SMOOTH APPROXIMATIONS IN PL GEOMETRY

By JOSE F. FERNANDO and RICCARDO GHILONI

Abstract. Let Y C R™ be a triangulable set and let r be either a positive integer or r = co. We say
that Y is a ‘6" -approximation target space, or a ‘6" -ats for short, if it has the following universal
approximation property: For each m € N and each locally compact subset X of R™, each continuous
map f: X — Y can be approximated by 6" maps g : X — Y with respect to the strong Whitney
" topology. Taking advantage of new approximation techniques we prove: if Y is weakly 6" tri-
angulable, then' Y is a 6" -ats. This result applies to relevant classes of triangulable sets, namely:
(1) every locally compact polyhedron is a 6”-ats, (2) every set that is locally 6" equivalent to a
polyhedron is a ‘6" -ats (this includes 6" submanifolds with corners of R™) and (3) every locally
compact locally definable set of an arbitrary o-minimal structure is a ‘6'-ats (this includes locally
compact locally semialgebraic sets and locally compact subanalytic sets). In addition, we prove: if Y
is a global analytic set, then each proper continuous map f : X — 'Y can be approximated by proper
6~ maps g : X — Y. Explicit examples show the sharpness of our results.

1. Introduction, main theorems and corollaries. Approximation is a tool
of great importance in many areas of mathematics. It allows to understand objects
and morphisms of a certain category taking advantage of the corresponding prop-
erties of objects and morphisms in other categories that enjoy a better behavior and
are dense inside the one we want to study.

In the geometrical context a remarkable example of an approximation result
with thousand of applications concerns Whitney’s approximation theorem [W] for
continuous maps whose target space is a ‘6" submanifolds Y of R"™ for either a
positive integer r or r = oo, An important fact is the existence of a system of 6"
tubular neighborhoods of Y in R™ (together with the corresponding “6” retractions
onto Y'). Whitney’s approximation theorem can be used for instance to prove the
existence of a unique 6~ manifold structure on each differentiable manifold of
class ‘6" for each positive integer r (see [H3]).

This paper deals with the problem of approximating continuous maps by dif-
ferentiable maps when the target space Y C R” may have “singularities”. Actually,
we require that Y is at least triangulable.

The special case when the target space Y C R" is a Nash set was already treated
by Coste, Ruiz and Shiota in [CRS1]. In fact, they approximate real analytic maps
on a compact Nash manifolds by a very restrictive class of approximating maps,
the so-called Nash maps, see [BCR, Ch. 8]. Recall that a function f : R™ — R is
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(real) Nash if it is of class 6“ (that is, real analytic) and algebraic over the real
polynomials, that is, there exists a non-zero polynomial P € R[xy,...,z,,y| such
that P(x, f(x)) = 0 for each = € R". In addition, Y C R™ is a Nash set if there
exist a Nash function f on R"™ such that Y = {f = 0}. A Nash set X C R™ that
is in addition a smooth manifold is called a Nash manifold. A map F' : R™ — R"
is Nash if its components are Nash functions. The Nash maps f : X — Y are
the restrictions from X to Y of Nash maps F' : R”™ — R" such that F/(X) C Y.
The authors proved in [CRS1, Thm 0.0] a global version of Artin’s approximation
theorem [Ar], which implies the following:

THEOREM 1.1. [CRS1] Let Y C R™ be a Nash set and let X C R™ be any
compact Nash manifold. Then every real analytic map f : X — 'Y can be uniformly
approximated by (real) Nash maps g : X — Y.

The proof of the previous theorem is based on a deep result on commutative
algebra: the so-called general Néron desingularization, see the survey [CRS2] for
further references. Lempert proved in [Le] the counterpart of Theorem 1.1 for the
complex setting taking advantage again of the general Néron desingularization:

THEOREM 1.2. [Le] Let Y C C™ be a complex algebraic set and let X be
any holomorphically convex compact subset X of a complex algebraic subset of
C™. Then every holomorphic map f : X — Y can be uniformly approximated by
complex Nash maps g : X — Y.

In [BP] the authors provide a simpler proof of the previous statement based on
strategies with a more geometric flavor.

Our main results in this work (Theorems 1.6 and 1.15) are of a different nature.
We show: if Y C R" belongs to a wide class of triangulable sets including differen-
tiable manifolds, polyhedra, semialgebraic sets, subanalytic sets and definable sets
of an o-minimal structure, then Y enjoys the following approximation property as
target space: Let X C R" be any locally compact set. Then each continuous map
f: X =Y can be approximated by arbitrarily close ‘6" maps g: X —'Y for ei-
ther suitable positive integers r or 1 = oo, with respect to the strong ¢° topology of
€°(X,Y). As the set 6°(X,Y) of proper maps between X and Y is an open sub-
set of €°(X,Y") (see [H3, Ch. 2., Thm. 1.5]), the above ‘6" approximation property
implies the “proper 6" approximation target space property”. We will revisit the
latter property when dealing with C'-analytic sets in Section 1.B below.

