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Abstract

A subset Y of a dual Banach space X* is said to have the property (P) if cov” (H) = co(H) for every weak™-compact subset H
of Y. The purpose of this paper is to give a characterization of the property (P) for subsets of a dual Banach space X*, and to study
the behavior of the property (P) with respect to additions, unions, products, whether the closed linear hull [Y] has the property (P)
when Y does, etc. We show that the property (P) is stable under all these operations in the class of weak™® KC-analytic subsets of X*.

© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

A subset Y of a dual Banach space X* is said to have the property (P) if co"" (H) = co(H) for every weak™-
compact subset H of Y. The purpose of this paper is twofold: (i) first, to give a characterization of the property (P)
for subsets of the dual Banach space X*; (ii) second, to study the stability of the property (P), that is, its behavior
with respect to additions, unions, products, whether the closed linear hull [Y] has the property (P) when ¥ does, etc.

In Section 2 we give a characterization of the property (P) for subsets of a dual Banach space X*. Haydon [6]
characterized the property (P) for a whole dual Banach space X* as follows: X* has the property (P) if and only if
X fails to have a copy of ¢; if and only if every z € X** is universally measurable on (X™*, w*). It happens that a dual
Banach space X™* can have subsets with the property (P) (actually X* always has such subsets), although X could
contain a copy of £1. This fact suggests that (P) is a property dependent on subsets. So, it would be interesting to give

an inner characterization of this property.
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There are some interesting criteria for a weak™-compact subset K of a dual Banach space X™* to have the prop-
erty (P). Indeed, Saab and Talagrand (see [11,16]) proved that, if K is weakly K-analytic, then K has the property (P).
Saab proved [12] that, if K is a weak™ compact convex subset of X™* and every functional x** € X** is universally
measurable on K, then K has the property (P). Cascales, Namioka, Orihuela and Vera (see [1-3]) have given different
criteria for the property (P), for example, they proved that, if the weak™ compact subset K is weakly Lindelof, then
K has the property (P).

The fragmentability is also a useful notion related with the property (). Namioka proved [9, 2.3. Theorem] that
a subset ¥ C X™* has the property (P) whenever (Y, w*) is norm-fragmented. So, norm-fragmentability implies the
property (P). The converse is not true. Indeed, let X be the James Tree space JT (see [8]), which is a non-Asplund
separable Banach space without a copy of €. So, JT* has the property (P) by [6] but the closed unit ball B(JT*)
of JT* is not norm-fragmentable, because the norm-fragmentability of B(X*) is equivalent to the Asplundness of X
(see [9, 1.3. Theorem]).

We characterize the property (P) for arbitrary subsets ¥ C X™* by means of a structure that we call a w*—N-family.
This notion was introduced in [5, Definition 3.5], where we proved that, if a subset Y of a dual Banach space X™* fails
to have a w*—N-family (in particular, if ¥ does not contain a copy of the basis of £;(c)), then co%” (H) =co(H) for
every weak™-compact subset H of Y, that is, the lack of a w*—~N-family implies the property (P).

Section 3 is devoted to study the stability of the property (P) under unions, additions, products, closed linear hulls,
etc. We prove that the property (P) is stable under all these operations in the class of K-analytic subsets of (X*, w*).
Moreover, we show that for this class of K-analytic subsets of (X*, w*) (Proposition 3.8) the property (P) is equiv-
alent to the lack of a w*—N-family. For non-/C-analytic subsets this equivalence can fail. Actually, we give examples
of subsets that simultaneously have the property (P) and contain a w*-N-family.

Our notation is standard. If A and I are sets, a € A’ and i € I, then a; (or a(i)) denotes the ith coordinate of a
and 7; : Al — A the ith projection mapping such that 7;(a) = a;. |I| is the cardinality of I and ¢ := |R|. If B is a
subset of I, B := [ \ B will denote the complement of B. A sequence {U,,, V;;,: m > 1} of subsets of [ is said to
be independent if Uy, NV, =0, Ym > 1, and ((),,,cpr Um) N (e V) # 9@ for every pair of disjoint finite subsets
M, N of N. BI denotes the Stone—Cech compactification of I (the I is endowed with the discrete topology) and
I* := BI \ I. The Cantor compact space {0, 1} is denoted by C.

We shall consider only Banach spaces over the real field. If X is a Banach space, let B(a;r) := {x € X:
lx — al| < r} be the closed ball with center at a € X and radius » > 0. B(X) and S(X) will be the closed unit
ball and unit sphere of X, respectively, and X* its topological dual. The weak*-topology of the dual Banach space
X* is denoted by w* and the weak topology of X by w. If A is a subset of X, then [A] and [A] denote the lin-
ear hull and the closed linear hull of A, respectively. If C is a convex subset of X*, for x* € X* and A C X*, let
d(x*, C) = inf{||x* — ¢||: ¢ € C} be the distance from x* to C and d(A,C) = sup{d(a, C): a € A} the distance
from A to C. co(A) denotes the convex closure of the set A, Co(A) is the || - ||-closure of co(A) and (Y)w*(A)
the w*-closure of co(A). Given 1 < M < oo, a convex subset C of X* is said to have M-control inside X* if
ci(c_ow* (K),C) < Md(K, C) for every w*-compact subset K of X*.

If K is a w*-compact subset of a dual Banach space X* and p a Radon Borel probability on K, then r(u) will
denote the barycenter of . Recall that:

() r(u) € &" (K);
(ii) x* € co” (K) if and only if there exists a Radon Borel probability x on K such that r(u) = x*;
(i) r(u)(x) = fK x*(x)du(x*) for all x € X.

Y ic; ®pXi denotes the £,-sum of the family of Banach spaces {X;: i € I} and m; the canonical i-projection
of ) ;c; ®pX; onto X;.

2. Characterizations of the property (P)

We begin this Section 2 with the definitions of w*~N-family and Cantor skeleton. The notion of w*—N-family was
introduced in [5, Definition 3.5]. In this paper we work meanly with the notion of Cantor skeleton, which is similar to
that of w*—N-family.
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Definition 2.1. Let X be a Banach space.

