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ABSTRACT

In this paper we consider the inverse problem of recovering the total extinction
coefficient and the collision kernel for the time-dependent Boltzmann equation
via boundary measurements. We obtain stability estimates for the extinction
coefficient in terms of the albedo operator and also an identification result for
the collision kernel.
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1. Introduction

In this paper we consider an inverse problem for the linear Boltzmann equation

O+ w - Vyu + qu = Kylu) in (0,7) x S x Q, (1)
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where T > 0, Q is a bounded and convex domain of RV, N > 2, § = S¥~! denotes the
unit sphere of RY, ¢ € L>°() and K is the integral operator with kernel f(z,w’,w)
defined by

Kf[u](t,w,a:):/Sf(x,w’,w)u(t,w',:c)dw'.

In applications (N = 2 or 3), (1) describes the dynamics of a monokinetic flow
of particles in a body €2 under the assumption that the interaction between them is
negligible (which leads us to discard nonlinear terms). For instance, in the case of a
low-density flux of neutrons (see [7,13]), ¢ > 0 is the total extinction coefficient and
the collision kernel f is given by

[, w) = q(@)e(@)h(z, 0" - w),

where the coefficient ¢ corresponds to the within-group scattering probability and the
kernel h describes the anisotropy of the scattering process. In this case, ¢(x)u(t,w, x)
describes the loss of particles at x in the direction w at time ¢t due to absorption or
scattering, while the integral on the right hand side of (1) represents the production
of particles at z in the direction w from those coming from directions w’.

The inverse problem associated with (1) that we are interested here is recovering g
and f by boundary measurements. That will lead us to consider the albedo operator A,
that maps the incoming flux on the boundary 92 into the outgoing one.

There is a lot of papers devoted to this problem and we specially mention the
general results for the identification one, obtained by Choulli and Stefanov [5] (see
also [11]), that state that ¢ and f are uniquely determined by A. There is also a
wide bibliography concerning the stationary case (See for instance those by V. G. Ro-
manov [14,15], P. Stefanov and G. Uhlmann [16], Tamasan [17], J. N. Wang [18], and
also the references therein.)

In this paper, we are mainly concerned with stability estimates for the time-
dependent equation (1). We consider g;, f;, j = 1,2, and

Aj L0, T5 LY (75 d€)) — L0, T5 LY (ET; dE))
the corresponding albedo operator (that will be precisely described in section 2 below,
as well as the spaces concerned). Since A; is linear and bounded, we consider the

usual norm || A;l|1.
Our main result is the following:

Theorem 1.1. We assume that ||¢jllecc < M for some M > 0 and f; € L>®(;
L*(S x S)), j=1,2. If T > diam(R2), there exists C = C(M) > 0 such that

g1 — (J2||H-%(Q) < C| AL — Azl (2)

Moreover, if q1,qo> € H%JFS(Q) for some s > 0 and | ¢;]|
for each 0 < r <s, there exists C. > 0 such that

H%‘FS(Q) S M7 J = 1a27 th@’ﬂ,

o(r
lar =2l gy < Crlldr = A1,
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where (1) = 2(s — ) /(N 4 2s + 1). In particular, for each 0 < r < s there exists C,
such that ~ ,
lor = gelloo < Crll i = Ao,

Using the same ideas considered in the proof of Theorem 1.1, we obtain the fol-
lowing partial result on the identification of both ¢ and f in (1):

Theorem 1.2. Let q1,q2 € L=(Q) and f1, fo € L>®(Q; L*(S x S)). If T > diam(9Q)
and Ay = Az, then ¢ = q2. Moreover, if fij(z,w',w) = g;j(z)h(W,w), with h €
L>(S x S) such that h(w,w) # 0, a.e. on S, then g1 = ga.

We organize the paper as follows: in section 2 we introduce the functional frame-
work in which the initial-boundary value problem for (1) is well posed in the sense
of the semigroup theory and where the albedo operator is defined over suitable LP
spaces; in section 3, following an argument used in [18] and an analogous strategy
used for identifying coefficients in the wave equation (see [6,12]), we construct special
oscillatory solutions of (1) that allow us to prove Theorem 1.1. Although the result
established in the Theorem 1.2 is not new, we also present here its proof to highlight
the method.

2. Functional framework and well-posedness results

For the reader’s convenience we gather below a few more or less well known results
concerning the functional framework for the operator w - V, and the semigroup it
generates.