The preceding approximation by 6" maps is always possible if Y C R™ is a
‘6" submanifold with boundary (even if it has corners) or if Y is a locally compact
polyhedron. Our proofs introduce new approximation strategies that make use of a
variant of the general simplicial approximation theorem, a “shrink-widen” covering
and approximation technique and 6" weak retractions. Our constructions provide
also certain relative versions of the preceding approximation results, that is, results
of the following form: if in addition X' C X is non-empty and f|x: is a ‘6" map,
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there exist arbitrarily close ‘6" maps g : X —'Y to f with respect to the strong “6€°
topology of 6°(X,Y') such that g|x» = f|x+. Examples 1.20 show that we have to
be quite restrictive with the hypotheses about X’ (even if Y is as simple as a 6"
manifold with non-empty boundary).

In the literature there are many celebrated results concerning the existence of
obstructions to approximate homeomorphisms between differentiable manifolds by
diffeomorphisms. This obstruction theory is a central topic in differential topology,
which was mainly developed by names like Milnor, Thom, Munkres and Hirsch in
the fifties and sixties [H1, H2, Mil, M1, M2, M3, Th]. We refer the reader also to
[DP, HM, IKO, MP, Mu] for some recent developments. Additional obstructions
where found by Milnor in [Mi2] when he constructed two homeomorphic compact
polyhedra which are not PL homeomorphic. Our results state that there are no
obstructions to approximate continuous maps f : X — Y by differentiable maps
g: X — Y when Y admits a “good” triangulation. Of course, one cannot expect
that the approximating map g is a diffeomorphism or a PL. homeomorphism if the
map f we want to approximate is a homeomorphism. In fact, the approximating
maps g we construct in this paper are far from being injective (see Remark 3.12).

1.A. Weakly 6" triangulable sets. We assume in the whole article that
every subset of R™ is endowed with the relative Euclidean topology (where n €
N:={0,1,2,...}).

Let Y C R™ be a (non-empty) set. We say that Y is triangulable if it is home-
omorphic to a locally compact polyhedron of some RY. A locally compact polyhe-
dron of RY is defined as the realization |L| of a locally finite simplicial complex L
of RY. For related notions concerning simplicial complexes we refer the reader to
[Hu, M5].

Let X C R™ be a (non-empty) locally compact set and let 6°(X,Y") be the
set of all continuous maps from X to Y. We endow “6°(X,Y) with the strong
(Whitney) “6° topology. A fundamental system of neighborhoods of f € ‘60()( ,Y)
in such a topology is given by the sets

N(f.e)={9€6"(X.Y): |lg(x) = f(@)lln < e(z) ¥z € X},

where || - ||,, denotes the Euclidean norm of R” ande: X - Rt :={t € R:¢ >0}
is a strictly positive continuous function on X.

Denote N* := N\ {0} the set of all positive integers and fix r € N* U {co}.
Amap g: X — Y is a 6" map if there exist an open neighborhood U C R™ of
X (in which X is closed) and a differentiable map G : U — R"™ of class ‘6" (in
the standard sense) such that g(z) = G(z) for each x € X. Denote 6" (X,Y) the
subset of 6°(X,Y) of all 6" maps from X to Y.

Definition 1.3. Let r € N* U {eo}. A triangulable set Y C R™ is a 6€"-
approximation target space or a 6’ -ats for short if €"(X,Y) is dense in
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6°(X,Y’) for each locally compact subset X of each Euclidean space R™, where
m € N is any natural number.

If Y C R™is a “6"-ats, it is triangulable, so by [Ha, Cor.3.5] it is an absolute
neighborhood retract. This implies that if X C R™ is an arbitrary locally compact
set, f € 6°(X,Y) and g € 6" (X,Y) is any close enough approximation of f, then
g is homotopic to f (see [Ha, Thm.4.1]). Thus, close enough approximations of f
are also homotopic between them. In fact, 6" (X,Y") is not only dense in 6°(X,Y")
but it is also “homotopically dense” in 6°(X,Y) in the following sense: for each
f e 6°X,Y) and each strictly positive continuous function € : X — R* there
exists g € N'(f,e)N€"(X,Y) that is homotopic to f.

A natural question consists of determining if homotopic maps of ‘6" (X,Y") and
6" homotopic maps of 6" (X,Y") coincide. In case X is a locally compact set and
Y is a 6" submanifold with boundary, then homotopic maps of 6" (X,Y) are also
6" homotopic maps of 6" (X,Y) (see [ORR, Ch. III, Thm. 8.3]). The proof of this
result uses the following 6" approximation result relative to a closed subset X' of
X (whenY C R™ is a 6" submanifold with boundary).