(1) A subset F of X* is said to be a w*~N-family of width d > 0 if F is bounded and has the form
F ={nm n: M, N disjoint subsets of N},

and there exist two sequences {r,: m > 1} C R and {x,,: m > 1} C B(X) such that for every pair of disjoint
subsets M, N of N we have

nM,N(xm)>rm +d, VmeM, and nM,N(xn)grn, VneN.

Moreover, if r,, = rg, Ym > 1, we say that F is a uniform w*~N-family in X*.

(2) A subset A of X* is said to be a Cantor skeleton of width § > 0 if A is a bounded set of the form A = {k,: o € C}
and there exist sequences {a,: n > 1} C R and {x,,: m > 1} C B(X) such that, for each o € {0, 1}N and for every
m > 1, we have (ky, x;;) < ap, if 0 (m) =0, and (ky, X)) = ay + 6, if 6 (m) = 1. Moreover, if a, =a, Vn > 1,
we say that A is a uniform Cantor skeleton. A w*-compact subset K of X* is said to be endowed with a Cantor
skeleton K if K is a Cantor skeleton and K¥" = K.

Remark 2.2. (0) w*-N-families and Cantor skeletons are actually the same thing, but working with Cantor skeletons
is easier. Let us explain this fact. Suppose that F := {ny n: M, N disjoint subsets of N} is a w*~N-family in X* such
that

MM N&Xm) Z1m+6, VYmeM, and nyn(&,) <r,, VnelN.

Foreacho € {0, 1}V, let M :={neN: 6(n) =1} and N := N\ M, and define h, := 1y . Then, it is easy to see that
K :={hy: o € {0, 1}N} is a Cantor skeleton of width § in X*. Of course, K is uniform if F is uniform. The converse
is also true: if {h,: o € {0, 1}V} is a Cantor skeleton of width § > 0 associated with the sequences {r,,: m > 1} C R
and {x;,: m > 1} C B(X), for each pair of disjoint subset M, N of N choose oy 5 € C such that oy y(m) =1,
Vm € M and oy ny(n) =0, Vn € N. So, if for each pair of disjoint subset M, N of N we define ny v =k then
{nm.n: M, N disjoint subsets of N} is a w*—N-family in X*.

(1) Let K be a w*-compact subset endowed with a Cantor skeleton A = {k,: o € C} of width § > 0 associated
with the sequences {r,,: m > 1} C R and {x,,: m > 1} C B(X). Then we have:

(11) For every k € K and every m > 1 either (k, x,,,) < ay, or (k, x,,) > a, + 6. Moreover, if we define the mapping
@K —C=1{0,1}Nas

UM,N’

Vke K. Vm>1, @@my =] T kxm>dnts.
0 if (k, xm) < ap,
we have that @ is a continuous mapping that satisfies @ (K) =C.

(12) In general, K may not be homeomorphic to C, even K may not contain a subspace homeomorphic to C.
Indeed, pick the compact space BN considered homeomorphically embedded into (B(C(BN)*), w*). It is clear that
co(BN) C co” (BN) because co(BN) is the set of purely atomic probabilities on SN and o (BN) is the set of all
Radon probabilities on SN. This fact implies (by the next Proposition 2.5) that there exists a w*-compact subset K
of BN endowed with a uniform Cantor skeleton with respect to C (8N)*. However, K cannot contain a homeomorphic
copy of C because BN fails to contain non-trivial convergent sequences.

(13) For every 0 < n < § there exist an infinite subset N,, C N, a real number b, and a subset A, C A such that A4,
is a uniform Cantor skeleton of width »n associated to the number b, and the sequence {x,,: m € N} C B(X). Indeed,
since the family {a,: n > 1} C R is bounded, there exists b, € R such that N, :={m € N: b, +n — 6§ < a, < by}
is infinite. Let 7 : {0, 1} — {0, 1} be the canonical projection and for each t € {0, 1} choose o (1) € 7! (7).
Define h; := kq () for each T € {0, I}N'l. Then it is easy to see that A, := {h;: T € {0, I}N'i} is a uniform skeleton of
width n > 0 associated with b, € R and the sequence {x,,: m € N;} C B(X).

In order to prove Proposition 2.5 we use the following lemmas.
Lemma 2.3. Let C := {0, 1}Y be the Cantor compact set considered as a subset of the compact space (B(£so(N)), w*).

There exists a w*-compact subset D C C, hpmeomorphic to C, such that co(D) C co” (D). Actually, there exists
z0 € C0¥ (D) such that d(zg, co(D)) =1 =d(co” (D), co(D)).
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Proof. Consider the Cantor compact space C = {0, 1} and the set S := {0, 1}<N = {0, 1}U{0, 1}2U{0, 1}3U- - - . Let
A be the Haar probability on {0, I}N. Ifo =(01,02,...)€Candn e N,puto, = (01,02,...,0,) € S. If A C {0, 1}",
let f4:C — {0, 1} be the continuous mapping defined by

1 ifop, €A,
0 ifop, ¢A.
For each n € N we define I,, as
Ly :={fa: AC{0,1}" with |A| =2" —n}.

Observe that [, is finite and fC fadrh=1—n27"foreach f4 € I,. Let I := Un>1 I,,. Clearly, |I| = R and so we can
put I ={fa,: m > 1}. We shall identify / with N by means of the identification of m and f4,,. So, instead of £~ (N)
we also write £, (). Observe that:

VYo eC, fa(o) ={

(1) The family / separates points in C.

(2) For every k € N, the subset { f4 € I: fc fadr<1— %} is finite. So, lim;;— oo fC fa,, dx— 1.

(3) Let{oj: j=1,...,k} be afinite subset of C. Then for each n > k, there is fa € I, such that f4(c;) = 0 for each
j=1,... k.

(4) Forevery fa € I there exists o € C such that f4(o) = 1.

Let ¢ :C — {0, 1}1 C B(£s0(1)) be the mapping such that
Vi=fael, YVoeC, Y(o)i)= falo).