Let Q C RN (N > 2) be a convex and bounded domain of class C! and § = SV~1
the unit sphere of RY. We denote by Q = S xQ and ¥ its boundary, i.e., ¥ = S x 9.
For p € [1,400) we consider the space LP(Q) with the usual norm

1/p
lullzo @) = ( /Q IU(w,:c)|pdxdw) ,

where dw denotes the surface measure on S associated to the Lebesgue measure
in RV-1,
For each u € LP(()) we define Agu by

N
ou
(AOU)(WVI) =w- qu(w,a:) = ];Wkaixk(wvx)a w = (wla s 7WN)

where the derivatives are taken in the sense of distributions in €.

One checks easily that setting W, = {u € LP(Q); Aou € LP(Q) }, the operator
(Ap,W,) is a closed densely defined operator and W, with the graph norm is a Banach
space.
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For every o € 092, we denote v(o) the unit outward normal at o € 92 and we
consider the sets

YEF ={(w,0) €S %xIN; +w-v(o) >0}

We also denote XF = {0 € 9Q; (w,0) € ©*F} (respectively, the incoming and
outcoming boundaries in the direction w).

Remark. It is well known that functions v € W, may present singularities on ¥ at
points (w, o) such that w-v(c) = 0, in such a way that v, ¢ LP(X). For instance,
consider a > 0, Q = { (z1,22) € R?; 27 + 23 <1} and u: S x Q — R defined by

1

w(w, z) = CTI—

It is easy to check that if @ < 3/4 one has u € Wy but u|_, ¢ L3(X7). Yet worse, if
a € [1/2,3/4) one has

/ (w - v(0)|u(w,0)|? dwdo = +oo.
>+

In order to well define the albedo operator as a trace operator on the outcoming
boundary, we consider LP(X%F; d¢), where d¢ = |w - v(0)|dodw, and we introduce the
spaces

Wi ={ueW,;u, €LP(S%;dE)},

which are Banach spaces if equipped with the norms

1/p
lullygs = (Hump + i|w~u(o>||u<w7o>|pdadw) .

The next two lemmas concern the continuity and surjectivity of the trace operators
(see [3,4]):
Vi W;[ — LP(XF;d¢), Ya(u) =uy__ .

Lemma 2.1. Let 1 < p < 4oo. Then there exists C > 0 (depending only on p) such
that

/EJ@ v, )P dodo < Cllull,, Vu € W 3)

Moreover, if p>1 and 1/p+ 1/p’ =1, we have the Gauss identity

/Qdivm(uvw) drdw = /Ew v(o)u(w, o)v(w, o) dodw, (4)

”": Tt
for allu e V\/pi andv €W,
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Proof. Let ¢ € CY(R) and u € C(S;C*(Q)). Then, for each w € S, we have from
Gauss Theorem,

/+ (w-v)up(u)do = / (w- Vu)p(u) + v’ (u)] dz + / |w - v|up(u)do.  (5)
s Q P
If p > 2, we consider ¢(s) = s|s|P~2. Then ¢ € C(R) and (5) takes the form

/+(w -v)|ulP do = p/ (w - Vu)u|u[P~2 dz + / |w - v||ul? do. (6)
bons Q "

w

From the Young inequality, we get

1 1
w-VulluPlde < = w-VulPder + — ulP. 7
/
Q P Ja P Ja

By substituting (7) in (6) and integrating over S, we obtain (3). The general case
follows by density.
For 1 < p < 2, we consider ¢, (s) = s(c + s2)P~2/2, Then ¢ € C'(R) and since

pels) =3 sl plls) — (= DI,
el <IsP7L Ip()] < (p— 1)]sfP2 e/

we obtain (6) from (5) by application of Lebesgue Theorem. The conclusion follows,
as before, by density. O

As an immediate consequence of Lemma 2.1, we can introduce the space

W, - {f Wi [ o o)l dudo < +oo}

and we have that

Corollary 2.2. VNVP+ = )7\7/; = Wp with equivalent norms.

Lemma 2.3. The trace operators v+ : W;,t — LP(XF;d€) are surjective. More
precisely, for each f € LP(XF;dE), there exists h € VN\/}:,IE such that v+ (h) = f and

1Pl < Cllflle % ),
where C' > 0 is independent of f.
Proof. See [3,4]. n

We consider the operator A : D(A) — LP(Q), defined by (Au)(w, z) = w-Vu(w, ),
with D(A) ={ueW,; v4(u) =0}
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Theorem 2.4. The operator A is m-accretive in LP(Q), for p € [1,400).
Proof. 1t follows from the following two lemmas. O
Lemma 2.5. The operator A is accretive in LP(Q), i.e.,
lu+ AAul[zr (@) > [JullLr(@), Yu € D(A), YA > 0.
Proof. 1t is sufficient to prove that
lu+ AullLr(@) > 1, Vu € D(A), such that [|u|pr) = 1.