THEOREM 1.4. [ORR, Ch. III, Thm. 6.1] Let X C R™ be a locally compact
set, let 1 € N*U{eo} and let Y C R™ be a 6" submanifold with boundary. Let
X' C X be a closed set and let f : X — 'Y be a continuous map such that f|y is
a 6" map for some neighborhood W C X of X'. Then there exists g € 6" (X,Y)
arbitrarily close to f in the strong 60 topology such that g coincides with f in a
neighborhood of X' in X.

In this work we analyze when a triangulable set Y C R™ is a 6" -ats. Clas-
sical examples of 6" -ats are the 6" submanifolds of Euclidean spaces. Indeed,
if Y is any 6" submanifold of R™, then it is triangulable (‘6" triangulable indeed)
by Cairns-Whitehead’s triangulation theorem [Ca]. In addition, by Whitney’s ap-
proximation theorem one can approximate each continuous map f : X — Y by an
arbitrarily close 6" map ¢g* : X — R" and then one can use a 6" tubular neighbor-
hood p: U — Y of Y inR" to define the 6" map g: X — Y,z — g(z) = p(g*(x))
arbitrarily close to f in the strong 6° topology of €°(X,Y").

If Y C R"is an arbitrary triangulable set, a serious difficulty arises: Y does not
have 6" tubular neighborhoods in R™ (recall that > 1)! An easy counterexample
is the 6" triangulable set Y := {zy =0} C R2. If there were a 6" retraction p: U —
Y, then dyp would be the identity on R? and the origin should be an interior point of
Y by the inverse function theorem, which is a contradiction. In fact, (boundaryless)
‘6" submanifolds of Euclidean spaces can be characterized by the existence of 6"
retractions, namely: if a subset of an Euclidean space can be covered by local ‘6"
retractions, it is a (boundaryless) 6" submanifold (see [Mic, Thm. 1.15]).

In order to overcome this problem concerning the lack of 6" tubular neighbor-
hoods (when Y is not a boundaryless 6" submanifold of R™), we introduce the key
concept of weakly 6" triangulable set.
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Fix r € N* U {eo} for a while.

Definition 1.5. We say that Y C R™ is weakly 6" triangulable if there exist a
locally finite simplicial complex L of some R? and a homeomorphism ¥ : |L| — Y
such that the restriction ¥|¢ : £ — Y is a 6" map for each simplex & € L.

Our first main result reads as follows.
THEOREM 1.6. Every weakly 6" triangulable set is a ‘6" -ats.

A natural matter that arises from the preceding statement is to reveal large and
relevant families of weakly 6" triangulable sets. A first relevant example is the
collection of 6" submanifolds with boundary of R™ (also treated in [ORR, Ch. III,
Thm. 6.1]):

COROLLARY 1.7. Every 6" submanifold with boundary of R™ is a 6" -ats.

Another important example is given by the family of locally compact polyhe-
dra itself. Indeed, each locally compact polyhedron is weakly 6™ triangulable by
definition. Consequently:

COROLLARY 1.8. Every locally compact polyhedron is a ‘6~ -ats.

Let Y C R"™ be a triangulable set, let L be a locally finite simplicial complex
of some R? and let ¥ : |L| — Y be a homeomorphism between the realization ||
of L and Y. Given w € L the star St(w, L) of w in L is the union of the interiors of
those simplices of L that have w as a vertex [M5, §2, p. 11]. Recall that the interior
of a simplex ¢ is defined as o with its proper faces removed [M5, §1, p. 5].

Recall that Y C R™ is said to be 6" triangulable if there exists a homeomor-
phism ¥ : |L| — Y between the realization |L| of a locally finite simplicial complex
of some R? and Y such that:

e the restriction ¥|¢ : £ — Y is a ‘6" map for each simplex & of L and

e the map d,, ¥V : St(w, L) = R", y — dy(¥|¢)(y — w) (Where ¢ is a simplex
of L such that y € £) is a homeomorphism onto its image for each w € L.

Every 6" triangulable set is weakly 6" triangulable by definition. For further ref-
erence concerning 6" triangulations see for instance [Ca], [M4, §11.8] and [Sh,
§L.3, pp. 72-94].

