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0 Topologies on Z.
9 Topologies on Z(b*).

e Topologies on Zy,.
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p-adic topologies.

Let p be a prime number. The family

{p"Z:neNy}

is a neighborhood basis for a group topology on Z. This
topology is called the p-adic topology, Ap.
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p-adic topologies.

Let p be a prime number. The family
{p"Z:neNy}

is a neighborhood basis for a group topology on Z. This
topology is called the p-adic topology, Ap.

@ Ap is metrizable.

@ Ap is precompact.

@ Ap is linear.

@ Ap is locally quasi-convex.

o (Z,2p)" = Z(p).
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D-sequences.

Let b = (bn)nen, C N, satisfying that:

@ by =1.

@ bp| bpyy.

o bn 7& bn+1 o
Then b is a D-sequence. Let & be the family of all
D-sequences. For a D-sequence we define the sequence of

ratios g := bf: .

@ b, =p"is a D-sequence and g, = p for all n.
@ b,=(n+1)!is a D-sequence and q, = n+1 for all n.

@ Let g, be a sequence of natural numbers satisfying g, # 1
for all n. Then b, :=T]}, g; is a D-sequence.

Daniel de |la Barrera Mayoral Groups and topologies related to D-sequences



D-sequences (2)

Proposition

Let b be a D-sequence. Suppose that g1 # 2 for infinitely
many j. For each integer number L € Z, there exists a natural
number N = N(L) and unique integers Ky, ..., Ky, such that:

N
(1) L=Y kby.
j=0

@) ke <—qf'2“,qf2“], for0<j<N.
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D-sequences (3)

Letb be a D-sequence. Then any y € R can be written
uniquely in the form

ﬁn ﬁ1 BZ ﬁs
Z " —+b1+b2+ T (1)

where B, € Z and |Bn1| < L. Further,
- B
25, < “Lh =

holds for all n € Ny.
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D-sequences (4)

The sequence
(k07k17"' 7kN(L))O7'~~) € H (—% %:| ,

will be called the b-coordinates of L.
The sequence

(Bo,B1,-..) € Z x H(—@ @}

will be called the b-coordinates of y.
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D-sequences (5)

2 :={b:bis a D-sequence}
D ={bE D : %t 0},
2L ={be 25t o},
Z-(b):={cCb:cec Z.}.
2t(b):={cCcb:cec 2.}

b has bounded ratios if there exists L such that g, < L for
all n.

b is basic if g, is a prime number for all n.
Z(6*) := Upex, <bi +Z> <T.
o= Toere (% %] 02).
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b-adic topologies.

Let b be a D-sequence. The family

is a neighborhood basis for a group topology on Z. This
topology is called the b-adic topology, Ap.
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b-adic topologies.

Let b be a D-sequence. The family

is a neighborhood basis for a group topology on Z. This
topology is called the b-adic topology, Ap.

@ Ay is metrizable.

@ Ay is precompact.

@ Ay is linear.

@ Ap is locally quasi-convex.
® (Z,Ap)" =7(b™).
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Topologies of uniform convergence on Z.

In (Chasco et. al, 1999), the authors state that any locally
quasi-convex group topology is the topology of uniform
convergence on certain subsets of the dual. In order to define a
topology of uniform convergence on Z we choose a family that
is formed by only one subset which is precisely the range of a
sequence bin T.

Proposition

Letb be a D-sequence. Fixb:={7-+7Z: neNo} C T. Define
Vo.m = {zeZ: §H+Z€Tm forallneNo} and

Y :={Vbo.m : me N}. Then ¥, is a neighborhood basis for the
topology of uniform convergence on b in the group of the
integers. We call this topology t,.
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Basic properties of 1.

Properties

Letb be a D-sequence. Then:
@ 1y, iS a metrizable topology.
@ Vom=yeb 2 ' (Tm). Hence 1, is locally quasi-convex.
o 7Z(b”)=(b) <(Z,w)".

Letb be a D-sequence such thatb € 2. Then
(Z,%)" = Z(b™).
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The topology d,.

Definition

Let b be a D-sequence. Define

8 :=sup{t.:c € 2:(b)}.
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The topology d,.

Let b be a D-sequence. Define

8 :=sup{t.:c € 2:(b)}.

@ Oy Is locally quasi-convex.
o (Z,8)" =Z(b").
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dp if b has bounded ratios.

Theorem

Letb be a basic D-sequence with bounded ratios and let

(xn) C Z be a non-quasiconstant sequence such that x, 2 .
Then there exists a metrizable locally quasi-convex compatible
group topology ©(= 1 for some subsequence ¢ ofb) onZ
satisfying:

(a) t is compatible with Ay,

(b) X, = 0.