Clearly, v is a continuous injective mapping, when we consider in {0, 1}/ the w*-topology of £+, (I), that coincides
with the product topology of {0, 1}!. Thus D := v (C) C {0, 1} is a compact subset, homeomorphic to C. Let 1 :=
¥ (A) be the Radon Borel probability on D image of the Haar probability A under the continuous mapping yr, and
let r(w) =:z0 € E)w*(D) be the barycenter of . Clearly, zg € [0, 117 and so d(zg, co(D)) < 1. Note that for each
i = fa € I, we have

() =m0 = [ midp= [ 7 @) dro) = [ fadr=1-n27" R}
D C C
In order to show that d(zg,co(D)) = 1, it is enough to show that ||zo — p|| = 1 for each p € co(D). Let p =
le‘:l tjy(oj), where t; € [0, 1], 21;21 tj =1and o; € C for each j. Then by (3) for each n > k, one can choose an
fa € I, with the property stated there. Therefore using Eq. (2.1)

k
12 |lzo = pll = z0(fa) — thlﬁ(aj)(fA) =zo(fa)=1—n27".

j=1
Since n > k is arbitrary, ||zo — pll=1. O

Lemma 2.4. Let K be a w*-compact subset of a dual Banach space X * such that K contains a Cantor skeleton of
width § > 0. Then there exists a w*-compact subset H of K such that d(co” (H),co(H)) > 4.

Proof. Let A := {k,: o € C} be a Cantor skeleton of width § > 0 inside K. Without loss of generality, we suppose
that K = A"".

(A) First, we assume that K is a w*-compact subset of £, and A a uniform Cantor skeleton of width § =1 of K
so that, for each o € {0, 1}N and for every m > 1, we have m,,(k;) <0, if c(m) =0, and 7, (ks) = 1, if o (m) = 1.
Consider the continuous mapping @ : K — C such that ,Vk € K, ®(k)(m) =1, if k;, > 1, and @ (k)(m) = 0, if
km < 0. Clearly, @ (K) = C. By the proof of Lemma 2.3 there exist a w*-compact subset D C C C £, and a Radon
probability « on D so that o = ¥ A, where A is the Haar probability on C and ¥ : C — {0, 1}/ is the mapping such that
Y(o)(@) = fa(o),Vi= fa €l.Let zg =r(u) be the barycenter of u, that satisfies zg € (Y)w*(D) \ co(D). Let

D, ={deD: my(d)=1} and DY ={deD: ny(d) =0}, m=>1.

Claim 1. ;L(D,ln) — 1 and so [L(D?n) =u(D\ D,ln) — 0 for m — oo.
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Indeed, in Lemma 2.3 we have identified N with the set I = {f4: A C {0, 1}" with |A| =2" — n and n € N}. So,
with the notation of Lemma 2.3, if f4,, € I is the element of I corresponding to m € N, we have

u(DL) = / st () d e (x) = / i 0 ¥(0) dA(0) = / V(@) (fa,) dh(o) = / fa, (@) dA (o).
D C C C

Now apply that lim,,_, o fC fa,, dA =1 by (2) in the proof of Lemma 2.3.
Claim 2. Ifdi_l (D) =: H C K, then there exists ug € co%” (H) such that d(ug,co(H)) > 1.

Indeed, since @ (H) = D and & is w*—w*-continuous, there exists a Radon Borel probability v on H such that
®v = . Let ug := r(v) be the barycenter of v, that satisfies ug € co” (H).

Sub-Claim. Given € > 0, there exists n € N such that w,, (ug) > 1 — €, Vm > n.

Indeed, observe that m,, (ug) = 7, (r(v)) = fH T (h)dv(h), Vm > 1. Let 0 < M < oo be such that ||k| < M,
Vh € H, and choose n > 0 with € > n(1 + M). Now we choose n. € N such that M(D,L) >1—n,VYm > ne (and
M(D?,l) < n). Then for m > n we have

/nm(h)dv(h): / Tm(h)dv(h) + / Tm(h)dv(h) > / 1dv(h) + / (—=M)dv(h)
H <1§_1(D,1n) <D_1(D21) <P_1(D,ln) Qﬁ_l(D%)
=v(@7!(D,)) = Mv(@7(D})) = u(D,) = Mu(Dy) > 1—n—Mn>1—e.

In order to show that d(ug, CoO(H)) > 1, it is sufficient to show that ||ug — p|| = 1 for each p € co(H). Let p =
le':l tihj,wheret; € [0, 1], ZI];:1 ti=1,hje Hand ®@(h;) =:d; € D foreach j. By (3) of the proof of Lemma 2.3
there exists a sequence of integers m| < my < --- such that 7, (dj) =0 forr > 1 and j =1,...,k. So, by the
definition of @ we have m, (h;) <O forr > 1 and j=1,...,k, that is, m,, (p) <O for r > 1. Thus from the
Sub-Claim we obtain ||ug — p|| = 1. So, this proves Claim 2 and completes the proof of the statement in this case (A).

(B) Now, we suppose that K is a w*-compact subset of £+, endowed with a Cantor skeleton A := {k,: o € C}
of width § > 0 associated with the numbers (a,),>1 € £~ and the sequence of canonical projections {m;,: m > 1},
where 1, (k) = ky,, Yk € €. Let T : € — £oo be the mapping such that 7' (x)(n) = (x, — a,)/8, Yn € N. Then
T is an affine mapping which is w*~w™*-continuous and || - ||-continuous. If L = T'(K), then L is a w*-compact
subset endowed with a uniform Cantor skeleton 7 (4), which satisfies the requirements of case (A). So, there exists
a w*-compact subset W C L and a point wg € cY)w*(W) such that d(wg,co(W)) > 1. Let H := T~ Y(W). Clearly,
H is a w*-compact subset of K such that T(H) = W, T(co(H)) C co(W) and T(co" (H)) = co®" (W). Thus, if
ugy € co%” (H) satisfies T (1) = wo, then d(ug, CoO(H)) = 3, by the form of the mapping 7.