A set Y C R"™ is called locally ‘6" equivalent to a polyhedron, or locally ‘6"
polyhedral for short, if for each point x € Y there exist two open neighborhoods
U and V of z in R", a 6" diffeomorphism ¢ : U — V and a locally compact
polyhedron P of R™ such that z € P, ¢(z) =x and ¢(UNY) =V NP. In [Sh,
Prop. 1.3.13] Shiota proved that every locally ‘6" polyhedral set is ‘6" triangulable.
We deduce:

COROLLARY 1.9. Every 6" triangulable set is a ‘6" -ats. In particular, every
locally 6" polyhedral set is a 6" -ats.



972 J. F. FERNANDO AND R. GHILONI

A celebrated family of locally ‘6" polyhedral sets is the collection of 6" sub-
manifolds with corners of Euclidean spaces, which includes the above mentioned
collection of 6" submanifolds with boundary of Euclidean spaces. A subset Y C
R™ is a 6" submanifold with corners of dimension d if for each point z € Y there
exist an integer k € {0,...,d} and open neighborhoods U C R™ of x and V C R"
of the origin together with a ‘6" diffeomorphism ¢ : U — V such that p(UNY) =
Vn{x; >0,...,2, > 0,241 =0,...,2, =0} CR", see [Jo, Mel, Me2]:

COROLLARY 1.10. Every 6" submanifold with corners of R" is a ‘6" -ats.

Another well-known family of locally 6" polyhedral sets arises when consid-
ering subsets Y of a 6" submanifold M of dimension d of some R" with the fol-
lowing property: for each point x € Y there exists an open neighborhood W C M
of © endowed with a 6" diffeomorphism 1) : W — RP that maps x to the origin and
satisfies that 1)(Y NW) is a union of coordinate vector subspaces of RP. Inside the
preceding family appears unions of locally finite families of 6" submanifolds of
M that meet transversally (in the preceding sense). Sets obtained in this way are
called sets with (only) 6" monomial singularities [BFR, FGR]. A particular case
concerns 6" normal-crossing divisors, that is, unions of locally finite families of
‘6" hypersurfaces of M that meet transversally.

A very relevant class of triangulable sets is certainly the one of subanalytic sets,
which includes semialgebraic sets. See [BCR, BM1, Sh] for basic facts concerning
the geometry of these sets. Let us recall the main definitions.

A set Y C R" is semialgebraic if it admits a description as a finite Boolean
combination of polynomial equalities and inequalities. The set Y is called locally
semialgebraic if the intersection Y N B is semialgebraic for each compact ball B
of R"™.

Let U C R" be a (non-empty) open set. A set Y C U is analytic if for each
point z € U there exists an open neighborhood V' C U of z such that Y NV ={ f| =
0,...,fr=0}={ff+ -+ f2 =0} for some real analytic functions f; € 6“(V,R).
More generally, a set Y C U is semianalytic if for each point x € U there exists an
open neighborhood V' C U of x such that Y NV is a finite Boolean combination
of real analytic equalities and inequalities on V. The subanalytic sets are roughly
speaking the images of semianalytic sets under proper real analytic maps. More
precisely, Y C U is a subanalytic set if there exist an open subset W of some R?, a
real analytic map f : W — U and a semianalytic set 7" C W such that the restriction
flewy () : Clw (T') — U is proper and f(T) =Y. Here Clyy (T') is the closure of
T in W. Locally semialgebraic sets are semianalytic and hence subanalytic.

The Hironaka-Hardt triangulation theorem [Hi, Hr] asserts that each locally
finite family Q) := {Y;};c; of subanalytic subsets of R™ is “6“ triangulable on
open simplices” in the following sense [Hr, Thms. 1 & 2]: there exist a locally
finite simplicial complex L of some RY and a homeomorphism V : |L| — R"™ such
that:
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o the image V(&%) of each open simplex £° of L is a “6* submanifold of R™,

e cach restriction Ve : €0 — W(€0) is a 6% diffeomorphism.

e cach subanalytic set Y; is the (disjoint) union of some of the images W (&).

Unfortunately, this result does not ensure that a subanalytic subset Y of R" is
weakly ‘6" triangulable for some r € N* U {eo}.

The weakly ‘6" triangulability of semialgebraic and subanalytic sets is not yet
known for > 2. However, the situation is completely different for » = 1. In-
deed, in [OS] the authors have proved recently that every locally compact locally
semialgebraic set Y has a triangulating homeomorphism W : |L| — Y such that
U € 6'(|L|,Y). In particular, Y is weakly 6! triangulable. See [CP] for further
information concerning the regularity of .

As it is commented by the authors of [OS] in the first paragraph of the intro-
duction, it is straightforward to check that the techniques developed in [OS] extend
to the subanalytic case. It turns out that locally compact subanalytic sets are weakly
¢! triangulable as well. We deduce:

COROLLARY 1.11. Every locally compact subanalytic set is a 6'-ats. In par-
ticular, each locally compact locally semialgebraic set is a 6! ats.

