
in © and gives its regularity. In a first step we write this problem in the form
of a sum of linear operators and we show that the sum theory developed by Da
Prato-Grisvard [1], gives an explicit writing of the strong solution u’ as a Dunford
Integral in the LP spaces. In the second step, we study the behavior of u’ as § — 0,
we prove that u’ converges in LP(Q_) to a function u_ in the spaces LP and WP,
generalizing the results obtained, in the Hilbertian case, by Lemrabet [4]. Moreover,
in virtue of the techniques used in the study of abstract differential equations (as in
[3]), we prove that u_ is solution of a boundary value problem of Ventcel’s type and
we precise its regularity.

Finally, in section 4 we go back to our first problem (2) in order to translate all

the above results on the initial function v°.

2. New writing of Problem (2)

It is difficult to study directly the convergence of Problem (2) since it is given in an
open set which depends on the parameter ¢ (the coefficients of the operator depend
also on ¢). In order to work in a fixed domain, we perform the following rescaling in
the thin layer by setting

W Q=]-1,1[xG — Q°=]-1,§xG

(@y) = (&n)= {(5x,y) ifx>0.

Put
W =00 W, 0= g0 0wl
uw’ = (v’o \II‘S)‘Q_ =0,
ff = (96 o ‘1’5)|Q_ = 9577
and

uf = (o W) g, : Q4 =]0,1[xG — R

(2,9) = v (0, y)
=00, : Qp=]0,1[xG — R

(z,y) = g3 (0, y).
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Then (2) transforms into the problem

I =0 on 9Q_ \ T,
(be) qu’ =0 on 904\ (T°UT?),

5 _ 6 0

(te) ul =uf on I'Y,
O,ul = L0,u8 onTY

—_ 62(13+ ’

where I'! = {1} x G.

3. Study of the problem in the fixed domain

The main results in this section are the following

Theorem 3.1. Let 1 < p < oco.

(i) For any f° € LP(RY), there erists a strong solution

s u’  on Q-
u’ =94
uy  on Qy,

in LP(Q) of Problem (3).

A g8 :
(eq) { Au® = f° in Q_,

(Rl + Aud) = [T in 0,

(ii) Moreover if fo € W2%P(Q) with 0 < 6 < 1/2, then u’ is a strict solution

satisfying
(a) u® € LP(—1,1;W2P(G) N W P (@),
(b) u? € W?P(—1,0; LP(@)),

(c) u € W2P(0,1; LP(@)),

)
)
)
)
Theorem 3.2. Let 1 < p < co. For any f° € LP(Q) satisfying

(a) f° tends to f_ in LP(Q2_) when & — 0,

(b) f2 is bounded in LP(S2),

(c) fol fi(z,-) dx =mS tends to m in LP(G) when § — 0,

then there exists a unique (u_,uy) € LP(2_) x LP(G) such that
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(i) lims_o(ud —ux) =0 in LP(Q1) and we have

Juf—us || o (o)
<C -3 ey + 1 £ Lr(osy)
+ C(Hfi - f—HLp(Q,) + Hmi - mHLP(m)%

where C is independent of § (here, uy stands for the function (x,y) — uy(y)),

(ii) u_ is the unique strong solution of the following non homogeneous Ventcel’s
Problem
—Au_ = f_ in Q_

u_ =0 on OQ_\ T
Ozu—(0,) —Ayu_(0,-) =m onG.
Theorem 3.3. Let 1 <p < oo and 0 < 0 < 1/2. For any f° € W?P(Q) satisfying
(a) f° tends to f_ in W29P(Q_) when § — 0,
(b) f9 is bounded in WP (Q),
(c) fol [z, )dz = m3. tends to m in W?*P(G) when § — 0,
then (u_,uy) € W2P(Q_) x W2P(G) and

(i) for anyy € G
ug(y) = u—(0,y),

(ii) lims_o(u® —ug) =0 in WH20P(QL) and

||'Uz6, — /U/7||W29+1,p(07)
<C-5- (|2 Iweeiay + 12 w200 (0s))
+ C((Hff - f—HWQGWT’(Q,) + ||mj_ - m||W29‘p(G))

(here, uy stands for the function (z,y) — us(y)),

(iii) u_ is the unique strict solution of the following non homogeneous Ventcel’s
Problem
—Au_ = f_ mn Q_
u_ =0 on 0Q_\T°
Opu—(0,-) —Ayu_(0,-) =m onG.

We begin by recalling the sum theory in a commutative framework developed by
Da Prato-Grisvard [1].
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3.1. On the commutative sums

Let A and B be two closed linear operators in a complex Banach E, with domains
D(A) and D(B). We assume that there exist positive constants Ca, Cp, R, €4, €p
such that

D(A)+ D(B)=FE,
A or B is boundedly invertible,

(DG.0) {

p(=A) D>, ={z €C: [z] > R and |arg(z)| < ea }
VeeX, . I(A+zD) " im < Ca/lzl,
p(=B) D> ... ={z €C: |2|] > Rand |arg(2)| < ep }

DG.

(DG-1) veeX., IB+2D)"im < Co/l2l,
€A+ € > T,
o(—A)Nao(B) =10,
V¢ € p(—A),Vn € p(—B),

(DG-2) {(A+§I)—1(B +nl)"t=(B+nl)H(A+ED),

where p(—A) and p(—B) are the resolvent sets of —A and —B, o(—A) and o(B) are
the spectra of —A and B.
Due to Da Prato-Grisvard [1] we have

Theorem 3.4. Under assumptions (DG.0), (DG.1) and (DG.2), the sum A+ B is
closable and 0 € p(A + B).

The inverse of A + B is given by a Dunford integral

-1
C 2m

u:(A—FB)ilf \/F(B—Zl)il(A—FZ[)ilde,

where T is a sectorial curve separating o(—A) and o(B) and lying in p(—A) N p(B).
The function u is called the strong solution of the equation Au + Bu = f.

