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Two related problems: ¢! extension and C!>! convex extensions of 1-jets

Given E a subset of a Hilbert space X, and a 1-jet (f, G) on E (meaning a
pair of functions f : E — R and G : E — X), how can we tell whether there
is a C1! convex function F : X — R which extends this jet (meaning that
F(x) = f(x) and VF(x) = G(x) for all x € E)?

Problem (C!! extensionof 1jets)
Given E a subset of a Hilbert space X, and a 1-jet (f, G) on E, how can we
tell whether there is a C"*! function F : X — R which extends (f, G)?
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Previous solutions to the C!+! extension problem for 1-jets

The C"! version of the classical Whitney extension theorem theorem tells
us that there exists a function F € C'!(R") with F = f on C and VF = G
on E if and only there exists a constant M > 0 such that

f(x) =f(y) = (G(),x =) < Mx =%, and [|G(x) —G(y)| < M|x— )|
forallx,y € E.

We can trivially extend (f, G) to the closure E of E so that the inequalities
hold on C with the same constant M. The function F can be explicitly
defined by

) fx) ifxeC
X) = . —

> oeco (f(xo) + (G(xg),x — x0)) po(x) ifx € R"\ C,
where Q is a family of Whitney cubes that cover the complement of the
closure C of C, {po}oeco is the usual Whitney partition of unity associated
to Q, and xp is a point of C which minimizes the distance of C to the cube
0.
Recall also that Lip(VF) < k(n)M, where k(n) is a constant depending
only on n (but with lim,,_, . k(n) = 00).
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Previous solutions to the C!+! extension problem for 1-jets

In 1973 J.C. Wells improved this result and extended it to Hilbert spaces.

Let E be an arbitrary subset of a Hilbert space X, and f : E — R,
G : E — X. There exists F € C"'(X) such that F|, = f and (VF)|, = G if
and only if there exists M > 0 so that

F0) <5 + (G +GO),y = 2) + e =l = 2 1G() — GO)IP

(whh)
forallx,y € E.
In such case one can find F with Lip(F) < M.

We will say jet (f,G) on E C X satisfies condition (W!!) if it satisfies the
inequality of the theorem.

It can be checked that (W'!) is absolutely equivalent to the condition in the
C"! version of Whitney’s extension theorem, which we will denote (W'!).
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Previous solutions to the C!+! extension problem for 1-jets

Well’s proof was quite complicated, and didn’t provide any explicit
formula for the extension when E is infinite.
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Previous solutions to the C!+! extension problem for 1-jets

Well’s proof was quite complicated, and didn’t provide any explicit
formula for the extension when E is infinite.

In 2009 Erwan Le Gruyer showed, by very different means, another
version of Well’s result.
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Previous solutions to the C!+! extension problem for 1-jets

Given a Hilbert space X, a subset E of X, and functions f : E — R,
G : E — X, a necessary and sufficient condition for the 1-jet (f,G) to have
a CY! extension (F,VF) to the whole space X is that

I(f,G,E) := sup (./A)%,y+B§,y+ |Ax,y|) < oo, @.1)
x,yEE

where 27 (x) —£(3)) + (G() + G(3),y — )
Ary = = Y e _)’)|C|2 Y=Y and
Bx,yzM forall x,y € E x#y.

[l = Il
Moreover, I'(F,VF,X) =T(f,G,E) = ||(f,G)|| g, where

I(f, G)|l := inf{Lip(VH) : H € C"\(X) and (H,VH) = (f,G) on E}

is the trace seminorm of the jet (f, G) on E.
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Previous solutions to the C!+! extension problem for 1-jets

The number I'(f, G, E) is the smallest M > 0 for which (f, G) satisfies
Well’s condition (W'!) with constant M > 0.

In particular Le Gruyer’s condition is also absolutely equivalent to the
condition in the C"! version of Whitney’s extension theorem.

Le Gruyer’s theorem didn’t provide any explicit formula for the extension
either (it uses Zorn’s lemma).
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Previous solutions to the C!+! extension problem for 1-jets

‘What about the convex case?

Let E be a subset of R", and f : E — R, G : E — R" be functions. There
exists a convex function F € C"*(R") if and only if there exists M > 0
such that, for all x,y € E,

1

f@x) =f0) = {G),x =) 2 7 [Gx) — G)P.

Moreover, sup, ., w < k(n)M.

Here, as in Whitney’s theorem, k(n) only depends on n, but goes to oo as
n — oo (not surprising, as Whitney’s extension techniques were used in the
proof, which was constructive).
We say that (f, G) satisfies condition (CW'!) if it satisfies the inequality
of the theorem for some M > 0.
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A constructive optimal solution to these C .1 extension problems.