Let us recall next the definition of o-minimal structure.

Definition 1.12. An o-minimal structure (on the field R) is a collection & :=
{S,, }nen- of families of subsets of R™ satisfying:

e G, contains all the algebraic subsets of R™.
&,, is a Boolean algebra.
IfA€eS,,and B€ &, then A X B € &, 4.
If 7 : R™ x R — R" is the natural projection and A € S, 1, then 7(A) € &,,.
G, consists precisely of all the finite unions of points and intervals of any

type.

The elements of | J,,.- S, are called definable sets of &. As a consequence of
Tarski-Seidenberg theorem, semialgebraic sets constitute an o-minimal structure,
which is in fact contained in each o-minimal structure. The collection of “global”
subanalytic sets is precisely the collection of definable sets in the remarkable o-
minimal structure R,,, see [Wi]. We refer the reader to [vD, vdDM] for further
information on the celebrated theory of o-minimal structures. As in the semialge-
braic case, we say thata set Y C R™ is a locally definable set of G if the intersection
Y N B is a definable set of & for each compact ball B of R".

Also in the o-minimal setting it is straightforward to adapt the constructions
developed in [OS, CP] to show that every locally compact locally definable sets of
any o-minimal structure is weakly ¢! triangulable (see the first paragraph of the
introduction of [OS]). We deduce the following extension of Corollary 1.11:

COROLLARY 1.13. Every locally compact locally definable set of an arbitrary
o-minimal structure is a 6'-ats.
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1.B. (C-analytic sets. Now, we focus on a quite significant subclass of sub-
analytic sets, the one of C-analytic sets (also known as global analytic sets [C]).
We do not know if C-analytic sets are weakly 6" triangulable for some r > 2,
but we develop an alternative approximation strategy to prove in Theorem 1.15 an
analogous result to Theorem 1.6 (with r = o) under the additional assumption that
the involved maps are proper.

Let U C R™ be a (non-empty) open set. A set Y C U is said to be a C-analytic
subset of U if there exist finitely many global real analytic functions fi,..., f, €
“6“(U,R) such that

By the term C-analytic set we mean a C'-analytic subset of an open subset of some
R™. Real algebraic sets and Nash sets are particular examples of C-analytic sets.

Let X C R™ be a locally compact set, let Y C R™ be a set and let 6°(X,Y")
be the set of all proper continuous maps from X to Y endowed with the relative
topology inherited from the strong 6" topology of ‘6°(X,Y’). Given r € N*U {eo},
we set 67(X,Y) :=6"(X,Y)NEX,Y).

Definition 1.14. Let r € N* U {eo}. A triangulable set Y C R" is a 6€-
approximation target space or a 6.-ats for short if 6.(X,Y) is dense in
CGS(X ,Y') for each locally compact subset X of each Euclidean space R™, where
m € N is any natural number.

Our second main result reads as follows.

THEOREM 1.15. Every C-analytic set is a €, -ats.

1.C. Sharpness. The results presented above provide families of triangu-
lable sets Y C R” for which 6" (X,Y) is dense in 6€°(X,Y") where 1 € N* U {eo}
and X C R™ is an arbitrary locally compact set. If s > 0 is any positive integer
such that s < r, one may ask whether 6" (X,Y") is also dense in 6°(X,Y") at least
in the case X is a 6° submanifold of R, where 6°(X,Y) is endowed with the
relative topology induced by the strong (Whitney) “6° topology of 6*(X,R") via
the natural inclusion 6°(X,Y") — €°(X,R").

The following example points out that there is no hope to obtain general state-
ments if s > 0.

Example 1.16. Let X := {(z,y) € R?: 22 + y*> = 1} be the standard circle, let
seN*andletY :={(z,y,2) € X xR: 2> —3**T! =0}. Note that Y is not a ¢* "'
submanifold of R3.

Consider the ‘6* map f: X =Y, (x,y) — (z,y,4°"'/?). Such a map cannot be
6! approximated (and hence 6* approximated) by maps in 6*"! (X,Y). Suppose
on the contrary that there exists a 6°"! map g := (g1,92,93) : X — Y arbitrarily
close to f in the strong 6" topology. Thus, g, := (g1,¢2) : X — X is arbitrarily €'
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close to the identity map on X, hence g, is a ¢**! diffeomorphism by the inverse
function theorem. As g3 = g§+1/3, it follows that (g30g; ) (x,y) = ys /3 isaqsT!
function on X, which is a contradiction. Indeed, such a function is not of class gst!

locally at (£1,0). This proves that 6°"!(X,Y) is not dense in 6°(X,Y).

If s =0, it is also sharp our choice r € N*U {eo}, that is, we cannot choose in
general 7 = w.

