Ribbon Knots of 1-Fusion, the Jones
Polynomial, and the Casson-Walker Invariant

Yoko MizumA
(and an appendix by Tsuyoshi SAKAI)

Research Institute for Mathematical Sciences
Kyoto University
Sakyo-ku
Kyoto 606-8502 — Japan

mizuma@kurims.kyoto-u.ac.jp

Recibido: 1 de marzo de 2005
Aceptado: 5 de abril de 2005

ABSTRACT

We give an explicit formula for the Casson-Walker invariant of double branched
covers of S% branched along ribbon knots of 1-fusion.
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Introduction

Casson introduced an integer-valued invariant for oriented integral homology spheres
via constructions on representation spaces, which is called the Casson invariant ([1]).
Walker extended the Casson invariant to rational homology spheres, which is called
the Casson-Walker invariant ([14]). There has been a big deal of work on these invari-
ants. In particular, Mullins gives a relation between the Jones polynomial of a link
with non-zero determinant and the Casson-Walker invariant of its double branched
cover of S? ([11, Theorem 5.1]).

In this paper, we give an explicit formula for the Casson-Walker invariant of double
branched covers of S3 branched along ribbon knots of 1-fusion (Theorem 1.17). To do
this we consider the Jones polynomial of ribbon knots of 1-fusion. Giving an explicit
formula for the Jones polynomial is extremely difficult, but we succeed in obtaining a
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formula for its first derivative at —1 (Proposition 1.14), which extends a formula in [12]
(see Example 1.9 in section 1). This formula, together with [11, Theorem 5.1] gives a
formula for the Casson-Walker invariant. In [10], we discuss the Casson invariant of
homology spheres of Mazur type by using this formula for the Casson invariant.

Our formula for the first derivative has independent interest, since we obtain
an application as follows: In [9], we define the ribbon number of a ribbon knot,
the minimal number of ribbon singularities needed for a ribbon disk bounded by
the ribbon knot, and by using this formula we determine the ribbon number of the
Kinoshita-Terasaka knot.

1. Definitions and results

Definition 1.1. The Jones polynomial Jy () € Z[t'/?,¢71/?] is an invariant of an
oriented link L in S2, defined by the following formulas:

L, () =t () = (£ = t712)0, (1),
Jo(t) =1,

where L, L_, Ly are three oriented links, which are identical except near one point
where they are as shown in figure 1 and O denotes the trivial knot ([4]).

Definition 1.2. A band sum of Ky and K1, two separable components of a link in S3,
is obtained as follows: Embed I x I in S% by a homeomorphism b such that

(i) B(I x I)N (Ko U K;) =b(I x {0,1}),
(i) b(I x {0}) C Ko; b(I x {1}) C K.
The band sum of Ky and K7 along b is the knot
(Ko = b(1 x {0})) U (K1 — b(1 x {1})) Ub({0, 1} x I),
denoted by Ko #p K1 (cf. [3]).

Definition 1.3. A ribbon disk is an immersed 2-disk of D? into S® with only trans-
verse double points such that the singular set consists of ribbon singularities, that is,
the preimage of each ribbon singularity consists of a properly embedded arc in D?
and an embedded arc interior to D?. A knot is a ribbon knot if it bounds a ribbon

disk in S3 (cf. [6]).
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Definition 1.4. We call a knot K in S3 a ribbon knot of 1-fusion, if it has a knot
diagram Dy as described in figure 2 (and figure 3), where n is even and each small
rectangle named C; is determined by ¢; € {—1,0,+1} (: = 1,2,...,n) and there
are disjointly embedded (n + 1) subbands inside the “big rectangle”, being knotted,
twisted and mutually linked (cf. [8]). We call the diagram Dg 1-fusion diagram of K.

Let o; (i = 1,2,...,n + 1) denote the (right hand full) twisting number of i-th
subband inside the “big rectangle”, and let a;; (i < j) denote the relative linking
number of i-th subband and j-th subband inside the “big rectangle”. That is: Direct
the subbands from left to right and attach a sign to each crossing of different subbands,
as shown in figure 4. Then o ; is half the sum of the signs of the crossings of i-th
and j-th subband. (See figure 3, where (c1,c2) = (+1,41), a1 = 1, a2 = 0, a3 = 0,

Figure 3: An example of Dy

r

389 Revista Matemdtica Complutense
2005, 18; Num. 2, 387-425



Yoko Mizuma Ribbon knots of 1-fusion, the Jones polynomial. . .

X XK

+1 -1

Figure 4

1,2 = ]., 1,3 = 0, and Q23 = ].)

Remark 1.5. Dg gives a ribbon disk bounded by K.

Remark 1.6. A ribbon knot of 1-fusion is a band sum of 2-component trivial link and
viceversa.

Remark 1.7. For any Laurent polynomial f(¢) with f(1) = %1, there exists a ribbon
knot of 1-fusion whose Alexander polynomial is f(¢)f(¢t=1) ([13]).

Remark 1.8. Let K be a ribbon knot of 1-fusion in Definition 1.4. The Alexan-
der polynomial of K is written as f(t)f(t~1), where f(t) = Z?z/f(td’(i) — @) 41,
o(i) = Z;’L:Qi—l(_l)Jij and (i) = Z?:Qi(_l)jcj (8])-

The main proposition of this paper is to express Jj(—1) of a ribbon knot of
1-fusion K in Definition 1.4 by using data of Dg, which are ¢;(1 < i < n), «a;
(I1<i<n+1)and a;; (1 <i<j<n+1). Before stating the main proposition, we
give some examples.

Ezample 1.9. If K has the 1-fusion diagram with (c1,c2) = (4+1,+1) as shown in the
left diagram of figure 5 (K is called 61-like ribbon knot in [12]), then Sakai shows

J}((—l) = 16(0[1 + g + Q3 — Q12 — Q013 — 04213) — 8.

Remark 1.10. It is well known that the Alexander polynomial of ribbon knots is of
the form f(t)f(t~1), where f(t) is a Laurent polynomial ([2]). Then it is natural to
ask whether the Jones polynomial of ribbon knots has some properties reflecting the
knots being ribbon. There are few works in this direction. In [12], Sakai also shows

Jg(1) = =721 + a2+ a3 —a 20— o3 —az3)

and have

2J (1) = =9J (1) — 72.
In the process of extending these formulas, we have succeed in giving formulas for
J'(=1) and J"’(1) for ribbon knots of 1-fusion.
Ezample 1.11. If K has the 1-fusion diagram with (c1, c2,¢3,¢4) = (+1,+1,0,41) as
shown in the middle diagram of figure 5, then

J}((fl) = 48(0&273 — 024 — Q35 —+ 04475) — 24.
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Figure 5

Ezample 1.12. If K has the 1-fusion diagram with (¢, c2,c3,¢4) = (0,+1,+1,0) as
shown in the right diagram of figure 5, then Ji(—1) = 0. Note that the Alexan-
der polynomial of K is 1. The cases (c1,¢9,c3,¢4) = (0,+1,-1,0), (0,—1,+1,0),
(0,—1,—1,0) are the same.

We use the following convention:

S=(2)=>Zai:0 and Haizl.

i€S i€S

Now we define the following integers determined by ¢; € {—1,0,+1} (1 <i < n):
For1<p,q r,s<n-+1,

q

fp.q) = H(—l)_ci,
r)=2lcg| ] (-

Jj=q+1
and
q q
T &
k=p i=p
w(p,a,7) ( 4|cq\2c1+2|cq| S oo @) TI 17,

1=q+1 J=q+1
x(pv Q) = 2U(pa Q)|Cq+1| - (p7 Q)Cq-i-l:
Yy, q,7) = 2w(p, g, r)ler1] — 9(g; r)er1

We also define the following integers determined by a; (1 <i <n+1) and o ;
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(I1<i<j<n+1):

Zo‘l_QZ Z T,

i=p j=i+1
s—1 s
l(p,q,r,s8) ZO‘Z ZO‘Z —22 Z =y _QZ Z (1) "ay
i=p j=i+1 i=r j=i+1
1)p+r—1 ii(_l)j_iai,j-
i=p j=r

Remark 1.13. As will be seen in section 2, I(p, q) is the linking number of 2-component
link L(p,q) (R(p,q)) defined in section 2 and I(p,q,r,s) is the linking number of
2-component link L(p,q,r,s) (R(p,q,r,s), LL(p,q,r,s) or RR(p,q,r,s)) defined in
section 2.