(C) Ap < T.

Letb a basic D-sequence with bounded ratios. Then the
topology &, has no non-trivial convergent sequences. Hence, it
cannot be non-discrete metrizable. Since (Z,8,)" # T, it is
non-discrete.
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Op if b has bounded ratios. (2)

Ifb is a basic D-sequence with bounded ratios, then
7K(b) # 25+ (b).

Ifb is a basic D-sequence with bounded ratios, then 1, is
discrete.
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op ifb e Z.,.

Letb be a basic D-sequence such thatb € .. The following
facts can be easily proved:

@ The sequence b has unbounded ratios.

o We have that 7X(b) = 2% (b), for any natural number k > ¢.

@ We have &, = 1.

@ The topology &y, is metrizable. Hence, it has non-trivial
convergent sequences.
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Letb,c be the D-sequences defined as follows:

ob3ni1=2-b3p ebgpio = Pni1b3nt1 ebzniz =3 bapyo
and

®C3ni1=3-C3n ®C3ni2 = Pni1C3nr1  ®C3n43 =2 C3nt2,

where py, is the n-th prime number.

Then Z(b>) = Z(c*) and &y # Je.
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The usual topology on Z(b>).

We shall denote by t the topology in Z(b>) inherited from the
one of the complex plane.

Proposition (Aussenhofer, Chasco)

Let H be a dense and metrizable subgroup of a topological
group G. Then G" = H".

(Z(b>),ty)" is isomorphic to the discrete group of the integers.
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The usual topology on Z(b*).

n
Let (xn+Z) C Z(b™). Write xp =Y B;Ek) Then the following
assertions are equivalent: !
Q@ X, +Z—0+7Zin1y.
Q |xn| = 0inR.
@ Forany k € Z there exists ny such that p{") = ... = " = 0
ifn > n.

<
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Hom(Z(b>), T).

@ We want to find a topology of uniform convergence on
Z(b>).

@ To that end we need a subset of Hom(Z(b>),T); i. e, of Zy,
the group of b-adic integers.

@ Describe the action of an element of Zy, on Z(b>). Let
k=Y knbn € Zy. We define y : Z(b~) — Z where

neN
N
=xk+Z=li K Z.
2(x) = xk + Nlinm,g’o nbnX +
@ Since x € Z(b~) implies that 8, = 0 for n > ny for some ng
N
we have that xb, € Zif n>ng and lim Y kybpx+Z
N=e 220

stabilizes.

Daniel de |la Barrera Mayoral Groups and topologies related to D-sequences



The topology 1, on Z(b>).

Let b be a D-sequence we define
Wo.m = {x+7Z e Z(b>) : xbp+7Z € T, for all n}.

@ The family { W m}men is a neighborhood basis for a locally
quasi-convex group topology on Z(b>). We will call this

topology Ny,

> b,
Z Bk

@ x € Wy, ifand only if
) bk

< — forall ne N.
4m

k=n+1

o If|Bil < g 9k " forallk e N then x = Z
k>1

Wh,

@ Ifx € Wo,m then |Byx| < :;qk for all k € N.
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Convergence on 1y,

ﬁ(”)
Let x,+Z € Z(b™). Write X, =Y bL Then, the following
k>1 “k

assertions are equivalent:
Q X, +Z—0+7Zinnp.

@ For all m € N there exists ny, such that ‘ i
n> np.

9k .
< —
8m i
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Comparing 7y and 1y

© Letb € .. Then 3-+7Z — 0+Z in np.

@ There exists L such that q, < L for all n if and only if the
topology ny in Z(b*) is discrete.

Proposition
Tu <Tb-
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Theorems on duality.

Ifb € 2., then (Z(b%), 7y)" = (Z(b%), )"

Ifb € 2 then (Z(b>),1y) is not a Mackey group.

The group Q of rational numbers endowed with the usual
topology is not a Mackey group.
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The topology Ap.

Definition

Let b be a D-sequence. Define
Up={X€Zp:xo="=Xp_1=0}

for n>1. Put Uy = Zp,.

Proposition

Letb be a D-sequence. Then the family {Un}nen, IS @
neighborhood basis of 0 for a linear metrizable group topology
on Zy. We will denote this topology by Nyp.

Letb be a D-sequence. Then (Zy,\y) is the completion (up to
isomorphism) of (Z, Ap).
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Thank you for your attention.
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