(C) Finally, we suppose that K is a w*-compact subset of an arbitrary dual Banach space X* endowed with
a Cantor skeleton A := {k,: o € C} of width § > 0 associated with the numbers (a,),>1 € oo and the se-
quence {x,: n > 1} C B(X). Consider the continuous operator 7 :£; — X such that, V(X,),>1 € €1, T (Ap)n>1) =
Zn>1 AnXn € X. Observe that || T| < 1. Then, T*(K) is a w*-compact subset of £, and {T*(k,): o € C} is a Can-
tor skeleton of T*(K) of width § > 0, that satisfies the requirements of case (B). So, there exists a w*-compact
subset W C T*(K) and a point wg € co™" (W) such that d(wg, Co(W)) = 8. Let H := T* '(W) N K. Then H
is a w*-compact subset of K such that T*(H) = W and T*(@" (H)) = 0% (W). Let ug € co*” (H) be such
that 7*(ug) = wg. Taking into account the fact that ||7*| < 1 and that co(W) C T*(co(H)) C co(W), we get
d(ug,co(H)) = d(T*(ug), T*(Co(H))) = d(wg, co(W)) > § and this completes the proof of the lemma. O

Let (X, t) be a Hausdorff topological space, Y a subset of X and u a finite positive Borel Radon measure on X.
Bo(X) will denote the o -algebra of Borel subsets of X. The positive Radon measure w is carried by Y if there
exists a sequence of compact subsets {K;;: n > 1} of Y such that K,, C K,,4+1 and u(K,) t n(X). Y is said to be
a universally measurable subset of X if Y is u-measurable for every finite positive Borel Radon measure u on X.
A mapping f: X — R is said to be w-measurable if f —1(G) is pu-measurable for all open subset G of R. If (Z, T) is
a topological space, a mapping f : X — Z is said to be Lusin u-measurable if for each € > 0 there exists a compact
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subset K of X such that (X \ K) < € and f] K is continuous. Recall that by Lusin’s Theorem a mapping f: X — R
is pu-measurable if and only f is Lusin pu-measurable. A mapping f: X — Z is said to be universally measurable
on Y if and only if f is Lusin p-measurable for every positive finite Radon Borel measure p carried by Y, which is
equivalent to say that, for every compact subset K C Y and for every Radon Borel probability 4 on K, f is Lusin
-measurable.

Proposition 2.5. Let X be a Banach space and Y a subset of X*. The following statements are equivalent:

(1) Y does not have the property (P).
(2) There exist a w*-compact subset H of Y and two real numbers a < b such that for every finite family F of w*-
open subsets of X* with VN H £, VYV € F, there exists xF € B(X) fulfilling that

inf(VNH,xg) <a<b<sup(VNH,xfg), VYVeF.

(3) There exists a w*-compact subset K of Y endowed with a uniform Cantor skeleton.

(4) There exist a functional € X** which is not universally measurable on Y.

(5) There exists a w*-compact subset H of Y which is uniformly non-fragmentable, that is, there exists § > 0 such
that for every finite family F of w*-open subsets of X* with VN H # @, VV € F, there exist x5 € B(X) and
rr € R such that

inf(VNH,xg)<rrp<rr+8§<sup(VNH,xr), VVeF.
(6) There exists a w*-compact subset H of Y that contains a w*—N-family.
Proof. (1) = (2). Since Y does not have the property (P), there exists a w*-compact subset K C Y such that
d(co” (K),co(K)) > d > 0. By [5, Lemma 3.2] (see also the proof of [6, 3.1. Proposition]) there exist ry € R,
¥ € S(X™) and a w*-compact subset H C K such that: (i) ¥ (k) < ro, Vk € K; (ii) for every w*-open subset V of X*
with V N H # @ there exists & € co” (V N H) such that ¥ (§) > ro + d. Therefore, if F is a finite family of w*-open

subsets of X* suchthat VN H #£@,VV € F, there exist ky € VN H and &y € c_ow*(V N H) so that ¥ (ky) < rg and
Y (Ey) > ro+d forevery V € F. Thus, as B(X) is w*-dense in B(X™**), we can find a vector xz € B(X) such that

inf(VNH,xr)<rg<ro+d< sup((?)w*(v NH),xr), VVeF.

Since x r € X, then sup(c%w*(v NH),xr)=sup(VNH, xr)and so (2) holds witha :=rg and b :=rg + d.
(2) = (3). Let H be a w*-compact subset of Y fulfilling (2). First, we construct an independent sequence
{(A;, Bpy): m > 1}in H.
Step 1. By (2) there exists x| € B(X) such that
inf(H, x1) <a <b <sup(H, x1).
Define Vi1 ={h € X*: (h,x1) <a}and Vo ={h € X*: (h,x1) > b}. Observe that Vi; N H #0,i =1, 2.

Step 2. By (2) there exists x, € B(X) such that
inf(Vi; NH,x2) <a<b<sup(V;NH,x2), i=1,2.
Let Vo1 ={h € X*: (h,x2) <a}and Vo ={h € X*: (h,x2) > b}. Observe that V;; " Vo; N H #0,i, j=1,2.
Further, we proceed by iteration. We obtain a sequence {V,1, V,2: n > 1} of w*-open subsets of X* such that
Vig NNV, NH #@,1; €{1,2},n > 1. Thus, if we define
An=1{heH: (h,xy)2b} and By ={heH: (h,xy)<a}, m>=1,

then it is easy to verify that {(A,,, B;;): m > 1} is an independent sequence of w*-closed subsets of H. Now, for each
o €{0, 1}N andeachn e N, let C5 ») = Ay, ifo(n) =1, and Cy n) = By, if o (n) = 0. By compactness, it is clear that
MNuz1 Clomy # 0, Yo € {0, 1}, So, we can choose o € [,51 Clouny> Yo € {0, 1. Let K := {hy: o € {0, INy™ 1
is easy to see that {h,: o € {0, 1)V} is a uniform Cantor skeleton of K of width b — a.
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(3) = (4). Let K be a w*-compact subset of ¥ endowed with a uniform Cantor skeleton {h,: o € {0, 1YY of
width § > 0 associated with the number rg € R and the sequence {x;,: m > 1} C B(X). So, K ={hs: 0 € {0, I}N}w*.
Let T :¢; — X be the continuous operator such that T (e,) = x,,, Vn > 1, {e,: n > 1} being the canonical basis of £;.
So, its adjoint T*: X* — £ fulfills T*(x*) = (x*(Xm))m, Yx™ € X*. Define the mapping @ : £, — £ as follows

