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Jacobians revisited

Haim Brezis∗

I will present joint results with H.-M. Nguyen concerning the study of the Jacobian determinant of
maps fromR

N into R
N (and alsoSN into S

N ). Surprisingly, we are able to give a robust definition of a
Jacobian determinant for a class of maps which do not admit derivatives (for example a Holder condition
suffices). New estimates illuminate classical results of Y.Reshetnyak and J.Ball concerning the behavior of
the distributional Jacobian under weak convergence in Sobolev spaces
References
H. Brezis and H.-M. Nguyen; On the distributional Jacobian of maps fromS

N intoS
N in fractional Sobolev

and Holder spaces,Annals of Math. (to appear).
H. Brezis and H.-M. Nguyen; The Jacobian determinant revisited,Inventiones (to appear).
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1



A free boundary problem arising in the analysis of pressure
swirl atomizers

Amable Liñán∗

Pressure swirl atomizers are used to inject liquid fuels in combustion chambers, in the form of a hollow,
conical, high velocity liquid film, so that it penetrates deeply while disintegrating into small droplets. The
atomizers have an axisymmetric chamber where the liquid is fed, away from the axis, with an azimuthal
circulating velocity; the swirling liquid flows out of the injector chamber through a cylindrical orifice of
radius RI and length LI , small compared with those of the chamber.

It is possible to show that the axisymmetric flow can be described using an irrotational solution of the
inviscid, Euler, equations, with a velocity field derived from a potential that satisfies the Laplace equation.
The axisymmetric liquid domain is hollow inside and also outside the injector chamber, limited by two free
boundaries that separate the liquid from the gas of the combustion chamber, of negligible density compared
with that of the liquid.

We formulate the problem of determining, in terms of the volumetric flow rate and the circulating
velocity, the two free boundaries of the liquid fuel, and the main characteristics of the solution, which are

given explicitely for moderately large values of the ratio
LI

RI
.

∗Escuela de Ingenierı́a Aeronáutica y del Espacio Universidad Politécnica de Madrid
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Free boundary problems arising in cancer models

Avner Friedmam∗

Tumor growth can be modeled by a system of PDEs in a the tumor region which is continuously chang-
ing in time. The ”free boundary ” of the tumor is held togetherby cell-to-cell adhesion, which is assumed
to be proportional to the mean curvature. The dependent variables are tumor cells densities and nutrient
concentration. In addition one needs to provide a constituent law for the tissue, e.g., assuming it to follow
Darcy’s law, Stokes equation, etc. In this talk I will describe such models,state existence theorems, show the
existence of families of stationary spherical solutions, discuss their stability, and then proceed to describe
the existence of non-radially symmetric family of solutions as bifurcation branches of the spherical ones. I
will end by stating several open problems

∗The Ohio–State University. e–mail afriedman@math.osu.edu
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Energy Balance Climate Models with Bio-Feedback

Georg Hetzer ∗

Professor Dı́az has made fundamental contributions to the study of energy balance climate models.
Some of them serve as starting point for the topic of this talk, incorporating a bio-feedback in a 2-dimensional
energy balance climate model.

It is well-known that there is a multitude of interactions between the climate system and the biosphere.
E.g., the rise of temperature accompanied by increased rainfall may lead to a richer vegetation which in
turn causes an higher absorption of solar radiation and therefore a further increase in temperature. On the
other hand, higher temperatures associated with drier conditions may accelerate desertification and lead to
a higher albedo with lower average temperatures as consequence.

Energy balance climate models describe the evolution of a long-term mean of temperature by employing
the relevant balance equations for the heat fluxes involved. The horizontal heat flux is parameterized by a
diffusion operator, and a bio-feedback can, e.g., be introduced by a Volterra map V = V (u)ϕ which is,
say, the solution family (climate indicator u as parameter, ϕ a fixed initial vegetation) of a two-species
competition system. A typical example for the resulting reaction-diffusion problem is

c(x)∂tu−∇ · [k(x) |∇u|p−2 ∇u] + g(u, V (u)ϕ)(t))

∈ F (t, x, u, u, V (u)ϕ)(t)) t > 0, x ∈M,

u(t, x) :=
∫ 0

−T
β(s, x)u(t+ s, x) ds, t > 0, x ∈M,

u(s, x) = u0(s, x), − T ≤ s ≤ 0, x ∈M.

