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Introduction

The study of the approximate controllability property for linear parabolic problems was
already treated in [9]. The study of this property for nonlinear parabolic equations seems
to have its origins in [8]. Since then, many other results are today available in the literature
but, to the best of our knowledge, always restricted to the semilinear case. This paper is a
variation of the recent results in [4], [5] by considering the problem

v —Ap(y) =h nQ:=Qx(0,T),
(1) o(y) =0 on ¥ := 00 x (0,7),
y(0) =v in Q,

where ) is a bounded open subset of IRY of class C*, T > 0, ¢ is a continuous non-
decreasing real function, h € L*(0,T; H'(2)) and v represents the control answering
the following approximate controllability property: Fixed v > 0, we find v such that
| y(t;v) = Ya |lg-asn(@)< 0 for a given § > 0 and for some desired state yqa € L*(Q).
With this regularity of the data, y(v) € C([0,T]; H~(€)) (see [2]). We prove that the ap-
proximate controllability holds for a certain class of functions ¢. This class of functions
includes the one associated to some type of two phase Stefan problem (¢(s) = ks if s <0 or
s > L and ¢(s) = 0 in [0, L], for some constants k, L > 0). The result is obtained through
a variation of the main theorem of [6] for the vanishing viscosity problem

yeteAly —Ap(y)=h nQ,
(2) y=Ay=0 on X,

y(0) =wv in Q.
An approximate controllability result when ¢ is essentially linear at infinity Let
us denote H" := H"(Q2), for every r € IR and |.|, its associated norm.

Theorem 1 Let ¢ be a continuous nondecreasing function with ¢(0) = 0. Assume that
there exists some positive constans k, My, Cy, Cy such that

3) o € CY(IR\[=My, M) and |/ (s) — k| < ﬂ if sl > M,
(4) lo(s) —ks| <Cy VseR.

Then, if ¢'(s) > ¢ >0 a.e. s € IR or h € L*(Q), then problem (1) satisfies the approzimate
controllability property in H=U) for any v > 0.

Theorem 2 Assume ¢ € C°(IR) satisfying |p(s)| < C(1+ |s|) for |s| > My (C, My > 0).
Let yg € H-U*) and § > 0. Then, for any ¢ > 0 there exists a control v. € H® such that if
y(t;v) is the corresponding solution of (2) we have

(5) Y(T5ve) = yal~(144) < 0.

If in addition ¢ satisfies (3) and (4), then there exists a positive constant K, depending on
k, Cy, Cy and My but independent of €, such that the controls v. can be taken satisfying

(6) lvelo < K, for any e > 0.



The proof of the first part of Theorem 2 is an special formulation of the main result (Theorem
1) of [6]. The second part reproduces some of the steps of the proof of Theorem 1 of
[6] that here will be merely sketched. The first step consists in proving the approximate
controllability for a linearized problem (a posterior fixed point argument will extend the
conclusion to the nonlinear problem). We define function ¢g(s) := ¢(s) — ks and linearize
o near a point s. € IR depending on . This point will be chosen in a suitable way as the
following result shows (proved in [5]):

Lemma 3 Let o € C°(IR) satisfying (3). For any e > 0 there exists s. € IR such that the
function g.(s) := %ﬁo(sg) satisfies g. € L>®°(IR) NC(IR) and

(7) I 9 Nl < Ve
If ¢ satisfies (4), then there exists a positive constant Ko, independent of €, such that
(8) 19:(s)s.| < K,  for anye >0 and any s € RR.

Now we return to our linearizing process. Since @o(s) = @o(se)+9:(5)s—ge(s)s., we shall start
by replacing the term ¢(y) by ky+ g-(2)y + @o(S:) — ge(2)se, where z is an arbitrary function
in L2(Q). If we denote E := H?> N H} and h.(2) := A (g (se) — g-(2)s:) = —A (g (2)s.),
then h.(z) € L*(0,T; E’"). Now, we consider the approximate controllability property for
the linear problem

yi + A%y — kAy — A(go(2)y) = h + h(z) inQ,
(9) y=Ay=0 on ¥,
y(0) = u. in Q.

The existence and uniqueness of a solution y € {y € L*(0,T;F) : y, € L*(0,T : E'} was

proved in [6]. In order to state an approximate controllability result for this problem, we

look for the ing0 {% Jovidz, Y..(T,v) € yq+ 5B,(1+7)}, where B_(14, is the unit ball in
ve

H~U4+7) and Y, , is the solution of

Y, +eA?Y —kAY — A(g(2)Y) =0 in Q,
(10) Y=AY =0 on X,
Y (0) = u.(z) in Q.