Theorem 3.5. Assume (DG.0), (DG.1), (DG.2), and f € Dg(0,q) (resp. f €
Da(6,q9)),0<0<1,1<qg<+400. Thenu € D(A)N D(B) and Au, Bu € Dgp(0,q)
(resp. Au, Bu € D4(0,q)).

For 6 €]0, 1] and ¢ € [1, 00|, the real interpolation space Dp(6,q) is characterized
by

Dg(0,q) = {u €k : / t%||B(B +tI)*1u\|€E% < oo}
0

with the usual modification for g = oc.
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3.2. Proof of Theorem 3.1

It is essentially a direct application of the sum theory.
Set E = LP(Q)) = LP(—1,1; LP(G)) and define A and B; by

D(A) = LP(-1, D(Q)),  (Aw)(z) = Q(w(x)), w € D(A),
where @ is the realization in X = LP(G) characterized by
D(Q) =W (G)NWyP(G), (QU¥)) =-Ayw(y), $eD@),  (4)

and

D(Bs) = {w’ € L(-1,;X) : wl € W2P(~1,0;X), wi € W??(0,1;X),
w (=1) =0, w’(0)=wi(0), 0w’ (0)=(1/6%)8,w’ (0)and dw’ (1)=0}

(Bsw®)(z) = =0, (as(2)0,w’)(x), =€ (—1,1), w® € D(By),

1 e
5@ =V 12 it o]

with

So, problem (3) writes
Au® + Bsu® = f°.

Proposition 3.6. The operators A and Bs are linear closed with dense domains in E
and satisfy assumptions (DG.0), (DG.1), and (DG.2).

Proof. Step 1. For p = /X with Re p > 0, equation Aw+ \w = g € E is equivalent,
for a.e. z € (—1,1), to

—Aytha(y) + Mz(y) = g2(y) iIn G,
P =0 on 0G,

where ¢, = w(x,-) and g, = g(x,-) € LP(G). We know that this equation has a
unique solution ¢,(-) € W2P(G) N WyP(G) and that there exist ey €]0,7/2[ and
Mg > 0 such that

M,
L) < 7697
@+ e < T35
for any A\ in the set

{AeC : JArg(\)| < (m —e0) = €g } UD(0,rg),

where b(0,7¢) is some open ball with sufficiently small radius rq = ra > 0. We
deduce the same spectral properties for the operator A.
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Step 2. For By, we solve the equation Bsw® + w® = h € E with VA = p > 0. Tt

can be written

—02w® (z) + Aw? (x) = h_(z), (—1,0),
02w (x) + Awl (2) = ha(z), € (0,1),

w (—1) =0, 9w’ (1) =0,

W’ (0) = wl(0), Dy (0) = &d,wl (0)

Then we obtain

L §sinh p(x +1)
H_ (z,3) ds—i—/ ———————~coshpd(1 —s)-hi(s)ds
/ h-(e) o PBo(p,9) (1=2)-hile)

_ prﬁ( )b ( ds+/ N5, 8)he (5) ds

= (K, sh-)(z) + (T, sh+)(z),

! Y §cosh pd(1 — )
= Nt (z,s)h sds+/ ——————————~sinhp(s+1)-h_(s)ds
| Vi as+ [ ST s+ 1) (o)

/N (z,8)hs(s d$—|—/H x,8)h_(s)ds

(T, sh) (@) + (K sh-)(x)

where
A*(pv&w) 3 3 _
He(2.5) = Ao Sinhp(s+1) if l<s<uw,
PN T AL (p,8,8) .
PAEZJ#S)) sinhp(z +1) if x<s<0,
A+(‘(”6 2 coshpd(l—z) if 0<s<u,
+
Np,5($7s) = A+(p6$) .
mcoshp(;(l —s) if x<s<1,
and
Ag(p,0) = sinh p - sinh pd + & cosh p - cosh pd
A_(p,9,£) = —sinh p¢ - sinh pd 4 & cosh pd - cosh p&
AL (p,d,€) = 0(sinh p - cosh pd€ + § cosh p - sinh pdg).
We verify that
/EEAO(P, ) =3§>0.
Revista Matemdtica Complutense 152
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Step 3. The function

belongs to D(Bs) and
||w6||L1’(—1,1;X) =|(Bs + \)"'hlle
< || o=1,0x) + Wl 2o (01,3
<K, sh-llzr(-1,0x) + 1T, sh+lle(-1,0:x)
+ ||Kp+,6h*HLP(0»1;X) + ”T/j:(sh‘i’”Lp(O,l;X)'
We use the Schur interpolation lemma to estimate this norm. The symmetry of the

kernel Hp_ s allows us to write

1K, sllLie(-1,0.x))

0
< sup </ |H, 5(z,s)| ds)
—1<z<0\J -1 ’
& cosh pé - cosh pr — sinh pz - sinh pd /C” )
= su sinh p(s + 1) ds
713%0 PAO(,% 5) -1 p( )
) ¥ § cosh pd - cosh ps — sinh ps - sinh pd )
—sinhp(z 4+ 1 / ds
Pt pAo(p,9)
([5 cosh pd - cosh px — sinh pz - sinh pd][cosh p(z 4+ 1) — 1]
= sup
—1<2<0 Ao(p, 6)
[sinh pd - cosh px — sinh pd — § cosh pd - sinh pz] - sinh p(z + 1))
_|_
)\Ao(Pv 5)
(Ao (p,d) — [(sinh p(1 4+ z) — sinh pz) sinh pd + & cosh pd cosh pac])
= sup
—1<z<0 AAO(P, 5)
< AO(pv 5) < l’
a )\AO(p7 5) A

and since Np+5 is symmetric, we have
,

HT;(s”L(LP(O,l;X))

1
< s ([ vt as)
0<z<1\Jo ’