One is interested in nonnegative solutions u = u(t, x) (temperature in Kelvin). M is a closed, compact,
oriented Riemannian surface representing the Earth’s surface, the positive functions c and k represent the
thermal inertia and the diffusivity of the system, respectively, F stands for the absorbed solar radiation flux,
and g represents the emitted terrestrial radiation flux.

I plan to discuss some models for V and the basic dynamics of the resulting problem.

∗Department of Mathematics and Statistics, Auburn University, AL 36830, USA . e–mail hetzege@auburn.edu
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A parabolic-elliptic system of drift-diffusion type
with subcritical mass in R2

Toshitaka Nagai ∗

We consider the Cauchy problem to the following parabolic-elliptic system in R2:

(CP)


∂tu = ∆u−∇ · (u∇ψ), t > 0, x ∈ R2,

−∆ψ = u, t > 0, x ∈ R2,

u(0, x) = u0(x), x ∈ R2.

Here ψ is specified as

ψ(t, x) =
1

2π

∫
R2

log
1

|x− y|
u(t, y) dy,

and u(t, x) and u0(x) are nonnegative. This system is a simplified version of chemotaxis system derived
from the original Keller-Segel model in R2, and also a model of self-attracting particles in R2.

The total mass of the nonnegative solution u to (CP) is conserved, namely
∫
R2 u(t, x) dx =

∫
R2 u0(x) dx,

and the global existence of the solution heavily depends on the total mass
∫
R2 u0(x) dx. It is known that the

nonnegative solution may blowup in finite time in the supercritical case
∫
R2 u0(x) dx > 8π. In this talk, we

consider the subcritical case
∫
R2 u0(x) dx < 8π and discuss the global existence and large time behavior of

the nonnegative solution.

∗Department of Mathematics, Graduate School of Science, Hiroshima University, Higashi-Hiroshima, 739-8526, Japan.
e–mail: nagai@math.sci.hiroshima-u.ac.jp
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Effective Chemical Processes in Porous Media

Carlos Conca ∗

This lecture deals with the homogenization of nonlinear models for chemical reactive flows through the
exterior of a domain containing periodically distributed reactive solid grains (or reactive obstacles). The
mathematical modeling involves diffusion, different types of adsorption rates and chemical reactions which
take place at the boundary of the periodic medium

∗Departamento de Ingenierı́a Matemática, Facultad de Ciencias Fı́sicas y Matemáticas, Universidad de Chile and Centro de Mod-
elamiento Matemático, UMR 2071 CNRS-UChile, Casilla 170/3 - Correo 3, Santiago, Chile. cconca@dim.uchile.cl

1



A nonlinear parabolic-hyperbolic system for contact inhibition
of cell-growth

Michiel Bertsch∗, Danielle Hilhorst†, Hirofumi Izuhara‡and Masayasu Mimura §

We consider a tumor growth model involving a nonlinear system of partial differential equations which
describes the growth of two types of cell population densities with contact inhibition. In one space dimen-
sion, it is known that global solutions exist and that they satisfy the so-calledsegregation property: if the
two populations are initially segregated - in mathematicalterms this translates into disjoint supports of their
densities - this property remains true at all later times. Inthis paper we apply recent results on transport
equations and regular Lagrangian flows to obtain similar results in the case of arbitrary space dimension.

∗Istituto per le Applicazioni del Calcolo Mauro Picone, CNR,Via dei Taurini 19, 00185 Rome; Dipartimento di Matematica,
University of Rome Tor Vergata

†CNRS, Laboratoire de Mathématique, Analyse Numérique etEDP, Université de Paris-Sud, F-91405 Orsay Cedex, France
‡Meiji Institute for Advanced Study of Mathematical Sciences, Meiji University, 1-1-1, Higashimita, Tamaku, Kawasaki, 214-

8571, Japan
§Meiji Institute for Advanced Study of Mathematical Sciences, Meiji University, 1-1-1, Higashimita, Tamaku, Kawasaki, 214-

8571, Japan
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Some asymptotic issues for variational inequalities

Michel Chipot∗

We would like to study the asymptotic behaviour inℓ → +∞ of the solution to some elliptic variational
inequalities set in cylinders of the typeℓω1xω2 whereω1, ω2 are bounded open subsets ofR

p, Rn−p

respectively.

