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Abstract

A reconstruction theorem in terms of the topology and geometrical structures on
the spaces of light rays and skies of a given spacetime is discussed. This result
can be seen as a part of Penrose and Low’s programme intending to describe the
causal structure of a spacetime M in terms of the topological and geometrical
properties of the space of light rays, i.e., unparametrized time-oriented null
geodesics, NV. In the analysis of the reconstruction problem, the structure of
the space of skies, i.e., of congruences of light rays, becomes instrumental. It
will be shown that the space of skies X of a strongly causal non-refocusing
spacetime M carries a canonical differentiable structure diffeomorphic to the
original manifold M. Celestial curves, this is, curves in N which are everywhere
tangent to skies, play a fundamental role in the analysis of the geometry of the
space of light rays. It will be shown that a celestial curve is induced by a past
causal curve of events iff the Legendrian isotopy defined by it is non-negative.
This result extends in a nontrivial way some recent results by Chernov ef al on
Low’s Legendrian conjecture. Finally, it will be shown that a celestial causal
map between the space of light rays of two strongly causal spaces (provided that
the target space is null non-conjugate) is necessarily induced from a conformal
immersion and conversely. These results make explicit the fundamental role
played by the collection of skies, a collection of Legendrian spheres with respect
to the canonical contact structure on N, in characterizing the causal structure
of spacetime.
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1. Introduction

In this paper the problem of reconstructing a spacetime M from the topology and geometry
of its space of future oriented, unparametrized null geodesics A or, for brevity, light rays,
will be addressed. This problem can be seen as part of a programme proposed by R Penrose
and developed partially by R Low in which a systematic discussion of causality properties of
Lorentzian spacetime in terms of the topology of the corresponding spaces of null geodesics
[7, 9, 10, 13] is intended. Low’s conjecture which states that two events in a time-oriented
Lorentzian manifold are causally related iff their corresponding skies, which are Legendrian
knots with respect to the canonical contact structure in the space of null geodesics, are linked,
constitutes one of its most salient outcomes. Recently, it was shown by Chernov and Rudyak
[2] and Chernov and Nemirovski [3] that Low’s conjecture is actually true in a globally
hyperbolic space with a Cauchy surface whose universal covering is diffeomorphic to an open
domain in R”. Thus the exploration of the relation between the causal properties of a conformal
class of Lorentzian metrics and the topological properties of skies in the manifold of light rays
opens a new and exciting relation between the topology and causality relations of Lorentzian
spacetime and the topology of contact manifolds.

In this paper, we will analyze a theorem sketched in Low’s papers on the possibility of
recovering the conformal structure of the original spacetime from the space of skies which
constitutes a family of Legendrian (possibly linked) spheres in the contact manifold of light
rays of the original manifold. Such theorem provides a way to ‘come back’ from the space
of light rays to the conformal structure that could contribute to clarify the relation between
causality and topological linking.

In the analysis presented here, a paramount role is played by the space of skies X of the
spacetime M where the sky S(x) of a given point x € M is the congruence of light rays passing
through it. It is well-known that if the spacetime M, i.e., a time-oriented Lorentzian manifold,
is strongly causal then the space of light rays has a smooth structure [8].

Moreover, if we assume that the space M is non-refocusing (see for instance [6] for
the relevant definitions), in particular it distinguishes skies, then it will be shown (section 3,
theorem 2 and corollary 2) that the space of skies X carries a canonical topology as well as a
canonical differentiable structure defined using exclusively the structure of the manifold N,
such that it is diffeomorphic to the smooth structure of the original spacetime (corollary 3.9).

The proof of these results are based on the construction of a basis for the topology of the
space of skies by using a family of open subsets of X called regular possessing the property that
the corresponding tangent spaces to the skies elements of the open set ‘pile up’ nicely defining
a regular submanifold on the tangent space to A/. The proof of this statement constitutes the
main part of section 3, theorem 3.6, where a new technique of convergence of families of
Jacobi fields is used.

Now, we will turn our strategy to study under what circumstances a smooth map between
the spaces of light rays corresponding to two spacetimes induces a conformal transformation
among them or, in other words, we would like to explore in what sense the space of light rays of
a given spacetime characterizes it. It is clear that such a map should satisfy strong conditions.
We will show that such analysis relies heavily on the study of celestial curves. A celestial curve
is a regular curve in N whose velocity vector is always tangent to some sky. These curves
induce Legendrian isotopies between skies. It will be shown in sections 5 and 6, theorems 3
and 4, that a curve " in V is a causal celestial curve iff it defines a non-negative Legendrian
isotopy of skies. This result extends in a non-trivial way results obtained by Chernov et al in
their analysis of Low’s Legendrian conjecture [3].
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Finally, the uniqueness of the reconstruction will be discussed in section 6. It is clear
that diffeomorphisms on N preserving skies, i.e., inducing a diffeomorphism in the original
spacetime, obviously preserve celestial curves. Then it will be shown that, if we have two
strongly causal spacetime M| and M, such that their spaces of light rays are diffeomorphic
by a diffeomorphism that transforms causal celestial curves into causal celestial curves, then
it induces a conformal immersion M; C M, provided that the space M, is null non-conjugate,
this is there are no conjugate points along null geodesic segments. This theorem provides the
uniqueness result we were looking for and it is the best that can be obtained as the discussion
of the example at the end of this section shows.

2. The space of light rays of a spacetime: its differentiable and contact
structure

Throughout this section, in the wake of [8, 12] and [13], we will describe the space of light
rays of a spacetime, its contact structure and a convenient atlas for its tangent bundle that will
be useful in what follows.

2.1. The smooth structure of the space of light rays

Let us consider a time-oriented m-dimensional Lorentz manifold M with metric g and
conformal metric class C (we will call (M, C) a spacetime in what follows). Given the metric
g we will denote, as indicated in the introduction, by N the space of its future oriented
unparametrized null geodesics, or simply light rays. We are interested in the causal structure
C and the selected metric g € C should be considered as an auxiliary tool to study C.

Let us denote by TM the tangent bundle of M and by 7y, : TM — M the corresponding
canonical projection. The set Nt = {§ € TM : g(¢,&) = 0,& # 0, & future} C TM defines
the subbundle of future null vectors on M. Any element § € N* defines a unique future
oriented null geodesic y in M such that y (0) = m,(§) and y’(0) = &. Consider the quotient
space of N with respect to positive scale transformations, i.e., the quotient space with respect
to the dilation, or Euler vector field A on N, that is the space of leaves of the vector field
whose flow is given by e'£, t € R. In this way, we obtain the bundle PN of future null
directions

PN" ={[]:uec[é] © u=2f where 0#X1ecR" &eN}.L 2.1
Now, any [£] € PN™ defines an unparametrized future oriented null geodesic y, i.e., a light
ray, in M which is the oriented graph in M of the null geodesic defined by & € N*. We denote
by 7 : PN* — M the canonical projection of the bundle PN™ over M. The fiber 7! (p) is
diffeomorphic to the standard sphere S”~2. We observe that the bundle PN is foliated by the
lifts of these light rays to PN, which are projections to PN™ of integral curves of the geodesic
spray X, restricted to N*. We will denote by F this foliation. Then, the space of light rays A/
can be identified with the quotient space PN /F or, equivalently, as the quotient space of N*
by the foliation KC whose leaves are the maximal integral submanifolds in N* of the integrable
distribution defined by A and X,, this is N = PNT/F = N* /K. We will denote by o the
canonical projection o : PNT — A/,

The quotient space PNt /F is not a differentiable manifold in general. It is not hard
to construct examples (see for instance examples 2.1 and 2.2 in [8]) of spaces of light rays
whose topology cannot be induced by any differentiable structure or, that are non-Hausdorff.
Sufficient conditions guaranteeing that A inherits a differentiable structure are given in
[8, proposition 2.1 and 2.2]. We will summarize them as follows.
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Proposition 1. Let M be a strongly causal spacetime of dimension m. Then PN/ F inherits
a canonical differentiable structure from PN" of dimension 2m — 3 such that o is a smooth
submersion. Moreover, if M is not nakedly singular, then PN /F is Hausdorff.

Hence, for any strongly causal spacetime M without naked singularities, the space of
light rays AV inherits the structure of a Hausdorff smooth (2m — 3)-dimensional differentiable
manifold via the natural identification of A" with PN'/F and ¢ : PNT — A/ is a submersion.
In what follows, we will assume that M is a strongly causal not nakedly singular spacetime
and we call the space of light rays N equipped with the smooth structure above, the space of
light rays of M (see also for instance [17] for a recent discussion on the topology of the space
of all causal curves and its separation axioms properties).