< sup cosh pd(1 — x) / [sinh p cosh pds + & cosh psinh pds] ds
0

1)
0<z<1 (PAo(m 9)

. 3 i !
iy [sinh p cosh pdx + & cosh psinh pdz] / cosh pd(1 — 5)d5>
pAO (p7 6) x
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sup (cosh pd(1 — x)[sinh psinh pdx + & cosh p cosh pdx + & cosh p)
= su

0<z<1 AMo(p, )
N sinh pd(1 — z)[sinh p cosh pdx + & cosh psinh pdx] >
AAo(p,0)
— swp (sinhpsinh pd — 6 cosh p[cosh pd(1 — ) — cosh p5]>
0<z<1 Ao (p, 9)
_ Bolp0) 1
AMo(p,d) = A

For T s and K P which are not symmetric, we have

1T 5||L(LP0 1;X),L?(—1,0;X))

< sup </|Np5xs|ds>+ sup</| a:s|dx>
,1<$<0 0<s<1

sinh psinh p§  d cosh p cosh pé < 1
p?Ao(p, 9) p*Do(p,d)  — N

and also
HK;5||L(LP(—1,O X),L7(0,1:X))

1
< sup (/ |H, xs|ds> sup </| ms|dac) -
0<z<1 —1<5<0 A

Summarizing these results we obtain
—1 Cl
VA0 [(Bs+ X hle < SHIAl e, )

where C1 is a positive constant which does not depend on the parameter 4.
Step 4. An explicit calculus shows that

. i) e (-1,0),
[(Bs) ™ hl(z) = {qbi(x) e (0.1),

where
T 0
¢ () = / (1+s)h_(s)ds+ (1 + x)/ h_(s)ds
-1 T
1
Hara) [ has)ds
0

Revista Matemdtica Complutense 154

2005, 18; Ntm. 1, 143-176



Favini et al. Limit of transmission problems in a thin layer

and

gbi(a:):/Oz(52s+1)h+(s)ds+(52x+1)/ hy (s) ds

+ /O (14 s)h_(s)ds.

-1

We verify that there exists a positive constant Cs, which does not depend on the
parameter d, such that

1(Bs) |z < Co (6)
So there exist positive constants Mp; = My, ep;, = €1 €]0,7/2[ and rpg, = r1 (inde-
pendent of §) such that for any A in the set

{AeC” : |Arg(\)| < e }UDB(0,71),

we have M
Bs+\)7! < 1 7
1(Bs + A) ”L(E)—l_,'_‘/\' (7)
(b(0,71) is the open ball of central point 0 and radius 7).
Choosing ¢y < €71, we have
€At €, =T — €0+ €1 > .
Step 5. Moreover the resolvents of operators A and Bs commute.
Hypotheses (DG.0), (DG.1) and (DG.2) are, thus, satisfied. O

So we can apply Theorems 3.4 and 3.5. It follows that:

(i) For any f0 € LP(Q) there exists a unique u® € D(A + Bs) strong solution of
Au + Bsu = f°. This means that there exists a sequence uS € D(A) N D(Bj)
such that for n — oo we get

U — u’ in LP(9),
~(5207up 4 + Djup, 1) — f§ in LP(Qy),
—Aufh_ — f? in LP(Q2_).

(i) If f2 € WPP(Q_) and f € W9P(;) (0 < 6 < 1/2), the solution u® belongs
to D(A) N D(Bs) and satisfies

(eq) —Au’ =f% in Q_ and — (502u’ + Ayud) = f9 in Qy,
(be) uw® =00ndQ_\T%u) =0o0n 90\ (MUI) and d,u’ =0 on I',
(tc) w’ =uf onT? and d,ul = $50,ul on IP.

Note that, here, u® € D(A) N D(B;) does not imply u® € W?2P?(Q).
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3.3. Representation of the solution

We have seen that p(Bs) contains the sector (independent of ¢)
{zeC” : |arg(z)| > 7 — €1 } Ub0,19),

where ro = min(ra,r,). If I' denotes the boundary curve of this sector, oriented
positively, the solution of problem

Au’ + Bsu® = f°,
is given by
1
u® = P (135 —2) YA+ 2D d.

Note that for 2 € 9b(0,7¢), the resolvent (Bs — 2I)~! is given in the sense of the
analytic extension of Bgl by the classical Neumann series, and, for z € I\ 9b(0, rg),
v/—z is the analytic determination defined by Re/—z > 0.

So we have, for —1 < z <0,

ul () = o / (@Q+21) M (K (£2)(w)) 2

+ g @+ (T (@) iz

or

u’ = 2; (A+=D)"'K (f‘s)dz+—/A+zI) T (f+)

and, for 0 <z <1,
5 1 1t 5
W (0) =g [ (@4 2D (K () (a)
+ g QD (T (@) i

or
wh= g [ D) K (1) et g [ oD T (1) ds
i Jr

We have used the classical notations ud.(x) = u%.(z,-) and f$(z) = fi(x,).

3.4. Proof of Theorem 3.2

Recall that X = L?(G) and denote E_ = L?(—1,0; X) and Ey = LP(0,1; X).
We assume in this subsection that f° € LP() with 1 < p < oo and
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(F1) f? has a limit f_ in LP(Q_) when § — 0,
(F2) f9 is bounded in LP(Q),
(F3) fol f3(x, ) dz = mS has a limit m in X when § — 0.
Hypothesis (F2) implies that m?, € X and from (F3) we deduce that

[mS. —m|m, —0, &—0.