∗Institut für Mathematik, Universität Zürich, Winterthurerstr. 190, CH-8057 Zürich, Switzerland. m.m.chipot@math.uzh.ch
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Optimal shapes with convexity constraint

Michel PIERRE ∗

We will discuss some questions arising when optimizing shapes in the class of convex bodies. Since
a convexity constraint provides compactness properties, it is generally easy to prove existence of optimal
shapes in this class. On the other hand, the qualitative study of optimal shapes is hard, due to the difficulty of
writing the Euler-Lagrange equation. Extracting information from optimality conditions is a serious issue.
We will give some recent results concerning convex optimal shapes in two dimensions where it is possible
to analytically write complete first and second order optimality conditions. We may deduce a description
of a subclass of problems for which optimal shapes are always polygons, and another class for which no
corner can appear at the boundary. Other situations surprising lead to C1,1/2- regularity at the junction
between flat and stricrly convex parts of the boundary.

∗Ecole Normale Supérieure de Cachan, Antenne de Bretagne et Institut de Recherche Mathématique de Rennes, Campus de Ker
Lann 35170 - BRUZ, France. michel.pierre@bretagne.ens-cachan.fr
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Numerical solutions of an elastic-gravitational model by the
finite element method

A. Arjona Almodóvar, T. Chacón Rebollo, M. Gómez Marmol, ∗

Elastic-gravitational model allow the computation of gravity, deformation, and gravitational potential
changes in order to investigate crustal deformation Earth (see [2] and [3]). This model can be represented
by a coupled system of linear parabolic (for the deformations) and elliptic PD equations (for gravitational
potential changes) (see for instance [4], [5] and [1]).

We have considered the internal source as response to the effect of a pressurized magma reservoir into
a multilayered, elastic-gravitational earth model.

We present the numerical analysis of such a coupled model by means of the finite element method for
the steady model. Finally, we present some numerical tests in meaningful situations confirm the predictions
theoretical order of convergence.

References
[1] Battaglia, M. , Segall, P., The interpretation of gravity changes and crustal deformation in active

volcanic areas, Pure appl. geophys. Bulletin of Volcanology, 161,1453-1467, 2004.

[2] Fernández, J., Carrasco, J.M., Rundle, J.B., Araña,V., Geodetic methods for detecting volcanic un-
rest: a theoretical approach, Bulletin of Volcanology, 60,534-544, 1999.

[3] Fernández, J., Charco, M., Tiampo, K.F., Jentzsch, G., Rundle, J.B., Joint interpretation of dis-
placement and gravity data in volcanic areas. A test example: Long Valley Caldera, California,
J.Volcanology and Geothermal Research, 28,1063-1066, 2001.

[4] Rundle, J.B., Static elastic-gravitational deformation of a layared half space by point couple sources,
J. Geophys.Res.,85, 5355-5363, 1980.

[5] Rundle J.B., Deformation, gravity and potential changes due to volcanic loading of the crust, J.
Geophys.R, 87,10,729-10,744, 1982.

∗Dpto. de Ecuaciones Diferenciales y Análisis Numérico, Universidad de Sevilla, c/ Tarfia s/n 41012 Sevilla.
e-mail alicia.arj@gmail.com
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Eigenvalue Problems With Fully Discontinuous Operators

Houssam Chrayteh1

We introduce the notion of −→ρ –multivoque Leray-Lions operator

Au = −div−→ρ

(
∂Φi

(
x,
∂u

∂xi

))
, −→ρ = (ρ0, ..., ρN )

that are strongly monotonic on a Banach-Sobolev function space V and we study the generalized eigenvalue
problem Au = λ∂j(u). Here ∂Φi and ∂j denote the subdifferential in the sense of convex analysis or more
generally in the sense of H. Clarke.

References
[1] H. Chrayteh and J.-M. Rakotoson: Eigenvalue problems with fully discontinuous operators and critical

exponents, Nonlinear Analysis, 2010.

[2] J.-M. Rakotoson: Generalized eigenvalue problem for totally discontinuous operators, Discrete and
Continuous Dynamical Systems, 2010.

1Poitiers University
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Nodal and multiple solutions for a prescribed
mean curvature problem

Ann Derlet ∗

We present some existence and multiplicity results for sign-changing solutions of the nonlinear mean
curvature problem

(P )

{
−div

(
∇u/

√
1 + |∇u|2

)
= λ|u|p−2u in Ω,

u = 0 on ∂Ω,

where λ > 0 and 2 < p < 2∗. For instance, if the parameter λ is sufficiently large then (P ) possesses at
least one nodal solution uλ with exactly two nodal domains. In addition, it is possible to prove the existence
of arbitrarily many nodal solutions of (P ), again for large values of λ.