Given a point (or event) x € M, the set of light rays passing through x will be called the
sky of x and will be denoted by S(x) or X, i.e.

Sx)={y eN:xey C M}. 2.2)

Note that the light rays y € S(x) are in one-to-one correspondence with the elements in the
fiber 7~ (x) € PNT, hence the sky S(x) of any point x € M is diffeomorphic to the standard
sphere S"~2. Now, it is possible to define the space of skies as

Y ={XCN:X =S5() for some x € M} (2.3)

and the sky map as the application S : M — X that maps every x to S(x) € X. This sky map
S is, by definition of X, surjective. If the sky map S is a bijection, its inverse map denoted by
P=S"":3% — M will be called the parachute map. An important part of this paper will be
devoted to the study of the natural topological and differentiable structures induced in the sky
space ¥ considered as a collection of subsets of /. In order to understand better the structures
inherited by ¥ we need to analyze the structure of 7NV and in particular the canonical contact
distribution carried by it.

2.2. The tangent bundle and the contact structure on the space of light rays

Let us consider y € A/, a tangent vector to A" at y is defined by an equivalence class
I'7(0) of smooth curves I'(s) = y;, € N, s € (—¢, €) such that I'(0) = y. The auxiliary
metric g in C, will allow us to consider the space J(y) of Jacobi fields J(¢) along the
parametrized geodesics y (¢), i.e., vector fields along the curve y (¢) which are tangent to
geodesic variations I'(s, t) = y,(¢) of y (t), J(t) = dy,(t)/ds |s—o. Then there is a canonical
projection 7, : J(y) — T,N given by m,(J) = I'’(0), however such map has a two-
dimensional kernel defined by the Jacobi fields of the form (ar + b)y’(¢). If we denote such
Jacobi fields by Jian (), then a tangent vector to A at y can be identified with an equivalence
class [J] =J 4+ Juan(y), J € J(y). Note that a vector field J along the curve y (¢) is a Jacobi
field if and only if it satisfies the Jacobi equation:

J'"+RU,y)y =0 2.4

where ‘prime’ in J means the covariant derivative with respect the Levi-Civita connection
defined by g along the curve y (¢). Then it follows immediately that any Jacobi vector field
J (1) defined by a geodesic variation y;(f) in N satisfies

g(J(t), y'(t)) = constant. (2.5)

In what follows we will identify a Jacobi field J(¢) along y (¢) with a tangent vector at y
understanding by it the equivalence class [/], i.e, J(mod y’).

4
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There exists a contact structure in A~ which arises from the canonical 1-form 6 on T*M
but that can be described explicitly in terms of Jacobi fields [11, 13]. Define for each y € N/
the hyperplane H, C T, given by:

H, ={J e T,N :g(,y") = 0}. (2.6)

Proposition 2. The distribution M = |, . s M, defines a contact structure on N.

The proof of the previous proposition takes advantage of the fact that A/ has been
constructed from 7'M, but it is more convenient to start from 7*M via the diffeomorphism
defined by the metric g. Hence, if § : TM — T*M denotes the canonical diffeomorphism
defined by the metric g, then g(Xy) = Xy is just the Hamiltonian vector field corresponding
to the kinetic energy Hamiltonian H (x, p) on T*M and g(A) is just the Euler field onT*M.
But T*M carries a canonical 1-form 6, its Liouville 1-form. Then we may restrict 6 to
N** := g(NT), whose kernel defines a field ker 6 of hyperplanes on N**. The distribution
ker 0 is invariant with respect to the flow of the Euler vector field A on 7*M because Lx0 = 6
and it is also invariant under the flow of Xy because Ly, 6 = 0, so ker 6 descends to PN and
then to V. This defines the contact structure (2.6) on N.

Actually, if we denote by & the canonical projection 6 : N™* — A/, 6 (x, p) = y where
y is the projection on M of the integral curve of Xy passing at time O through (x, p), i.e.,
y is the geodesic such that y (0) = x and y'(0) = v with g(v) = p, then a tangent vector
(%, p) € T(x, ) NT* will be in the ker 6 iff (p, x) = 0. The tangent vector (X, p) is mapped by
6 into a tangent vector J to AV, hence we obtain equation (2.6).

Moreover, if y € X = S(x) where X is the sky of x € M with y (s9) = p, then

T,X ={J € T,N : J(s9) = O(mody’)}. 2.7)

For any J € T, X, since g(J, y’) must be constant and J(sg) = O(mod y’), then g(J, y') =0
and therefore 7, X C 'H,,. This implies that any 7, X is a subspace of H,, and moreover because
dimX = m — 2, X is a Legendrian manifold of the contact structure on .

2.3. A smooth atlas for the tangent bundle of the space of light rays

We will construct now an atlas for the tangent bundle TN that is well adapted to the causal
structure of M in the sense that in its definition we will take advantage that given an event p
in a strongly causal spacetime M we can always choose a globally hyperbolic causally convex
normal neighborhood V of p (see for instance [14, theorem 2.1 and definition 3.22]). Note that
being V causally convex then for any null geodesic y we have that y NV is connected.

First we will consider an atlas for M whose local charts are (V, ¢ = (x', ..., x™)) with
V' a globally hyperbolic causally convex normal neighborhood such that, without lack of
generality, the local hypersurface C C V defined by x! = 0 is a smooth spacelike (local)
Cauchy surface, hence each null geodesic cutting V intersects C at exactly one point. Let
{Ei, ..., E,} be an orthonormal frame in V such that E; is a future oriented timelike vector
fieldin V.If & € T,V is writtenas § = } ", wE;(p) then (TV, ®) with:

O:TV > R" & (.. x"u, U™ (2.8)

is a local coordinate chart in TM. Let us denote by Nt (V) the restriction of the bundle N* to
V and by PN* (V) = {[£] € PNT : m,([€]) € V} the same for PNT. For £ € N* (V) we have
(u")? = 377, (u/)? so, a coordinate chart in N* (V) is given by the map

Er (L xR, ™) e R (2.9)
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Taking now homogeneous coordinates [, . .., "] for [£] € PNT (V) in (2.9), or equivalently,
fixing u' = 1 then (2, ...,u™) lies in ™2 and describes a null direction. So, in this
way, taking for example > = /1 — (u3)> —--- (w™)?> we obtain the coordinate chart
[®] : PN (V) — R?"2 defined as:

[El— .. X", u™) e R¥2 (2.10)

for PN*' (V). Let I be the image of the projection o : PNT(V) +— N. Clearly i/ C N is
open. By global hyperbolicity of V, every null geodesic passing through V intersects C at a
unique point and this ensures that o (PN (V)) = o (PN (C)) = U. We have assumed that the
Cauchy surface C is a smooth regular submanifold of V, this implies that the bundle PN™ (C)
is a smooth regular submanifold of PN (V), moreover the map o lpn+(c) - PNY(C) —» U
is a differentiable bijection. The map o is a submersion such that, for any [£] € PNT(V),
the kernel of doys, is the one-dimensional subspace generated by tangent vectors to curves
defining light rays, i.e. curves A(s) = [y'(s)] € ]P’N;”(S) where y is a null geodesic and
[y (s)] = {Ay'(s) : A € R}. Because C is a spacelike surface, the kernel of doe)|py+(c
is trivial, hence dog)|py+ (¢ is @ surjection between vector spaces of the same dimension,
therefore o |py+ (¢ is a diffeomorphism. We have the following diagram:

PNt(V) -5 U
it /
PN*(C).

So, we can use the restriction of the chart [®], (2.10), to PN (C) as a coordinate chart in
U C N. This coordinate chart in I/ is given by the map v : U — R?"=3:

Vy) =4, . X", u") = (x,u) € R R =R (2.11)

withx = (x?,...,x¥") and u = (%, ..., u"), where y(0) = p € C C V have coordinates x
andy’(0) =& =Y " | W'E; € NT(C).