3.4.1. LIMIT OF THE KERNELS WHEN § — 0

The functions Ag(p, d) and A_(p, d, ) are differentiable with respect to 4, so it is easy
to check that, for any x € [—1,0] and any z € T, H&jzé(x, s) tends to

9A_(y/=2z,0,2)  sinhy/—Z(s+1) .
JasAo(\/jz,O) ’ vz fl<s<zx

H _(x,8) =
V=z\" 0sA_(\/—2,0,s) sinhy/—z(z+1) .
odovz0)  vee Hess<O
—+/—zsinhy/—zz+cosh/—zz sinhy/—z(s+1) .
_ ) s o v J—= ifl<s<uz
—+/—zsinh /—zs+cosh/—zs sinhy/—z(z+1) .
J/—zsinhy/—sfcosh v—2 vz ifr<s<0.
Set
0
Kyl )@) = [ B (es)f-(9)ds,
then

Ko () (@) — K (/@)
0 0
= [ gt = H ) () s+ [ ) (729 = £ (s)) ds.

and

1K s ()~ K e ()
C

||

<Ny = K =lloce s 120+ 12 = - le

We estimate ||K\7?z,5 - K&;||L(E_) using the Schur interpolation Lemma. It is
enough to do it for /—z = p > 0. We have

0
K ey = K sl < sw ([ 1001, = B 9)lds).
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and by the mean value Theorem, there exists ¢* €]0, d[ such that

(H,;—H,)(z,s)
_sinhp(1+x) 05A_(p, 6%, 5)A0(p,67) — sAo(p,6")A_(p, 0", 5)

=4 ,
p A§(p, 0%)

if -1<s<uxz, and

(H, ;= H,)(z,3)

p
_5. sinhp(1+s) 9sA_(p, 0", 2)Ao(p,0") — s Ao(p, 0")A_(p, 6", x)

, 83065 |
if £ <s<0. But

OA_ . . 9JANY . .

A?igi(paé a§%AO<p76 )'_ 4557(p76 )ZX_(p’é 75)

= sinh p(1 + &)[sinh pd™* cosh pd™ — pd*],

so, integration gives

s ([ 100, 870,901 a5)

—1<2<0

< 255inhp (coshp —1) |pd* — cosh pd* sinh pd*|
T p AZ(p,6*)

< 2§ _ sinhp-coshp- (pd*) - cosh pd* - sinh pd* . 1 B 1‘
~ p (sinhp-sinh pd*) - p - (6* cosh pd* - cosh p) |sinh pd* - cosh pd*  pd*
<2§-sup}— 2 ‘< é
T p usolt  sinh2t| T T p’

because the function ¢t — 1/t — 2/sinh 2¢ is continuous and bounded on R. Thus

1

_ _ )
1K e %) = K el < (a2l + s = £l ).

Similarly, for € [-1,0] and z € T, N\;jz,é(x, s) tends to

_ _ B sinh /—z(z + 1) -
=@ 8) = N (@) = vV—z(v/—zsinhy/—z + cosh/—2) H /=(@,0).

Setting

{T;;(m)(x) =N (z)m, 1
M —(f3)(@) = N —(@)mi. = N—(x) [, f(s)ds,
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we get
T (@) - T (m)(@)
= /0 (N\;jz76(x, s) — N\;jz(x))fi(s) ds + N\;_fz(x)mi =N —(z)m
T (@) = Mo (F)@) + N (), — )
= (T 5 = M (fD) (@) + T (mf, — m)(a),
and
1T = 5(FD) = T = (m)e_
< T me y — Mol + IN (), — m)ls
< T 5 = Mol e, + IV = Oll s rgy Il = mlls..

As previously, there exists another 6* €]0, [ such that, for -1 <z <0and 0 < s <1,
we have

_ _ sinh p(1 4 z)
N —N =0—————
( ) P )(@, ) pAZ(p,5%)
[sinh psinh pd* — 6™ p(sinh p cosh pd™ + §* cosh psinh pd™*)]
+ sinh pd* (1 — ) - [0*p(1 — s)(sinh psinh pd* + §* cosh p cosh pd*)]},

x {cosh pd* (1 — s)x

SO

1
sup (/ |(N,;5 — N, )(z,s)| ds>
—1<z<0\Jo
S6s1nhp’smhft5 - 1 i
P pd Aj(p, 6
(]sinh psinh pd* — pd* (sinh p cosh pd* + §* cosh p sinh pd™)|)
sinh p cosh pd* po*
p pd*  Ao(p, %)
(sinh p cosh pé* 4 §* cosh p sinh pd*)
sinh p sinh pd*Ag(p, 6*)

>><

+94

)
< —sinh psinh pd*
p

sinh psinh pé* _als )
pd*(sinh p cosh pd* + §* cosh p sinh pd*) p
Sé sinh pd . 71+é§0§7
p | pd*(cosh pd* + §* sinh pd*) P P
since t — sinh ¢/t cosht is bounded on [0, +oo].
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Moreover we can show that for x €] — 1,0[, we have

- eRe V—zz
|N\/jz(ac)| = O(T) for |z| — oo,

so there exists a constant C > 0 such that

c
IN = OllLr(-1,0) _m
We deduce that
C-6 C
IT = 5(F1) = T —(m)|e_ < P |1/2||f+\|E+ Wﬂmi_mﬂm'

The situation for z € [0,1] is dual, in some sense. In fact the kernels H*— (z,

V—=z,8
and NF5( s) tend to
inh /—2(s+ 1) _
jo _ sin g 0
\/_—z(s) V—z(v/—zsinh /—z + cosh \/—z) \/jz( '5),
Nt sinh /—z N——(0)

V== \/=2(y—zsinhy/—z + cosh/—z) V72

Setting, for « € [0, 1],

Kl / H+_z f-(s)ds,

T\}(
Mhm)(x) - N;; - mi,

we then obtain (thanks to Holder inequality)

1K —llee pyy < [+ 172

(where 1/p+1/¢ =1). From

Ko (7)) — Kj_—z(f—)(x)

s)

0
= [ o) - BN @ s+ [ U6 - 1) s,
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we get

1K (1) = Ko () e

C
+ + 5 5
SIK =5 = K =lue enllf2le. + m”f— —f-lle_

c.5 c o
< WHLHE, + m“f_ —flles,

and from
T sUD)(@) = T (m)(x)
/ (NI 5@, 8) = NO) f2(s) ds + N—mS — N¥—m
= (T s — MI)(SD(@) + Tl (m§ —m)(2),

one has

c-9
||T;fz’5(fi)_T\J/rf( )||E+ = | |1/2||f+||E+ ‘ |||m+ m||E+

Note that mi and m are constants in £F_, F,, and E.