1
Y(an)n € oo, ¢((an)n) = g(((an —710) V 0) AN 8)n

The mapping @ is w*—w*-continuous and satisfies ® o T*(K) = {0, 1} = C. Let A be the Haar probability on C
and p a Radon probability on K such that @ o T*(u) = A, that is, X is the image of x under the w*—w*-continuous
mapping @ o T*. By a well-known Sierpinski’s argument ([15], [14, 14.5.1]), for every p € BN\ N the point mass
8, € S(£%,) is not A-measurable. By [13, Theorem 9, p. 35] the mapping §, o @ o T*: K — R is not j-measurable
on K, which actually means that {x* € K: §, 0 @ o T*(x*) > 1} is not j-measurable (because for every c € C either
Sp(c)=1loré,(c) =0). As
{x* €K:8,0® oT*(x*) > 1} = {x* €ek: 3§, oT*(x*) >r0+8},

we conclude that §, o 7" € X** is not u-measurable. So, §, o T* € X** is a functional which is not universally
measurable on Y.

(4) = (5). Let K be a w*-compact subset of ¥ and u a Radon Borel probability on K such that there exists a

functional ¢ € X™* which fails to be w-measurable on K. For every subset A C K we define the “inner measure
1« (A)” as follows

Ux(A) = sup{/,L(L): L a w*-Borel subset of K with L C A}.

It is easy to see that: (i) w is monotone and 0 < u,(A) < 1,VA C K; (ii) if A C K, there exists a Borel subset L C A
such that (L) = pu«(A); (iii) if {A,: n > 1} is a sequence of subsets of K with A, C A, then u*(ﬂn>1 Ay =
inf,>1 «(Ay); (iv) a subset A C K is not p-measurable if and only if p4(A) + us(K \ A) < 1. For every r € R we
define

Ar={teK: ¢ >r} and B, ={6ecKk: y(§) <r}

Since y fails to be p-measurable, there exists 9 € R such that A, is not p-measurable, that is, p«(Ay)) + (K \
Ap) <1l.LAsK\ A, = ﬂn>1 Br0+1, we get wy (K \ Ayy) =inf, > “*(Bro+l) and so there is some &y > 0 such that

M’*(Aro) + M*(Br0+30) <1

Claim. There exists a non-empty w*-compact subset H C K such that, if V is a w*-open subset of X* with VO H # 0,
then V N H intersects simultaneously K \ A, and K \ By 4s,.

Indeed, let L C A,, and M C By 5, be Borel subsets such that (L) = 1+ (A,,) and (M) = j4+(Byy+s,). Clearly,
w(LUM) < (L) + u(M) = pus(Ary) + s (Brytsy) < 1, whence (K \ (LUM)) >0.Let HC K\ (LUM) be
any w*-compact subset such that, if v:=pu [ H, then v > 0 and supp(v) = H. Let V be a w*-open subset with
VN H#®. Then u(VNH) > 0. Assume that VN H C A,,. Put L' = L U (V N H). Clearly, j.(A,) > n(L') =
w(L) + (VN H) > g (Ay), a contradiction that proves that (K \ A,,) N (V N H) # (. In a similar way one can
prove that (K \ By,1+s,) N (VN H) #{.

Let e > 0 be such that ro + e < rg + 8o — e and define r; :=rg + e and § := 9 — 2e. Then § > 0. By the claim,
if F is a finite family of w*-open subsets of X* such that VN H # @, VV € F, for each V € F we can find vectors
Ey,ny € VN H so that

v(ny) <rp <ri+6 <y év).
Since B(X) is w*-dense in B(X™*), we can find a vector xx € B(X) such that
(nv,xF)<ri<rn+d8<{Ey,xr), VVeF.

(5) = (6). Let H be a w*-compact subset of Y, which is uniformly non-fragmentable for some § > 0. By using an
argument similar to the one of the implication (2) = (3), we find two sequences {r,,: m > 1} C R and {x,,: m > 1} C
B(X) such that, if

Ap={heH: (hyxy)>rm+38} and By={heH: (h,xp)<rm}, m=1,
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then {(A,,, B;y): m > 1} is an independent sequence of w*-closed subsets of H. By an argument of compactness,
for each pair of disjoint subsets M, N of N we have (ﬂmeM An) N (ﬂneN B,) # . So, we can choose ny n €
(Mimem Am) N ((,en Bn)- Clearly, {ny n: M, N disjoint subsets of N} is a w*~N-family in H such that

MmM.N&Xm) Zrm+68, VYmeM, and nyn(x,) <r,, Vnel.

(6) = (1). Let {ny.n: M, N disjoint subsets of N} be a w*—N-family in some w*-compact subset H of Y. For
eacho € {0, 1}N, let M:={neN: o(n) =1} and N :=N \ M, and define A, :=ny n. Then, it is easy to see that

{he: o €{0, 1}N} is a Cantor skeleton of the w*-compact subset {hy: o € {0, 1" = K ¢ H. Now it is enough to
apply Lemma 2.4. O

Remark 2.6. By Proposition 2.5, if Y is a w*-compact subset of a dual Banach space X*, then Y fulfills the prop-
erty (P) if and only if ¥ does not contain a Cantor skeleton. Actually, this equivalence holds for the class of X-analytic
subsets of (X™*, w*) (see Proposition 3.8). On the other hand, there exist subsets ¥ (non-w*—/C-analytic) of X* that
simultaneously have the property (P) and contain a Cantor skeleton. Let us see an example. In [4, Proposition 5] we
have proved the following fact: if Z is a Banach space with a copy of ¢;(c), there exists a dual Banach space X*
with an isomorphic copy Y of Z such that Y has the property (P), but Y fails to have 3-control inside X*. Thus, by
[5, Proposition 3.5] Y contains a w*—N-family and so a Cantor skeleton.