Example 1.17. Let Y := {xy =0} C R? and let f : R — Y be the continuous
map defined by f(¢) := (0,¢) if t <0 and f(¢) := (¢,0) if ¢ > 0. Then f cannot be
approximated by real analytic maps g = (¢—,¢+) : R — Y. Otherwise, g+ would be
a real analytic function on R vanishing identically locally at 4-co and nowhere zero
locally at FFeo, which is impossible by the principle of analytic continuation. The
reader may compare this “negative” example with the “positive” approximation
theorem [BFR, Thm. 1.7], which is a key result for the proof of the main theorem
of [Fel].

Similar examples appeared in our manuscript [FG].

1.D. An unexpected by-product. The techniques involved in the proof of
Theorem 1.6 reveal another approximation property of each locally compact poly-
hedron P that has interest by its own. We fix a convention: The set “6°(P,R™) of
strictly positive continuous functions on P is endowed with the partial ordering =
defined by € = 6 if e(w) < §(w) for each w € P. Note that ‘6°(P,R*) is a directed
set with such an ordering.

COROLLARY 1.18. Let K be a locally finite simplicial complex of RP and
let P:=|K| C RP be its underlying locally compact polyhedron. Then there ex-
ists a net {i.} ceg)(pr+) i 67 (P, P) that depends only on K, converges in the
Moore-Smith sense to the identity map on P in ‘GO(P, P) and satisfies the follow-
ing universal property:

(x) Let r € N*U{eo}, let Y C R™ be any weakly “€" triangulable set and
let f € 6°(P,Y) be such that f|, € €"(0,Y) for each o € K. Then the net
{fore}, (P r+) Converges in the Moore-Smith sense to f in €°(P,Y) and each
composition f o belongs to 6" (P,Y").

Remark 1.19. If in the preceding statement K is a finite simplicial complex,
the net {L5}€€<€0(PR+) can be replaced by a sequence {tt}ren in 67 (P, P) with
the same universal property.

1.E. Smooth relative approximations. A natural question that arises
when dealing with approximation problems concerns the existence of relative
versions.

Fixr € N*U {eo}.
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Let X' C X C R™ be non-empty sets such that X is locally compact and X’
is closed in X, let Y C R™ be a set and let f: X — Y be a continuous map whose
restriction f|x/: X' — Y to X' is a 6" map. Are there €" maps g : X — Y that
approximate f and satisfy g|x = f|x'?

As it is well known [M4, p. 42, Ex. (a)]: If Y admits a system of 6" tubular
neighborhoods in R™ (that is, Y is a boundaryless “6” submanifold of R™), then
relative approximation is always possible. We sketch here a proof of the previous
fact to stress once more the crucial role played by “6” retractions onto Y.

Sketch of proof. Let f € 6°(X,Y) be such that f|x is a 6" map. Let (V, p)
be a 6" tubular neighborhood of Y in R", where p: V' — Y is a 6" retraction.
By Whitney’s approximation theorem there exists go € 6" (X,Y") close to f in
the strong “6° topology. Let f; : X — R™ be a 6" extension of flx to a small
enough open neighborhood U C X of X'. Let {#,1 — 6} be a 6" partition of unity
associated to {U, X \ X'}. Then g; := 0 f; + (1—60)go: X — R™ is close to f in the
strong ‘6” topology and gy |x’ = f|x'. We may assume in addition g; (X) C V and
g:=pogpiscloseto po f = f in the strong ¢° topology (see Lemma 2.1 below).
Observe that g|x» = g1|x’ = f|x, as required. O

For more general spaces Y, which do not have 6" retractions of open neigh-
borhoods of Y in R™ onto Y, the situation is more restrictive with both X’ and
the restriction f|x-. Let us see some enlightening counterexamples concerning 6"
manifolds Y with non-empty boundary.

Examples 1.20. Let Y be a ‘6" submanifold of R™ with non-empty boundary.
Let D(Y') be the double of Y. Denote 7, the tangent space of Y at the point
yeY.Leth:Y — Rbea“6” equation of the boundary Y of Y such that {h > 0}
equals the interior Y\ Y of Y and d,h : T,)Y — R is surjective for each y € 9Y".
A well-known way to endow D(Y) with a 6" structure is to identify it with the
boundaryless 6" manifold M := {(z,t) € Y x R : t*> = h(z)}. We also identify Y’
with M N {t > 0}. Denote 7 : R™ x R — R the projection (z,t) — ¢, which satisfies
m(Y) C [0,+e0) and 7(9Y') = {0}.