We will define an atlas on TN by using the open sets TU over the open sets U defined
above. Thus, in order to complete a chart in TU, we will add the coordinates for the tangent
vectors at every null geodesic y € N with coordinates x, u. This can be done by using the
initial values at ¢ = #y = 0O for Jacobi’s equation (2.4) whose solutions are the Jacobi fields
along y. Thus if J € T, N then J(t) = > ., w/E;(p) and J'(fp) = > v/E;(p) define J,
so a chart in TU is given by the map ¥ : TU — R*" ¢ :

Y = xw v w L w™) = (xow v, w) e RO (2.12)
withv = (v, ..., v") and w = (w!, ..., w”) denoting respectively,

v=@' ..., v (@mody’), w=(w', ..., w")(mody),
where (a',...,a™)(mody’) = PR a’E;(p)(mody’(fy)). We may define m — 2 indepen-
dent coordinates from (v!,...,v™) and m — 1 from (w', ..., w™). Note that because of

(2.5), J' (1) is orthogonal to y’(ty), so vl = v2u? + - + v"u™. Then, we may consider the
- =
representatives J, J € TN of J(ty) and J' (ty) respectively as

T =J(to) —w'y' (ty) = (w? —w'®Ey + -+ (w" —w'u™E,  (2.13)

T =T (ty) — vy (ty) = V2 = v'uD)Es + -+ (V" — v U™E,, (2.14)
therefore the coordinates v and w can be written as
v= @, ..., 7"
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where 7% = v* — v!'yF and w* = w* —w'u* fork = 1, ..., m. Finally note that if, for instance,

u? # 0 then v° = —ul—z 237;3 v/u/ since v! = v2u? + - - - 4+ v™u™. So, we will denote, with an
slight abuse of notation, by (x, u; v, w) the 4m — 6 independent coordinates thus constructed
onTU.

It is possible to show the compatibility between the canonical atlas defined on the tangent
bundle TN over the open sets TU/ with canonical coordinates (x,u, X, u) and the atlas
previously defined by the local charts (x, u, v, w). Actually in doing so we will show that
the local charts (x, u, v, w) define an atlas. We prove first the following lemma.

Lemma 1. Let M be a Lorentz manifold, y : [0, 11 = M a null geodesic, A : (—e,€) — M a
curve verifying that A(0) = y (0), and W (s) a null vector field along A such that W (0) = y'(0).
Then the family of curves:

£(5.1) = expy ) (W (5)) (2.16)

is a geodesic variation of y (t) through light rays with £(0,t) = y (t) and if J(t) = g—g(O, 1),
then

ow 0) = e (0) (2.17)
ds 7 de '
Proof. On one hand, f’—f(O, 0) is the tangent vector to the curve f(s, 0) at s = 0, and since
f(s,0) = eXPj(s) O-W(s)) = eXPy(s) (0) = A(s), then we have
of di ,
J(0) = 8—(0, 0) = —(0) =2(0).
s ds

On the other hand 23—f(O, 0) is the covariant derivative of the vector field 3—f (5,0) = W(s)

> ds ot
for s = 0 along the curve f(s, 0) = A(s). Then we can write
DJ D of D of DW
—(0)=——(0,0)=——(0,0) =—(
dt() dtas( ) dsat( ) ds()
therefore J is the Jacobi field of the geodesic variation f. (|

Let us consider the coordinate chart (y,/) in A/ given by (2.11) where y (0) € C for
eachy e U. Now, let ' (s) e U C N, s € (—¢, €), be a curve such that its coordinates are

Y (T1() = (x5, ... X0, @2 (), ..., " (s)).
This curve corresponds to a geodesic variation f(s, ¢) such that
As)=f1(,0)=peM

for every s because the coordinates xk = x’é remain constant. Moreover B(s) = 9f(s,t)/dt €
T,M is the curve given by

B(s) = E1(p) + &> ()E2(p) + &> ()E3(p) + - -+ + " ($)En(p).
Hence f can be written by the expression similar to the one in lemma 1
£(s,1) = exp, (1B (5)).
Calling J the Jacobi field of f, then by lemma 1 we have that
{J(O) =0
J'(0) = B(0).
Now, if we consider a curve I’y C N such that its coordinates are

Y (Ta(s)) = (xz(s), o X (), uS, cee ugq)

7

(2.18)
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This curve corresponds to a geodesic variation f (s, ¢) verifying

As) =f(s,0) e CC M.
The fact of the coordinates uf = u'é remain constant implies that

of
W(s) = E(S’ 0) = E;(A(s)) + ugE2(M(8)) + -+ - + U En (A(5)) (2.19)
and W (s) belongs to Tj, (s, M. So the geodesic variation f corresponding to I'; can be written by

£(s, 1) = exp; ) (W (s)).
Again, if J is the Jacobi field of f, then by lemma 1

{J(O) = 2 (0)

7'(0) = 2 0). (220

If we choose the curves I'; and I'; such that I'; (0) = (%)r](o) y I50) = (%)rz(o)
respectively withi = 3,...,mand j = 2, ..., m, then we have that the change from canonical
coordinates (X, u, X, ) to the coordinates (x, u, v, w) verifies:

(VVV) - @) - <§ " 2) <§> 2.21)

withi =3,...,mand j = 2, ..., m. The matrix I,,_, € R"=2*"=2) ig the identity matrix
and B € RO"2xm=1 i the matrix whose (k — 1)th column is the vector containing the
v -coordinates of %(O) withk =2, ..., m with

Wi(s) = E1 (M (s) + ugE2 (M () + -+ + uf Ep (Ai () (2.22)

and A (s) a curve such that x/ (A4 (s)) = xé are constant for j # k and x* (e (s)) = x§ + 5.
Since J(0) = 4,(0) = (3/dx)r,0) = Y7, wiE; then we have that W/ = wy — wju/

for j =2, ..., m. This implies that the matrix A is given by
A= (w]—wil); jk=2,...,m. (2.23)

Calling V = span{E;(1¢(0))}j=2,...m, the projection my : T,,(0yM — V is given by

.....

ma(n) =n—gn, ENy'(0),

where we have taken y’'(0) = E; + u’E> + - - - + u"E,,. The matrix A of 7, relative to the
basis {(9/0x)r, ) }k=1,...m In Ty, yM and {E;(Ar(0))} =2, .. min Vis

Z:(w,{—w,luj); j=2,....m, k=1,...,m.

We have that V and V, = span{(a%)pz(o)}k:z _____ m are spacelike by construction, kerm, =
span{y’(0)} and the matrix of the restriction myly, is A, then myly, is an isomorphism and
therefore A is regular. Hence, the matrix in (2.21) describing the change of coordinates along

the fibers of the tangent bundle TV is regular and differentiable, then the change of coordinates
(x,u,X,0) < (X,u,V,w)

is also differentiable. This also shows that (x, u, v, w) is a coordinate chart of the canonical
differentiable structure of TN .
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3. The space of skies: its topology and differentiable structure

As it was explained in the introduction, henceforth all the strongly causal manifolds (M, C)
that we will consider verify, in addition, that they are non-refocusing, that is M for any x € M
and for any open neighborhood V of x there exists an open set x € U C V such that for all
y ¢ V, there is at least one null geodesic passing through y that does not cut U. Note that if
M is non-refocusing it must satisfy the property that skies distinguish points, i.e., if x # y are
two different events, then S(x) # S(y) or, in other words, the sky map S : M — X is injective,
hence a bijection (see [6] for equivalent definitions of the refocusing property).

We will start by defining a natural topology on the space of skies ¥ induced by the
topology of /. Let &/ C N be an open set, then we denote by U or Z(U/) C X, the set of all
skies X € X such that X C U. Itis obvious that Z(U N'V) = Z(U) N (V) for any two open
sets,V e N.

Definition 1. The topology T in ¥ generated by the basis {S(U) | U C Nopen } will be called
the reconstructive or Low’s topology of X.

Note that a set in X is open iff it is a union of sets of the form X (U/) with I/ open in
and, given any point X € X, the family of sets £(Uf) with X C U C N define a basis for the
neighborhood system of X.

We will prove next that a strongly causal non-refocusing spacetime is homeomorphic to
its sky space. The proof we offer here simplifies previous ones.

Proposition 3. Given the reconstructive topology in X, then the sky map S : M — X is a
homeomorphism.

Proof. First, we will show that S is continuous. If suffices to show that if &/ C N is an
open subset, then V = S~!(U) C M is open. Thus if S(x) C U we must show that there
exists an open subset V* C M such that S(y) C U for all y € V*. If this were not the case,
we can choose of family of compact globally hyperbolic convex normal neighborhoods® {V*}
such that V,4; C V, with local Cauchy surfaces C,, C,41 C C,, such that {x} = (), C,, and
points y, € V¥ with S(y,) € U. Hence, there will exist y, € N with y, € y,, but y,, ¢ U. If
vn N C, = {x,} and x,, = ¥,,(0), then lim x,, = x and lim [y, (0)] = [u] (note that the space of
directions PN over a compact set is compact). Denoting by y the light ray defined by x and
[u], we have shown that lim y,, = y = o[u], but then y € S(x) C U, and because U/ is open,
there exists n such that y,, € U and we get a contradiction.