Now we state the main proposition of this paper:

Proposition 1.14. Let K and Dk be a ribbon knot of 1-fusion and its 1-fusion
diagram as in Definition 1.4 and let Ji (t) be the Jones polynomial of K. Then we

have
45 13
= Z E; + Z Fi,
i=1 i=1
where each E; is expressed by ci,¢a,...,¢n, and o (1 < ¢ < n+1), and o ;
(1<i<j<n+1)and each F; is expressed only by c1,ca,- - , ¢, as follows:
n/2
Ey =2 g(2h—1,n)l(2h,n+1),
h=1
n/2 k—1n/2
By =—43 " " g(2h — 1,2k — 2)|car_1|g(2r, n)(2h, 2k — 1),
k=1h=1r=k
n/2 k—1 n/2

E3:—4ZZ Z (2h, 2k — 2)|cak—1lg(2r — 1,n)l(2r,n + 1),
k=1 h=1r=k+1
n/2 k—1n/2
Ey=—-4> 3" g(2h,2k — 2)|cap—1lg(2r,n)l(2h + 1,2k — 1,2r + L,n + 1),
k=1 h=1r=k
n/2 k—1
By =4 > " g(2h, 2k — 2)|ca 1| £ (2k, n)l(2k,n + 1),
k=1h=1
n/2 n/2
Bg=—4Y " Y f(1,2k = 2)|car_1]g(2r — 1,n)I(2r,n + 1),

k=1r=k+1
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n/2 n/2
Br=—4> Y f(1,2k = 2)[car—1lg(2r,n)I(1,2k — 1,2r + 1,n + 1),
k=1r=k
n/2
By = -4 f(1,2k — 2)|car_1|f(2k, n)l(2k, n + 1),
k=1
n/2 k n/2
Ey=-43 Y Y g(2h—1,2k — 1)carlg(2r — 1,n)I(2r,n + 1),
k=1h=1r=k+1
n/2 k n/2
Big=—4Y > Y g(2h— 1,2k — 1)|caklg(2r, n)l(2h, 2k, 2r + 1,n + 1),
k=1h=1r=k+1
n/2 g
By = —42 Zg(Qh — 1,2k — 1)|ear| f(2k + 1,n)I(2h,n + 1),
k=1h=1
n/2 k—1 n/2
Eip=-4>_ Y Y g(2h,2k — 1)|carlg(2r,n)l(2h + 1, 2k),
k=1 h=1r=k+1
n/2 k—1
Bz =—4> Y g(2h,2k — 1)|car| f(2k + 1,n)1(2h + 1, 2k),
k=1h=1
n/2 n/2
Buy=—4) Y f(1,2k = Dlealg(2r,n)I(1,2k),
k=1r=k+1
n/2
Bis = =4 f(1,2k — 1)]car| f (2 + 1,n)I(1, 2K),
k=1
n/2 j—1
Big=4Y > g(2h —1,2j — 2)|cg;1|l(2h, 2 — 1),
j=1h=1
n/2 j—1k—1j5-1
Eiz =—8% Y 3" " g(2h — 1,2k — 2)|car1]g(2r, 25 — 2)[ca;-1[1(2h, 2k — 1),
j=1k=1h=1r=k
n/2 j—1k—-1 j—1
Eis=-8% 3 Y > g(2h,2k — 2)|car—1g(2r — 1,2 — 2)[ca;1|(2r, 25 — 1),
j=1k=1h=1r=k+1
n/2 j—1k—1j5—1
Erg=—=8% 3 Y g(2h,2k — 2)|cax_1|g(2r, 2§ — 2)|c2;1]
j=1k=1h=1r=k
X 1(2h 41,2k —1,2r + 1,2 — 1),
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n/2 j—1k-1

By =—8% 3 ) g(2h,2k — 2)|car—1|f(2k, 25 — 2)[ea;—111(2k, 25 — 1),
j=1k=1h=1
n/2j—1 j—1

Eyp = 7822 Z (1, 2k = 2)[car—1]g(2r — 1,25 — 2)|egj1]l(2r, 25 — 1),
j=1k=1r=k+1
n/2 j—1;j-1

By =—8> 3 " f(1,2k — 2)|car—1|g(2r,2j — 2)[eaj—1|l(1,2k — 1,2r + 1,2j — 1),
j=1k=1r=k
n/2 j—1

Eps =—8% Y f(1,2k — 2)|car—1f(2k, 2j — 2)|ea;—1[1(2k, 25 — 1),
j=1k=1
n/2j-1 k j-—1

Ey==8) % > > 9(2h—12k—1lcalg(2r — 1,2j = 2)lea;ali(2r,2j — 1),
j=1k=1h=1r=k+1
n/2j-1 k j-—1

By =83 33" N g(2h — 1,2k — D)]ear]g(2r,2j — 2) ;1]

j=1k=1h=1r=k+1
x 1(2h, 2k, 2r + 1,25 — 1),
n/2 j—1 k
Eo = _SZZZQ(Qh - 172k - 1)|c2k:‘f(2k + 172.7 - 2)|62j—1|l(2h?2j - 1)7
j=1k=1h=1
n/2 j—1k—1 j—1
Eor = —SZZZ Z g(2h, 2k — 1)lvertcoprvertg(2r, 25 — 2)|co;—1|1(2h + 1, 2k),
j=1k=1h=1r=k+1
n/2j—1k-1
Bos =8 Y Y g(2h, 2k — 1)[car| £(2k + 1,2 — 2)[ea;_1[1(2h + 1, 2K),
j=1k=1h=1
n/2j—-1 j—1
By =—-8> 3 > f(1,2k — 1)|calg(2r,2j — 2)|ea;_1]1(1, 2k),
j=1k=1r=k+1
n/2 j—1
Esp=—8% Y f(1,2k — 1)|ear| f(2k + 1,25 — 2)|cg;_1[1(1, 2k),
j=1k=1
n/2] 1
Es = 4229 (2h,27 — 1)|e2;|1(2R + 1, 27),
j=1h=1
n/2
B3y =4 f(1,25 — 1)]eg;|I(1,25),
j=1

Revista Matemdtica Complutense 394
2005, 18; Num. 2, 387-425



Yoko Mizuma Ribbon knots of 1-fusion, the Jones polynomial. . .

n/2 j k-1 J

By =—8% > > g(2h—1,2k — 2)[eap—1|g(2r — 1,2j — 1)|e;[1(2h, 2k — 1),
j=1k=1h=1r=k+1
n/2 j k-1

B =-8)_ Y Y g(2h —1,2k — 2)|car—1|f(2k, 2 — 1)|ca;|1(2h, 2k — 1),
j=1k=1h=1
n/2 j k-1 j

Eps=—8) % > > g(2h.2k —2)[ear—1lg(2r — 1,2j — 1)lezy]
j=1k=1h=1r=k+1

x 1(2h + 1,2k — 1,2r, 2§),

n/2 j k—1j—1

By =-8) Y 9(2h, 2k — 2)|car_1]g(2r, 25 — 1)|ea; 12 +1,27),
j=1lk=1h=1r=k
n/2 j k-1

Bz =—8>_ Y ) g(2h, 2k — 2)|car—1|f (2k, 25 — 1)|ca|1(2h + 1, 25),
j=1k=1h=1
n/2j-1 j

Ess=-8% Y > f(1,2k—2)|can—1]g(2r — 1,2j — 1)]ea;[1(1, 2k — 1,2, 2j),
j=1k=1r=k+1
n/2 j—1j5-1