(i) Let X’ € X C R™ be non-empty sets and let f : X — Y be a continuous
map such that the restriction f|x/: X’ — Y is a ‘6" map. Assume that there exists
a continuous path 3 : [—1,1] — X such that ([0, 1]) C X', the restriction S| :
[0,1] = X isa 6" map, f(3(0)) € 9Y and the derivative (wo fo3)'(0) of mo fo 3
at 0 is strictly positive. Recall that 7(Y") C [0, +e) and 7(0Y") = {0}. Consider the
continuous map

[ =11 = [0, ee), t = w(F(B(D))-

Note that f*| 1 is a ‘6" map, f*(0) =0 and (f*)'(0) > 0. It follows immediately
that there exists no 6" map g : X — Y such that g[x = f|x (or better g|g(0,1) =
fls(o,17))- Otherwise, the €" map g* : [~1,1] — [0,+e0), t = 7(g(3(t))) would
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coincide with f* on [0,1], so (¢*)(0) = (f*)'(0) > 0, so g* would be strictly in-
creasing locally at ¢ = 0 in [—1, 1]. This is impossible because g*(0) = f*(0) =0
and ¢g* > 0 on the whole interval [—1, 1]. Consequently, there exists no 6" exten-
sion of f*[j 1) to [~ 1, 1] whose image is contained in [0, +<0) and there exists no
6" extension from X to Y of f|y. In particular, there exists no 6" approximation
g of f such that g|x = f]|x.

(') An easy example in which the obstruction described in (i) appears is the
following: X :=[~1,1], X' :=[0,1], Y :={(z,y) e R*>:y >0} and f: X =Y
is given by f(t) := (¢,0) if t € [—1,0), f(¢) :=(0,¢) if t € X’ =[0,1] and 3 :
[—1,1] — X is the identity map.

(ii) We keep the notations fixed above concerning the 6" submanifold Y of R"
with non-empty boundary. Suppose that Y has dimension d. Consider the continu-
ous map

fi:DY) =Y, (2,t)— (,[t]).
We claim: fi|y =idy (which is €"), but fi|y admits no 6" extension to D(Y")
whose image is contained in'Y . This implies that there exists no 6" approximation
g of f1 such that gly = fily.

Pick a point yg € Y. Let € > 0, let B, (0, €?) be the open ball of R” centered at
0 with radius € and let U C R™ be an open neighborhood of 7o endowed with a 6"
diffeomorphism w := (uy, ..., u,) : U — By (0,€?) such that u(yg) =0, u(UNY) =
B, (0,)N{x; >0,24,1 =0,...,2, =0} and v, (x) = h(z) foreachz € UNY.
Consider the 6" diffeomorphism

uw U =U xR — B,(0,2) xR, (z,t) — (u(z),t)
such that u*(y9,0) = (0,0) and
uw*(D(Y)NU*) = (B, (0,) x R)N{x; = t*, 24,1 =0,...,2, =0} = M*.
Consider the path o : (—e,€) — M*, t +— (¢2,0,...,0,t) and define the function

fit(me0) =R, tea(fi((u') ™ (at)) = [t.

Observe that f{jo) : [0,€) = R, ¢+~ tisa 6" function, but there exists no exten-
sion of f{(o,) to (—¢, €) whose image is contained in 7(Y") C [0, +co). In particular,
there exists no ‘6" extension of fi|y to D(Y") whose image is contained in Y, as
required.

In order to avoid the obstruction described in the preceding examples, in [ORR,
Ch. III, Thm. 6.1] (see Theorem 1.4 above) the authors slightly modify classical
relative approximation statement and ask (as a stronger hypothesis) that the restric-
tion of the continuous function f to a small enough open neighborhood W C X
of X’ is a 6" map. Then they take advantage of the existence of 6" tubular neigh-
borhoods of Y\ 9Y in R™ and of 6" collars of Y in Y. In this way, they obtain
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a 6" approximation g of f which coincides with f on a neighborhood W' C W
of X’. Since g = f on a neighborhood W’ C W of X, it seems not possible to
integrate the constructions in [ORR, Ch. III, Thm. 6.1] with our approximation
method to achieve more general situations, unless f is constant on W (see Remark
3.12 below).

Suppose next X' is a discrete and closed subset of X. Our next result states
that 6" approximation of continuous maps f : X — Y relative to X' is possible.

THEOREM 1.21. Let X C R™ be a locally compact set, let X' be a discrete and
closed subset of X, let Y C R™ be a weakly 6" triangulable set and let f : X —Y
be a continuous map. If f(X') is discrete and closed in'Y, then there exists g €
6" (X,Y) arbitrarily close to f in the strong 6" topology such that 9lx = flx

The latter result implies straightforwardly some properties of weakly 6" tri-
angulable sets Y concerning connectedness and homotopy. Fix yo € Y and denote
7p(Y,y0) the pth homotopy group of the pointed space (Y,yo) for each p € N*. We
understand the elements of 7,(Y,yo) as the homotopy classes of continuous maps
(SP,N) — (Y,10), where S? is the standard p-sphere and N is its north pole. The
path-connected components of Y coincide with its 6" path-connected components
and each element of 7,(Y,yo) has a representative of class €".