Next, we will show that S is an open map. If V C M is open, then for all x € V, there
exists an open set I/ C N such that S(x) € U, and U = Z(U) C S(V). Suppose this is not
true. Taking a family of open sets {V,7} as before with V' C V for all n, the sets

Uy={y e N |y NV #0)

are such that U, g S(V), hence there exists x, € M with S(x,) C U, and x,, ¢ V. Then for
all V¥ there exists x, ¢ V* such that for all y € N with x, € y, then y N V' # @ and M is
refocusing at x. This concludes the proof. ]

If V. € M is an open convex normal neighborhood (see footnote) and x,y € V,
then there exists a unique geodesic segment joining x and y. Let us consider the open set
U=SV)={5x)|xeV} thenforevery Sx) =X #Y =S(y) e Uandy e XNY
verifying T, X N T, Y # {0} there exist a Jacobi field J such that J(so) = J(s1) = 0 where

3 A classical theorem due to Whitehead guarantees the existence of convex normal neighborhoods V at any point
x € M, (see [16, chapter 5] and [14, theorem 2.1 and definition 3.22] for a treatment of this result in Lorentz manifolds).

9
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x =y (so)and y = y (s1), but that is not possible in a convex normal neighborhood V (see [16,
proposition 10.10]). So, in this case we have that X = Y and the next definition is justified.

Definition 2. An open set U C X in the reconstructive topology is called normal if for every
X,Y eUandevery y € X NY such that T,X NT,Y # {0} implies that X =Y.

All the convex normal neighborhoods at x € M set up a basis for the topology of M at x,
then by proposition 3, all the normal neighborhoods also constitute a basis for the topology
of X.

Normal neighborhoods are not good enough to construct a differentiable structure on
2. The following definition states the condition that will be required on open sets of X to
define a smooth atlas. If N is manifold, we denote by TN its reduced tangent bundle, this is,
TN = UxeNTN where TN T.N — {0}.

Definition 3. A normal open set U C X is said to be a regular open set if U verifies that

U= U TX CTNisa regular submanifold ofTZ/l whereUd = | X.
XeU XeU

We will prove that regular open sets constitute a basis for the reconstructive topology
of X.

Theorem 1. For every X € X there exists a regular open neighborhood U C ¥ of X.

Proof. Let V C M be a relatively compact, globally hyperbolic, causally convex normal
neighborhood of ¢ € M and U = S(V) C X be the normal neighborhood of Q = S(g), in the
sense of definition 2, image of V under the sky map S. We will use the local coordinate chart
¥ : U — R?™3 described by equation (2.11) on U, withih = Uyey X = U,ep S&).
Without any lack of generality, because of the properties of V, we can assume the existence

of a coordinaEe chart ¢ = (x!, ..., x") and a orthonormal frame {E, ..., E,,} in V such that
themap gy : U — R3m—4 (actually we may use the same orthonormal frame {E1, ..., E,} and
coordinate chart ¢ used to construct the coordinates ¥ = (x, u, w, v) of TN) given by:
o) =xwv) =2 Xl ™) e R @3
defines a coordinate chart for U = U TX inan analogous way to the chart v in (2.12), where
XeU
Jy = ZJ".’:I v/E;(x) and again v = ' ., v™ = ', ..., v")(mody’). Note that because

of equation (2.7) if J is tangent to a sky S(gq), ¥ (0) = g, then J(0) = 0, hence the local chart
@ is analogous to the chart ¥ setting w = 0 but the coordinate x describes the point ¢ € V
where J vanishes.

We will show now that the map ¢ gives a differentiable structure to U which does not
depend on the chart ¢ nor the orthonormal frame chosen in V.

(i) First, we will prove that the inclusion i : U < TU C TN is differentiable. By
construction of the coordinates (x, u) of U and (x,u) of TN from the coordinates of
PN* (V) and PNT(C) in equations (2.10) and (2.11) respectively, we have shown that
olpnt(o) - PN*(C) — U is a diffeomorphism and therefore x(x, #) and u(x, u) are
differentiable functions since they are the equations in coordinates of the submersion

ove = 015t o © Tlewr vy : PNT (V) > BNT(O).

Ifx = (x2,...,x™), we will denote (0, x) = (0, x2, ..., x™). Consider then
px,u) = 10, x(x,u)) eCCV

and

W (x,u) = E1(p(x, u)) + u? (x, W) Ex (p(x, u)) + - - - + u" (x, u) E,y (p(x, u))

10
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where u(x, u) = W (x,u), ..., u"(x,u)) and > = /1 — u?)> —--- — (u™)2. For any
(x, u) we define the following map
h(t,x,u) = eXPp(x. ) (tW (x, u)).

It is clear that & is differentiable by composition of differentiable maps, and for fixed
(x0, up) the curve y(y,.u,) (t) = h(t, xo, up) is a null geodesic such that y, ,,)(0) € C.
For any of these geodesics, we have the initial value problem of Jacobi fields given by
equation (2.4) with initial data

J(r)=0, J(r)=§&, 3.2)

with 7 in the domain of y ,) and § € T, , )M.
If we express the Jacobi field J as J = a*3/9x*, then equation (2.4) can be written as
a system of differential equations

Co | da’ (0NN (0
dr2 dt \' Y or Ca iy

gl (el Y PR
i\ qr 0T 9t ) ot ot ot M

fork =1, ..., m where, for brevity, we write l"k = Fk (h(t,x,u)), R’J‘m = R’]‘m (h(t,x,u))
and W/ = x/ o h.
If we transform this second order system into a first order one by using the standard

transformation y* = of and y"** = da/dt for k = 1, ..., m then, the initial value
problem (2.4)—(3.2) has the form:

dy _

5 = ft,y,x,u), y()=E§. (3.3)

Let us denote as y(t, x, u, t, £) the solution of (3.3), corresponding to a Jacobi field

Jg€ U along the null geodesic y(y,,) with J; g(7) = 0 and J’ () = &. By construction,
for each (x, u) there exists a unique t such that ¢ (h(7, x, u)) = x. We will write this
function as 7(x, #) and it is possible to show easily that this 7 is differentiable.* The
solution y(0, x, u, 7 (x, u), E) gives us the values of J; 5(0) and J’ (0) and therefore
it provides the coordinates v(x, u, v) and w(x, u, v). Because of the theorem on the
regular dependence of solutions of initial value problems with parameter (see for instance
[4, chapter 5]), (0, x, u, 7 (x, u), §) is a differentiable function depending smoothly on the
data(x, u, E) and hence v(x, u, v) and w(x, u, v) are differentiable functions of (x, u, v).
This proves that i : U < TU is differentiable.

(i1) The second step in this proof is to show that i : U < TU is an immersion. For this purpose
we will show that any regular curve in U is transformed by i into a regular curve in TU.
Let us consider a regular curve c(s) € U with s € (—e¢, ¢). This means that c(s) = J;is a
Jacobi field along a null (parametrized) geodesic y; verifying J;(t;) = 0, and J;(t;) = £(s)
is not proportional to y; (t;). We will prove that i, (¢'(0)) # 0if ¢/(0) # 0, that is

d(0)#0= (ioc)0)#0.

This curve ¢ can be written in coordinates as @(c(s)) = (x(s), u(s), v(s)) with
@(c(0)) = (x0, ug, vo) and it has a differentiable image in 7. The inclusion i transforms
the coordinates of ¢ as

Yoio @) (x(s), uls), v(s)) = (X(x(s), u(s)), u(x(s), u(s)),
V(x(s), u(s), v(s)), w(x(s), u(s), v(s))).

4 It can be done applying the implicit function theorem to the map F (¢, x, u) = @ (h(z, x, u)) — x.

11
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The map (x(x,u),u(x,u)) coincides with the map oyc¢ = G'ﬁiﬁ © © o lpn+v)
PN (V) — PNT(C) in coordinates, which is a submersion, then its differential has
maximal rank 2m — 3 and codimension 1. If the curve with coordinates (x(s), u(s)) is
transversal to the fiber of oy ¢ at s = 0, then obviously (i o ¢)'(0) # 0. In other case, we
can take ¢ (defining ¢’ (0)) as a regular curve verifying that c(s) = J; lies on a fixed null
geodesic y, then

Y oio (@) (x(s), u(s), v(s)) = (X(xo, o), W(xo, o), V(Xo, Ug, v(5))W(xo, o, V(s)))

where (X, u) remains constant for every s. Then the differential
(dxc(0) (c'(0)), duc() (' (0))) = (0, 0).