Let (f, G) be a 1-jet defined on an arbitrary subset E of a Hilbert space X.
There exists F € Ceony(X) such that (F,N'F) extends (f, G) if and only if

£ 2 £0) +{GO)x =) + 521G ~ GOIP forall xy € E,

where

M =M(G,E) := sup —|G(x) _ G(y)|.
x,yEE, x#£y |x - y‘

The function

F(3) = con (InE{70) + (G0),x —5) + Hlx 1%

defines such an extension, with the property that Lip(VF) < M.
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A constructive optimal solution to these ¢! extension problems.

Recall that

conv(g)(x) = sup{h(x) : his convex and continuous, 1 < g}.

Other useful expressions for conv(g) are given by

n+1 n+1 n+1
conv(g)(x) = inf Z Nig(x;) = A >0, Z A=1x= Z Aixj, n € N
J=1 J=1 J=1

(or with n fixed as the dimension of R” in the case X = R"), and by the
Fenchel biconjugate of g, that is,

koK

conv(g) = g™,

where

h*(x) == vs;ﬂgy{(v, x) — h(v)}.
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A constructive optimal solution to these C .1 extension problems.

Let E be an arbitrary subset of a Hilbert space X, andf : E — R,
G : E — X. There exists F € C"!(X) such that F|, = f and (VF)|, = G if

and only if there exists M > 0 so that

1 M 1
1) S F@)+5{GE+G0),y—x)+ iy =G =GP (W)
forall x,y € E. Moreover,

F = conv(g) — 4| |*, where
g(x) = Inf{f(y) + (GO, x = 3) + HR =)} + HIxP, xeX,

defines such an extension, with the additional property that Lip(VF) < M.
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A constructive optimal solution to these ¢! extension problems.

Key to the proof of the Corollary: it’s well known that F : X — R is of
class CH!, with Lip(VF) < M, if and only if F + ¥| - |? is convex and
F— % -|?is concave. This result generalizes to jets:

Given an arbitrary subset E of a Hilbert space X and a 1-jet (f, G) defined
on E, we have:

(f: G) satisfies (W1 1) on E, with constant M > 0, if and only if the 1-jet
(f, G) defined by f = f + M2, G = G + M, satisfies (CW"") on E with
constant 2M.

v

(Proof: See “Further details” below.)
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A constructive optimal solution to these ¢! extension problems.

Necessity of (W!!)

(i) If (f, G) satisfies (W'') on E with constant M, then G is M-Lipschitz
onE.

(ii) If F is a function of class C*'(X) with Lip(VF) < M, then (F,VF)
satisfies (W) on E = X with constant M.

Shown by Wells (or see “Further details” below).
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A constructive optimal solution to these C .1 extension problems.

Proof of the Corollary: (f, G) satisfies (W'!) with constant M if and only
if (f,G) == (f + % | - |*, g + MI) satisfies (CW"!) with constant 2M. Then,
by the C!*! convex extension theorem for jets,

F=con(@). &) = inf{f0) + (GO)x—y) + Mx )P}, xe X,
is convex and of class C!'! with (F, VF) = (f,G) on E, and
Lip(VF) < 2M. By an easy calculation,
§(x) = inf{f (y) + (G(),x —y) + Ple—yPy + 41?, xex.

Now, by the necessity of (CW'!), (F, VF) satisfies condition (CW"!)
with constant 2M on X. Thus, if

~ M
F(x) = F(x) — 7|x|2, xeX

then (again by the preceding lemma) (F, VF) satisfies (W'!) with constant
M on X. Hence, by the previous proposition, F is of class C''! (X), with
Lip(VF) < M. From the definition of f, G, F and F it is immediate that
F=fand VF=GonE.
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A constructive optimal solution to these ¢! extension problems.

Sketch of the proof of the Cé;,iw (X) extension result for 1-jets
Necessity: we’ll see later.
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A constructive optimal solution to these ¢! extension problems.

Sketch of the proof of the Ci(’,iw (X) extension result for 1-jets
Sufficiency: 1. Define m(x) = sup,cz{f(y) + (G(y), x — y}, the minimal
convex extension of (f, G). This function is not necessarily differentiable.

4 4+ 4

ke kS
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A constructive optimal solution to these ¢! extension problems.

2. Use condition (CW“) to check that, forall y,z € E, x € X,
f(2) +(G(2),x — 2) <f(y) + (G),x —y) + Flx =y~

R i)+ <Elys), X=ye? *—g‘!“"‘éz(l

4 ¥ 4

kg
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A constructive optimal solution to these ¢! extension problems.

2. Use condition (CW"!) to check that, for all y,z € E, x € X,

f(2) +(G(z),x — 2) <f(y) + (G(y),x — y) + ¥ |x — y|. Hence (taking
inf,c g on the left and then inf,c£ on the right)

m(x) < infyep{f(y) + (G(v),x = y) + F|x — y[} =: g(x) forall x € X.
Besides f < m < g < fon E, and in particular m = f = g on E.

$l5)+ <G5, x> Mpemgy

k) 42 ¥
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A constructive optimal solution to these ¢! extension problems.