Then, by duality theory, it is easy to prove that the above optimal control problem is
equivalent to find the inf o s J.(p°), with J. = J.(z,y4) : Hi™Y — IR defined by

J-(p") = 3lp(x, 0)[3+ 6[p° 147 — < ya, P° > -G+ i+ - Here p denotes the solution of

—pe+eA’p —kAp = g.(2)Ap =0 inQ,
(11) p=Ap=0 on %,
p(T) = p° in Q.

The existence and uniqueness of a solution p € L?(0,T; E), was proved in [6]. The connection
between both minimizing problems is that the solution u € H° of the first one is u =
p(x,0), where p is the solution of (11) with p(T) = p? (minimizer of J.). Now, some easy
modifications of the arguments given in [7] for a functional similar to this one and the
backward uniqueness theorem of Bardos and Tartar [1] allow to show that the functional

. . . 1 . . . J 0;’
J.(+; 2,y4) is continuous, strictly convex on H,"" and satisfies liminf Jepiz9a) > 5 Then
[P9]144—00 P51+

J.(+;2,54) attains its minimum at a unique point 70 in Hy™". Furthermore, p? = 0 iff
|Yal -+ < d. Now we shall give an approximate controllability result for an special case:



Lemma 4 Let z € L*(Q) and yg € H="*). Then, for any § > 0, the solution Yz of problem
(10) with v. = p(x,0) satisfies |yqg — Ye(T)| -y < 0.

Theorem 5 Let z € L*(Q) and yq € H-"*7). Then there exists K > 0 and u. € H® such
that the associated solution y. of (9) satisfies

(12) 19=(T) = Yal ~(114) <9,
(13) luclo < K,  for anye >0 and any z € L*(Q).
Proof of Theorem 5. We put y. = L. + Yz, where L. = L.(z) € C([0,T]; H°) satisfies

L+ eA2L — kAL — A(g.(2)L) = h+ ho(2) in Q,
(14) L=AL=0 on X,
L(0)=0 in Q

and Y. = Y.(z) is taken associated to the approximate controllability problem (10), with
desired state y; — L.(T"). We find the control u. in the same way as in Lemma 4. Therefore,
if p. is the solution of (11) with final data M(e, z,yq — L<(T')), where M : (0, R] x L*(Q) x
H-0+9) — HO is defined by M(e, z,y4) = p°, then the control u. := p.(z,0) leads to
Y (T) = Jal-(14+) < 9, where 3g := yq — L(T) (if |Ja|-(14+) < 0 it suffices to take u. = 0).
For the proof of (13) we need the following four lemmas (some of them proved in [5]).

Lemma 6 Assume (7) and (8). Let = € L*(Q). Let py € H® be given. Then, if p. is the
solution of (11), we have || pe ||c(or;u0)< €' |pP|o for any e > 0 and any z € L*(Q).

Lemma 7 Let ov,e >0 and v > —1/2. Then the mappings

S.: E — H™YQ) T.: HYY — L20,T;H5 ™)
0 and 0
r = p p — p;

where p is the solution of (11) associated to p°, are linear and continuous.

Lemma 8 If K is a compact subset of H=U+) then M((0, R] x L*(Q) x K) is a bounded
subset of Hy'7.

Proof. If Lemma 8 is not true there exists three sequences {z,} C L*(Q), {yj} C K
and {e,} C (0, R] such that [p®(en, 20, ¥5) 144 = |M(€n, 20, y5)|14, — 00. Then we can
suppose that g., — a weak-* in L®(Q), y — yq in H~0*) and ¢, — & in IR. To obtain a
contradiction, let us prove that for any sequence {p?} C Hy™ such that [p%|,,, — oo

e, (P 20, Y1) N

(15) lim inf
nee Ph iy

If (15) is not true, then there exists {p} C Hy"” such that |p|,,, — oo and

Iz, (D0 2ns Ut
En(pn 2 yd) < 5

(16) lim inf
n=oo [pDli4y
If p = ‘pop‘%ﬂ and p,, is the solution of (11) associated to z,,¢&, and p,(T) = p°, then

(17) |ﬁn(x,0)|f+7 — 0 asn — oo,



2 ] _
because in other case lim mfw > lim 1nf(f|p2]1+v|pn(x 0)[a 46 — |y -(14+)) = 0.