We prove first the case 1 < p < co. Let u € C(S;C1(Q2)) with u = 0 on ¥~ and such
that |lu||zr(g) = 1. Then

o+ Aul o) = sup{ [ (o pdados v e 17(Q): ol ) = 1 }
Q

where 1/p' +1/p = 1. If v = |u|[?~2u, then v € L¥'(Q) and vl 10 (qy = 1. Hence

o Aoy 2 [ (e )P+ 20~ e~ Vo, ) dcer
Q

Since

p=2 . uwx:liv w|u(w, z)P
[u(w, z)[P~ u(w, 2)w - Vu(w, z) pd o (Wlu(w, 2)[7),

we have, from Gauss Theorem,
1
/ [u(w, ) [P~ 2u(w, 2)w - Vu(w, ) dr = —/ w - v(o)|u(w,0)|P do > 0.
Q P Jsh

Therefore,

lu+ AullLr(q) = / |u(w, x)|P dedw = 1.
Q

The conclusion follows by density.
The case p = 1 follows easily by a density argument and the fact that ||u||, — |ul1
as p — 1, for all u € L2(Q) N LY(Q). (See also the Corollary 2.7 below.) O

In order to prove the maximality of A, we consider, for u € LP(Q), the extension
of u, that is the function @ : § x RV — R,

i(w, z) = {u(w,x) if (w,z) €S xQ,

o otherwise.

It defines the extension operator u — @ which is a continuous operator from LP(Q)
into LP(S x RY).
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Let Ly : LP(Q) — LP(Q) be the operator defined by
o0
(Lyu)(w,z) = / e *tu(w,r — Asw)ds, (w,x) €S xN.
0

Lemma 2.6. L, satisfies the following properties, for each p € [1 4+ 00):

(i) Lx € L(LP(Q), LP(Q)), I LAl z(zr(0),Lr(@)) < 15
(ii) Yu € LP(Q), Lyu e in LP(Q);
(iit) (I + AA)(Lyu) = u, Yu € LP(Q);
(iv) Lx € L(LP(Q), Wy), ILxllzzr@)w,) < 2/A;
(v) La(u) € D(A), Yu € LP(Q).

Proof. Let v € LP(Q)). Then,

[(Lau)(w, z)] < /OOO e ®lu(w, z — Asw)| ds

o 1/p S 1/p
< (/ e’ ds) (/ e *lu(w,x — )\sw)|pds>
0 0
oo 1/p
= (/ e *lu(w,x — )\sw)pds)
0

|(Lau)(w, x)|P do < h e”? |@(w, z — Asw)|Pdx | ds
J fo )
< [T (] Jatwrrar)as

— Ju(w, M -

which yields

By integrating the expression above over S we obtain ||Lxul|zr(q) < ||ullzr(g) and
the item (i) is proved. In order to prove (ii), we first note that

Lyu(w, z) — u(w,z) = / e *la(w, x — Asw) — t(w, z)] ds.
0
So, thanks to Holder inequality, we have

|Lyu(w, z) — u(w, z)|P < / e *lu(w,x — Asw) — u(w, x)|P ds.
0
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By integrating this last inequality over 2 and applying Fubini’s theorem, we obtain

/Q|L>\u<w>$> —u(w, )P dx < /OOO e’ (/RN |i(w, z — Asw) — ﬂ(w,x)|pdx> ds

and the conclusion follows from the Lebesgue Theorem, since the translation operator
(Tag)(x) = g(x — \sw) defines a continuous group of isometries in LP(RY), that is,
for 1 <p < o0,

li — =0.

lim |39 — g1l

By a direct application of Fubini’s Theorem, one checks easily that the adjoint of
L, is given by

(Lyu)(w,z) = / e u(w, z + Asw) ds,
0

since

/(L,\u)(w,x)v(w,m) dmdw:/(L}‘\v)(w,x)u(w,m) drdw,
Q Q

for each u € LP(Q) and v € L (Q). Moreover, for u € LP(Q),

(Lau(w, ), ) = / u(w, )L (o) (2) dz, Vi € C3°(€Y).
On the other hand,

LY(AAp)(z) = )\/ e *w-Vo(r+ Asw)ds
0

:/0 e’S%gb(er)\sw) ds
= —p(z) + (Lip)(z), Ve € Cr°(Q)
and we have

(Laus o) = / wLfp = / aLlp = / dlp+ Li(w - Vo)
Q RN RN

= (we)+ [ AL50w- V)