2. Use condition (CW!!) to check that, for all y,z € E, x € X,

f(@) +(G(2).x — 2) < f(y) + (G(y),x —y) + §|x — y|>. Hence (taking
inf £ on the left and then inf,c£ on the right)

m(x) < infyep{f(y) + (G(y),x —y) + %|x — y|*} =: g(x) forall x € X.
Besides f < m < g < f on E, and in particular m = f = g on E. Since m is
convex, m < F := conv(g) < g. Therefore F = f on E.

L)+ <Glg), xmgs> € Hpxmyy(*

k2] 42 LSS
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A constructive optimal solution to these C .1 extension problems.

Sketch of the proof of the Cggny(X) extension result for 1-jets
Sufficiency:

1. Define m(x) = sup,cp{f(y) + (G(y),x — y}, the minimal convex
extension of (f, G). This function is not necessarily differentiable.
2. Use condition (CW"!) to check that, for all y,z € E, x € X,

£+ {60, —2) < F0) +{GO)x— ) + S x ol

Hence (taking inf,c£ on the left and then infyc£ on the right)

m(x) < IfUFO) + (GO x =) + =3P} = glx)
forall x € X. Besides f < m < g < f on E, and in particular m = f = g on
E. Since m is convex, m < F := conv(g) < g. Therefore F = f on E.

3. Check that g(x + ) + g(x — h) — 2g(x) < M|h|>. This inequality is
preserved when we take F' = conv(g). Since F is convex, this implies

F € CH(X). 4. Also check that VF(x) = G(x) for every x € E.
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A constructive optimal solution to these ¢! extension problems.

Some details: Step 2: we’ll see later. Step 3:

We have g(x + h) + g(x — h) — 2g(x) < M|h|*> forall x,h € X.

Proof: Given x,h € X and € > 0, by definition of g, we can pick y € E with

g(x) > f() +(G(y),x —y) + Zx —y[* —&.
We then have

gl +h) +glx—h) —22(x) <f() +(Gy),x+h—y) + Ylx+h—yf
+fO) +(GO)x —h—y) + Hx—h—y
—2(f(5) + (G, x —y) + ¥lx—y) +2¢
=Y (x+h—yP 4 —h—y =20 —y) +2¢
= M|h|* + 2.
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A constructive optimal solution to these ¢! extension problems.

Some details: Step 3.
C!! smoothness of F: let’s first recall some known facts.

For a continuous convex function f : X — R, the following statements are
equivalent.

(i) There exists M > 0 such that

fx+h)+f(x —h) —2f(x) < M|h|> forall x,h€X.

(ii) f is differentiable on X with Lip(Vf) < M.
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A constructive optimal solution to these ¢! extension problems.

Some details: Step 3.
C"! smoothness of F.

Let X be a Banach space. Suppose that a function g : X — R has a convex
continuous minorant, and satisfies

g(x+h) +glx —h) —2g(x) < M|h)* forall x,heX.

Then H := conv(g) is a continuous convex function satisfying the same
property. Hence H is of class C"'(X), with Lip(Vy) < M.

In particular, for a function ¢ € CH1(X), we have that conv(p) € CH1(X),
with Lip(Vconv(p)) < Lip(Vp).
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A constructive optimal solution to these ¢! extension problems.

Some details: Proof of the C''' smoothness of this convex envelope:
Given x,h € Xande > 0,wecanfindn € N, x1,...,x, € X and
AL, ...y Ay > 0such that

x) > zn:)\,-g(x,-) — €, zn:)\i =1 and Zn: Aix; = x.
i=1 i=1 i=1

Sincexth =" Ni(x; £ h),wehave H(x £ h) < > " | \ig(xi £ h).
Therefore

H(x+h)+H(x—h)— <Z)\ (x; + h) + g(xi — h) — 2g(x;)) +2¢,

and by the assumption on g we have
g(xi+h) +g(xi —h) — 2g(x)) <M[A[> i=1,....n.

Thus
H(x+h) + H(x — h) — 2H(x) < M|h|* + 2, (3.1

and since ¢ is arbitrary we get the inequality of the statement.

g U convex extensions of jets Fitting Smooth Functions to Data  29/77



A constructive optimal solution to these ¢! extension problems.

Some details: Step 4.

Also note that m < F on X and F = m on E, where m is convex and F is
differentiable on X. This implies that m is differentiable on E with
Vm(x) = VF(x) forallx € E.

It is clear, by definition of m, that G(x) € Om(x) (the subdifferential of m at
x) for every x € E, and these observations show that VF = G on E.
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Application 1: Kirszbraun’s extension theorem via an explicit formula.