Esg=—8) F(1,2k = 2)|ear—11g(2r, 25 — 1)]eg;|1(2r + 1, 25),
j=1k=1r=k
n/2 j

By =—8) ) f(1,2k — 2)[ear—1|f(2k, 25 — 1)]ea;1(1,25),
j=1k=1
n/2j—1 k J

Ey=-8Y_ YY" 3" g(2h—1,2k— 1)calg(2r — 1,25 — 1)]eg;[1(2h, 2K, 2r, 25),
j=1k=1h=1r=k+1
n/2j-1 k j—1

Ep=-8) > Y g(2h — 1,2k — 1)|ear|g(2r, 25 — 1)|ea; |12 + 1,25),
Jj=1k=1h=1r=k+1
n/2 j—1 k

By =-8) > > 9(2h— 1,2k = Dlea| f(2k + 1,25 = Dlea; |12k + 1,29),
j=1k=1h=1
n/2 j—1k-1 j

Eu=-8) > 9(2h, 2k — D)|earlg(2r — 1,25 — 1)]eg; |1(2h + 1, 2K),
j=1k=1h=1r=k+1
n/2j-1 j

Eis=-8) % > f(L2k—Dleaulg(2r — 1,2 — 1)leaylU(1, 2k),
j=1k=1r=k+1
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n/2
F = w(1,2h,n), Fy=uv(l,n),
h=1
n/2 j—1 n/2
Fy =Y "> "y(1,2h,2j-2), Fi=>» x(1,2j-2),
j=1h=1 j=1
n/2 j n/2
Fy = Zy(l,Qh 1,25 — 1), F6_22c2] 1
j=1h=1
n/2 j—1k—1
F7 =4 Z g(2h, Qk — 2)‘62;@,1‘6%',1,
j=1k=1h=1
n/2 j—1
Fy = —4ZZf 1 2k — 2 |02k 1|02] 1,
j=1k=1
n/2j—1 k
Fg = —422 Zg(?h — 1,2](5 — 1)|Cgk‘02j,1,
j=1k=1h=1
n/2 n/2 j k-
FlO = QZCQj, F11 = —4222 2h 2k — 2 |Cgk 1|02j,
j=1 j=1k=1h=1
n/2 j
F12 = 742 Z f(l, 2]'{1 — 2)|Cgk_1|62j7
j=1k=1
n/2j—1 k
F13 = —42229(2;1 — 1,2]6 — 1)|Cgk‘02j.
j=1k=1h=1

By substituting I(p, ¢) and I(p, ¢, r, ) into each F; and expanding them, we obtain

Theorem 1.15. Let K and Dk be a ribbon knot of 1-fusion and its 1-fusion diagram
as in Proposition 1.14 and let Ji (t) be the Jones polynomial of K. Then Jy(—1) is
a linear expression of a; and oy ;

Z Ao + Z A joy; + B,

1<i<n+1 1<i<j<n+1
where each A;, A; ; and B is expressed by c1,cz,- -+ ,cn. To be more precise,
13
E E = E A; iy + E Ai,jai,ja E Fz = B.
1<i<n+1 1<i<j<n+1 =1

Remark 1.16. In the appendix, we discuss some properties of A;, A; ;, and B.
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By [11, Theorem 5.1] we obtain the following theorem from Proposition 1.14.

Theorem 1.17. Let K and Dk be a ribbon knot of 1-fusion and its 1-fusion diagram
as in Proposition 1.14. Let Xk be a double branched cover of S® branched along K.
Then Aew (XK ), the Casson-Walker invariant of X, is written as follows

where M = (f(=1))2 = (M2 (—1)Zi=2 V¢ (—1)e2i-1 —1) +1)2 (Remark 1.8), E;
and F; are in Proposition 1.14.

In particular, when Xk is an integral homology sphere that gives M = 1, the
Casson invariant A = Acw /2 and

AL 13
AEk) = —12<ZE1 +ZF1)
i=1 i=1

2. Some links associated to 1-fusion diagram

Let Dk be the 1-fusion diagram in Definition 1.4. We shall introduce important
2-component links associated to D and prove a lemma for their Jones polynomials.
From now on we often denote a link and its diagram by the same symbol.
Let p, g be the integers satisfying 1 <p < g <n+1.

Definition of L(p, q). Suppose that p is even and ¢ is odd. We define a 2-component
link L(p, q) obtained from Dy as follows (figure 6): We erase the outside of the big
rectangle of Dg and erase subbands except i-th subbands (p < i < ¢). Then we add
subbands in the trivial manner as shown in the last picture in figure 6.

Definition of R(p, q). Suppose that pis odd and ¢ is even. We define a 2-component
link R(p,q) obtained from Dy as follows (see the left diagram in figure 7, where
n =10, p = 3, and ¢ = 4): We erase the outside of the big rectangle of Dy and erase
subbands except i-th subbands (p < ¢ < ¢). Then we add subbands in the trivial
manner as shown in the figure.

Let p, g, r, s be the integers satisfying 1 <p<g<r<s<n+1.

Definition of L(p,q,r,s). Suppose that p and ¢ are even and r and s are odd. We
define a 2-component link L(p, q,r,s) obtained from Dy as follows (see the middle
diagram in figure 7, where n = 10, p = 2, ¢ = 4, r = 7, and s = 9): We erase
the outside of the big rectangle of Dy and erase subbands except i-th subbands
(p < i < q) and j-th subbands (r < j < s). Then we add subbands in the trivial
manner as shown in the figure.
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R(3,4) L(2,4,7,9) R(1,3,6,8)

Figure 7

Definition of R(p,q,r,s). Suppose that p and ¢ are odd and r and s are even. We
define a 2-component link R(p,q,r,s) obtained from Dk as follows (see the right
diagram in figure 7, where n = 10, p = 1, ¢ = 3, r = 6, and s = 8): We erase
the outside of the big rectangle of Di and erase subbands except i-th subbands
(p <i < q) and j-th subbands (r < j < s). Then we add subbands in the trivial
manner as shown in the figure.

Definition of LL(p,q,r,s). Suppose that p, ¢, r, and s are even. We define a
2-component link LL(p,q,r,s) obtained from Dy as follows (see the left diagram in
figure 8, where n = 10, p =2, ¢ =4, r = 8, and s = 10): We erase the outside of the
big rectangle of Dk and erase subbands except i-th subbands (p < i < ¢) and j-th
subbands (r < j < s). Then we add subbands in the trivial manner as shown in the
figure.

Definition of RR(p,q,r,s). Suppose that p, ¢, r, and s are odd. We define a
2-component link LL(p, g, r, s) obtained from D as follows (see the right diagram in
figure 8, where n =10, p=1,¢=3,r =7, and s = 9): We erase the outside of the
big rectangle of Dk and erase subbands except i-th subbands (p < i < ¢) and j-th
subbands (r < j < s). Then we add subbands in the trivial manner as shown in the
figure.
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/fl\\

Figure 9

The following lemma is used in section 6.
Lemma 2.1. The following formulas hold:
L) (1) = Jr(p,g) (=1) = (20)I(p, q),

JL(PvQﬂ‘,S)(*l) = JR(p,q,r,s)(fl) = (22)1(177 q,T, 5);
JLL(;mq,r,s)(_l) = JRR(p,q,r,s)(_l) = (21)1(])7 q,T, S)'

For l(p,q) and l(p,q,1,s) see before Proposition 1.14.