This regular curve c is a curve of Jacobi fields J; € U along the null geodesic y such
that J;(tp + s) = 0 and J)(tp + s) = £(s) for s € (—¢, €) and hence & (s) is a vector field
along y non-proportional to y’ at s = 0 . We can assume, without any lack of generality
that o = 0 and the local Cauchy surface C associated with the chart v/ contains y (0). We
have that Jy(0) = 0. So,

1,0y = lim 2O =HO® _ o LO

=0 s—0 S s—=0 5

ds

By [1, proposition 10.16], we have that J;(¢) = (expy(é)) ((t = $)T(r—5)y' (52 (s)) where
forv e T, (zM, the map 7y : T,(9M — T, T, (5\M is the canonical isomorphism. Then

d

ds

J5(0)
s=0

1'1_)m0 - (expy(s))* (=) T(—p)y & (5))

lim(exp, ;) ((?) r<_s>y/<s>s(s>) = Hm(exp, (1)« (~T(oy (9§ (5))
= (€xP, o))+ (—T0 (0)) = —£(0).

Hence, we state that

&l J5(0) = —£(0).

Since £ (0) is not proportional to y’(0) , then dw, o) (c'(0)) # 0, and this implies thatio ¢
is a regular curve for s = 0. Therefore i is an immersion.

(iii) In the last step of this proof, we will show that UcTUisa regular submanifold.
Let us consider the system of ordinary differential equations 3.3 for Jacobi fields in U.
We will denote its solution as y(¢, x, u, 7, ?). If the origin of the parameter ¢ of 3.3 is
lying in the local Cauchy surface C, we can write de Jacobi field J such that J(t) = 0
and J'(t) = & as the solution y(¢, X, u, r,?) , where x = (0,2, ..., x™) which can
be identified with the adapted coordinates x to C in 2.11. Then, the pair (x, u) are the
coordinates of a point in PN*(C) and therefore, they determine the null geodesic Y(x u)-
In fact, y(7,x,u, 7, £) corresponds to the values J(t) = 0 and J'(r) = &. Moreover,
y(0,x,u, 1, 5 ) represents the values J(0) and J’(O) which are lying in C, therefore
y(0,x,u, T, E ) is equivalent to give the coordinates xp(J) (x,u,v,w) of J in TN.
Since V is relatively compact and due to the existence of flow boxes of non-vanishing
differentiable vector fields, we can assume, without any lack of generality, that there exist
a compact interval I neighborhood of O such that the parameter of any null geodesic
defined by n = E;(p) + uZEz(p) + -+ u"E,(p) € N*(V) with p € V through V is
defined for 7 € 1. Now, let us consider an arbitrary sequence {J,} C_ UcTN converging
t0 Joo € U C TN in TN Proving that {J,} converges to Jo, in U is sufficient to show
that U € TU is a regular submanifold.
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The Jacobi fields J, and J, are fields along the null geodesics y(x, u,) and Y. u.)
respectively and moreover there exist f,,7 € [ such that J,(¢,) and J(fo) are
proportional to y/, (%) and y; _, (f) respectively for every n € NT. If their
coordinates in TN are ¥ (J,) = (X, Wy, Vo, W) and ¥ (Jog) = (Koo, Usos Voo, Woo)
respectively, then we have that

lim ¥ (J) = ¥ (Jwo)
n— 0o
or equivalently

llIIl y(O, Xpn, Uy, tm g,,) == y(O, X005 Uoos too’ goo)

n— o0
Again because of the theorem on the regular dependence of solutions of initial value
problems with parameters, the solution y(¢, x, u, 7, £) differentiably depends on the
variables (¢, x, u, 7, &), therefore

hm )’(t7 Xnv una tl’u gn) = y(ta XOO7 uOOa tOO’ goo)
n— 00
This implies that
lim J, (1) = Joo (2).
n— 0o
Since I is Compact, the sequence {tn} cl hasa COHVCI'gCIlt subsequence, SO W€ can assume

that {,} itself verifies that lim,,, #, = f € I. Then we have that

hm y(tm an unv trh én) = y(fs X009 uOOa ZOOa Eoo)
n— 0o

hence

limys 00 J, (1) = T, (7).

Since J, (¢,) is proportional to y(’xm“” ) (t,) forevery n € NT, then J, (7) is also prop(zrtional
to y(/xoo,“w) (t~), but y(’xmux) is a null geodesic without conjugate points, therefore r = 7.
This gives us

lim J (t,) = J., (too)-

n— 00

Recall that the coordinates of U are givenby @ = (x, u, v) where ¢ = (x!, ..., x™) is the
chart in V. Then

Bim ) = M @ Vs, 0)s Vg, 0,y 0 5 0)))
= (@ Vixwrun) (100))s [Wixo ) (to0)]s (T (1)) = P(Joo)-
So, the sequence {J,,} converges to J, in U.

This completes the proof. ]
Corollary 1. The family of regular open sets constitutes a basis for the topology of .

Proof. From theorem 1 it follows that S(V') is a regular open set for any local coordinate chart
V which is normal, relatively compact, globally hyperbolic and causally convex. But such sets
form a basis for the topology of M. Since § is a homeomorphism, this concludes the proof.

O

Theorem 2. Let V. C M be a globally hyperbolic convex normal open set such that
U = SV) C X is a regular open set. Then U has a canonical differentiable structure
depending only on N'. Moreover, the restricted sky map S : V — U is a diffeomorphism.

13
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Proof. Any X € U is a regular submanifold of N, therefore TX isa a regular submanifold of
TN Denote U = {X TX:XeU } and define the map S:Vv->U given by . S x) = SGx (x).
By definition 3, U is a regular submanifold of Tu which is an open set of TN and since

U = |J TX then U is foliated by {TX : X € U}, i.e. by U.
XeU

Denoting the distribution induced by that foliation as D, we have that U=U /D inherits
a smooth structure because the chart ¢ defined by equation (3.1) along the proof of theorem 1
is adapted to D. Hence S:V—> U is a diffeomorphism. Moreover, by normality of U then the
map U — U defined by X +— Xisa bijection, and it allows to identify U with U. Therefore
U inherits from U its structure of differentiable manifold and this implies that S : V — U isa
diffeomorphism. ]

An important consequence of corollary 1 and theorem 2 is that, since Uis a regular
submanifold of T, then the differentiable structure given in U coincides with the inherited
from T\ on U. This allows us to disregard the differentiable structure built in U from the one
involving M, but considering it inherited from TN In this way, the differentiable structure
of U is inherited from U = U /D, and then the spacetime M is not necessary to obtain a
differentiable structure for X, because it is canonically obtained from A. So, in order to
recover the strongly causal manifold M from A/ and ¥ we will not need M itself but only N
and ¥ and their corresponding structures.

Corollary 2. There exists a unique differentiable structure in % compatible with the
differentiable structure of any regular open set U C X given in theorem 2. Moreover both, the
sky map S : M — X and the parachute map P : ¥ — M are diffeomorphisms.

Proof. For every X € X there exists a regular open set W C X. If x € M verifies that
S(x) = X, we can consider a globally hyperbolic convex normal neighborhood V. C M of x
such that U = S(V) C W. By corollary 1, the set U is also a regular open set containing X,
and therefore, by theorem 2, S : V. — U is a local diffeomorphism in X. The bijectivity of S
provides us the global diffeomorphism § : M — X. (]

4. The reconstruction theorem

We will start discussing in this section under what conditions a spacetime can be reconstructed
from its spaces of light rays and skies. A space that could be reconstructed from these data
should have the property that ‘isomorphic’ data must provide the same reconstruction. This
observation leads to the following definition.

Definition 4. Ler (M, C), (M, C) be two strongly causal manifolds and (N, %), _(./T/ , X)) the

corresponding pairs of spaces of light rays and skies. We say that a map ¢ : N — N preserves

skies if p(X) € X for any X € . Moreover, (M, C) will be said to be recoverable if for any

WV, Z) the spaces of light rays and skies corresponding to another strongly causal manifold

M, C), and ¢ : N — N a diffeomorphism preserving skies, then the map
p=PogpoS:M—->M

is a conformal diffeomorphism on its image, where P : . — M is the parachute map to M.

Lemma 2. Ler (M,C) and (M, C) be two strongly causal manifolds and let (N, ) and
(N, ) be the corresponding pairs of spaces of light rays and skies. If ¢ : N — N is a
diffeomorphism preserving skies then the induced map ® : & — X defined by ®(X) = ¢(X)
is injective, open, continuous and a diffeomorphism onto its range.

14
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Proof. Obviously, @ is well defined and injective. To show that ® is continuous, consider and
openset U C % and let U be &~ (U). Since U is open, there exists an open set YW C A such
that any sky X C Wis in U. Since ¢ is a diffeomorphism, then W = ¢~' (W) is an open set
in A and every sky X C W verifies that ¢(X) C W and, therefore ®(X) € U. This implies
that U = ¥ (W) and U is open in X.