= (us ) = (Lau; Aw - Vip)
= (u— 2w - V(Lyu); )
which means that (I + AA)(Lyu) = u in the sense of distributions in €.
Since AA(Lyu) = v — Lyu € LP(Q), we obtain Lyu € W,. Moreover,

1 2
| Aul|Lr(q) < X(”“HLP(Q) + [ Laullzr@)) < S llullzr@)-

In order to prove that Lyu € D(A), we note that if u € C(S x Q), then it is obvious
that u € LP(Q) and Lyu = 0 on X.7. Again, the general case follows by density. O
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Corollary 2.7. Let f € LP(Q), p € [1,+00) and assume that w € D(A) is a solution
ofu+Au=f. If f >0 a.e. in Q, thenu >0 a.e. in Q. In particular, it follows that

lullzr@) < £z @

Proof. Since (L1 f)(w, x) fo e 5 f(w,x — sw)ds > 0 if f >0, we obtain u > 0 from
items (iii) and (v) in Lemma 2.6.

Now assume that f € L'(Q) and let v € D(A) the solution of v + Av = | f|. Then
v >0and —|f|] < f < |f| implies that |u| < v. Therefore, by integrating over @, we
obtain

lull L1 (@) < /Qv(w,x) dedw < /Q[v(w,:c) + Av(w, )] dedw = || fll 1 (@) O

It follows from Theorem 2.4 and Corollary 2.7 that the operator A generates a
positive semigroup {Uy(¢)}¢>0 of contractions acting on LP(Q).
Let g € L*(Q) and f: Q x S x S — R be a real measurable function satisfying

{fs|f(x,w’,w)|dw' <M; ae QxS ®)

Jslf(z, 0 w)|dw < My ae QxS.
Associated to these functions, we define the following continuous operators:
(a) B e E(L”(Q), 17(Q)) defined by Blu](w,z) = q(z)u(w, z),
(b) Kylu] = [ fl@, 0, w)u(w, z) du'.
It follows from (8) that Ky € L(LP(Q), L*(Q)) Vp € [1,+00) and (see [7])
1Kl ri@) < My Myl
The operator A+ B — Ky : D(A) — LP(Q) generates a cp-semigroup {U(t)}i>o0
on LP(Q) satisfying
IU@)e < e, C =" [l + Ma.
3. Stability and identification of parameters

We consider the initial-boundary value problem for the linear Boltzmann equation

Ou(t,w,z) +w - Vu(t,w,z) + q(x)u(t,w, z) = Kfu](t,w, x)
U(O,W,JZ) =0, (Wax) €5 xQ (9)
u(t,w,0) = p(t,w,0), (w,0)eX™, te(0,T),

where g € L*°(Q) and

Kf[u](t,w,x):/Sf(x,w’,w)u(t,w',x)dw’
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with f satisfying (8).
By the results stated in section 2, it follows that, for any p € [1,400), if

@ € LP(0,T;LP(X~,df)), there exists a unique solution u € C([0,T];W,) N
CL([0,T]; LP(Q)) of (9). This solution u allows us to define the albedo operator

Agp LP(0,T; LP(S7,d€)) — LP(0,T; LP(S7, d¢))
Aq,f[cp](t,w,a):u(t,w7g), (w,a) ext.

As a consequence of Lemmas 2.1 and 2.3, A, ¢ is a linear and bounded operator.
So, we denote by ||Aq,f|lp its norm. In order to simplify our notation, we will consider
from now on ||'||L$ = ||'||LP(O,T;LP(Zi,d§))~

We also consider the following backward-boundary value problem, called the ad-
joint problem of (9):

ov(t,w,r) +w - Vout,w,z) - g(z)v(t,w,z) = —K;[](t,w,x)
o(T,w,2) =0, (w,x)€SxN (10)
v(t,w,o) =Y(t,w,o), (w,0)eXt te(0,T),

where 1 € L? (0, T; LY (37, d€)), p' € [1, +0),

Kilol(t',) = [ fas w)oltw.a) do
with the corresponding albedo operator AZ, f

Apg s D0, T5 LV (S4,d€)) — L7(0,T5 LP (37, d))
oWt w,0) =o(t,w,0), (w,0) € X7
The operators Ay y and A7 ; satisfy the following property:

Lemma 3.1. Let ¢ € LP(0,T; LP(X7;d€)) and ¢ € L¥' (0,T; L' (SF;d€)), where
p,p" € (1,400) are such that 1/p+ 1/p’ = 1. Then, we have

T
/0 /7(w v(0))p(t,w, o)A, [W](t w, o) dodwdt =

T
= [ o v0)(t0.0) Au sl t,0,0) dods.
0Jx+

Proof. 1t is a direct consequence of Lemma 2.1. Let u(¢,w, z) the solution of (9) with
boundary condition ¢ and v(t,w, x) the solution of (10) with boundary condition .
We obtain the result by using (4), once the equation in (9) is multiplied by v and
integrated over Q. O
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Lemma 3.2. Let T > 0, q1,q2 € L>®(Q) and f1, fo salisfying (8). Assume that
uy is the solution of (9) with (q, f) = (g1, f1) and boundary condition ¢ € LP(0,T;
LP(37,dE)), p € (1,400) and that ve is the solution of (10), with (q, f) = (q2, f2)
and boundary condition 1) € L’ (O,T; L”,(E"‘, d{)), 1/p+1/p’ =1. Then we have

//(QZ(fc)—(J1(9C))u1(t7w,x)v2(t7w,x)dxdwdt
0JQ
// Ky g, [ua](t, w, 2)va (b, w, x) dedwdt

//2+ w-v(0))[Ailg] — Az¢]] (t,w, 0)¢(t, w, o) dodwdt,

where Aj = Ay, 5,5, 7 = 1,2.
Proof. Tt is a direct consequence of Lemma 3.1. O

Lemma 3.3. Let T > 0, q1,q2 € L>®(Q), and fi1, fo satisfying (8). We consider
V1,2 € C(S,C5°(RY)) such that

supp 1 (w, ) N Q = (suppY2(w, ) + Tw)NQ =0, VYwe S. (11)

Then, there exists Co > 0 such that, for each A > 0, there exist Ry x € C([0,T]; Wp)
and R , € C([0,T]; W,) satisfying

IRiAllcqorier@) < Co, 1IR3 Allcomne @) < Co, Vo' € (L, +00),  (12)

with 1/p+ 1/p’ =1, for which the functions uy,vs defined by

W (tw,z) = (w, — ) exp</0t G — sw) ds + Nt —w- x))
F Ry w, )

ot w0,7) = (@ — tw) eXp(/Ot (@ — sw) ds — At — w- x))
RS (o, )

(13)

are solutions of (9) with (q, f) = (q1, f1) and (10) with (q, f) = (q2, f2) respectively.
Moreover, if fi, fo € L>=(Q; L*(S x S)), then we have

Jm (1R lzaqorixg) = lim ([R5 522 (0,11x@) = 0. (14)

Proof. Let u be the function

u(t,w,x) = Y1 (w, z — tw) exp <—/0 G1(z —sw)ds + it —w - :1:)) + R(t,w,x). (15)
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By direct calculations, we easily verify that
Ou+w-Vu+ qu— Ky [ul =0,R+w-VR+ @R — Ky, [R] — exp(iXt) 2y,
where

2t w,x) = / Filz, o' w)h (W, — tw')e o @msw) ds=idu’a g, 1,
S

By choosing Ry € C*([0,T]; LP(Q)) N C([0,T]; D(A)) the solution of

OR+w-VR+ @R = Kp[R]+ exp(irt)z1,a,
R(0,w, ) =0, (w,z)eSxQ, (16)
R(t,w, o) =0, (w,0)€X,

we see that (11) implies that the function u defined by (15) satisfies (9) with boundary
condition

P(t,,0) = Y1 (w, 0 — tw)eSo DO dtiNE—w0) () € 5=,

Multiplying both sides of the equation in (16) by the complex conjugate of | R|P~2R,
integrating it over () and taking its real part, we get, from Lemma 2.1,