Proof. Recall that Jp(—1) = Ap(—1), where A denotes the normalized Alexander
polynomial ([4], cf. [6,7]). L(p,q) bounds an annulus as a Seifert surface. Its Seifert
matrix is 1 x 1-matrix whose entry is —I(p,q). Hence Jr q)(=1) = Appq(=1) =

(—1)"2(=2)(p, q) = (20)1(p, q). O

3. A formula for the Jones polynomial

The following proposition is useful for calculating the Jones polynomial.
Proposition 3.1. Let L be a link diagram which has c as the framed part on the left
in figure 9, where c € { —1,0,41}. Then we have
Jo() = (1= #9)J5, (8) + 475 (1 = £29) T, (6) + =1, (2)
+ (L=t Jp, () + 72 (1 —t9) T, (1),

where Ly, Lo, L3, Ly, Ls are the following oriented link diagrams obtained from L,
which are identical with L except inside of the rectangle (figure 10).
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A0 Ta0 e 0

Ly L. Ls Ls Ls

Figure 10

Proof. We apply the recursive formula of the Kauffman bracket ([5]) to four crossings
in the rectangle of L. If ¢ = —1, then we have

(L) = (2+ A%d)(L1) + (A® + B* + A*d)(La) + B*(Ls)
+ (2 4+ A%d)(Ly) + (2B 4 d)(Ls),

where d = —(A% + B?), B = A~!. Here we notice that the writhes of L and these
five diagrams are the same, so we have

Jr(t) = (1=t )0, () + 2 (1 — t2)Jp, (t) + tJp, (¢)
(1=t T, (8) + 2 (1=t~ (t).

The case ¢ = +1 is similar.
If ¢ =0, L is isotopic to Lg, so we have Jr(t) = Jr,(t). O

Remark 3.2. Jr(t) is obtained by weighting Jr, (¢), Jr,(t), Jr,(t), Jr,(t), and Jr,(t)
and adding them. Note that the weight of J, (¢) and the weight of Jy,(t) are the
same.

4. Calculation of the Jones polynomial

To apply Proposition 3.1 to the 1-fusion diagram D in Proposition 1.14 we introduce
some links obtained from Dpg.
We denote Dy by [C1,...,Chl.

4.1. A notation

We denote by [X1,...,X;,Cit1,...,Cp] the diagram obtained from [Cy,...,Cy] by
changing Cy to X1, ..., C; to X;, where X;,..., X, € {S,U,T,P,Q}and S, T, U, P,
and @ are the figures as shown in the following table (see figure 11). Note that figures
T in Xoqq and in Xeyen are the same. So are U and @, but for S and P they are not
same. For example, [U,U, S, S, S, U] is in figure 12, [S,U, T, S, U, S] is in figure 13 and
[U,S,U,T,S,U, P,Cs] is in figure 14. Note that the diagram in figure 12 gives a split
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[U.U,S, 8,8, U]

Figure 12
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link which consists of the trivial knot and L(6,7) defined in section 2.

When i =1, [X3,...,X;-1,Y,Ciy1,...,Cy] is nothing but [V, Cs, ..., Cy].

We denote [)(17 . aXi—17P7 Ci+17 ey Cn]7 [Xl, ce 7Xi—1a Q, Ci+17 ceey Cn] by
[X1,...,Xi-1, P, [X1,...,Xi—1, Q] respectively, since their link types do not depend
on the values of ¢;11,...,¢,. For example, as it is seen from figure 14 the link type
of [U,S,U,T,S,U, P,Cs] does not depend on the value of cs.

4.2. Symbols

We prepare the following symbols by the connection with Proposition 3.1. Let S(c) =
1—t¢ T(c) =t72(1 —t%), Ulc) = t7¢, P(c) = 1 —t, Q(c) = t~2(1 — t°), where
ce{-1,0,+1}.

Note that S(c¢) = P(c¢) (Remark 3.2).

4.3. A notation

We denote Y v cid x,er 2ux,es B X1y Xim) by Doy cr F(X1, .0, Xon).

From now on we use this convention.

4.4. Calculations

We apply Proposition 3.1 to C; in [CY,...,C,] and we have

J (t) =S(c1)Js,co,....c) (1) + T(c1)Jiz,cs,....c0) (1) + Uler) Jiu,c,....c) (1)
+ P(c1)Jp,cy,....c.) (1) + Q(c1)J[q,c,....c0) (F)

= Z Xi(e1)Jix,,co,...c0)(t) + Pler)Jipy () + Q(er) Jigy (1)
X:1€{S,U,T}

Next we apply Proposition 3.1 to Cs of [X1,Ca,...,C,] (X7 € {S,T,U}) and we
have

Jix1,0a,.i00)(t) = S(e2)J(x, 5,....001 (1) + Tc2) Jix, 1.0 (1) + Ule2) Jix, v,....c) ()
+ P( )J[X17P037 ( ) + Q(CQ) leQ,Ca,--qcn](t)
= > Xa(e)Jix, x0,Car00)(t) + Ple2) Jix, ) (1)
X.€{S,U,T}
+Q(e2)J1x,,0)(t)-
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So we have

Ji(t) = Z Xi(e1) Z Xo(e2)J(x, x5,05....00) (1)

X1€{S UT} XzE{S UT}

DD HX ci)P(cj)Jix,,....x; 1P (t)

1<5<2 X;€{S,U,T} i=1

j—1
+ > > TIX)ee) I, ..x, - a).

1<5<2 X;€{S,U,T} i=1

Note that we use the convention in section 4.3.

We continue this until we come to C,,, and then we have

Proposition 4.1. Let [C4,...,C,] be the I-fusion diagram as above. Then Jg(t) is
written as follows:

Jk(t) = Z HXi(Ci)J[Xl,‘..,Xn](t)

X, €{8,U,T} i=1

+ ) > HX ci)P(¢;)Jx, ... x; 1,p)(1)

1<j<n X, €{S,U, T} i=1

DD HX c)Q(cj)JIixy,..x; 1,q (1)

1<j<n X, €{S,U,T} i=1

Moreover, by decomposing <<, into the sum of 3 . 45 and 32 ... JK(t)
becomes the sum of five parts: o

Jr(t) = Ji(t) + J2(t) + J3(t) + Ja(t) + J5(t) (1)

where
Jl(t) = Z HXi(CZ)J[Xl ,,,,, Xn](t),
X;€{S,U,T} i=1
n/2 2j—2
t) = Z Z H Xi(ci)P(c%*l)J[Xl ----- X2j—27P](t)’

=1 X,e{S,U,T} i=1
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n/2 2j—1

Js(t) = Z Z H Xi(ei)P(c2j)Jix,,....x0;_1.P) (1),

J=1 X;€{S,U,T} i=1
n/2 2j—2

Tt =Y > ] Xile)Qleyj—1)Jix, ... xay0)(D);

i=1 X,;€{S,U,T} i=1
n/2 2j—1

Js5(t) = Z Z H Xi(e)Q(e2;)J1xy ... X05_1.q) ()

J=1X;e{S.,UT} i=1

5. Lemmas

To calculate Jy (—1) we prepare some lemmas.

Lemma 5.1. Let ¢; € {—1,0,+1}. Then we have

o X =] +1-t) (2a)

X,e{S,U} i=p i=p

> IIXiel=— =1 (2b)

X;e{S,U}i=p
(2 Ix@)en=-23a (2)
X,€{S,U} i=p i=p
Proof. (2a) follows from
{S(ep) + Ulep) HS(ept1) + Ulepsa)} - {S(cq) + Ulcq)

D D SR SIS | 108

X,e{S,U} Xp1€{S,U}  X,e{S,U}i=p
q
= Z HXi(Ci)
X;e{S,U}i=p
and
S(Cl) + U(Cl) = (1 — tci) O = O ] — g

(2b) is trivial from (2a).
(2¢) follows from (2a) and

q / q q
(H(tq +1- t‘*)) (—1) = S (a1t = ey(—1)5 ) = 3 (<26). O
1=p 1=p 1=p
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The following are lemmas for calculations with Jones polynomials, so we adopt
the convention (—1)z = —i.
We often use the following in the proof of the lemmas:
{A+1)2f1)} (-1) =0,
{1+ f®)Y(=1) = f(-1).

Lemma 5.2. Let G(t) be a Laurent polynomial. Let d(t) denote —t~=(1 +t). Let
S(c), etc., be as in section 4.2. Then the following holds.