3. Stability of the property (P)

This section is devoted to the questions: (i) Is the property (P) stable for unions, additions and products? (ii) If
Y is a subset of X* with the property (P), does the closed linear span [Y] have the property (P)? We obtain in
the sequel positive answers when Y is K-analytic in (X*, w*). The good behavior of the class of K-analytic subsets
is due to the following fact [13, Theorem 12, p. 126]: if X, Z are topological spaces, Y a K-analytic subset of X
and ¢ : X — Z a continuous mapping, then, for every Radon Borel probability p carried by ¢(Y), there exists a
Radon Borel probability v carried by Y such that ¢v = u; so, by [13, Theorem 9, p. 35] a mapping f:¢(¥Y) — Ris
universally measurable on ¢ (Y) iff f o ¢ is universally measurable on Y.

Let us recall some topological notions. If (X, 7) is a topological space, a subset ¥ C X is said to be K-analytic in
(X, 7) if there is an upper-semicontinuous compact set-valued map ¢ : NN — 2% such that ¢ (o') is compact, for every
oceNN andy = Uy enm @ (o) (see [10, p. 117). Recall that the set-valued map ¢ is said to be upper-semicontinuous
if for each o € NN and for an open subset U of X such that ¢(c) C U there exists a neighborhood G of ¢ with
¢(G) C U.If (X, t) is Hausdorff, every K-analytic subset of X is universally measurable in X [10, pp. 42 and 346].
The union, intersection and product of a countable family of /C-analytic subsets as well as closed subsets and contin-
uous images of KC-analytic subsets are C-analytic.

A subset Y C X™ of a dual Banach space X™ is said to be w*K A if it is -analytic in (X™*, w*).

Lemma 3.1. Let X;, Z; be Hausdorff topological spaces and let V; : X; — Z; be a universally measurable mapping
fori =1,2. The mapping ¥ : X1 X X2 — Z1 X Z» such that ¥ (x1, x2) = (Y1(x1), ¥2(x2)), V(x1,x2) € X1 X X2, is
universally measurable.

Proof. Let u be a Radon Borel probability on X; x X, and € > 0. We show that there exists a compact subset K, C
X1 x Xp suchthat iy | K. is continuous and u(K¢) > 1 —e€. Let u; := m; (), where ; : X1 x Xo — X; is the canonical
i-projection for i = 1, 2. Recall that u; is a Radon Borel probability on X;, i = 1, 2. Moreover, for B; € By(X;),
i=1,2, wehave u1(B1) = n(B1 x X2) and w2 (B2) = (X1 x Bz). So, as ; is universally measurable on X;, there
exists a compact subset K; C X; such that ; | K; is continuous and u;(K;) > 1 — %e. Let K. := K| x K. Then
trivially ¢ [ K¢ is continuous. Moreover as ‘K. = (‘K1 x X7) U (X1 x °K3) we have

, . . : : 1 1
1— w(Ke) = pu(“Ke) < u(°Ki x X2) + (X1 x °K2) = u1 (K1) + n2(°K2) < 7€ + JE=¢€
Thus ¥ is universally measurable. O

Lemma 3.2. Let X1, X2 be Banach spaces, X = X| @ X2 and Y; C X} a subset fulfilling the property (P) for
i=1,2.ThenY :=Y| & Yy, C X™ has the property (P).
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Proof. By hypothesis X* = XT @ X5 and X** = X7* @1 X3*. Letu € X**. Then u = u; @ up withu; € X;*, up €
X5* and u(x} @ x3) = u (x7) +uz(x3) for every x{ @ x3 € X*. By Proposition 2.5 u; is universally measurable on ¥;,
i =1, 2. Thus the mapping @ :Y; & Y» — R@ R such that @ (y1 & y2) = (u1(y1) Du2(32)), Vy1 @y € Y1 ® Ys, is
universally measurable by Lemma 3.1. As the mapping S:R @&~ R — R such that S(¢, s) =t + s is continuous, we
conclude that the mapping S o @ : Y| @ Y> — R is universally measurable. So u is universally measurable on Y| & Y>
because u = S o @. Thus Y| @ Y> has the property (P) by Proposition 2.5. O

Lemma 3.3. Let X, Z be Banach spaces, Y be a w*KCA subset of X* with the property (P) and ¢: X* — Z* be a
w*—w*-continuous affine mapping. Then ¢(Y) is a w*ICA subset of Z* with the property (P).

Proof. First, it is trivial that ¢(Y) is w*ICA. Moreover, ¢ := ¢ — ¢(0) : X* — Z* is a linear norm-continuous map-
ping. Let 1 be a Radon Borel probability on ¢(Y) and u € Z** a functional. We shall prove that u is p-measurable.
Since Y satisfies the property (P) and u o ¥ € X™*, then u o v is universally measurable on Y by Proposition 2.5.
Thus u o ¢ = u o ¥ + u(¢(0)) is also universally measurable on Y. By [13, Theorem 12, p. 126] there exists a Radon
Borel probability v on Y such that ¢v = . Thus u is pw-measurable by [13, Theorem 9, p. 35] and so ¢(Y) has the
property (P) by Proposition 2.5. O

Lemma 3.4. Let X be a Banach space.

(A) If {Uy: n > 1} is a sequence of universally measurable subsets of (X*, w*) such that U, C U,11 and each U,
has the property (P), then Un>1 U, has the property (P).

(B) IfY is a w*ICA subset of X*, the following statements are equivalent:
(1) Y has the property (P);
(2) RY :={ty: t e R, y € Y} has the property (P).

(©) If {Yn: n > 1} is a sequence of w*K.A subsets of X* each fulfilling the property (P), then | J,~, Y, has the
property (P).

Proof. (A) Let 1 be a Radon Borel probability carried by Un>1 U, and u € X**. We want to prove that u is u-

measurable. Fix € > 0. Since U, 1 Un>1 Uy, there exists p € N such that u(Up,) > 1 —€. Let v:=u [ Uj. Clearly
v is a positive finite Radon Borel measure carried by U, which has the property (P). Thus u is v-measurable and
so there exists a w*-compact subset K C U, such that £(K) =v(K) > 1 — € and u | K continuous. Therefore u is
Lusin p-measurable and this proves the statement.