Now, we show ® is an open map. Consider X € ¥ and X = ¢(X) € %. Because of
corollary 1 and the continuity of ® there exist regular neighborhoods U ¢ £ of X andU C ©
of X such that ®(U) C U. Then ¢(U) C U with U = T(U) and U = (). Hence, because
¢ : N — N is a diffeomorphism, then ¢, : TN' — TN is a diffeomorphism too and the
restriction @, : TU —> TU is a diffeomorphism onto its image. It can be restricted again to
¢, : U — U since

0.0 =0, | UTx | = Jo.0x) = |JTox) cT.

XeU XeU XeU

and the regularity of U and U, i.e., the fact that U and U are regular submanifolds of TU and
TU, respectively. .
Denoting by D = {TX : X € U}, and ﬁ = {TX : X € U} the distributions in U and U,
we see that ¢, D = D. Therefore ¢, : U — U induces a smooth map
@ U /D — U/@,

and we have the following commutative diagram:

¢
vt — U
T
U/p — U/D
ey
U — U

(note that the lower vertical arrows are diffeomorphisms because of theorem 2). Therefore we
conclude that ® : U — U, is injective, smooth with nonsingular differential, hence it is open
and a diffeomorphism onto its image. ]

Restricting the map & of lemma 2 to its image, ® : ¥ — ®(X) then it is clear that ® is
bijective, open and continuous, hence is a homeomorphism. This homeomorphism induces, in
virtue of lemma 3 or corollary 2, the homeomorphism ¢ = P o ® o S onto an open set of M.
So, we can assume, with no lack of generality that T=®)and M =Po ().

Theorem 3. Let (M, C) be a strongly causal manifold, then M is recoverable.

Proof. Let (M, C) be another strongly causal manifold with (A, X) its corresponding spaces
of light rays and skies, and ¢ : N' — Na diffeomorphism such that ¢ (X) = ¥. Then because
of lemma 2 we conclude that ® : ¥ — ¥ is a diffeomorphism. So, in virtue of corollary 2,
themap ¢ = Po ® oS : M — M is a diffeomorphism too.
Now, we need to show that ¢ maps light rays of M into light rays of M. We can consider
all the light rays in the skies of a given light ray y, denoted as
S(y)={Be€ N :3X € T suchthaty, g € X}.

Then ®(S(y)) = ¢(S(y)) = {¢p(B) € N : X € Ssuchthaty, 8 € X}, and since ¢ is a
diffeomorphism preserving skies:

®(S(y) = {p(B) € N : 3B(X) € ¥ such that p(y), ¢(B) € P(X)}.

15
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Therefore ®(S(y)) = §(¢(y)) So, it implies ¢ (y) = Podo S(y) = PoSo o(y) = ¢(y)
€ N is a null geodesic. By [5, section 3.2], ¢ is a conformal diffeomorphism.

5. Causality and Legendrian isotopies

Let us recall first some basic concepts from contact geometry that are going to be related to
causality properties of spacetime.

Let (Y, H) be a co-oriented (2n — 1)-dimensional contact manifold with contact
distribution H = kera where o € T*Y is a contact 1-form which defines the co-orientation.
A differentiable family {A}sej0,1] of Legendrian submanifolds is called a Legendrian isotopy.
It is possible to describe a Legendrian isotopy by a parametrization F : Ay x [0,1] — ¥
verifying F (Ag X {s}) = Ay C Y where s € [0, 1]. Note that we are assuming that the map
F;: Ay — Ay, given by F(A) = F (s, 1) is a diffeomorphism for all s € [0, 1].

Deﬁnition 5. A parametrization F of a Legendrian isotopy is said to be non-negative if
(F*oz)( ~) > 0 and non-positive zf(F*ot)( ) <0.

Definition 6. We will say that two Legendrian isotopies are equivalent if their corresponding
parametrizations F, F : Ay x [0, 1] — Y verify F(Ag x {s}) = F(Ag x {s}) for every
€ [0, 1].

Lemma 3. Let F, F : Ao x [0, 1] — Y be two parametrizations of a Legendrian isotopy
{As)seo.1)- If F is non-negative (respectively non-positive) then so is F.

Proof. Let us consider a Legendrian isotopy {A}sefo, 1] given by two parametrizations
FF Ao x [0,1] — Y. Let us define the maps F, F; : Ag — Ay C Y for s € [0, 1]
by Fi(A) = F (X, s) as before. Then we have that

Fh,s) =F(p,s),s)

where ¢(X, s) = F "o F(x, 5). To check that ¢ is differentiable, consider the differentiable
map Y : Ag x [0, 1] — N x [0, 1] defined by Y(z, s) = (F(z, s), s) whose differential at any
(z, §) is given by:

_ (dFuy) _ (@R, x
dT(m_( 1d, )‘( 0 Idy

and since F; is a diffeomorphism, then (dY)( ) is a isomorphism, therefore because of the
inverse function theorem, Y is a local diffeomorphism onto its image in (z, s) and ¢ can be
written locally as:

p(z,8) =m0 Y (F(z,5),5)

where m : Ay x [0, 1] — Ay is the canonical projection.
Defining ¢ : Ag x [0, 1] = Ao x [0, 1] as ¢ (X, s) = (¢(X, 5), 5), we have

d ~ 0
dF.s) (8_> =d(Fod)u.s (a—)
S/ () S/ s
dF, (dqb ( 9 ) )
= (@(A,s5),5) )\ 5.
s/ .
dF, ((a) +d <8) ) 5.1
= We®,9.9 s Qo | — . .
35/ G.s) s/ .5)
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Note that «(dFy.s).5) d@g.5) (8/85)) = 0, since dFy.).0d00. (3/05) € Ty As
because do, ) (9/3s) € Ty 5)Ao. Now, applying o to both sides of equation (5.1) we obtain:

P - ad
o)) ).
F* 9 = F; 0 = E ! = (F :
o (2) e (m () =e (7 (1)) = o (2)

therefore the sign of the parametrizations F and F coincides. ]

hence

As it was discussed in the introduction we are interested in the study of Legendrian
isotopies in the space of null geodesics N of a Lorentz manifold M. Recall that, in this case,
the co-orientation is defined by using the criterion that the sign of J(mod y’) € T, N is the sign
of g(J, v’), which is unambiguously determined for vectors J in the class [J] = J + Jan (¥),
where y € M and g € C.

Again, because of the remark after equation (2.7) the sky Xo = S(xo) € X for any xo € M
is a Legendrian submanifold of N diffeomorphic to Sy = {[u] : u € N;;} = ]P’N;) = 52,
then given a Legendrian isotopy {X;}sejo0.1] Where X; is the sky of x, € M for s € [0, 1], a
parametrization F for it can be found of the form:

F:Sox[0,1] = N.

Lemma 4. Any differentiable curve u : [0, 1] — M defines a Legendrian isotopy parametrized
by the function F* : Sy x [0, 1] = N given by:

FR([ul, 1) = vuy

with S = {[u] : u € N} } and u; € N} | the parallel transport of u € N7, along y.

Moreover F* is a Legendrian isotopy of skies and F}*(So) = S(u(s)).

Proof. Let g € C be a metric in the spacetime M and let P : T, oyM x [0,1] — TM
be the parallel transport with respect to the Levi-Civita connection defined by g along u
given by P(u,s) = u, € T,M. It is widely known that P is differentiable and the map
Ps i TyoyM — T, M defined by P () = P(u, s) is a linear isometry. Let us also consider
the submersion py+ : NT — A given by pn+ (1) = y1,- By composition of differentiable
maps, pn+ o P is differentiable and because of the linearity of P it induces a map F* on the
quotient space PN,
Moreover, since Ps is a linear isometry, then

g(uS7 uS) = g(M, I/l) = 07 ue N+

for any metric g € C, therefore u, € N;(s) and P (N+(0)) = NZ(s)' For s € [0, 1] we have

N
F*(So x {s) = {F*([ul,s) e N :u e N:((,)} ={yu) €N :ue N:(O)}
= (Y € N v e NJ )} = S(u(s)).
Hence, F* is a Legendrian isotopy. |

Lemma 5. Let F : Sy x [0,1] — N be a Legendrian isotopy such that F(Sy x {s}) =
S(u(s)) € X. Then the curve  : [0, 1] — M is differentiable and F is equivalent to F*.
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Proof. Let us define the map F; : Sp — S(u(s)) C N given by Fy(z) = F(z, s) fors € [0, 1].
It is clear that F; is differentiable for any s € [0, 1]. Now, take any zop € So and § € T;,So.
Since F and F; are differentiable maps, then the curve

J(8) = (dF)5 (§) € Tr(z.5)S(1(s))
is also differentiable in T\ and j(s) is a Jacobi field along the null geodesic F(zg, s) € N
for each s € [0,1]. Let s € [0, 1] and U = S(V) be a regular open neighborhood of 1 (sg).
Let (U ® = (x,u, v)) and (V,¢ = x) be coordlnate charts as in theorem 1. Then since j is
differentiable, and Uisa neighborhood of j(sg) in TN we conclude that j(s) € U for s close
to 5o, is differentiable and j(s) = ¢! 0 x(j(s)) € V. Therefore w is differentiable. O

Now, we need a simple result on the geometry of causal vectors on Lorentz manifolds
that we state as the following technical lemma.