{G®d®)} (-1) = —iG(-1) (3a)
{T(e)G1)} (=1) = 2|cliG(-1) (3b)
S(e)le=-1 = P(c)|t=—1 = 2|c| (3¢)
{T(c)d(t)G()} (1) =0 (3d)
{S@}Y (=1) ={P(c)}'(-1) = —c (3e)
Q(c)|t=—1 = 2ci (3f)
{Q(e)}Y (-1)=0 (3g)
Let
Vip.a) = [JU),
Wear= 3 [[XSe) [ Ul
X;e{S,U} i=p Jj=q+1
Then we have
Lemma 5.3.
V(p,@)li=—1 = f(p,9) (4a)
W(p,q,7)|=—1 = g(q,7) (4b)
{Vp,9)} (-1) = v(p,q) (4c)
W(p,q,m)} (1) =wlp,qr) (4d)
{(V(p, 9)P(cq+1)} (-1) = z(p, q) (de)
{W(paQ7T)P(Cr+1)}/(_1) = y(p,q,r) (4f)

Note that the right hand side of (4b) does not depend on p.
Proof. (4a) follows from

xwm=ﬂwmzﬂﬂi
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and
q

V)= =[] = f(p,0).

i=p
(4b) follows from (2b), (3c), and (4a). (4c) follows from

q q

O (=
(4d) follows from (2b), (2¢), (3c), (3e), (4a), and (4c). O

6. Proof of Proposition 1.14

Now we begin to calculate Jy (—1).

Note that the first derivative at —1 of a Laurent polynomial which has (1 +t)? as
a factor is 0. If at least two of X;’s in a term of (1) in Proposition 3.1 are T, then the
first derivative at —1 of the term is 0. In fact, let X; and X; be 7. Then the term
has T'(¢;)T(¢;) = =7 (1— t2ci)t*67](1 —12¢) as a factor. So if ¢; # 0 and ¢; # 0, the
term has (1 +t)? as a factor. If at least one of ¢; or ¢; is 0, then the term is 0.

Thus, to calculate Jy(—1), it is enough to consider the terms of (1) in Proposi-
tion 4.1 without T and with a single T and calculation proceeds as follows: In [i-0]
(1 <4 <5), we consider the terms in J;(t) without T. In [i-1], we consider the terms
in J;(t) with a single T. Moreover, [i-1] divides into [i-1-odd] and [i-1-even] in terms
of position of the T being right or left. In [i-1-odd], we consider the terms with a
single T which appears in X, 44 (i.e. in the right). In [i-1-even], we consider the terms
with a single T which appears in Xeyep, (i.e. in the left).

6.1. We consider the part J;(t) in Proposition 4.1.

[1-0] Picking up the terms without 7" from J;(¢), we obtain

Yoo I X Jix,, . xa®).

X;€{8,U} i=1

We divide these terms into three groups by the link type of
[Xl,...7Xn} (Xz € {S, U}),
(1) [X1,...,Xop2,5,U,...,U] (1 < h < n/2). Precisely Xop—1 = S,
X, €{S.U} (1<i<2h-2),X;=U (2h<j<n)
(2) [X1,...,Xon-1,S,U,...,U] (1 < h < n/2). Precisely Xop, = S,

X, € {SU}(1<i<2n—1),X;=U 2h+1<j<n).
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(3) [U,...,U]. Precisely X; =U (1 <i<n).

The link type of [X7,...,X,] is as follows, where O is the trivial knot and U
means the split sum. Note that in group 1 the link type does not depend on

X1, Xopa:
1| OUL(2h,n+1)
2 0]
3 O

For example [U,U, S, S,S,U] = O U L(6,7) (see figure 12).

The derivative at —1 of the sum of the terms in each group is calculated as
follows:

(1) The sum of the terms in this group is

n/2 2h—2 n
Z Z H Xi(e;)S(ean-1) H Ulcj)dour(ennt1)(t)
h=1X,;€{S,U} i=1 J=2h
n/2
= Z W(L,2h — 1,n)J2n,n41)(t)d(t).
h—1

By using (3a) and (4b), the derivative at —1 is Fj.
(2) The sum is

n/2 2h—1

Z Z H Xi(Ci)S(CQh) H U(Cj)Jo(t) = ZW(I,Zh,n).

h=1X;e{S,U} i=1 j=2h+1 h=1

By using (4d), the derivative is F}.
(3) The term is

n

[TU ) o) =Vv(1,n).

i=1
By using (4c), the derivative is Fs.
[1-1] Picking up the terms with a single T from J; (), we obtain

n

n -1
Z Z HXi(Ci)T(Cl) H Xi(e)Jixy o X1 T X1, X0 (B)-

I=1 X;e{S,U}i=1 i=l+1

We divide >, ., into two parts 3=, .44 ([1-1-0dd]) and >, .., ([1-1-even]).
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[1-1-odd] We consider the following terms (in which [ is odd).

n/2 2k—2 n
Yo > I xtenmtear—) [T XiledTixi, . oo X000 x00 (-
k=1X,e{S,U} i=1 i=2k

We divide these terms into nine groups by the link type of
[Xl,'"aX2k72vT7X2kw~'7Xn] (Xze{st})7

[X1,...,Xok—2] is divided into three groups:

(1) [X1,..., Xop—0,8U,....,. U 1 <h<k-—1): g(2h—1,2k — 2),
(2) [X1,..., Xop—1,S,U,....,. Ul A1 <h<k-—1): g(2h,2k —2),
3 [U,...,U]: f(1,2k—2).

[Xak, ..., Xy] is divided into three groups:

(a) [Xok,...,Xop—2,5,U,.... Ul (k+1<r<n/2): g(2r —1,n),
(b) [Xoks.--, Xor—1,5,U,...; U] (k<1 <mn/2): g(2r,n),

() [U,...,U]: f(2k,n).

(The reason why g, f are written there will be found in (1,b).)

Then we have nine groups (1,a)—(3,c). The link type of [X1,..., Xog_o,
T, Xok, ..., X,] is as follows, where each link in (1,a) and (1,c) is a split
link which consists of the trivial knot and some link:

a b c
1 L(2h,2k — 1)
2| L(2r,n+1) | RR2h+ 1,2k —1,2r+1,n+1) | L(2k,n+1)
3| L2r,n+1) RR(1,2k—1,2r+1,n+1) L(2k,n+1)

As an example of (1,b), [S,U,T,S,U, S| = L(2,3) (see figure 13).

The derivative at —1 of the sum of the terms in each group is calculated
as follows:
(1,b): The sum of the terms is

n/2 k—1n/2 2h—2 2k—2
330 > 11 XiteoStean—) [ Ulen)T(cana)-
k=1h=1r=k X;e{S,U} i=1 j=2h
2r—1 n
H Xi(ei)S(car) H Ulej) x Jr(an,2e—1)(t)
i=2k j=2r4+1
n/2 k—1n/2
=3 3> W12k — 1,2k — 2)T(can—1) W (2k, 27, 1) T 2 26-1) (1)
k=1 h=1r=k
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By using (3b) and (4b), the derivative is

n/2 k—1n/2
SN g(2h — 1,2k — 2)(2i)|ear—1]g(2r, ) (20)1(2h, 2k — 1)
k=1h=1r=k
n/2 k—1n/2
= =4 "> "g(2h — 1,2k — 2)[car—1|g(2r, n)I(2h, 2k — 1).
k=1 h=1r=k
This is Fs.

As we see from this calculation, we can calculate the derivative of the terms
with a single T automatically by the following procedure:

(X1, Xon_0,S,U, ... ,UT Xop, ..., Xoy_1,8,U,..., Ul = L(2h,2k — 1)

1 b /
g(2h — 1,2k — 2) (21)|cag—1] g(2r,n) (24)1(2h,2k — 1)

|

—4g(2h — 1,2k — 2)|ca—1|g(2r,n)l(2h, 2k — 1).

By summing up we have FEj.