3.4.2. CONVERGENCE IN E = LP(Q)
The previous study suggests to set

1

1
1p— o
U== 2271' F(A+ZI) K\/*Z(fi)dz—'_% F(A+ZI) T\/jz(m)dz
1 . s
Yt = 2271' F(A T I) K\/fz(f ) dz + 2T I‘(A + ZI) T\/jz(m) dz.

On the other hand, in virtue of (9), we get

1

uy(z) = %in

[ @+ ) @) s
mﬂ(@uﬂ(ﬁemwww

2; (Q+ =D~ (/ H+7Z )ds) dz

1 + —1
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where N \—;jz is the complex number

Nt sinh /—2 .
V=2 /=2(v/—zsinh /=2 + cosh \/—2)

Thus v, is independent of z € [0,1]. We set
uy(z) = ug € LP(G).
Now, we have
1 _ _ _
W =g [(A D) (K )~ K ()

+ i/F(A+zI)’1(T\__ﬁ,5(fi) ~ T, (m))d=

1 — —
:%/F(A+ZI)*1(K\/3757K\/_72)(ff)dz
1

_— -1r- 5 _

o [ A+ E (- ) d
]. —1 _ — )
1 —

+% F(A—i—z]) 1T\/jz(mi—m)dz

=1L+ 1)+ I3 + Iy,

and
1 o _
Il = Hzm /F(A +2) K gy = K =) () dZHE,

11
<C-6 | ———dz|||f g < C-0d|f°
<C /ﬂz| 7 e < C ol s

1
Lln. = |5 [(A+ 2D K — f)dz|
I1Rle. = g [ 4+ Kmtst = e
1
<C [ TElasl It~ -le <CIfE — f-le.
We do the same for the other integrals and for uf_ — uy. So we get the estimate

luf —uslz < C-6(120m- + 1f2E) + CUSE = -l + [Im§ — m|g,),

where C' is independent of 4.
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3.4.3. THE FORMAL VENTCEL'S PROBLEM

The Dunford operational calculus shows that u_ satisfies formally

—ul(z) + Qu_(x) = f-(z), x€]-1,0]
u_(—1) =0.

Operator Q has been defined in (4).
To find the boundary condition on u_ at 0, we integrate between 0 and 1, with
respect to z, the equation

1 2,0 o é
—(6—2Dxu+—|—Ayu+> = fi.

We get

1 1 1
Dl (0,) = 5500 0) = [ Firgpdr + [ Ayl (rpar,
0 0

Let 6 — 0. We formally obtain the boundary condition of Ventcel’s type

1 1
D,u_(0,y) = }in})/ o (r,y)dr + }ir%/ Ayl (1,y)dr = m(y) + Ayu_(0,y).
—0Jo —0Jo
So u_ satisfies the abstract boundary value problem
—u’ () + Qu_(x) = f_(z), z€]—-1,0],

u_(=1) =0,
W (0) — Qu_(0) = m,

that is
—Au_ = f_ in Q_
u_ =0 on 9Q_ \ T
Ozu—(0,) — Ayu_(0,-) =m onG.

3.4.4. STUDY OF THE VENTCEL'S PROBLEM

The solution of the Ventcel Problem

can be written
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where u! is the solution of the following problem with homogeneous condition of

Ventcel’s type
—(ul)"(2) + Qui(z) = f_(z), =€]—1,0]
ul (=1) =0, (11)
(ul)'(0) — Qul (0) =
and u? is the solution of the following problem with non homogeneous condition of
Ventcel’s type
- (uz,)n (r) + Qu2 (z) =0, z€]—1,0],
u? (—1) =0, (12)

Set
D(A-) =LP(-1,0; D(Q)),  (A-¢)(z) = Q(é(x)),
D(A4) =LP(0,1;D(Q)),  (A+9)(z) = Q(4(x)),
and

D(B-) = {v € W»P(=1,0; X),¥(-1) = 0,%(0) € D(Q),%'(0) = Q(¥(0)) }
(B_¢)(z) = =" (x) a.e. x € (—1,0), o € D(B_).
The sum theory of operators applies since we can show, as previously, that A_

and B_ satisfy (DG.0), (DG.1), and (DG.2). So, the strong solution of the homoge-
neous Ventcel’s problem in E_ is

1L 17—
u- = 5o F(A +2I)” K\/jz(f,)dz

1
= A_+2zD"YB_ — 2D f_d=.
= 9ix F( +z2I)” ( D)7 f_dz

For the non homogeneous problem, we set in E_

1
2 1—
= 5 F(A +2I)” T\/jz(m) dz,

and verify that

2(-1)=0.

Moreover, for any = € [—1,0]

{—(u2)”(x) +Qu(x) =0, Vze]-1,0]

(u2)'(z) — Qu2 (
/ V—zsinhv/—z(x + 1) + cosh /— (x +1) (Q+ 1)~ m ds,
~ 2 v/—zsinh v/—z + cosh /—
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the absolute convergence of the integral being assured by the following estimate, given
for z €T and z € [-1,0]

vV—zsinhy/—z(z + 1) + cosh/—2z(z + 1) — O(e Rc(sz)lr\)
(v/—zsinh /=2 + cosh \/=2)

We show, due to [3], that there exists a constant C, which depends only on I', such
that, for any « € [—1,0[, we have

for |z| — oo.

1(u2)' (@) = QuZ (2)][x < Cllm]x.