Lemma 6. Let M be a Lorentz manifold and p € M. If v # 0 is a vector in T,M verifying
g(u,v) =2 0foranyu € N; future, then v is causal past.

Proof. First, we will see that if v € T,M is spacelike, then there exists u € T,M null future
verifying g(u, v) < 0. So, let v € T,M be spacelike and take some z € T,M timelike future,
then since g(z, z7) < 0 and g(v, v) > 0, the equation

g(z+ Av, 2+ Av) = g(z, 7) + 2Ag(2. v) + A’g(v, v) =0

has two solutions A1, A, due to (2g(z, v))> — 4g(z, 2)g(v, v) > 0. These solutions can be
written as

g(z,v) gz, v)? gz 2)
Al = — _
'S e \/ g, 07 g, v)

8 \/g(z,vﬂ 8. 2)
,= 8@V _

g(v, v) g(v,v)? g, v)
Fori =1, 2, let u; = z 4+ X;v be the corresponding null vectors. We have that

2
g(ui, v) = gz, v) + Ag(v. v) = (=) g(v, v>\/ g v _ g2)
g(v,v)?  gv,v)

hence g(u,, v) < 0.
Let us see now that u, is null future. Since

2
g1, 1) =2 [g(z, - M} <0
g(v,v)

therefore u; and u, are in the same time-cone. Moreover

2 2
2 2) = g(v. v) [ gz2) g v)z] N \/g(z, v)2 82 oz, v)
g(v,v) g, v) glv,v)* g, v)

with the positive sign corresponding to i = 1 and the negative to i = 2. It can be observed that
if g(z, v) > 0 then g(uy, z) < O therefore u, is in the same time—cone of z, hence u; is null
future. In case of g(z, v) < 0 we have that g(u;, z) < 0, then u; (and also u,) is in the same
time-cone of z, therefore u; and u, are null future.

At this point, we have proven the equivalent result: If for any u € T,M null future
g(u,v) > 01is verified, then v € T,M is causal. But if v is causal future, then g(u, v) < 0,
hence v = 0 contradicting the hypothesis, therefore v must be causal past. (]

Let us recall that a curve u : [a,b] — M is a null curve if it is differentiable and
g(u', u") = 0. Note that this is a conformal property and u doesn’t have to be a regular curve.
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Definition 7. The set of all null curves v : I — M will be denoted as £(M). The subset of
£(M) consisting of all time-orientable (future or past) null curves p will be denoted as £.(M),
ie, w € L£.(M) if u is differentiable, g(i’', u') = 0 and either ' (s) € N* or u'(s) € N~
wherever [ is regular.

Proposition 4. The curve  is causal past (respectively causal future) if and only if F" is a
non-negative (respectively non-positive) Legendrian isotopy.

Proof. Let us suppose that 1 is causal past. Since F*([u], s) = y,,) then giving parameters
to the geodesics yy,,) we can write

F¥([ul, ) (@) = i (t) = expy, ) (Tus)

which is a null geodesic variation of the null geodesic y, ) for every so € [0, 1]. By
lemma 1, we have that the Jacobi field J;,(¢) defined by this geodesic variation verifies
that J;, (0) = u’(so) and Js’o 0) = % |s=s,Us> and since u; is the parallel transport of u along u,
then J (0) = 0. Hence, since

7 (5), = 0
TN gy 08

ad
o (F*“ ( >> =a(Js, () =g, @), )/[/MJO](I))
([ul,s0)

as
= 85, (0). ¥, 1(0)) = 81 (50). u5,) = 0

9
Fr([ul,s) = — (exXP,,5) (1)) = Ty, (1)
([ul.50) S 1(s0.)

we have that

since 1/ (s0) is causal past where it does not vanish and u,, null future. This shows that F* is
a non-negative Legendrian isotopy.
Now, let us suppose that F* is non-negative. So, we have as before

F'([ul, $)(t) = Viua () = exp,,, (tuy)

then ifa(F*“(%))([u],sO) > 0 for any ([u], so), we have that

0
0< (Ff (3_>> = g(1/(50), s, )-
S/ 7 (ulso)

Then because of lemma 6 we obtain that u'(sg) is causal past provided that u'(sg) # O for
every so € [0, 1]. O

Corollary 3. A Legendrian isotopy of skies {S((s))}sefo.17 is non-negative if and only if the
curve i : [0, 11 — M is causal past.

Proof. By lemma 5, a Legendrian isotopy of skies F : Sy x [0, 1] — A defines a differentiable
curve i : [0, 1] — M such that F is equivalent to F*. By lemma 3, F* is non-negative, then
proposition 4 shows that every regular segment of p is causal past, therefore u is causal past
because is the union of causal past segments. (|
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6. Celestial curves and reconstruction theorem

We will start this section by introducing a class of curves that are going to play a fundamental
role in characterizing when the spaces of light rays and skies of a given strongly causal
spacetime are ‘isomorphic’ regarding the reconstruction problem.

Definition 8. A tangent vector J # 0 at T,N will be called a celestial vector if there exists a
sky S € ¥ suchthatJ € T,S C TN. We Wlll denote the set of all celestial vectors by T CTAN.

With the notation mtroduced in section 3, & = U TX CTN.
Xex

A differentiable curve I : I — N is called a celestial curve if ' (s) € ffor every s € I.
We denote the set of celestial curves as €(N').

We would like now to understand if celestial curves can be described as a particular
instance of geodesic variations. In order to achieve that we will note first that any differentiable
curve in NV can be obtained from a geodesic variation, then we can characterize celestial curves
in terms of a specific class of geodesic variations.

Proposition 5. If the curve T' : [0, 1] — N with T'(s) = y, € N is celestial then there exists
a null curve u : [0, 1] — M such that y,(t) = expu(é)(ro(v)) where o (s) € N* _isa
differentiable curve proportional to ' (s) wherever w is regular.

w(s)

Proof. Let I' : [0, 1] — A be a celestial curve with I'(s) = y;. Let 5o € [0,1] and £y € R
such that I'(sg) € T),s()S()/x(J (tp)) and a local chart (17, @), withp = (x,u,v) asin (3.1) with
I(sg) € U such that (V, @) is the local chart containing y;, (o) € M used to define p. We
will denote again by {E1, ..., E,} the orthonormal frame in V used to define the components
uand v in @.

Consider the neighborhood I C R of sy such that I''(s) € Uforalls €1 , thus we have
that

P (s)) = x(IV(s)), u(I'(5)), v(I'(5))) € R™ x R"2 x R" >

is a smooth curve. The components x and u describe the light rays supporting the Jacobi fields,
thus we can reconstruct from them, the curve I". Note that the curve 1 (s) = ¢ ' ox(I''(s)) € M
is smooth. Then consider the curve in N* given by:

o (s) = Er(u(s)) + u* (T () E2 () + -+ 4 u" (T () E (11(5)) € NM(S)
Clearly, o (s) is smooth, then the geodesic variation:

(s, 7) = exp, ) (To (s)) =V, (7)),
reconstructs the curve I"(s).

Because the Jacobi field J; along ¥, defined by f(s, T) satisfies that J;(0) = wu/(s)
(we choose now 7y = 0) and I is a celestial curve, hence tangent to S(u(s)) at T'(s), then
J,(0) = As75(0) for some A, € R. Then we conclude that i’ is proportional to 77 (0), this is
to o (s).

Finally, because of the compactness of I', the curves ; and o can be extended to the full
interval [0, 1]. O

The previous proposition describes a celestial curve I as a pair (1, 0) C M x Nt where
1 is a null curve that cannot be geodesic because in this case I' would not be regular. Moreover
the regularity of w is not guaranteed at all, in fact, it is possible to exhibit examples of celestial
curves such that p stops for s € [a, b] C R where a = b is not excluded. While p remains
at u(s) = p € M, the curve o (s) moves smoothly in N;. The time-orientation of w is not
guaranteed neither, as the next example shows.
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Example 1. Let M? be the 3-dimensional Minkowski spacetime with coordinates given by
(t,x,y) € R? and metric g = —dr ® df + dx ® dx + dy ® dy. Let us denote its space of light
rays as . We consider the curve I : [—¢, ¢] — N defined by the geodesic variation

fs, 1) =p()= (v + %sz, ssins+ (1 4 1) coss, —scoss + (1 + ) sins)

as I'(s) = y,. An easy calculation shows that I is a celestial curve. For this curve, u is defined
as

wu(s) =1£(s,t(s)) =1£(5,0) = (%sZ, ssins + cos s, —scos s + sins)
hence,

w'(s) = (s, scoss, ssins) = s(1, cos s, sins)
and p is a null curve since

g(1'(s), W' (s)) =0

but the s factor in i’ changes the time-orientation of y : if s < 0 then u is past-oriented and if
s > 0 then u is future-oriented. It is trivial to observe that u is not a regular curve when s = 0.