Unlike many authors, we do not look for solutions of bounded variation. Instead we consider a per-
turbation of the degenerate part 1/

√
1 + s2 and work in the Sobolev space H1

0 (Ω). This allows us to use
classical variational techniques such as the Nehari manifold, the nodal Nehari set, and a symmetric version
of the mountain pass theorem.

The above results have been obtained in collaboration with D. Bonheure (Brussels) and S. de Valeriola
(Louvain-la-neuve).

∗Université Libre de Bruxelles, Boulevard du Triomphe C.P. 214, 1050 Bruxelles, Belgium. e–mail aderlet@ulb.ac.be
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Numerical Analysis of a closed loop Thermosyphon model
with a viscoelastic fluid

Ángela Jiménez-Casas, Mario Castro and Justine Yasappan ∗

We analyze the motion of a viscoelastic fluid in the interior of a closed loop thermosyphon under the
effects of natural convection and a given external heat flux. Numerical experiments are performed in order
to describe the behavior of the solution for different ranges of the relevant parameters.{

εd
2v

dt2 + dv
dt +G(v)v =

∮
Tf, v(0) = v0,

dv
dt (0) = w0

∂T
∂t + v ∂T

dx = h(x, v, T ) + γ ∂2T
∂x2 , T (0, x) = T0(x)

(1)

Where v(t) is the velocity, T (t, x) is the distribution of the temperature of the viscoelastic fluid in the loop,
γ is the temperature diffusion coefficient,G(v) is the friction law at the inner wall of the loop, the function
f is the geometry of the loop and the distribution of gravitational forces, h(x) is the heat flux and ε is
the viscoelastic parameter. Suitable parameters are chosen to carry out the different numerical analysis.
The numerical experiments are summarized for a detailed analysis of the behaviour of the system. The
experiments made in this poster come to verify the complex nature of the behavior of the models of the
thermosyphon system.

References
[1] Ángela Jiménez Casas, “Dinámica en dimensión infinita: modelos de campos de fase y un termosifón

cerrado”. PhD Thesis, University of Complutense, Madrid,(1996).

[2] Ángela Jiménez Casas,Anı́bal Rodrı́guez -Bernal, “Finite-dimensional asymptotic behavior in a ther-
mosyphon including the Soret effect”, Math. Meth. in the Appl. Sci., 22,117-137 (1999).

[3] Ángela Jiménez Casas and Alfonso Matı́as Lozano Ovejero, “Numerical analysis of a closed-loop
thermosyphon including the Soret effect”, Appl. Math. And Computation,124 (2001) 289-318.

[4] Ángela Jiménez Casas, “A coupled ODE/PDE system governing a thermosyphon model”, Nonlin.
Analy., 47, 687-692 (2001).

[5] Ángela Jiménez Casas and Mario Castro, “Asymptotic Behavior for a general thermosyphon model
with a viscoelastic fluid”, Mathematical Models and Methods in Applied Sciences,World Scientific
Publishing Company, submitted (2010).

[6] Anı́bal Rodrı́guez -Bernal, “Attractors and Inertial manifolds for the dynamics of a closed ther-
mosyphon”, Journal of mathematical analysis and appl, 193, (1995) 942-965.18.

[7] Anı́bal Rodrı́guez -Bernal and E.S. Van Vleck, “Complex oscillations in a closed loop thermosyphon”,
Int. J. Bif. Chaos, 8(1) (1998) 41-56.

[8] J.J. L. Velázquez, “On the dynamics of a closed thermosyphon”, SIAM J. Appl. Math. 54 (6) (1994)
1561-1593.

∗Grupo de Dinámica No Lineal.Universidad Pontificia Comillas, 28015 Madrid (Spain). ajimenez@upcomillas.es, justem-
masj@gmail.com

1



Mathematical analysis of a thermoelastic problem

P. Barral, M.C. Naya-Riveiro and P. Quintela ∗

In this work we carry out a mathematical analysis of the coupling between the motion and energy con-
servation equations for thermoelastic materials. Specifically, the existence and uniqueness of a quasistatic
problem with mixed displacement-traction and Robin boundary conditions is obtained.