P11+
We can suppose that there exists p’ € H, L4y such that p0 — p° weakly in Hy"”. Then, by

Lemma 6, we obtain that p, is uniformly bounded in C([0, T|; H°) and therefore there exists
p € L>(0,T; H°) such that p, — p weakly in L*(Q). To pass to the limit in the equation
of p, we distinguish different cases: a) € > 0, b) €=0and &k > 0 and ¢) €= 0 and k = 0.
From Lemma 7, we know that we can choose pj € F such that [p —p2|; < 1 and

(18) <1.

|| pn _ﬁn ||L2(07T;H%_a)_
Since p,, € {p € H*™YQ) : p,Ap € L*(0,T;H})} we can “multiply” by —Ap, in the
equation of p, and we obtain that there exists K independent of n € IN such that

(19) P21 + & || VAD, 220 + || VERVAD, 2 +k || AP, |12 < K.

Now, let us pass to the limit in the three different cases: In case a), from (18) and (19),
we deduce that there exists p € L*(0,T; H3~) such that p, — p weakly in L2(0,T; H3~).

Then, we deduce that 85’; is uniformly bounded in L*(0,7T; H _%_O‘). Now, since H 5-o ¢

H? C H™ 3~ with compact imbeddings, {p,} is relatively compact in L?*(0,T; F) and so in
{p€ L*(0,T;E): p, € L*(0,T; E")} C C([0,T]; H°). Therefore, g., (2,)Ap, — alAp weakly
in L?(Q), which allows us to pass to the limit and deduce that p is solution of

—pr +EA*D —kAp—aAp =0 inQ,
p=Ap=0 on X,
p(T) =p° in Q.

In case b), again from estimates (18) and (19), we deduce that there exists p € L*(0,T; E)
such that p, — p weakly in L?*(0,T; E). Now, since € = 0 and g., satisfies (7), g., (z,) — 0
in L>(Q). Therefore, g. (2,)Ap, — alAp = 0 weakly in L*(Q), which allows us to pass to
the limit and deduce that p satisfies —p; — kAp = 0in Q. Then, p € {p € L*(0,T; E) : p; €
L*(Q)} C C([0,T]; H}). Now, to obtain the final data p(T'), for all u € L*(Q) we consider
o(u) € L*(0,T; E) such that ¢; — Ap = u in Q and ©(0) = 0 in © . Then

_/(132 —p(T) dx—i—/ g&tdxdt—l—/ En AP Apdxdt
Q

—/ kA (pn, — p)pdxdt — / e, (20) ADpodrdt = 0 for any u € L*(Q).

Passing to the limit, we obtain [o(p° —p(T))¢(T)dz = 0 for any u € L*(Q). Then p(T) = 7°,
since {o(T;u) : u € L*(Q)} is a dense subset of H°. Thus, p € L*(0,T; E) satisfies

p: —kAp=0 in Q,
p(T) = p° in Q.

In case c), again from (18) and (19), we deduce that there exists p € L?(0,T; Hy) such that
pn — p weakly in L*(0,T; Hy). Hence, \/£,Ap, — 0 in L*(0,T; H'). Further, also from
(18) and (19), we know that /g,p, is uniformly bounded in the topology of L*(0,T’; Hg*a).
Then, in a Way similar to that of the case a), we obtain that |/, agt” is uniformly bounded

in LZ(O,T,H ~*) and so \/g,p, is relatively compact in L*(0,T; E). Then, \/e,Ap, — 0



in L2(Q) and g.,(2,)Ap, = ggnig\/g_nAﬁn — 0 weakly in L*(Q), which allows us to pass
to the limit in the equation satisfied by p, and deduce that p satisfies —p; = 0 in (). Then,
p € L*(0,T; H}) and p(x,t) = p(z,T) for all t € [0,T]. Further, as in case b), we deduce
that p(T) = p°. Hence, p € L*(0,T; H}) is solution of

_ﬁt =0 in Qa
F(T) = inQ.

Let us see that p(z,0) = 0: In case a) we have proved that p, — p in C([0,T]; H°) and so
Pn(2,0) — p(z,0). Then, from (17), we obtain p = 0. In cases b) and ¢) we have that

/Q Fn(2,0) — 5(0))pdz — / (7 — B(T))pdz + / e, AB, Apdrdt

—|—/ kEV (D, — p)Vpdxdt — / Ge, (2n) ADppdzdt =0 for any ¢ € E.