By using this procedure we have the following, where each link in (1,a)
and (1,c) is a split link which consists of the trivial knot and some link,
and hence by using (3d) the derivative of the terms is 0:

a: g(2r—1,n) | b: g(2r,n) | c: f(2k,n)
1. g(2h — 1,2k — 2) 0 s 0
2: g(Qh7 2k — 2) E3 E4 E5
3: f(l, 2k — 2) E6 E7 Eg

[1-1-even]| We consider the following terms (in which [ is even).

n/2 2k—1

S0 ] XiledTlean) [ Xile)Tixs, Xors o Xorir 0] (B):

k=1X;e{S,U} i=1 i=2k+1
We divide these terms into nine groups by the link type of
[X17~"aX2k717T7X2k+17~'~7XTL] (Xze{st})

[X1,..., Xog—1] is divided into three groups:
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(1) [X1,..., Xon_2,S,U,..., Ul (1 <h <k): g(2h— 1,2k — 1),
(2) [Xl,...7X2h_1,S,U,...,U] (1 Shgl{}—l) g(2h,2]€—1),
(3) [U,....U): f(1,2k —1).

[Xok+1,--., Xy] is divided into three groups:

(a) [X2k+1a s 7X2T—Qa Sa Ua R U} (k' +1 <r< n/2) 9(27" - 17”)3

(b) [Xokt1,---,Xor—1,5,U,...,; U] (k+1<r<n/2): g(2r,n),

(o) [U,...,U]: f(2k+1,n).

Then we have nine groups (1,a)—(3,c). The link type of [ X1, ..., Xog_1, T,
Xok41,---,X,] is as follows, where each link in (2,a) and (3,a) is a split
link which consists of the trivial knot and some link:

a b c
1| L(2r,n+1) | L(2h,2k,2r +1,n+1) | L(2h,n+1)
2 R(2h +1,2k) R(2h +1,2Fk)
3 R(1,2k) R(1, 2k)

The derivative at —1 of the sum of the terms in each group is as follows:

a: g(2r—1,n) | b: g(2r,n) | ¢ f(2k+1,n)
1: g(2h - 1, 2k — 1) Eg E10 E11
2: g(2h, 2k — 1) 0 E12 E13
3: f(l, 2k — 1) 0 E14 E15

Each link in (2,a) and (3,a) is a split link which consists of the trivial
knot and some link. By using (3d) the derivative of the terms is 0.

6.2. We consider the part J5(t) in Proposition 4.1.

[2-0] Picking up the terms without T from J5(t), we obtain

n/2 2j—2

Z Z HXi(Ci)P(Czjq)J[Xl,...,XQ_,_Q,P](t)-

J=1X,;e{S,U} i=1
We divide these terms into three groups by the link type of
[Xl,"' 7X2j_2,P] (XZ € {S, U})

(1) [Xl,...,Xgh_g,S,U,...,U,P]:OUL(Qh,Qj—l) (1§h§j—1),
@) [X1seoo Xon 1, S0, UPl=0 (1<h<j—1),
(3) [UW"aUvP]:O'

The sum of the terms in each group and its derivative at —1 are as follows:
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(1) Z?ﬁ S WL, 2h — 1,25 — 2)P(caj—1)Jp(an.2j—1) (t)d(t). The derivative
is E16.

(2) 27/2 Z{l;ll W (1,2h,2j — 2)P(cg;—1). By using (4f), the derivative is Fs.

Jj=1

(3) Z;’ﬁ V(1,25 — 2)P(cgj—1). By using (4e), the derivative is Fj.
[2-1] Picking up the terms with a single T from J3(t), we obtain

n/2 25—

2 -1
S ] Xie)T(e@)
j=1 =1 X;e{8,U}i=1
2j—2
T Xi(e) Pleaj—)Jixy X0 T XXy 0P (B)-
i=l+1

[2-1-odd] We consider the following terms (in which [ is odd).

n/2 j—1 2k—2

>3 > I Xile)T(ear—)

J=1k=1X,e{S,U} i=1
2j—2

T Xile) Pleaj—1)Jixy . Xor—o T Xon oo Xy 0P (E)-
1=2k

We divide these terms into nine groups by the link type of

[Xl, A ,ng,Q,T,XQk, A ,ng,Q,P] (Xl S {S, U})

[X1, ..., Xog—_2] is divided into three groups:

1) [X1,..., Xopn—2,5U,..., U (1 <h<k-—1); g(2h — 1,2k — 2),
(2) [X1,.... Xon_1,8,U,..., U] (1 <h<k—1); g(2h, 2k — 2),
3) [U,...,U]; f(1,2k — 2).

[Xok, ..., Xaj o] is divided into three groups:

(a) [Xoky.- o, Xop—2,S,U,..., Ul (k+1<r<j—1);¢9(2r—1,25—2),
(b) [Xoky.-, Xor—1,5,U,..., U] (k<r<j-—1); g(2r,2j — 2),

(c) [U,...,U); f(2k,2j —2).

The link type of [X1, ..., Xok—2,T, Xok, ..., Xoj_2, P] is as follows, where
each link in (1,a) and (1,c) is a split link which consists of the trivial knot
and some link:
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a b c
1 L(2h, 2k — 1)
2 | L(2r,2j—1) | RR(2h+ 1,2k —1,2r + 1,25 — 1) | L(2k,2j — 1)
3| L(2r,2j—1) | RR(1,2k—1,2r+1,2j—1) | L(2k,2j —1)

The derivative at —1 of the sum of the terms in each group is as follows:

a: g(2r—1,2—2) | b: g(2r,25 —2) | ¢ f(2k,25 —2)
1 g(?h — 1,2k — 2) 0 Fq7 0
2: g(?h, 2k — 2) Elg E19 E20
3: f(1,2k — 2) Foy Fos FEos

Each link in (1,a) and (1,c) is a split link which consists of the trivial
knot and some link. By using (3d) the derivative of the terms is 0.

[2-1-even]| We consider the following terms (in which [ is even).

/ —

S5 Y T weren

J=1k=1X,e{S,U} i=1
25—-2
H Xi(Ci)P(CQj—l)J[X17~~-7X21c71,T7X2k+1,-~7X2j72,P](t)'

i=2k+1
We divide these terms into nine groups by the link type of
(X1, Xok—1, T, Xogt1, .-, Xoj—2, P (X; € {S,U}):

[X1,...,X2k—1] is divided into three groups:

(1) [X1,..., Xop0,8,U,....,.Ul 1 <h<k) g(2h—1,2k—1),
(2) [Xl,.. Xon-1,8,U,...,Ul (1< h<k—1): g(2h,2k — 1),
(3) [U,--- U] f(1, 2k*1)

[Xok+15 - - -, Xaj_2] is divided into three groups:

(a) [Xokt1y-- s Xor—2,5,U,..., Ul (k+1<r<j—1): g(2r—1,2j —2),
(b) [Xokt1s--s Xop—1,5U,..., Ul (k+1<r<j—1): g(2r,2j —2),

(c) [U,...,U]: f(2k+ 1,25 —2).

The link type of [Xi,...,Xox—1,T, Xok+1,...,Xaj—2,P] is as follows, where
each link in (2,a) and (3,a) bounds a disconnected Seifert surface:

a b c
1| L(2r,2j — 1) | L(2h, 2k, 2r + 1,25 — 1) | L(2h,2j — 1)
2 R(2h + 1,2k) R(2h + 1, 2k)
3 R(1,2k) R(1,2k)
415 Revista Matemdtica Complutense
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The derivative at —1 of the sum of the terms in each group is as follows:

a: g(2r—1,2j—2) | b: g(2r,2j —2) | ¢ f(2k+ 1,25 —2)
1: g(2h — 1,2k — 1) Eoy Eos Eas
2: g(2h,2k — 1) 0 Ear Ess
3 f(1,2k—1) 0 Fao Fo

Each link in (2,a) and (3,a) bounds a disconnected Seifert surface (see figure 14
for an example of (2,a)), so the Alexander polynomial is 0 (cf. [7, Proposi-
tion 6.14]), and then the Jones polynomial evaluated at —1 is 0. Hence the
derivative is 0.