Let X, Y be two Hilbert spaces, E a subset of X and G : E — Y a Lipschitz
mapping. There exists G : X — Y with G = G on E and Lip(G) = Lip(G).
In fact, if M = Lip(G), then the function

Z?(x) := Vy(conv(g))(x,0), x€X, where

g(xy) = inf {(G(2), )y + Fllx — 2lZ}+F IxlZ+MIYIT, (x.y) € XxY,

and Vy := Py o'V, defines such an extension.
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Application 1: Kirszbraun’s extension theorem via an explicit formula.

Proof of this version of Kirszbraun’s theorem:

Define the 1-jet (f*,G*) on E x {0} C X x Y by f*(x,0) = 0 and
G*(x,0) = (0,G(x)). It’s easy to see that (f*, G*) satisfies condition
(Wh1) on E x {0} with constant M. Therefore the function F

F = conv(g) — 4| - |?, where
g(x,y) = inf{f*(2,0) + (G*(z,0), (x — 2,3)) + S (x = 201} + 5 (6 )|

is of class C1"! (X x Y) with (F, VF) = (f*,G*) on E x {0} and
Lip(VF) < M. In particular, the mapping

X 3 x = G(x) := VyF(x,0) € Y is M-Lipschitz and extends G. Finally,
the expressions defining G and g can be simplified as

G(x) = Vy (conv(g) — 4| - [I*) (x,0) = Vy(conv(g))(x,0)
and

g(xy) = inf {{G(2),y)y + Flx = zlli} + Flxllk + Mlyll7-
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New results: C,

(R™) convex extensions of 1-jets.

Let E be an arbitrary nonempty subset of R". Letf : E - R, G: E — R"
be given functions. Assume that

1) +{G(2),x = 2) S £O) +{GO),x =) + e =P

for every y,z € E and every x € R". Then the formula

F = conv (x s inf {f(y) +{G(),x—y) + 1‘?”|x_y|2})

YEE

defines a CY' convex extension of f to R" which satisfies VF = G on E
and Lip(VF) < M.

4

Geometrically speaking, the epigraph of F is the closed convex envelope in
R"*! of the union of the family of paraboloids {P, : y € E}, where
Py={(x1) €R" xR:1=f(y) + (G(y),x —y) + Flx =y}, x € R"},
which must lie above the putative tangent hyperplanes.

clandC ~ convex extensions of jets Fitting Smooth Functions to Data  35/77



New results: C, “1 (R™) convex extensions of 1-jets.

The following conditions are equivalent:
Q f(») —f(2) = (G(2),y = 2) 2 37 |G(y) = G(2)|* for every y,z € E;

Q f(2) + (G(z),x — 2) <f(y) +(G(y),x —y) + Y|x — y|* for every
v,z €E, xeX.

Proof of (1) = (2): Given y,z € E, x € X, condition (CW"!) implies

FO) +(GH),x—y) + Fx =y

> f(2) +(G(2),y — 2) + 5571G(Y) = G + (G(y),x —y) + Hx =y =
f(@) +(G(2),x = 2) + 55/G(y) = G(2)]* + (G(2) = G(y),y — x) + ¥|x — y
2),x—2) + 271G(y) — G(z) + 2M(y — x)|?
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New results: C, “1 (R™) convex extensions of 1-jets.

The following conditions are equivalent:
Q f(») —f(2) = (G(2),y = 2) 2 37 |G(y) = G(2)|” for every y,z € E;

Q f(2) + (G(z),x — 2) <f(y) +(G(y),x —y) + Y|x — y|* for every
v,z € E, x €X.

Proof of (2) = (1): Minimize the function

»(x) =) +(G(y),x = y) + Tl — 3> = (f(2) + (G(z),x — 2)) in order
tofindx :=y+ % (G(z) — G(y)). Use inequality (2) for this x, and
simplify the expression to obtain (1).
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New results: C]“l (R™) convex extensions of 1-jets.

Now we will be looking for analogues of this result for the much more
complicated case of Cll(;cl convex extensions of 1-jets.

If the given jet (f, G) has the property that
span{G(y) — G(z) : y,z€ E} =R"

(which is rather generic), then our result is easier to understand and use.

In this talk we will focus on this case and ignore the general situation
where span{G(y) — G(z) : y,z € E} does not necessarily coincide with all
of R”, which is more difficult to handle.
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]’] (R™) convex extensions of 1-jets.

New results: C,

Assume that span{G(x) — G(y) : x,y € E} = R". Then there exists a
convex function F € C 110,01 (R™) such that (F,VF) = (f,G) on E if and only
if for each y € E there exists a (not necessarily convex) C llocl function

@y : R" = [0, 00) such that:
ey(y) =0, Vy(y) = 0;

Sup{W‘Py(T))C:Z%(Z)’ :x,2€ B(O,R),x#2z,y € EﬂB(QR)} S €9

for every R > 0, and

f(@) +(G(2),x —2) <f() +(G(),x —y) +py(x) Vy,z€E Vx eR"

Whenever these conditions are satisfied, we can take (for any a > 0)

F = conv (x — ylg£ {f(y) +(G(y),x —y) + ¢y(x) +alx — y|2}) ;

Daniel Azagra
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New results: 1! (R™) convex extensions of 1-jets.