Finally, passing to the limit, we obtain that p,(z,0) — p(0) in the weak topology of H°.
Then, from (17), we obtain that p(z,0) = 0. Now, since p satisfies a suitable linear parabolic

equation for any of the cases a), b) or c¢), we can apply a backward uniqueness result
(see Theorem II.1 of [1]) and deduce that p = 0 in Q. Therefore p° = 0 in Q. Thus,

hmmf% > lim inf ((5 <Yy D > <1+v)xH1+7) = 4, which contradicts (16) and

n—oo n—oo

proves (15). Finally we point out that J., (p°(en, 20, ¥5); 20, ) < Je, (0; 2, y7) = 0, which
is a contradiction with (15) and concludes the result.

Lemma 9 The solutions L.(z) of (14), with arbitrary € > 0 (small emough) and z € L*(Q),
are uniformly bounded in C([0,T]; H~') N L*(Q).

Completion of proof of Theorem 5. From Lemma 9 we can deduce that there exists a
constant K3, independent of €, such that || L.(2) ||cqo,mu-1)< K3 for any € > 0 and any
z € L*(Q). Then {L.(2;T), for any € > 0 and any z € L*(Q)} is a relatively compact subset
of H=0+7) for all v > 0. Then, applying Lemma 8, there exists a constant K4, independent
of €, such that, if p? is the minimum of J.(-; z,yq — L.(T)), we have |p?|o < K, for any ¢ > 0
and any z € L*(Q). Lemma 6 implies (13) with K = e K.

Proof of Theorem 2. The first part is similar to that proved in Theorem 1 of [6] by
applying Kakutani’s fixed point theorem to the operator A, : L?(Q) — P(L*(Q)) defined by
Ac(z) := {y. satisfying (9), (12), with a control u. satisfying |u.|o < K}, where the constant
K depends on . Finally, if ¢ satisfies (3) and (4), then Theorem 5 shows that (13) holds
(i.e. K does not depend on ¢), which leads to (6).

Proof of Theorem 1. First step. Assume ¢ € C'(IR). For any € > 0, let v. and y. be the
functions given in Theorem 2. Since the equation of (2) holds in L?*(0,7; E’), multiplying
by y. € L*(0,T; E) we obtain the existence of a constant C' > 0 independent of ¢ such that

| e || oo (0, 10) —f-/@g@'(yg)|v%|2dmdt <C.

Therefore we obtain that y. is uniformly bounded in L>°(0, T'; H°) and by the equation of (2),
(y.): is uniformly bounded in L°°(0,T; H~*). Then, since H® C H~' C H~* with compact
imbeddings, we have that y. is relatively compact in C([0,T]; H~'). Further, since ¢’ is a
bounded function, we deduce that there exists a constant K > 0 independent of € such that

[ 196t = [ ¢ 0(e.0) ¢ )V ., 0) Pt < K.



Thus, there exist y € L>®(0,7; H®) and ¢ € L*(0,T; H}) (recall that ¢(0) = 0) such that
y. — y strongly in L2(0,T; H™') and ¢(y.) — ¢ weakly in L?(0,T; H}). But the operator
Au = —Ayp(u), D(A) :=={u € H': p(u) € H}} is a maximal monotone operator on
the space H~! (see [2]). Thus, the extension operator A of A is also a maximal monotone
operator on L?(0,T; H™') (see [3]), Example 2.33). Finally, as any maximal monotone
operator is strongly-weakly closed (see [3], Proposition 2.5), we obtain that ( = ¢(y) in
L*(0,T; H}). Moreover, from (6) we have that v. — v weakly in H°, with |v]p < K. Then
we deduce that y € C([0,T]; H!') is solution of (1). Further, since y.(T) — y(T) strongly
in 7', we deduce that |y(T) — ya|—(11+) = lime—g [Y=(T) — Ya| 14 < 9.

Second step. Let ¢ as in Theorem 1. We approximate ¢ by ¢, € C'(IR), y, nondecreasing,
satisfying (3) and (4) with the same constants k, Cy, Cy and M;. Then the respective controls
v, built as in step 1 are uniformly bounded and the conclusion comes from the well-known
result expressing the continuous dependence in C([0,T]; H™'), on ¢, of solutions of (1).
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