
COMMUTATIVE ALGEBRA 2008-09

Midterm exam, December 9, 2008

Time: 2 hours

1) Answer a) or b):

a) Let (A, m) be a local ring and let M be a finite A–module. Prove Nakayama’s lemma, that
is, prove that if mM = M , then M = 0.

b) Let A be a Noetherian integral domain and let t ∈ A, t not a unit. Prove
⋂∞

n=1(t
n) = (0).

2) Let n ∈ N and let

B =
k[X, Y, Z]

(Xn − Z, Y Z − 1)
.

a) Prove that B is an integral domain.

b) The ring homomorphism

k[X] −→ B
c 7→ c (c ∈ k)
X 7→ X

makes B into a k[X]–algebra. Prove that it is not integral over k[X].

c) The ring homomorphism

k[Y ] −→ B
c 7→ c (c ∈ k)
Y 7→ Y −X

makes B into a k[Y ]–algebra. Prove that it is integral over k[Y ].
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