6.3. We consider the part J3(t) in Proposition 4.1.
[3-0] Picking up the terms without 7" from J5(¢), we obtain

n/2 25—1

oo Y I xe)Plesy)ix, ... x0y 0 21 (8)-

J=1X,e{S,U} i=1

We divide these terms into three groups by the link type of
[X17~--5X2j—17P] (XZE{S,U})

(1) [X1,..., Xon_2,8,U,...,U,P| =0 (1 <h <j),
(2) [X1,..., Xon_1,S,U,...,U,P| =0 UL2h+1,2)) (1<h<j—1),
(3) [U,...,U, Pl =0UL(,2j).

The sum of the terms in each group and its derivative at —1 are as follows:
1 >4 W(l, 2h —1,2j — 1)P(cy;). The derivative is F.

2) 2043 Z W (1,2h, 2j—1)P(caj) I (2n 4 1.25)(t)d(t). The derivative is Es;.
(3) Y4V (1,2;'- 1) P(c2;) .25 (1)d(t). The derivative is Ess.

[3-1] Picking up the terms with a single T from J3(t), we obtain

n/22j-1 -1
> > It
J=11=1 X;e{S,U,}i=1

25—1

H X CQJ J[Xl7~~~7Xl—17T7Xl+1:~~'7X2j—1;P](t)'
1=l+1
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[3-1-odd] We consider the following terms (in which [ is odd).

We divide these terms into nine groups by the link type of

(X1, ..

(1) [Xu,..
(2) [X1,..

[Xl, . ,ng,Q,T, ng, ..

Ribbon knots of 1-fusion, the Jones polynomial. . .

2k—2

Xi(ei)T(can—1)
1
2—1

: H Xi(Ci)P(c2j)J[X1,~~~7X2k—27T;X2k;~~7X2j—1,P](t)'

=2k

(3) [U,....U]: £(1,2k —2).

[Xak, - -

(a) [Xok,.-
(b) [Xak,..

(c) [U,---,U): f(2k,25 —1).

The link type of [Xq,..

'7X2j717P]

. aXQk—17T7 X2k+17 .-

., Xap_o] is divided into three groups:
3 Xop—0,SU,..., U 1 <h<k-1): g(2h—1,2k —2),
3 Xop—1,8,U,..., U 1< h<k-—1): g(2h,2k —2),

., X9j—1] is divided into three groups:
G Xop 0, SU,... U] (B+1<r<j):g2r—1,27—1),
G Xor—1,8,U, .. U (E<r<j-—1) g(2r,2j —1),

(Xi € {S,U}):

., Xgj-1,P] is as follows,

where each link in (1,b) bounds a disconnected Seifert surface:

a b c
1 L(2h,2k — 1) L(2h,2k — 1)
2 | R(2h + 1,2k — 1,2r,2)) | R(2r + 1,2j) | R(2h + 1,2j)
3 R(1,2k — 1,2r,2j) R(2r +1,2j) R(1,25)

The derivative at —1 of the sum of the terms in each group is as follows:

a: g(2r—1,25—1) | b: g(2r,2j — 1) | c: f(2k,2j — 1)
1: g(2h — 1,2k — 2) Es3 0 FE3q
2: g(?h, 2k — 2) E35 E36 E37
3: f(1,2k—2) Essg Esg FEao

Each link in (1,b) bounds a disconnected Seifert surface, so the Alexander
polynomial is 0, and then the Jones polynomial evaluated at —1 is 0. Hence
the derivative is 0.

417
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[3-1-even| We consider the following terms (in which [ is even).

n/2 j—1

2k—1

S T Xile)T(ear)

J=1k=1X,€{S,U} i=1

2j—1

. H Xi(ei)P(e2j)J1xy,.... Xon—1 T\ Xopgr oo Xay—1,P] (£)-

i=2k+1

We divide these terms into nine groups by the link type of

X,

Xy, ..

(1) [Xu,..
(2) [X1,..

o Xok—1,T, Xogy1, -

(3) [U....,U): f(1,2k —1).

[(Xoks1,--

(@) [Xokt1,--
(b) [Xok+1,--

The link type of [Xq, ..

'7X2j717P]

., Xa—1] is divided into three groups:
o Xono2,8,U,..., U (1<h<k): g2h—1,2k—1),
A Xon1, S U, ..., U (1<h<k—1): g(2h,2k—1),

., X9j—1] is divided into three groups:

(Xi € {5, U}):

3 Xop—2, S, U, ..., Ul (k+1<7r<j)g(2r—1,25 - 1),
3 Xor1, S, U, U (k+1<7r<j—1): g(2r,25 — 1),

. 7X2k—2aTa X2k:7 .-

., Xoj—1, P] is as follows, where

each link in (2,b), (2,c), (3,b), (3,c) is a split link which consists of the
trivial knot and some link:

a b c
1| LL(2h,2k,2r,25) | R(2r+1,25) | R(2k+1,2j)
2 R(2h + 1, 2k)
3 R(1,2k)

The derivative at —1 of the sum of the terms in each group is as follows:

a: g(2r—1,25—1) | b: g(2r,27—1) | ¢ f(2k+ 1,25 —1)
1: g(2h — 1,2k — 1) Eun Eyo Eys3
2. g(2h, 2k — 1) Eus 0 0
3 f(L,2k 1) Es 0 0

Each link in (2,b), (2,c¢), (3,b), (3,c) is a split link which consists of the
trivial knot and some link. By using (3d) the derivative of the terms is 0.

6.4. We consider the part J4(t) in Proposition 4.1.
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[4-0] Picking up the terms without T from Jy(t), we obtain

n/2 2j—2

o > T xe)ea-1)Jix, . xo,—0.q) (1)

J=1X,e{S,U} i=1

The link type of [X1,...,X2;_2,Q], X; € {S,U}, is the 2-component trivial

link. So we have
n/2 2j—2

Z Z HXi(Cz‘)Q(C2j—1)d(t).

J=1X;e{s,U} i=1

By using (3a), (2b), and (3f), the derivative at —1 is Fg.

[4-1] Picking up the terms with a single T from J4(t), we obtain

j=1 I=1 X;e{S,U}i=1
2j—2
T Xi(e)QCe2i—1)Tixy X T X Xy 2@} (1)
i=l+1

[4-1-0odd] We consider the following terms (in which [ is odd).

n/2 j—1 2k—2

N3 Y T XileoT(eann)

Jj=1k=1X,e{S,U} i=1
2j—2
: H Xi(ci)Q(C2j—1)J[Xla~~~»X2k—2;T’X2k7~~~’X2j—2’Q](t)'
i=2k
We divide these terms into three groups by the link type of
[Xla cee 7X2k—2a Ta X2ka cee 7X2j—25 Q] (XZ S {57 U})

(1) [Xh...7X2}L_2,S,U7...,U,T,ng,...,ng_g,Q] (1 < h < k— 1) is a
split link which consists of the trivial knot and some link. By using (3d)
the derivative of the terms is 0.

(2) [X1,.... Xon_1,8,U, ..., U,T, Xop, ..., X0j_2,Q] =0 (L <h < k—1).
So the sum of the terms is

n/2 j—1k—1 2j—2
SO W2k, 2k = 2)T (k1) [ ¢ + 1= )Q(c2;-1).
j=1k=1h=1 =2k

The derivative is Fr.
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3) U,....UT, Xok,...,X2j_2,Q] = O. So the sum of the terms is

n/2 j—1 2j—2
V(l, 2k — 2)T(02k,1) H (t_ci +1-— tci)Q(Czjfl).
j=1k=1 =2k

The derivative is Fg.

[4-1-even]| We consider the following terms (in which  is even).

n/2 j—1 2k—1
> I Xie)T(ear)
j=1k=1X,e{S,U} i=1
25—-2
H Xi(e)Q(e2i—1)J (X, Xop 1 T, Xaks1,.. Xa;—2,Q) ()
i=2k+1
We divide these terms into three groups by the link type of
(X1, Xog—1, T, Xogg1, -+, Xoj2,Q) (X; € {S,U}):

(1) [X17' .. 7X2h72aSa U7' . '7U7T5X2k>+17 s aX2j72;Q] =0 (1 <h< k)
As in (2) in [4-1-odd], the derivative of the terms is Fy.