This estimate yields
uy(0) — Quz(0) =m
since (u2)(0) — Qua(0) = m when m € D(Q) and D(Q) = X. So u? is the strong

solution of the non homogeneous Ventcel’s problem.
Theorem 3.2 is completely proved. O

3.5. Proof of Theorem 3.3

Let fo € W29P(Q), where 1 < p < oo and 0 < # < 1/2. We assume in this subsection
that

(R1) f° has a limit f_ in W2%P(Q_) when § — 0,
(R2) f¢ is bounded in W29P(Q.),

(R3) fol fi(z,-) de = mS. tends to m in W?*P(G) when § — 0.

To simplify we suppose that 6 < 1/2p. The case 20 > 1/p can be treated in the
same manner when necessary compatibility hypotheses at the boundary of 2 are
assumed.

3.5.1. REGULARITY OF u_

Lemma 3.7. Let 6 €]0,1/2p], p €]1,00[ and X = LP(G). Then

D, (0,p) = W*?(=1,1; X)

W20P(Q) = LP(—1,1; W¥P(GQ)) n WP (—1,1; X)
Da_(6,p) = LP(—=1,0; W?*P(G)) = LP(—1,0; Do(6,p))
Da, (6,p) = LP(0, ;W?"P(G)) = LP(0,1; Do(6, p))
Dgp_(6,p) = W?%P(—~1,0; X).
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Proof. Let us show, for instance, the first equality. Set

WP (—1,0;X) = { f € W*P(=1,0;X) : f(=1) = f(0) = f'(~1) = f(0) =0},
WeP(0,1;X) = { f € WP(0,1;X) : f(0) = f(1) = f'(0) = f'(1) =0}.

Then

{ueP(-1,1;X) : u_ € WP(—1,0; X) and uy € WiP(0,1;X)} C D(B;),
and

D(Bs) c {ue LP(-1,1;X) : u_ € W?P(=1,0; X) and uy € W?P(0,1; X)},

so by interpolation

{u eLP(-1,1;X) : u_ € (W()Q’p(—l,O;X);Lp(—l,O;X)) nd

1-6,p a

uy € (W2P(0,1; X); LP(0, 1;X))1_9,p} C Dg, (0, p),
and

Dy, (8,p) C {u €LP(-11:X) : u_ € (WP(-1,0:X); LP(~1,0: X)), ,
and uy € (W>P(0,1; X); L*(0, 1 X)), _, }

or

{ueP(-1,1;X) : u_ € W?*P(—-1,0; X) and uy € W?*?(0,1;X)} C Dp,(6,p),
and

Dgp,(0,p) C{ue€ LP(-1,1;X) : u_ € W*P(~1,0; X) and uy € W?*P(0,1; X)},
thus Dg, (0,p) = W?P(-1,1; X). O

We deduce the following equivalent abstract form of our previous hypotheses

(D1)  f? tends to f_ in D4_(6,p) N Dp_(6,p) when § — 0,
(D2)  f¢ is bounded in LP(0,1; W?*?(G)) = D4, (6,p),
(D3) fol f3(x) dz = m?, tends to m € Dg(0,p) when § — 0,

and f° € Da(0,p) N Dp,(0,p) = Diasp;)(0,p) (see Grisvard [5]).
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Now using Theorem 3.5, the solution u!1 of the homogeneous Ventcel’s problem is
in D(A_) N D(B-), so ul € W2P(Q_), ul|ro € W2P(I'°) N W, P(I'°) and
—Aul = f_ in Q_
=0 on 90 _\T?
dzul (0,-) — Ayul (0,-) =0 on G,
and moreover 92ul € W29P(Q_) and Ay ut € W20P(Q_).
Similarly, m being in the space W2%?(G) = Dg(0,p), we use the results of Lab-
bas [2,3] to obtain u?2 € W2P(—1,0; X) N LP(—1,0; D(A_)) and moreover
(u2)" € W20-r(—1,0; LP(Q))
A_u? e W?r(—1,0; LP(Q))
(u2_)” € Lp(f]-v 07 DQ(va)) = DA_ (eap)
So u?2 € W2P(2_).The global regularity is obtained due to Mihlin’s Theorem. We

also have
Pu? e WP(Q_) and Ayu € WHP(Q).

3.5.2. RELATION BETWEEN %_ AND u4
Let us verify that for all y € G,
ut(y) = u-(0,y).

We recall that
1

U= 2im F(A +2l)” lK:/jz(f )dz + % (A+ ZI)_lT\;jz(m) dz,
and
up = 227r (@21 / HY(5)f(s)ds) d
+ﬁ N (Q+ZI) L(m)dz.

Using the regularity of u_, we have

w @) =) =i [[(Q D) K ) d

2

(Q+zl) HT —(m)(2)) dz

2im vz

! Q+ZI / H (z,9) ()ds)dz

2277

1 AT—
to F(QJer) N\/jz(x)mdz,
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which implies that

u_(O,-)ZZZlﬂ/Q+zI / H - —(0,8)f ()ds)dz

+ f/(Q—i-zI)_lN\_ﬁ(O)mdz
21 (Q+ZI / H+7Z s)f—(s) ds) dz
+i N+ =@+ 2)” Ym)dz = uy,

2

in virtue of (8).