A sketch of the proof of the Theorem.
)

4
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New results: C]“l (R™) convex extensions of 1-jets.

A sketch of the proof of the Theorem.
%
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New results: C, “1 (R™) convex extensions of 1-jets.

A sketch of the proof of the Theorem.

Y

4

4 ¢ l
T
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New results: 1! (R™) convex extensions of 1-jets.

But we must be careful: in dimensions n > 2, the convex envelope of a
Cllo’; function may not be differentiable!

For instance, conv ((x, y) = /X2 + eXP(—yz)) = |x.
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New results: C]“l (R™) convex extensions of 1-jets.

But we must be careful: in dimensions n > 2, the convex envelope of a
Cllo’; function may not be differentiable!

For instance, conv ((x, y) = /X2 + exp(—y2)> = |x.

In order for these ideas to work we need that g, or at least a linear
perturbation of g, be coercive, and overcome some technical difficulties
(which we cannot explain in this talk).
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New results: C]“l (R™) convex extensions of 1-jets.

But we must be careful: in dimensions n > 2, the convex envelope of a
Cllo’; function may not be differentiable!

For instance, conv ((x, y) = /X2 + exp(—y2)> = |x.

In order for these ideas to work we need that g, or at least a linear
perturbation of g, be coercive, and overcome some technical difficulties
(which we cannot explain in this talk).

Back to the theorem’s statement:
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]’] (R™) convex extensions of 1-jets.

New results: C,

Assume that span{G(x) — G(y) : x,y € E} = R". Then there exists a
convex function F € C 110,01 (R™) such that (F,VF) = (f,G) on E if and only
if for each y € E there exists a (not necessarily convex) C llocl function

@y : R" = [0, 00) such that:
ey(y) =0, Vy(y) = 0;

Sup{W‘Py(T))C:Z%(Z)’ :x,2€ B(O,R),x#2z,y € EﬂB(QR)} S €9

for every R > 0, and

f(@) +(G(2),x —2) <f() +(G(),x —y) +py(x) Vy,z€E Vx eR"

Whenever these conditions are satisfied, we can take (for any a > 0)

F = conv (x — ylg£ {f(y) +(G(y),x —y) + ¢y(x) +alx — y|2}) ;
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New results: C]‘] (R™) convex extensions of 1-jets.

The above result is quite general and may be very useful in some
situations, as it gives us a lot of freedom in choosing a suitable family of
functions {¢, },cE, but of course they do not tell us how to find such a
family, which may be inconvenient in other situations. In order to decide
whether or not such functions exist and, if they do, how to build them, we
need to know something about the global behavior of at least one convex
extension 1 of f satisfying ¢)(x) > f(y) + (G(y),x — y) for all x € R" and
y € E. The most natural (and minimal) of such extensions is given by

m(x) 1= Slelg{f ) +(G(y),x =)}

The following Corollary gives us a practical condition for the existence of
convex extensions F of the jet (f, G).
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New results: C, (R™) convex extensions of 1-jets.

Let E be an arbitrary nonempty subset of R". Letf : E - R, G: E — R"
be functions such that

span{G(x) — G(y) : x,y € E} = R".

Then there exists a convex function F € C 11 O’CI (R") such that F|, = f and
(VF)|, = G if and only if for each k € N there exists a number Ay > 2
such that

) € A (B ) +%|x— 2 Vy € ENB(0, k) Vx € B(0,4K).

o’

Equivalently,

£ +{G(@)x = &) S F0) + (G0 =) + e =P

for every z € E, every y € EN B(0, k), and every x € B(0, 4k).
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New results: 1! (R™) convex extensions of 1-jets.
A sketch of the proof of the Corollary.
P& P ore gaadputic

"M grows :gA,,'l:zx Y M‘\'\calby
\( iy .rw\b-"ﬂn Anvl u.n»nsxli»au{td wA

{ ¢
8o k)  B(o,k)

clandC ' convex extensions of jets Fitti

~

Smooth Functions to Data 47 /77




New results: C; ' (R") convex extensions of 1-jets.
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Application 2: Lusin properties of convex functions

Let A and C be two classes of functions contained in the class of all
functions from R” (or an open subset of R") into R. If for a given f € A
and every € > 0 we can find a function g € C such that

L' (fx:f(x) # g(0)}) <e, (6.1)

we will say that f has the Lusin property of class C. Here L" denotes
Lebesgue’s outer measure in R”. If every function f € A satisfies this
property, we will also say that the .4 has the Lusin property of class C.

This terminology comes from the well known Lusin’s theorem (1912): for
every Lebesgue-measurable function f : R” — R and every € > 0 there
exists a continuous function g : R” — R such that

L' ({x:f(x) # g(x)}) < e. That is, measurable functions have the Lusin
property of class C(R").