The previous example motivates the following definitions.

Definition 9. With the same notations used in proposition 5, a celestial curve ' C N is called
a sky curve if ' C X for some sky X € X. We denote the set of all sky curves as €;(N).

Definition 10. We say that (M, C) is null non-conjugate if there are no conjugate points in
any null geodesic segment or, equivalently, if TX NTY # @ for two skies X, Y lying on a null
geodesic segment, then X =Y.

Note that the previous definition is equivalent to say that ¥ is normal in the sense of
definition 2. A convex normal neighborhood V' at any point x € M is null non-conjugate
because it is normal (recall definition 2) and similarly, a neighborhood ‘small’ enough of any
closed spacial surface has this property too.

By convention, we can consider M C £(M) since any point p € M can be identified with
a constant curve. Moreover, if M is null non—conjugate, then the map mcy : €(N) — L£(M)
given by 7 (I') = w is well defined and p is characterized by I''(s) € ﬂ(s)S(u(s)) for every
5.5 We call {S(j4(s))} the Legendrian isotopy of .

Definition 11. Let (N, X) the space of rays and skies of a null non-conjugate strongly causal
spacetime M. We define the set of causal celestial curves as

CWN) ={I' € CN) : u = mcr () € £(M)}.

The previous definition of the class of causal celestial curves in A uses explicitly the
space M, however because of the results of section 5 we can provide a characterization of
¢.(N) without making any reference to M. In fact, using corollary 3 and propositions 4 and 3,
we see that u € £.(M) if and only if p is a null curve defining a non-positive (or non-negative)
Legendrian isotopy and we obtain the following corollary that could be used as an alternative
definition of €. (N).

Corollary 4. A celestial curve I' € €(N') is a past (future) causal celestial curve if and only
if ' defines a non-negative (non-positive) Legendrian isotopy of skies.

5 In general T' € €(N) can be defined by several curves p; with i = 1,2, ..., and so ¢y () should be interpreted
as the family {u;}.
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Definition 12. Let M| and M, be two strongly causal spaces and let N| and N, be their
corresponding spaces of light rays. A diffeomorphism ¢ : N1 — N, will be called a celestial
map if it preserves celestial vectors, (i.e. p.(21) C ).

The following lemma is a direct consequence of the definitions.

Lemma 7. Any celestial map ¢ : N1 — N, preserves celestial curves.

Proof. If"': I — N isa celestija\l curve, then I''(s) € fl for every s € I. Since ¢ is celestial
then (¢ o T')(s) = ¢, (I’ (s)) € %, and hence, ¢ o " : I — N is a celestial curve. Moreover
¢ induces amap ¢ : €(N]) — C(NL). a

Finally we have the following definition:

Definition 13. Let M| and M, be two strongly causal spaces and let N1 and N5 be their
corresponding spaces of light rays. A celestial map ¢ : N1 — N3 will be called a causal
celestial map if ¢ preserves causal celestial curves, that is

¢ : C(N) — €M),

Theorem 4. Let My and M, be two strongly causal spaces, suppose that M, is null non-
conjugate, and let (N, 1) and (N3, ;) be their corresponding pairs of spaces of light rays
and skies. Let ¢ : N1 — N be a celestial map. Then the following conditions are equivalent:

(i) ¢ is a causal celestial map, that is ¢ o T'1 € €.(N>), forall Ty € €.(N),
(ii) ¢ is a celestial sky map, thatis ¢ o 'y € €;(N>), forall Ty € €, (NY).
(iii) There exists a conformal immersion ® : My — M, such that ¢(y) = ® o y for every

y eM.

Proof. (i) = (ii) and (iii) = (i) are trivial.

(ii) = (iii) consider X; € X; and a closed sky curve 'y € € (N;) such that
Iy :[0,1] — X; C N. Since ¢ is a diffeomorphism and by lemma 7, then I’y = ¢ o Iy is
a closed celestial curve. Let 1, and o, be the curves defining I',, according to proposition 5.
Then, the endpoints verify

12(0), pa(1) € T2(0) =Ta (1) = 2 € Nl

By the hypothesis we have that I'; € €.(N>) and therefore pu, € £.(M). We will show
that @, is a constant, and therefore that I'; is a sky curve. Suppose that u, is future non-
constant, then we can construct a future causal curve 1, such that Im(x,) = Im(u,) and
12(0), u2(1) € y» N ,. Since M, is strongly causal, then ©,(0) # w,(1) and by [16,
proposition 10.51], ¢>(0) and u, (1) are timelikely related and there exists a conjugate point
of 1, (0) in y;, before u, (1) contradicting that M, is conformal non-conjugate. Therefore w,
must be constant. This shows that ¢ preserves sky curves and hence also skies. Then theorem 3
gives us the desired result. |

The following example illustrates that the existence of a contactomorphism preserving
celestial vectors between the spaces of light rays of two spacetime is not sufficient to induce
a conformal diffeomorphism (on its image) between them, showing that condition (1) in
theorem 4 cannot be weakened.
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Example 2. Let M = M? be the 3-dimensional Minkowski spacetime with coordinates given
by (t,x,y) € R? and let N be its space of light rays. The hypersurface C = {t = 0}
is a Cauchy surface, then (x,y,6) € R? x S! are coordinates in N for any null geodesic
y(s) = (s,x+scosf,y+ ssinf). Then {(%)y, (a%)y, (%)y} is a basis of 7, V. The contact
hyperplane 7, is generated by the tangent spaces of two different skies containing y, therefore

0 . 0 b
H, = span {(—) ,sin @ (—) —cos0 (—) }
a0/, ax/, ay/,

and a contact form « can be written as
o = cos 6 dx + sin6 dy.

For this y, we have that 7;,S(y (s)) = span{s(sin6 (%), —cos e(aiy)y)Jr(%)y} withs € Rand
hence the celestial vectors at y are given by ¥ = | J, g 7,,S(y (s)). It can be easily observed
that the whole H,, is covered by ¥ except the subspace span{sin 6 (% )y — cosé (% )y}

We can restrict this space to My = {(t, x, ) € M? : t < 0} denoting N its cofresponding
space of light rays. By global hyperbolicity of M and My, every null geodesic y, € Ny can be
written as yo = y N M, for a unique null geodesic y € N, then we can define the restriction
map

p: N — MNp
Yy F— v=yNM
and the extension map

e: Ny — N
Y0 [ Y.
Both p and ¢ are contactomorphisms and they verify ¢ = p~! and hence we have that A" ~ Af.
Now, let us consider M, = {(¢, x,y) € R3:¢ < €} for € > 0, equipped with the metric

g=—(4+7fO)dtdt+2f)dt@dx+ (11— f(t))dx@dx+dy®dy

where f is a smooth function verifying f(#) = 0 for every r < 0. We can see g, as a small
perturbation of the metric g of M for 0 < ¢ < €. Trivially, we observe that M and M, are two
spacetime extending My. By [15], the value of € can be chosen small enough such that M,
remains globally hyperbolic, then we can consider N >~ A and therefore H,, ~ H,, ~ H,,
for yp = y N My and y. = y N M,. This extension is independent from the coordinates
x and y. Denoting by 7, 7 the celestial vectors at the corresponding curve, and working
at N with certain abuse of notation we have that yo = (Use(_oo.0) LS(¥(s)) C ¥ N 7
then the value € also can be selected small enough such that p; C ¥ and therefore the
contactomorphism ® : N, — N preserves celestial vectors. In spite of the existence of
@ preserving celestial vectors, the spacetime M and M, cannot be conformally equivalent.
Observe that 3—dimensional Minkowski spacetime M is flat. Denoting as R;j, R and g;; the
Ricci curvature, the scalar curvature and the metric in M, respectively, then the components
of the Cotton tensor C, in M, are given by Cjjx = ViR;; — VR + }l(Vjjok — VkRgij). Itis
widely known that one 3-dimensional manifold is locally conformally flat if its Cotton tensor
vanishes. A straightforward calculation shows that C, # 0, then M, is not conformally flat
and therefore it cannot be conformal to M.
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