3.5.3. CONVERGENCE IN W1+20:2(—1,0; X)

We use here the representation

u’ =%/K;§5((A,+z1)—1fi)dz

2m/ S(Ap+2D)7 ) dz
2171_/ \/jzé _(A_+=zD)” 1f5) -
o | TrmsAis +2n D 2

The first equality follows from the commutativity of the two resolvents of Bs and A,
and the second is a consequence of the classical Dunford calculus. Similarly we get

v g [ Kt D i

1
— A+2zI
+ i F(( + 207 m) dz
dz
1 —
2z7r/ V*Z ~(A-+ D)7 f) z
dz
A(A+ =1 .
+2m T (A(A+zD)"'m) — .
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Thus
aTU(; (x)—@zu_(z):i/ax[(— (A_(A_+ZI) 1f6)( )dZ
T 2im V=24 >
dz
Oy K _(A_ I
-5 /. e o &
dz
2m/a S + 207 () E
dz
Oy T_ A(A n—! i
-5 /. D) m)@) £,
with
0
19) K\_/—é(h )z) = ) 8xH;§(x, s)h_(s)ds,
0
3$K\7?Z(h_)(z) = [laxH;(x,s)h_(s) ds,
%&’g’)@sinhp(s—i—l) if —1<s<u,
0. H s(x,s) = ’
o, %coshp(w—l—l) ife <s<0,
—V—zcosh/ozudsioh Vo iw iy /o (s 4 1) if —1< s <,
aTH; (:E, S) o \/TZS.IHh v/ —z+cosh/—z
e /o2 cosh /—2(z + 1) i@ <5 <0,
and

0:A_(p,d,2) = /—z(—coshv/—zx - sinh /—2d + § cosh v/—20 - sinh v/—zx).

Thus, in F_, we get

_ dz
Do’ — / K (A (A 4D - ) D
d
+ 5= /(a K= 0K ) (A(A_ +21)7'f) i
1 _
+2m/(a Ty = 0. M) (A (Ay + 20) 1pey &2 -
_ _ dz
+ %/P&T\/TZ(A(A—&— 2I)~H(md —m)) ~
=V + Uy + Vg + Uy
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Now, using again the Schur interpolation lemma, we prove that there exists a con-
stant C, independent of § and z, such that

10K — yllze-) < C/l=2,

[N Kré 0K |l i) < CO,
(0T = 0.M L) < C9,
02T HL(E < C/IZIUQH/%

and, due to these estimates, we deduce that

[u? = ullwrr—10x) SC- 8- (1f21Da_000) T 1L Da, 0.00))
+CUS2 = f-lpa_(@.00) + M =Dy, (6,00))-

If we show analogous estimates in the space
WIF2029(=1,0; X) = C1F20°9([=1,0]; X),

we then deduce the result in W'+2%?(—1,0; X) by interpolation.

Let 21 and x5 such that —1 < 1 < 29 < 0. One has
4
1(0xu’. — Bpu_)(w2) = (Fp’. — Dpu_)(w1) | x < D_[[Wi(wa) — i)

Let us estimate the second term, for example. The other terms can be treated simi-
larly.

s (2) — Walay) = 2;/(3 Ky = 0K (A (A +2D)7 ) (o2) ©

2117r/(a Ky=s— 6$K:E)(A—(A7+z[)_1f7)(xl)%

=(z2) — I(z1)) + (J(z2) — J(21)),
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where

I(x2)—1(x
2@71'/ /8 \_g)(:vg,s)Q(QJer) Y- ()*ds

2w xl/a Nt i :/3)(371’5)@(@4'21) Yf (s )fds
227r/ /8 N2 &;)(332,5)@(@4—21) tro ()—ds

2m/ /a Vs ?fz)(@’s)_aw(H:/fz,a_Hh)(th>

d
- {Q(Q " zI)_lf(S);dS}
=J1+ Jo.
Now, for —1 < x; < s < 29 and p > 0, we have
0.(H, ;—H, )(z,s)
aéA—(pa 6*7 S)AO(p7 6*) — 65A0(,0, 5*)A_(p, 5*7 5)
Aj(p, 0%)

sinh p(1 + s)[sinh pd* cosh pd* — pd*|

A3(p,6*) ’

=dsinh p(1 + z)

=dsinh p(1 4 )

and

|0x(H , 5—H, ) (22, 5)]
sinh p(z2 + 1) - cosh p(s + 1) - (pd*) - cosh pd* - sinh pd*

<4
(sinh p - sinh pd*)(§* cosh pd* - cosh p)
" 1 1
sinh pd* - cosh pd*  pd*
< 5psinhp(x2. +1)-coshp(s+1) - sup 1 ' 2
sinh p - cosh p t>0|t  sinh2¢

sinh p(z2 + 1) - cosh p(s + 1)
sinh p - cosh p

<dp < C’§p67p(x275),

where p=Rey—2z=¢ |z|1/2 on I'. It follows that
1 2 _ _
1l =gz [ ] et - A=) @ @@+ 20 1) s

|2|1/2e=clz FRECPE)
<o [0 B T s
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(z2—s5)2
B o0 o—cp
SC.(;./ (22— )2 1(/0 ) 517 Ips_ 0.
1

< C -z — 1’1|29Hf*HDA,(0700)'

R e ! pdp

< -0 - .

<C-9 /Il /0 ( p2 )o+1/2 (22 — 8)? ds [l £-llpa_o.00)
T2

Finally
[2(z2) — Walz1)|[x + [[Vs(22) — Us(21)||x
< C -l — $1|20||f*||DA7(9,oo) +C - blze — x1|20||fi||DA+(0700)7
and similarly
(W1 (22) — Wizl x + [Pa(z2) — Valz1)]x
<O oz = a1 f2 = f-llpa_o.00) + € lwz = 21 [mE = m|p,, 0,00)-
Thus
||U5— - “—||W1+29100(71,0;X)
<C-6-(1F211pa_0.00) + 141D, (0,00))
+CUf2 = f-lpa_(0.00) + ImE =Ml (0,00))s
and Theorem 3.3 is then obtained.

In addition, we study now the convergence, in D, (0 +1/2,p), of u. when § — 0.