In the literature, there exist several existence results for thermoelastic problems, although not many
deal with quasistatic problems with Robin boundary condition. A similar problem was studied by Viaño
in [1], and by Figueiredo and Trabucho in [2] considering the dynamic motion equation. We use the same
methodology in order to prove the existence of a solution of the problem, although we study the quasistatic
problem without contact and for thermoelastic materials, taking into account that our reference temperature
depends on the material point, our stress tensor has a particular thermal part and we consider a Robin
boundary condition for the temperature. These contributions cause some difficulties to calculate a priori
estimates. Furthermore, in order to prove the uniqueness their technique was not useful to us and the result
is obtained following the methodology of Gawinecki [3].

Let Ω ⊂ Rn (with n = 2, 3) be an open and bounded set with smooth boundary and let [0, tf ] be the
time interval of interest. Then, the problem we are going to study is finding a displacement field u(p, t) and
a temperature field θ(p, t) in Ω× (0, tf ], verifying:

• the equilibrium equations in Ω× (0, tf ]

−Divσ(θ,u) = b

σ(θ,u) = Λ−1 : ε(u)− α(θ − θr)(3λ+ 2µ)I
Λ−1: The inverse elasticity tensorial function.
ε(u): The deformation tensor.
α: The coefficient of thermal expansion.
θr, b: The reference temperature and the body forces.
λ, µ: The Lamé’s parameters.

ρ0cF θ̇ = −θrα(3λ+ 2µ)Div u̇+Div (k∇θ) + f

ρ0: The reference density.
cF : The specific heat at constant deformation.
k: The thermal conductivity of the material.
f : The body heat.

• the mixed displacement-traction conditions and Dirichlet, Neumann and Robin boundary conditions
in temperature.

Under appropriate assumptions we prove the existence and uniqueness of solution using the Galerkin’s
method.

References
[1] Viaño Rey, J.M. Existencia y aproximacin de soluciones en termoelasticidad y elastoplasticidad.

PhD thesis, Department of Applied Mathematics, Universidade de Santiago de Compostela, 1981.

[2] I. Figueiredo and L. Trabucho. A class of contact and friction dynamic problems in thermoelasticity
and in thermoviscoelasticity. Internat. J. Engrg. Sci., 33(1):45–66, 1995.

[3] J. Gawinecki. Existence, uniqueness and regularity of the first boundary-initial value problem for
thermal stresses equations of classical and generalized thermomechanics. J. Tech. Phys., 24(4):467–
479 (1984), 1983.

∗Department of Applied Mathematics. Faculty of Mathematics. (Universidade de Santiago de Compostela), 15782 Santiago de
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Vortices in a cylindrical annulus

M. C. Navarro and H. Herrero ∗

Thermal convection has been shown to be determinant in the formation and intensity of some meteo-
rological events such as dust devils and cyclones: dust devils are likely to form in the presence of large
horizontal temperature gradients [1], and the evolution of hurricane intensity depends, among other factors,
on the heat exchange with the upper layer of the ocean under the core of the hurricane [2, 3].

We consider a fluid in a cylindrical annulus heated from below with a Gaussian profile, the governing
equations are the incompressible Boussinesq Navier-Stokes equations. For the numerical implementation,
non-linearities are treated with Newtons method. For the discretization (for basic state and linear stability
analysis) we use a spectral method by expanding the fields in Chebyshev polynomials and evaluating at the
Gauss-Lobatto points [4, 5]. Convergence properties of the numerical method depend on the parameters
present in the problem.

Under certain thermal and geometrical conditions, a stable vortex, very similar to a dust devil, can be
generated from a convective instability. The horizontal temperature gradient at the bottom of the annulus
and the vertical temperature gradient, determine the intensity of the vortex formed and its behavior can be
controlled thermally by cooling or heating adequately the bottom boundary [6]. These results connect with
that observed for the evolution of the intensity of cyclones and dust devils.

References
[1] N. O. Rennó, M. L. Burkett, and M. P. Larkin. A simple theory for dust devils. J. Atmos. Sci., 55

(1998), 3244-3252.

[2] K. A. Emanuel. Divine wind, Oxford University Press, Oxford, 2005.
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[4] C. Canuto, M. Y. Hussain, A. Quarteroni, T. A. Zang. Spectral Methods in Fluid Dynamics, Springer,
Berlin, 1988.

[5] M. C. Navarro, A. M. Mancho, and H. Herrero. Instabilities in buoyant flows under localized heating.
Chaos, 17 (2007), 023105 1-10.

[6] M. C. Navarro and H. Herrero. Vortex generation by a convective instability in a cylindrical annulus
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