/ \R()Pdwdz + - / w - ()| R(t)Pdwdo + / o |R()Pdwdz
Pdt s+ Q

- §R/ K [R®)]|R(t)|P2R(t)dwdx = %[ei”/ 28| R()[P2R(t) dwdz .
Q
It follows from the Holder inequality and (8) that
/ K, [RORE P dedw < CollROIE 0,

where C), = Mll/p,le/p < max{Mi, Ms}. Therefore, considering the decomposition
Q= ql+ — gy , we obtain,

d
IR gy < POIRWDIE gy + 121D
where C1 = ||¢] ||co + max{Mj, M2} + 1 and the Gronwall inequality implies that
IR0, < 1A, Ve € [0,7)
The first inequality in (12) follows easily because

|21 (t w, )| < [l flsoe!r =T 0.
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Since the same arguments hold for v2 and Rj , with p’ in place of p, we obtain
the second inequality in (12).
We assume now f € L>(Q; L?(S x S)). Following the same steps as before, we
obtain
IR0 < 2170222 T, ¥t € [0,T], (17)

where C1 = |l¢; [lo + || fllL=(@:r2(sxs)) + 1. Since for each z € R, the map
w — exp(idw - z) converges weakly to zero in L?(S) when A — +oo and the inte-
gral operator with kernel f;(z,-,-) is compact in L?(S), we obtain

Ahrf lzia(t, - 2)||L2(sy =0 ae in [0,7] x Q.

Moreover, [|z1(t, -, )|/z2(s) < C, where C' > 0 is a constant that does not depend
on A. The Lebesgue’s Dominated Convergence Theorem (Lebesgue Theorem in short)
implies that

Jim flzeallzz o, mix@) = 0- (18)
From (18) and (17) we obtain (14), and our proof is complete. O

We are now in position to prove our main result.
Proof of Theorem 1.1. Let ¢ = (T — diam(2))/2 and consider
Q. ={z e RV \ Q; dist(2,Q) < e }.

Let x € C(S) and ©,¥ € C3°(£2.). We define ¢ (w,z) = x(w)®(z) and ¢o(w,z) =
U(z). Since T' > diam(Q)) implies that 1,19 satisfy (11), we may consider the
solutions u; and vy defined by (13). Denoting by f = fi — fo and p = ¢1 — ¢ (g;
being the zero extension of ¢; in the exterior of €2), we have by Lemma 3.2,

T
’ / / p(x)e_fot pla=sw)dsy ())B(x — tw)V(z — tw) dedwdt
0JQ

T
+ / / 2\ (tyw, )P (x — tw)ef(; G2(w=sw) ds+ido-@ o doydt + I,
0JQ

< M = Azllpllell g 11, -

where
Zx(t,w, x) flz, o', w)x(W)®(x — tw/)e—ikw“x—fg 51(x—sw’)dsdw/7
s
p(t,w,0) = x(w)® (U—tw) N(t—wr)— ¢ (o) do
Y(t,w, o) =¥(o *tw)efo G2(0—sw) ds—iX(t—w-0)

and I represents the sum of the integrals that contain terms with Ry ) and R ,.
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Because Ry x, R, and zy converge to zero in L2([0,T] x Q), we get, after taking
the limit as A — 400,

T
’ / / p(z)e™ o PE=sw)dsy ()P (3 — tw) U (z — tw) dudwdt
0 JSxRN
< My = Aaflpllell 10,

Since

T t
/ / p(z)e™ Jo PE=s9)dsy (LB (2 — tw) U (2 — tw) dedwdt
0 JSXRN
T t
- / / ply + tw)e™ Jo PV oy (0)B(y) W (y) dydwdt
0 JSXRN

= / [1— e o o) 433 () (1) W (y) dydlo,
SXRN
it follows that
- r Sw S
[ e B 8y a0 )y | < s = el [
X P

Note that

1N, < Cull¥llie@y),  Cv=C(T, M,|S],[090),
;i_{an(P”L; = ||‘P||L;a

liInS}lp”u‘h — Azlp <[ AL — A2lx
p—)
which yields
‘/S - e o Pt Ty () (y) W (y) dydw‘ < CillAr = Azl oll - 112 o=
X

Note also that ||g0||L; < Col| @[ ey lxllLr(s), for some Cy that depends as Cy
on T, M, |S|, and |09|. Hence,

] /S [ A )8 ) dy
X N

< G| A1 = Azl [| @] L1 @) W | oo vy XN 21 () -

Let O C Q. be an open set such that supp ®,supp¥ C O. Assume that ¥ < 1.
Taking a sequence {¥}} such that ¥, converges a.e. in RY to 1¢, the characteristic
function of O, we obtain from Lebesgue Theorem

T
‘/S O[l — e~ Jo Pluts) ds]y () (y) dydw’ < Csl|Ar — Aol | @]l o1 vy XNl 21 (5)-
X
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Now, taking the supremum of the above inequality among all ® with ||®[| 11 g~y = 1,
we get