(B) As (2) = (1) is trivial, let us prove (1) = (2). Let u € X™* and let « be a Radon Borel probability carried
by RY. We want to prove that u is p-measurable. Let @ : R @ X* — X™ be such that @ (r @ x*) =tx*, Vt D x* €
R @s X*. Clearly @ is a w*~w™*-continuous mapping and P(R@ Y) =RY. As Risa s set, RP Y is a w* A
subset of R @ X* = (R @1 X)* and so by [13, Theorem 12, p. 126] there exists a Radon Borel probability v carried
by R @ Y such that v = pu.

Claim. u o @ is v-measurable.

Indeed, as Y has the property (P), u is universally measurable on Y by Proposition 2.5 and so the mapping
VRGP X* > RPoo Rsuchthat W (t ®x™) =1t Pu(x™), Vt ®x™ € R Poo X*, is universally measurable on R Y
by Lemma 3.1. As the mapping Q:R @& R — R such that Q(r & s) = ts is continuous, we conclude that Q o ¥
is universally measurable on R & Y and so Lusin v-measurable. On the other hand, u 0 @ = Q o W. Hence u o @ is
v-measurable.

Therefore u is p-measurable by [13, Theorem 9, p. 35] and this proves that RY has the property (P) by Proposi-
tion 2.5.

(C) First, RY; & RY> is w*/C.A and has the property (P) inside X* @, X* by (B) and Lemma 3.2. As §: X* @
X* — X* such that S(x* @ y*) = x* 4 y* is a linear w*—~w*-continuous map, then RY; + RY> has the property (P)
by Lemma 3.3, whence we deduce that Y; U Y> has the property (P) because Y; U Yo C RY| + RY». So, if U,, :=
U’_, ¥, we get by induction that each U,, has the property (P) and is w*CA and so universally measurable. Now
we apply (A). O
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Lemma 3.5. Let Y be a w*ICA subset of €eo such that Y contains a Cantor skeleton {k,: o € C} satisfying k, (m) <0,
ifo(m) =0, and ks (m) > 1, ifo(m) = 1. Then Y fails to have the property (P).

Proof. Assume that Y has the property (P). Let us recall the notation of the proofs of Lemmas 2.3 and 2.4, that is,
I={fa: AC{0,1})" with [A|=2"—nandn e N}, ¥, A, u =¥ (A), D:=y(C) c {0, 1}/, DL, DY etc. As |I| =R,
we may put [ :={fa,: m > 1} and we identify / with N (and so £~ (I) with £5,(N)) by means of the identification
of m with fu,. Let @ :£xo(I) = £oo(I) be such that @ ((x,),) = ((x, vV 0) A 1), for every (x,), € €oc(l). Observe
that @ is a w*—w*-continuous mapping. Define H := {k,: 0 € C}*", L:=HNY and Lo := L N® (D). Clearly L
and L are w*/CA bounded subsets of X* such that {k,: o € C} C L, ®(L) =1{0, 1} and &(Lg) = D. Suppose that
x|l <14 a, Vx € Lo, for some a > 0. Since u is carried by D, by [13, Lemma 19 and Theorem 12, p. 126] there
exist a Radon Borel probability p on Lo and a sequence {L,: n > 1} of w*-compact subsets of Lg such that:

(@) ®p=u;
(b) L, CLysiforn>1;

() p(Ly) T 1L
Let ug € (1 +a)B({~ (1)) be the barycenter r(p) of p.
Claim 1. 1 < liminf,,_ s ug(m) <1+a.

Indeed, if m € I, then ug(m) = m,, (ug) = fLo T (x*)dp(x*). So, as ug € (1 + a)B(loo(I)) and Lo = (Lo N
okt (D,L)) W(LoN @ (D%)) (¥ means disjoint union), we have

l+a> /nm (x*)dp(x*) = / X dp(x*) + / x dp(x*).
Lo Lon®~1(D}) Lon®—1(DY)
AS 7T (x*) = x5 = 70 (@ (x*)) =1 on LoN @~ 1(D]) we have

[ )z [ m(@) o) = [ 767 an(7) = n(Dh) = 1

Lon®~1(D)) Lon®~1(D}) D),

On the other hand, as |x;;| < 1 4 a for every x* € L¢, we have

’ / xp dp(x*)
Lon®~1(DY) Lon®~1(DY) Dy,

Thus

1 gliminf/ nm(x*) d,o(x*) <1+4a.

m—0oQ
Lo

m— 00

< / (1+a)d,o(x*)=(1+a)/ du=(+au(D)) — 0.

Claim 2. liminf,, , o, ug(m) < 0.

Indeed, let p, := p | L, denote the restriction of p to L,. Clearly p,(L,) 1 1 when n — oco. We consider two
cases.

Case 1. p = p, for some g € N.

In this case p is carried by the w*-compact subset L, and so ug =r(p) € co?” (Lg). Since Ly C Y and Y fulfills
the property (P), we have ug € co(Ly). Thus, in order to show that liminf,, . uo(m) < 0, it is sufficient to show
that liminf,, o, p(m) < 0 for every p € co(L,). Let p = Z];:l tjlj, where t; € [0, 1], Zl;zl tj=1,1; € L, and
&(lj)=:djeDfor j=1,...,k. By (3) of the proof of Lemma 2.3 there exists a sequence of integers m; <mp < - -
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such that 7, (dj) =0 for r > 1 and j =1,...,k. So, by the definition of & we have 7, (I;) <O for r > 1 and
j=1,...,k, thatis, p(m,) <0 for r > 1 and this proves that liminf,,,_, oc p(m) < 0.

Case 2. p(L,) <1 forevery n € N.