(2) X1,..., Xon-1,5,U,..., U T, Xopy1,...,X2j—2,Q) 1 < h<k-1)
is a split link which consists of the trivial knot and some link. By
using (3d) the derivative of the terms is 0.

3) [U,....U,T, Xokt1,...,X25-2,Q)] is a split link which consists of the
trivial knot and some link. By using (3d) the derivative of the terms
is 0.

6.5. We consider the part J5(t) in Proposition 4.1.

[5-0] Picking up the terms without T from J5(t), we obtain

n/2 25—1

Z Z H X Cl 02] J[X1,~~,X2j71,Q](t)'

Jj=1X;e{S,U} i=1

The link type of [ X7, ..., X9;-1,Q)], X; € {S,U} is the 2-component trivial link.
So we have
n/2 25—1

Z Z HXCZ (co5)d(2).

=1 X;e{S,U} i=1

By using (3a), (2b), and (3f), the derivative is Fo.
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[5-1] Picking up the terms with a single T from J5(t), we obtain

n/22j— -1
Y5 e
j=1 1=1 X;e{S,U}i=1
25—1
T Xile)Q(ea) Tixy o X X1 Xay 1) ()
i=l+1

[5-1-odd| We consider the following terms (in which [ is odd).

n/2 j 2k—2

2.0 > I xterean)

Jj=1k=1X,e{S,U} i=1
27—1

H X Cz CQJ J[Xh Xog—2,T, Xok,.., X2j-1,Q] (t)
=2k
We divide these terms into three groups by the link type of
[Xla cee 7X2k:—2aTa X2k:a cee 7X2j—15 Q] (XZ S {57 U})

(1) [Xl,...,Xgh_g,S,U,...,U,T,ng,...,ng_l,Q] (1 < h < k— 1) is a
split link which consists of the trivial knot and some link. By using (3d)
the derivative of the terms is 0.

(2) (X1, Xon_1,8,U,...,UT, Xop, ..., X2;-1,Q| =0 (1 < h < k—1).
The derivative of the terms is Fjq.

3) [U,....,U,T,Xop,...,X25-1,Q] = O. The derivative of the terms
is F12.

[5-1-even| We consider the following terms (in which [ is even).

n/2 j—1 2k—1

S5 T derien)

J=1k=1X,e{S,U} i=1
2j—2

H Xi(ei)Q(e2j—1) (X1, Xop_ 1, T, Xos 1., Xag—2,Q] ()
=241

We divide these terms into three groups by the link type of
(X1, Xok—1, T, Xogt1, .-+, Xoj—2, Q) (X; € {S,U}):

(1) [X17 cee 7X2h—2757 U7 cee 7U3T; X2k+1a s 7X2j—2;Q] =0 (1 S h S k)
The derivative of the terms is Fis.
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(2) [X17' .- 7X2h—1a‘s’a Uv' . '7UaT;X2k:+1a s aXQj—Q;Q] (1 < h < k— 1) is
a split link which consists of the trivial knot and some link. By using
(3d) the derivative of the terms is 0.

3) [U,....UT, Xaoky1, ..., X2j_2,Q)] is a split link which consists of the
trivial knot and some link. By using (3d) the derivative of the terms
is 0.

This completes the proof of Proposition 1.14. O

Acknowledgements. The author is grateful to Professor Yukio Matsumoto and
Professor Tsuyoshi Sakai for their useful advice.

Appendix: Some properties of the derivative
By Tsuyoshi SAKAI

Department of Mathematics and Computer Science, Tsuda College

Let K, c1,--+ ,cn, Ai, Asj and B be as in Proposition 1.14 and Theorem 1.15 in section 1.
Then we have

Proposition A. A, ; is divisible by 16 for any i, j.
Proposition B. A; = Ay =+ = Ap41 = 2Ak(—1) — 2.

Proposition C. Moreover, if we suppose that Ax(—1) =1, then

(i) As,; is divisible by 48 for any i, j.
(ii) A; =0 for all i.

(iii) B is divisible by 24.

Proof of Proposition A. By Theorem 1.15 in section 1,

45
Z Aoy + Z Ay = Z E;.
i=1

1<i<j<n+1 1<i<n+1
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Figure 15

By the explicit formula for F; in Proposition 1.14 in section 1,

n/2 n/2
Ei+ Es=2Y g2k —1,n)l(2k,n+1) + (=4) > f(1,2k — 2)|car—1|f(2k, n)l(2k, n + 1)
k=1 k=1
n/2 n
=4 lear—a| [] (=1)7912k,n+1)
k=1 j=2k
n/2 2k—2 n
- 42 H (—1)"%|cap-1| H (=1)"91(2k,n + 1)
k=1 j=1 j=2k
n/2 n 2k—2
=4[] (~1) Y feznosl{t = ] (=1~ }(2k,n + 1).
k=1 j=2k j=1

By definition of I(p,q), the coefficient of «;; in I(p,q) has 2 as a factor. Moreover
1- H?iﬁ(—l)_cﬂ' = 0 or 2. Hence the coefficient of «a;,; in E1 + Eg has 16 as a factor.
Similarly the coefficient of a; ; in Ei5 + E32 has 16 as a factor.

By definition g(g, r) has 2 as a factor and the coefficient of «; ; in I(p, q), I(p, g, T, s) has 2
as a factor. Hence the coefficient of «;; in Ej (k # 1,8,15,32) has 16 as a factor. This

completes the proof. O

Proof of Proposition B. Let Ko, K; (i =1,---,n+ 1) denote the knot obtained from K as
follows: K, Ko, and K; are identical except for the big rectangle where they are as shown in
figure 15. All subbands in the big rectangle of Ky are untwisted and unlinked. All subbands
in the big rectangle of K; are unlinked. The i-th subband in the big rectangle of K is the only
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one full twisted and the other subbands are untwisted. Then it follows from Theorem 1.15
in section 1 that Ji (—1) = B, Jg,(—1) = B+ A;. Note that the K,’s are all equivalent.
Hence A1 = A=+ = Apq1.

By using the skein relation for the Jones polynomial, we have

iy (t) = £Jx, (1) + (1 = t7)

and
ko (—1) = —2Jk, (1) + Jg, (1) + 2.

Since the Alexander polynomial of ribbon knot of 1-fusion is determined by ci, ..., cn,
Ak (t) = Ak, (t) = Ak(t)

and

Jr, (1) = Ak, (—1) = Ak (-1).
Hence we have

B = —-2Ag(-1)+ (B+ A1) + 2.

That is,
A1 =2Ak(-1) — 2. O

Proof of Proposition C. (ii) immediately follows from Proposition B. To prove (i) and (iii),
we use the following fact that is a consequence to a result in [11].

Let K be a ribbon knot with Ax(—1) = 1. Then Jx(—1) is divisible by 24. *)

By [11, Theorem 5.1], the Casson invariant of ¥2(K) is equal to —Jj(—1)/12. Since
mod 2 reduction of the Casson invariant is equal to the Rochlin invariant ([1]), we have (*).

We return to the proof of Proposition C. Note that Kp is also a ribbon knot and
Ak, (—1) = Ag(—1) = 1. Hence by (*) Ji,(—1) is divisible by 24, and (iii) is proved.

Let K; ; denote the knot obtained from K as follows: Kand K; ; are identical except for
the big rectangle where they are as shown in figure 16. All subbands in the big rectangle of
K, ;, except the i-th subband and the j-th subband, are untwisted and unlinked. The i-th
subband and the j-th subband are linked with relative linking number one.

By Theorem 1.15 in section 1 again, J}Q‘j(fl) = B+ A; ;. By (*), B+ A;; is divisible
by 24. Hence by (iii), A;,; is divisible by 24. By Proposition A, A; ; is also divisible by 16.
Hence A; ; is divisible by 48. Thus (i) is proved. O
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