< Csl Ay = Azll1lIxl 1 (s)-
L=(0)

In particular,

[ ) | < Callds - Al (9)
S

for a.e. y € O. Since O can be chosen arbitrarily in Q., we obtain (19) for a.e. y € Q..
Again, taking the supremum among all x € C(S), with [|x|[z1(g) = 1, we get

‘e_fOT ply+sw)ds 1 ‘ < 03||.A1 o A2||1

for a.e. (w,y) € S x Q..
Since ||gjlloc < M, j = 1,2, the Mean Value Theorem gives

‘e_ J ply+swyds _ ’ > ¢ 2TM

T
/ p(y + sw) ds
0

and consequently

T
‘/ ply + sw)ds| < *TMCs|| AL — As1
0

for a.e. (w,y) € S x Q.. Since T > diam(f2) and supp p C 2, we obtain

’ / p(y + sw) ds| < €2TMC3||.A1 — A2||1 (20)

for a.e. (w,y) € S x RV,
Since 2 is bounded, there exists a R > 0 such that 0 C Bpg, so that we can
rewrite (20) as

|P[p](w,y)] < Cy|l A1 — Azl (21)

for a.e. w € S and a.e. y € w® N By, where P[p| denotes the X-ray transform of p.
Taking the square on both sides of (21), we obtain

IPRecr = [ [ PP dyde < ol = Aol (22

where 7 = { (w,y); w € S, y € w’ } denotes the tangent bundle.
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For the X-ray transform, we have the following well known estimate (see [10])

lollz=1/2 < ClIPlplll 2 (1), (23)

where C' > 0 depends only on N. Combining (22) and (23) we obtain (2). The
conclusion follows from interpolation formulae and classical Sobolev imbedding theo-
rems. U

Proof of Theorem 1.2. Since we are assuming that Ag, 5 = Aqg, 1., @1 = o follows
trivially from (2). As a consequence, the identity in Lemma 3.2 is reduced to

T
//Kfl_fz[ul](t,w,x)vg(t,w,x)dacdwdt:0. (24)
0JQ

Assuming that f;(z,w’,w) = gj(z)h(w’,w), where h € L>(S x S) and h(w,w) # 0
a.e. on S, we have that f; satisfies (8) with My = My = an||gjlcc||h|loc, Where
an = 27N/2 JT(N/2) is the measure of the unit sphere of RV,

For 0 < r < 1 we define x, : S x S — R as x,(w,w’) = P(rw,w’), where P is the
Poisson kernel for By (0), i.e.,

1— |z

Pow) = o™

From the well known properties of P (see Theorem 2.46 of [8]), we have

2

0< T ) I<77
S X (ww>_0lN(177')N71

Yw,w' €8,
/XT(w,w')dw’zl, Vo<r<l1, YwesS
s

lim [ xr(w, )P (W) dw' = (w),

r—1 S

where the limit is taken in the topology of LP(S), p € [1,400) and uniformly on S if
P e C(9).

As before, we take Q. = {x € RN\ Q; dist(z,) < € }, where e = (T —diam())/2.
For @ € S, 0 < r,r" < 1, we define the functions ¥1(w,z) = x,(@,w)®(z) and
Ya(w, x) = X (O, w)¥(x), where &, ¥ € C§° (),

It follows from Lemma 3.3 that there exist functions u;, and v, in such way
that (24) takes the form

T s , o
// [”(x)/ h(w, )X (@, 0 )B(x — tw')e~Jo dlzmswds—dre’ g,y
0JQ s

X X (@, w) W (1 — tw)elo He=sddetdew gyt = Iy 0 (@), (25)
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where § = ¢1 = g2, 7 = g1 — g2 and I, ,, denotes the sum of the integrals that
contain the terms with Ry », and R} A
First of all, we write the left hand side of (25) as

I r / / 77Kh Xr (@, -)ug )\] X (@, )UO,)\ drdwdt,

where

¢
upA(t, w,x) = O(z — tw) exp { / 4(z — sw)ds —idw - x} ,
0

i
voa(t,w,z) = U(x — tw) exp [/ G(z — sw)ds + idw - x]
0
Taking into account the properties of x,., we have, as r — 1,
K xr (@, Yug ] (t,w, ) — h(w,@)up x(t, 0, x)

a.e. in [0,T] x S x Q. Moreover, since [¢x,(0,w’)dw’ =1 for 0 < 7 < 1, it follows
that

B R [ (@, Juo X (@, Yo | < Cn (1 —7")1 7,
a.e. in [0,7] x @, where Cn > 0 is independent of r. Therefore, as an application of
Lebesgue Theorem, we have

Inpr (@) = T (@), ae @ €S,

where

I (@ / / (@, w)uo A (t, @, )X (@, w)vo A (t, w, x) drdwdt

/ / Kh X ( )vo,,\] (t, @, x)uo\(t, @, z) dzdt.