In this case, if 7, = p — py, then 1, is a positive finite Radon measure such that ||z, || > 0, Vn > 1. Without loss of
generality assume that || o, || > 0, Vn > 1. Then

1Y) T,
uo=r@>=ummr< - >+nww( - )
Il o kA

and so

uo(m)zr(p)(m):“p"“r( il )(m)+||fn||7’< n )(m)
I oull Il

for every m € I. As pn/|lpnll is a Radon probability carried by the w*-compact subset L, and L, fulfills the
property (P), we have 7(p/llpall) € €% (Ly) = €6(Ly). Hence liminfy— o0 7(0n/ll o) (m) < 0 as in the proof
of Case 1. On the other hand, r(z,/||t4]l) € (1 + a)B({so(1)) because 7,,/|t,|| is a Radon probability on Lo and
LoC(1+a)B(lso(1)). So |r(t,/lltul)(m)| < 1+ a for every m € 1. Since ||p,]| 1 1 and ||z, || | O for n — o0, we
get liminf,,,_ o uo(m) < 0.

So we obtain a contradiction which proves the lemma. 0O

Lemma 3.6. Let X be a Banach space and Y be a w*K.A subset of X* fulfilling the property (P). Then Y does not
contain a Cantor skeleton and so Y fulfills the property (P).

Proof. Assume that Y contains a Cantor skeleton K := {k,: o € C}. By Remark 2.2 we may assume that /C is
a uniform Cantor skeleton, we say, for some sequence {x,,: m > 1} C B(X) and ag, € € R with € > 0, we have
ko (xm) < ag, if 0(m) =0, and ks (x,,) = ag + €, if o (m) = 1. Now we perturb K in order to obtain a uniform Cantor
skeleton inside Y. Indeed, for each o € C choose i, € Y such that |k, — ks || < €/4. Then {h,: o € C} is a bounded
subset of Y such that A, (x,,) < ag + }16, if o(m) =0, and hy (x,,) = ag + %e + %e, if o (m) = 1. Define the mapping
T:X* — £y (N) as follows

x*(Xm) —ag — L€

Vit e X7, T@ﬂ:( (o) — o 4).
€ m

Clearly the mapping T is affine norm-continuous and w*—w*-continuous. Observe that {T (h,): o € C} is a uniform

Cantor skeleton inside 7'(Y) such that T'(h,)(m) <0, if c(m) =0, and T (hy)(m) > 1, if c(m) = 1. On the other

hand, T(Y) is a w*/CA subset of £, (N) with the property (P) by Lemma 3.3. Thus by Lemma 3.5 we get a contra-

diction, which proves that ¥ fails to contain a Cantor skeleton. Finally ¥ has the property (P) by Proposition 2.5. O

Lemma 3.7. Let X be a Banach space and Y a subset of X*. Then:

() IfY is w*KAin X*, [Y] and [Y] are w*K A in X*.

) If Y is w*KA in X* and has the property (P), then [Y] has the property (P).

Proof. (1) As R is a K, set, then R@® Y and RY are w*/CA in R @ X* and X*, respectively. Thus RY & < @ RY
is WA in X* @oo L @oo X* because countable products of KC-analytic sets are KC-analytic. Since @, : X* ®oo
L & X* > X* such that Qp(x] ®--- D xy) =) ;_x is a w*~w*-continuous linear mapping, then W, :=
P[RY &L @RY) is w*CA in X*. On the other hand, [Y]=J,5, Wy and [¥]=(;5,([Y]+ £ B(X*)). So, [Y]
and [Y] are w*/CA in X* because finite additions as well as countable unions and intersections of K-analytic sets are
IC-analytic.

(2) With the notation of (1), each subset W, is w*K.A in X* and has the property (P) by Lemmas 3.2-3.4. By
Lemma 3.4 [Y] = Un>1 W, is a w*ICA subset in X* with the property (P). Finally [Y] has the property (P) by
Lemma 3.6. O
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Proposition 3.8. Let X be a Banach space and Y a w*ICA subset of X*. The following statements are equivalent:

(1) Y has the property (P).
(1) Y does not contain a Cantor skeleton.
(1”) Y does not contain a w*~N-family.
(2) [Y] has the property (P).

) [Y] does not contain a Cantor skeleton.

(2") [Y] does not contain a w*-N-family.
(3) Every convex subset of [Y] has 3-control inside X*.

Proof. The implications (2) = (1), (2') = (2”) = (1”) and (2') = (1’) = (1”) are trivial.

(1”) = (1) follows from Proposition 2.5.

(3) = (2). Let K C [Y] be a w*-compact subset. Thus co(K) is a convex subset of [Y] and so has 3-control
inside X*. Hence

d(&"”" (K),(K)) < 3d(K, &(K)) = 0.

Therefore co%” (K) =co(K) and this proves that [Y] has the property (P).
(1) = (2)) follows from Lemmas 3.7 and 3.6.
Finally (2”) = (3) follows from [5, Proposition 3.5]. O

Remark 3.9. If Y is a subset of a dual Banach space X* and Y has the property (P) but Y is not w*CA, [Y] and [Y]
could fail to have the property (P). Let us give a counterexample. Take X := £;. Then X* = £, does not have the
property (P). As the unit sphere S(£,) of £ satisfies |S(€oo)| = ¢, we put S(£so) = {s¢: & < ¢}. Let Ry := (0, 1]s4,
Yo < ¢, and observe that |R,| = ¢. Since (B({x), w*) is a polish space, if K is a w*-compact subset of B(£s),
either |K| < 8¢ or |K| = ¢ (see [7, 6.5. Corollary, p. 32]). Let W denote the family of w*-compact subsets W
of B(£x) such that |W| = c. It is an easy exercise to see that |[VV| = c¢. Thus we may put W = {W,: o < c¢}. Now by
induction we choose in B(£s) two sequences {ry: @ < ¢} and {wy: @ < ¢} such that ry, € Ry, wy € Wy, Yo < ¢, and
{ra: a <c}N{wy: e <c}=0.LetY :={rq: o <c}. Clearly [Y] = [Y] = {s. We claim that Y has the property (P).
Indeed, let K C Y be a w*-compact subset. By construction K ¢ W. Thus |K| < R, whence [K] is separable. By
[5, Proposition 4.3] we have c_ow*(K) =Co(K) and so Y has the property (P). Finally Y fails to be w*/CA in £+, by
Proposition 3.8, although Y is weak™ countably K -determined because it is metric separable.
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