Several authors have shown that one can take g of class C* if f has some
weaker regularity properties of order k:
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Application 2: Lusin properties of convex functions

o H. Federer (1944): almost everywhere differentiable functions (and in
particular locally Lipschitz functions) have the Lusin property of class
c'.

o H. Whitney (1951) improved this result by showing that a function
f : R" — R has approximate partial derivatives of first order a.e. if
and only if f has the Lusin property of class C'.

o Calderon and Zygmund (1961) proved analogous results for
A = WkP(R") (the class of Sobolev functions) and C = C*(R").

o Other authors, including Liu, Bagby, Michael-Ziemer,
Bojarski-Hajtasz-Strzelecki, and Bourgain-Korobkov-Kristensen have
improved Calderon and Zygmund’s result in several directions, by
obtaining additional estimates for f — g in the Sobolev norms, as well
as the Bessel capacities or the Hausdorff contents of the exceptional
sets where f # g.

o Generalizing Whitney’s result, and Liu and Tai independently
established that a function f : R” — R has the Lusin property of class
C* if and only if f is approximately differentiable of order k almost
everywhere.
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Application 2: Lusin properties of convex functions

The Whitney extension technique, or other techniques also related to
Whitney cubes and associated partitions of unity, play a key role in the
proofs of all of these results.
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Application 2: Lusin properties of convex functions

The Whitney extension technique, or other techniques also related to
Whitney cubes and associated partitions of unity, play a key role in the
proofs of all of these results.

For the special class of convex functions f : R" — R:

G. Alberti (1994) and S.A. Imonkulov (1992) independently showed that
every convex function has the Lusin property of class C2. However, given a
convex function f and € > 0, the function g € C?(R") satisfying

L" ({x:f(x) # g(x)}) < € that they obtained is not convex. This fact is
rather disappointing and may thwart the applicability of their result.
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Application 2: Lusin properties of convex functions

1,1 .
Our C., convex extension results allow us to show:

Letf : R* — R be a convex function. Then f has the Lusin property of class
1L oc (R™) (meaning that for every € > 0 there exists g : R" — R convex
and of class Cllo’i with £ ({x € R" : f(x) # g(x)}) < €) if and only if:
o either f is essentially coercive (in the sense that
lim |y o0 f (x) — £(x) = o0 for some linear function (),

. 1,1
o orelse f is already of class C,,,,

only possible choice.

in which case taking g = f is the
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Application 2: Lusin properties of convex functions

Sketch of the proof of the Theorem.

Consider a convex function f : R” — R, and assume w.l.o.g. that f is
coercive. By Alexandroff’s theorem we know that, for almost every
x € Diff(f) there exists an n x n matrix V2f(x) such that

o F0) =) = (V)3 = %) = SV ()0 = %),y =)

y=>x ly = [

—0 (A).

Lete € (0, 1) be given. Since (\A;) holds for almost every x € R”, there
exists a closed subset set A = A, of R” such that

A C{xeR": (Ay) holds at x},

and
L' (R"\A) <¢e/8.

In particular Vf(x) exists for every x € A, and by convexity the restriction
of Vf to A is continuous.
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Application 2: Lusin properties of convex functions

We set By = (), and for each k € N, we define

B, = B(O,k), and Ay ;= AN (Bk\Bk—l)-

We have that -
A=JA
k=1

We also consider the sets
. n 1
Ej:={y €A : f(x)—f(3)—(VF(y),x—y) <jlx—y|* Vx € R" s.t. [x—y| < j}’

for which we have

and

E; C Ejy; forallj € N.
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Application 2: Lusin properties of convex functions

For each j € N, the set Ej is closed, and in particular it is measurable.

Proof. Since A is closed, it is enough to see that Ej is closed in A. Let
(yk)ken C Ej be such that limy_,+ yx = y € A, and let us check that y € E;.
Given x € R" with |x — y| < 1/}, since limy_,~ yx = y there exists ko large
enough so that [x — y¢| < 1/jforall k > ko. As yx € Ej, this implies that

) = fO) = (VF ), x = ye) < jlx— yil?

for all k > kg. Since the restriction of Vf to A is continuous (f being
convex and differentiable on A), by taking limits as k — oo we obtain

&) =FO) = (V). x — ) <jlx =y~

We have shown that this inequality holds for every y in the open ball of
center x and radius 1/j. By continuity, y € E;. [
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Application 2: Lusin properties of convex functions

Now, for each k € N, since the sequence {E;}c is increasing and

Ar ==, (EjNA), we can find jx € N such that

LYNAN B < 553
and define, for each k € N,
Cr = Ej, N Ag,
and -
C:= U Cy.
k=1

We may obviously assume that
Ji < jkg forall k € N.
We then have that

LANC) <) LA C) <

(6.2)

(6.3)

ool M
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Application 2: Lusin properties of convex functions

For each k € N there exists a number 5, > 2 such that:

F(x)—f() = (VF),x—y) < Bilx—y|* for all y € CN By and all x € By.