We repeat the same procedure with v/ — 1 to obtain Jy (@) — JA(@) a.e. © € S,
where

A(@) / / D)o (t, &, x)ug A (t, @, x) dedt o)

_ h(@,@)/o /Qn(x)(l)(x 10 U(z — 1) dadt.

Now we rewrite the right hand side of (25) as

Iy, (@ // (Kn[R1 )X (@, )vox

+ Kplxr (@, -)u07,\}R§,)\7T, + Ky, [R1,>\,T]R§7,\,T/) dxdwdt,
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where Ry, is the solution of the initial-boundary value problem

OR+w-VR+ @R = g1 Ku[R]+ exp(irt)g121xr,
R(0,w, x) =0, (w,z)eSxQ, (27)
R(t,w,o) =0, (w,0)€eX,
with
210 (t 0 w, ) = / h(w,w" ) xr (@, w ) ug A (t,w', ) dw'’
s

and R , ., is the solution of the corresponding adjoint problem with 23 y ;.
Again, the properties of x, and Lebesgue Theorem give, as r — 1,

zipy — z1n in L2([0,T] x S x Q),

where 21 A (t, @, w, x) = h(w,®)up (t, @, x). From the continuity of the operators U (t)
and K} we obtain, as r — 1,

Kn[Ripn](@) — Kp[Rip)(@) in C([0,T]; L*(Q))

for almost every @ € S, where Ry ) is the solution of (27) with z; 5 taking the place of
z1,a,r- Therefore, taking the limit as r — 1, we have I,/ (@) — I (@) a.e. © € S,
where

I (@ // (Kn[Ri X (@, -Jvon + B(-, @)ug AR5y
+ Kh R1 )\]RQ A7 ) dxdwdt

/ / (K [Xr (@, Jvo ] Rax + Kji [R5 5 | R )dwdw di+

+ / / KL R A (6,3 2o a (0, 7) ddt
0 JQ

We repeat the same procedure with v — 1 to obtain I v (@) — I3 (®) a.e. @,
where

(@ / / (Kn[Rix]vox + Kji [R5 5] uo,x) dadt

+ / / nKp[Rix] Ry ydxdwdt.  (28)
0JQ

In order to take the limit as A — +oco in (28), we point out that z — 2
converges weakly to zero in L2?(2) for all @ € S. Therefore, using the Lebesgue
Theorem and the continuity of the operators U(t) and K}, we may conclude that

Mgz At @,,) =0 = Ria(t,0,) =0 = Ku[Ria\(t,o,-) =0, (29)
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weakly in L?(Q), Vt € [0,7T], a.e. @ € S.

On another hand, it follows from (12) that w — R \({,@,w,z) is bounded in
L?(S) a.e. in [0,7] x Q. Since K}, is compact, we have (by taking a sequence A,
if necessary) that Kp[R1\](t,@,,x) converges strongly in L?(S) as A — +oo. As a
consequence of the Lebesgue Theorem, Kj[R1 ,](t,&, -, -) converges strongly in L*(Q),
YVt € [0,T], a.e. @ € S. In particular, we have from (29) that

Kn[Ry2\](t,@,-,-) — 0 strongly in L*(Q), Vt € [0,T], a.e. @ € S. (30)
With the same arguments, we also obtain
Kn[R3,\](t,&,-,-) — 0 strongly in L*(Q), Vt € [0,T], a.e. © € S. (31)
Since ug x and vg » are bounded functions, we see from (30), (31), and (28) that

lim 1 = . W : 2
JJm (w)=0, ae wes (32)

Since we have by (25), Jx, (@) = Ir, (@) a.e. @ € S, we take the limit in ', r
and A and we get, from (26), (32), and the assumption that h(w,@) # 0, that

//RN (z 4 t0)® () ¥ (x) dadt = // ®(z — t0)¥(z — t&) dadt = 0.

Since ® and ¥ are arbitrary and T' > diam({2), we obtain

+oo
/ n(z+to)dt =0, ae zcRY, oes,

— 00

which means, by standard arguments for the X-ray transform, that n(x) = 0 a.e. in RY.
Hence the result. O
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