3.5.4. CONVERGENCE IN D4, (0+1/2,p)
We use the following lemma whose proof is not difficult.

Lemma 3.8. (i) There exists C > 0 such that for any z € T and r > 0, we have

|z £ 7| > Cr, |z +r| > C|z|,
(ii) Let v €]0,1[. Then there exists C > 0 such that for any r > 0,

1
e
/r |+ z[|2]*

We give the proof in the case of interpolation spaces corresponding to p = co. The
case p €]1,00[ can be deduced by interpolation. We must estimate

8 = u)lps_@h1/200) = SO 2A (A D)7 0 =)
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Let » > 0. Then

A (A +7D)7 MW’ —u)
1 1

=5 - K- 146

T 24w Fz—r(K\/Tz,é K\/Tz)(Af(Af'i‘ZI) f2)dz
! LIS 1/ 46

*5m | K A (A 42D T - f) de
! ! - - 146

* oin F;(Tﬁ,a M\/fz)(A(A-i-ZI) f9)dz
1

1
— | —T —(A(A Nmd —
e f— = (A(A+2D) 7 (mf —m)) dz

=0 + 1)+ I3+ Iy,

in virtue of Dunford’s calculus. We also have used the fact that D(A) C D(A_) and
(A+z)"t=(A_+2)"'on E_.
We get

1 6 1
nle<c | —— % jaz||f°
|| 1||E = /1; |Z —’f'| |Z|1/2 |Z|0 ‘ Z| ||f—||DA7 (68,+00)

c 5
= m R ||f—||DA_(9,+oo)7

by the previous Lemma. Similarly

1 1
Llg<C | — . ——1d S f
12l <€ [ = e =117 = £l oihm0
1 1 1 5
< C/F ‘Z _ 7’|‘9+1/2 ' |Z _7,|_9+1/2 ’ |Z|9+1 \dz| ||f— - f—||DA_(9,+oo)
C 1 5
< r0+1/2 /F |z|1+1/2 ldz| || f — f*||DA7(9,+oo)

C
< m”fi — f-llDa_ (0, 400)-

The other integrals can be treated in the same manner. So we obtain
[u = u|lpa_(64+1/2.00)
<C-6-(1F211pa_0.00) + 141D, (68,00))
+CUIf° = f-llpa (8,00) + [IM — ml[pa, (6,00));
and the same estimate for [|ud — u+||DA+(9+1/2’00).
In our case we have precisely
Da_(0+1/2,p) ={uec LP(-1,0; W2+LP(G)) : u=0o0n]—1,0[x0G }
Da, (0+1/2,p) = {ue LP(0,1;W2FLP(G)) : u=0o0n]0,1[xIG }
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(see Grisvard [6]).

4. Go back to Problem (2)

Let us recall that v® =wu?, ¢°> = f% on Q_ and

Ui(fv 77) = ui(f/(sv 77)
95.(&,m) = £2.(¢/6,m),

for any (&, n) € Q.. Setting
5 Y on Q_,
=90 5
vy on 9,
we will translate below all properties of u® in properties on v°.

4.1. Proof of Theorem 1.1

Fix 6 > 0. Since ¢° € LP(Q°) then f° € LP(Q). Due to Theorem 3.1 (statement (i)),
there exists a strong solution

5 u?  on Q_,
u =
ui on Q4
in L?(Q) of Problem (3), so v°, defined previously, is a strong solution in L?(€°) of
Problem (2).
Assume that ¢ € W2P(Q_) and g5 € W2%P(Q7.) then
fo=g ewr).

Moreover, for any § > 0
1
17y = [ 1P dzdy= [ [ 1wl dody
Qy o Ja

4
5 [ [iriesnpdean

1
= 5/ 9%.(&,m)|P d€ dn < oo,
QE

+
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and

|f+ x y) f—f-(x/ay/)lp / /
[£3]20,p.0 // dz dz' dy dy
R o, xa, I(z,y) — (@, y)|20rtn

195 (6, y) — g%.(62', y')|P ) ,

(/ / (/GG [y) =@y [ dydy)‘l”“”)
1 l95.(&,m) — g5.(&', )P /) )
‘52/ / (/GG 106/6.1) — (€6, )| powen 1T ) At

l9%.(€,m) — g5 (&, )P , ,
<C dndn’ d€ d
//gg 1) — (@) [2owen W dE d

= C(9) [g+]29,p,9i < 0.

Thus fjsr € W2%r(Q,). Using the decomposition 2 = Q_ UT? U, and in virtue of
[7, page 323, Remark 3] one deduce

P ewrQ).

Then Theorem 3.1 (statement (ii)) applies and gives statement (ii) of Theorem 1.1.

4.2. Proofs of Theorems 1.2 and 1.3

Statements (a)—(c) of Theorem 1.2 lead us to set f_ = g_ on Q_ and imply that
%i_{%ﬂff — vy = (}E%Hgi —9-llzra_y =0,

1
| 18 apdsdy =5 [ g € dan < 2,
Q4 Q4
and

1 5
1
ff_(:ﬁ, Sdx = 5/ gi(é, N dé = mi —m in LP(G) as § — 0.
0 0
Thus, Theorem 3.2 can be applied. So there exists a unique (u_,uy) € LP(Q_)xLP(QG)
such that
=0.

}E‘})Hui _“iHm(Qi)

Setting v_ = u_ on Q_, v; = uy on G, we obtain
1im||116_ — U_HL:D(Qi) =0,

§—0
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and

1 /0 1/p
: —1 5 T o
tn 5770} — v, o) = lim (5 | [ ersn —U+(77)|”d€dn>

1 1/p
= lim (/ / [l (z,y) — uy(y)|P dzx dy)
6—0 0 el

= }if(l)ﬂui — Ut |Lr(ay) = 0.
Using the estimates in Theorem 3.2, we get

2 —v_llzoay SC-8(lg2llzr(oy +C6Pllgd Nl Loas))
+ C(Hgi - g*HLp(Q,) + ||m6+ —m|ea))

and
5P|l — U+||Lp(m+) <C-5(I¢° vy + 571/p||9i||m(ni))
+ C(Hgé_ —9-|lry + Hmi - m|\LF(Q+))~
Finally v_ = u_ is the unique strong solution of the non homogeneous Ventcel’s cited
Problem.

By an analogous way, we obtain Theorem 1.3.
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