Proof. Take y € Cy, and note that since (ji) is increasing we have

C N By C Ej, N By C By. If x € R" is such that |x — y| < 1/j, the
inequality we seek obviously holds with §; = ji, because of the definition
of Ej,. On the other hand, if [x — y| > 1/jx and x € By, then, since f is
Lipschitz on the ball B4, we have

S0 —FO) = (VF(3),x =) < 2Lip (fiy, ) =1 < 2Lip (£, ) ebx— v

In any case the Lemma is satisfied with

/Bk = max {27jk7 2]k Llp (fi34k) } D
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Application 2: Lusin properties of convex functions

Since f is convex we have, for all z € C, x € R", that

f(@) +(Vf(2),x — 2) <flx),

hence m(x) < f(x) for all x € R”, which combined with the preceding
lemma shows that the jet (f(y), Vf(y)), y € C, satisfies the condition of our

1,1 .
result for C,). convex extension:

‘Theorem 2019
Let C be an arbitrary nonempty subset of R". Letf : C - R, G: C — R"
be functions such that span{G(xP —G(y) : x,y € E} = R". Then there
exists a convex function F € Cllo’c (R") such that F|. = f and (VF). = G if
and only if for each k € N there exists a number Ay > 2 such that

A
m(x) < () + (GO),x — ) + ?k]x —y[* Vye€ENB; Vx € By.

(We omit the proof that span{Vf(y) — Vf(z) : y,z € C} = R")
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Application 2: Lusin properties of convex functions

End of the proof: We have thus checked that the 1-jet (f(y), Vf(y)),y € C,
satisfies all the conditions of the preceding Theorem, and therefore there
exists a locally C"! convex function F : R” — R such that F = f on C,
and also VF = Vf on C. In particular we have that

L ({x e R"; fx) # F(x) or Vf(x) # VF(x)}) < L (R"\ C) <e.
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Application 2: Lusin properties of convex functions

For the other part of the theorem, see "Further details" below.
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usin properties of convex functions

Thank you for your attention!
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Further details

Details: Necessity of (W'!).
Proof: (i) Given x,y € E, we have

F0) S £G) + 5(60) + G,y =) + el I = 1 16) - GO)P
£ S£0) + 5(G0) + G0 x =) + Sl =l = 11 1G() - GO)IP

By combining both inequalities we easily get || G(x) — G(y)|| < M||x — y||.
(i) Fix x,y € X and z = 3(x +y) + 51, (VF(y) — VF(x)).
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Further details

Details: Necessity of (W!!).
Using Taylor’s theorem we obtain

F(z) < F(x) + (VF(x), 3(y = x)) + 75 (VF(y) = VF(x)))

P30 -2 + 2 (VFG) - VF@)

and
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Further details

Details: Necessity of (W'!).
Then we get
F(x) + (VF(x), 3(y = %)) + 2 (VF(y) = VF(x)))
+H130 = 0) + 5 (VFG) = V@)
—(VF(), 3(x =) = 55(VF(y) = VF(x)))
+%4||%(x ») + 27 (VEQ) = VF@)|*
= F(x) + §<VF( x)+ VF(y),y —x)+
+ Y lx = yI? = g IVF(x) = VF)|.
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Further details

Details: Relationship between (CW!!') and (W'!).

(f,G) satisfies (Wl’l) on E, with constant M > 0, if and only if (f , G),
defined by f(x) = f(x) + % ||x||?, G(x) = G(x) + Mx, x € E, satisfies
property (CWY') on E, with constant 2M.
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Further details

Details: Relationship between (CW'!) and (W!1!).

Proof: Suppose first that (f, G) satisfies (W'!) on E with constant M > 0.
We have, for all x,y € E,

7~ F0) —{GO).x — ) — 7160 — GO)P
M 2 M 2
=flx) = f(y) + 3IIXI| - jllyll —(G(y) + My, x —y)
= L6 - 6y) + M —y)|?

(6(x) + G),x ) — =yl + 7 166) — GO) P

N =

) = £0) + Il = S I ~ (G) + My, x )
— A lG0) — GO + MG y) P

M M M
= Z P+ Iy — My = e yIP =o0.
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Further details

Details: Relationship between (CW"') and (W"').
Conversely, if (f, G) satisfies (CW"!) on E with constant 2M, we have

2@@%P1W+ﬁﬂ@@—G@WLP%a@+G®J—@

(x) = Gy) — M(x—y)|* =

M 1, -
+ Tyl = )G

4
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Further details

Details: Absolute equivalence of (W'!) and the classical Whitney C'!
extension condition.

Let E be a subset of a Hilbert space X and (f,G) : E — R x X be a 1-jet.
Given M > 0, we will say that (f, G) satisfies the condition (W;,I’l) on E if
the inequality

F0) S F@) + (600 + GO)y =)+ =yl = 2160~ GO,

holds for every x,y € E. Also, given My, M, > 0, we will say that (f, G)

satisfies the condition (WI%,,I1 M,) on E provided that the inequalities

F) —f(0) = (Gx),y —x)| < Millx =yl |G(x) =G| < Maf|x—yll,

are satisfied for every x,y € E.
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Further details

Details: Absolute equivalence of (W!!) and the classical Whitney C'!
extension condition.

—_—~—

1,1 1,1
(W) = (i)

First, we have that, for all x,y € E,

F0) SFG) + 5(60) + G0y =) + G e =yl = 1 166) = GO
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Further details

Details: Absolute equivalence of (W!!) and the classical Whitney C'!
extension condition.

By summing both inequalities we get ||G(x) — G(y)|| < M||x — y||. On the
other hand, by using (Wj,,’l), we can write

F0) =) = (G(x)oy =) < 5{G() + GOy =) — (G(x),y — )

+ M= yIP — 160 — GO
1 M 2 1 2

= 51000005+ il - ot - ool

= Sl =1 = (e =51P + 266 ~ GO = 2(5;(60) - G0
M M1

= Dol = (66 = 600 — 0 =0 < Tl 2
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Further details

Details: Absolute equivalence of (W!!) and the classical Whitney C'-!

extension condition.
Also, we have

~f0) = (G0, x ~3) £ 5{6() +G0)x— ) — (G, )
=yl — 7160 — GO

M 2 1 2
GO) ~ Gx)x =) + el — 1 1GG) — 60|

=31 = 5 (I =51 + 3721660 = GOIIP - 23 (G0) - Glw)..

~
—~
Na¥

NIE NI%'\’/'\”4>|§

()~ G0N — =) < Y=yl

[R— 2 —
=yl 2

This leads us to
M
o) =fx) = (Gl),y —x)| = - flx = [

which proves the first claim.
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Further details

Details: Absolute equivalence of (W!!) and the classical Whitney C'-!
extension condition.

P

(Wltill,Mz) — (Wy;"), where M = (3 + /10) max{M,, Ms}.

Using that f(y) — f(x) — (G(x),y — x) < M;||x — y||?, we can write

F0) = F0) = (G0 +GO)y = x) = e =P + 5160 — GO)IP
< (G0, 9+ Mille — 31— 1(G() + Gy~ — M yP + b
= (6 = 600y =)+ (3= 5 ) I3l + 1660 - GO
< %ab—i— (Ml - %/I) a* + %/1[’2’

where a = ||x — y|| and b = ||G(x) — G(y)||. Since G is M>-Lipschitz, we
have the inequality b < Mja.
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Further details

Details: Absolute equivalence of (W'!) and the classical Whitney C''!
extension condition.

So, the last term in the above chain of inequalities is smaller than or equal
to

(AMy + My =2y + IM3)a> < (UK + (K — ) + LK),

where K = max{M;, M, }. Now, the last term is smaller than or equal to 0
if and only if —M? + 6MK + K? < 0. But, in fact, for M = (3 + V10)K
the term —M? + 6MK + K? is equal to 0. This proves the second Claim.
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Further details

Details: The other part of the Azagra-Hajtasz theorem on Lusin properties
of convex functions follows from:

For every convex function f : R" — R, there exist a unique linear subspace
Xy of R", a unique vector vy € XfL, and a unique essentially coercive
function ¢g : Xy — R such that f can be written in the form

f(x) = ¢r(Px,(x)) + (v, x) for all x € R".
Let P : R" — X be the orthogonal projection onto a linear subspace X of
R" of dimension k, with 1 < k <n — 1, let ¢ : X — R be a convex function,

and define f(x) = c¢(P(x)). Then f is the only convex function g : R" — R
such that £ ({x € R" : f(x) # g(x)}) < oo
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Further details

Proof of the Proposition. Let g : R” — R be a convex function such that
L'(A) < oo, where A := {x € R" : f(x) # g(x)}. By Fubini’s theorem, for
H*-almost every point x € X, we have that for H{"~*~!-almost every
direction v € X+, |v| = 1, the line L(x,v) := {x + v : t € R} must
intersect A in a set of finite 1-dimensional measure. This implies that for all
such x € X,v € X, the set L(x,v) N (R" \ A) contains sequences

xjjE ::x-l—t:jvER”\A,jE N
with lim; o £, = 00. Since f = f o P, this means that
Fx) =flr+15v) = gl + 139),
and because 7 — g(x + tv) is convex we see that
fa+w)=f(x) =glx+m)
for all + € R and every such x, v. By continuity of f and g this implies that
fx+w)=gx+mw)

for all x € X, v € X, and this shows that f = g on R". [
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