COROLLARY 1.22. Let Y C R"™ be a weakly 6" triangulable set. We have:

(i) Each continuous path v : [0,1] — Y can be approximated in the strong 60
topology by 6" paths «: [0,1] =Y such that «(0) = v(0) and (1) = ~v(1).

(ii) Every element of my(Y,yo) can be represented by a ‘6" map.

The preceding corollary holds for r = o if Y is a locally compact polyhedron
and for » =1 if Y is a locally compact locally definable set in an arbitrary o-
minimal structure.

Theorem 1.21 can still be extended: the crucial property to have approxima-
tions relative to X’ is that f(X’) has no accumulation points in Y. Before entering
into details, we introduce the following definition.

Definition 1.23. Let X’ C X C R™ be sets such that (X is non-empty and)
X' is closed in X. The pair (X,X’) is weakly* ‘6" triangulable if there exist a
locally finite simplicial complex K of some R?, a subcomplex K’ of K and a
homeomorphism @ : |K| — X such that ®(|K’|) = X’ and the restriction ®|,o :
0¥ — X is a 6" map for each open simplex ¢ of K. We say that X is weakly* ¢"
triangulable if so is the pair (X,0).

Let X’ C X C R™ be such that X is locally compact and X' is closed in X.
The pair (X, X”) is a subanalytic pair if both X and X' are subanalytic subsets of
R™. Analogously, if & is an o-minimal structure (on the field R), the pair (X, X")
is a locally definable pair of & if both X and X’ are locally definable sets of
&. By Hironaka-Hardt’s triangulation theorem a subanalytic pair is a weakly* 6™
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triangulable pair, whereas by [Sh, Ch. II, Thm. II’] a locally definable pair is a
weakly* 6~ triangulable pair.
The announced extension of Theorem 1.21 is the following.

THEOREM 1.24. Let (X, X") be a weakly* 6" triangulable pair, let Y C R"
be a weakly 6" triangulable set and let f : X — Y be a continuous map such
that f(X') is discrete and closed in'Y . Then, there exists g € 6" (X,Y") arbitrarily
close to f in the strong “6° topology such that g|x = f|x.

As an immediate consequence of the preceding result, one deduces the follow-
ing:

COROLLARY 1.25. Let (X, X') be either a subanalytic pair or a locally de-
finable pair of an arbitrary o-minimal structure S, let Y C R" be a set and let
f: X =Y be a continuous map such that f(X') is discrete and closed in'Y'. We
have:

() If (X, X') is a subanalytic pair and Y is a locally compact polyhedron,
there exists g € 67 (X,Y) arbitrarily close to f in the strong 6" topology such
that g|x = f|x.

() If (X, X') is a locally definable pair of & and Y is a locally compact
locally definable set of G, there exists g € ‘GI(X ,Y') arbitrarily close to f in the
strong €° topology such that 9lx = flx~

1.F. Structure of the article. In Section 2 we collect a couple of prelimi-
nary results concerning spaces of continuous maps. In the first part of Section 3 we
present our variant of the general approximation theorem and our “shrink-widen”
covering and approximation technique. In the second part we combine these re-
sults with the ones in Section 2 to prove Theorem 1.6. We provide also the proof of
Corollary 1.18 and the relative approximation Theorem 1.24 (from which follow
readily the other results in Section 1.E). Section 4 is devoted to prove Theorem
1.15, which involves the proof of the existence of 6" weak retractions and the
immersion of C'-analytic sets as singular sets of coherent C-analytic sets homeo-
morphic to Euclidean spaces. Weaker and purely semialgebraic versions of some
results presented in this article appeared in our preceding manuscript [FG].

Acknowledgments. The authors are indebted to the anonymous referee for very
valuable suggestions to improve the presentation of this article. This article has
been mainly written during a couple of one month research stays of the first author
in the Dipartimento di Matematica of the Universita di Trento. The first author
would like to thank this department for the invitation and the very pleasant working
conditions.

2. Preliminaries on spaces of continuous maps. In this short section we
collect a couple of results useful for the sequel. First we fix two notations we will
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use freely throughout the manuscript. Let S,7" C R? be such that S C T. Denote
respectively Clp(S) and Int7(S) the closure of S in 7" and the interior of S in T'.
The following result is well known and its proof follows straightforwardly from
[H3, §2.5. Ex.10, pp. 64—65] using standard arguments.

LEMMA 2.1. Let X CR™, X' CR™, Y C R" and Y' C R" be locally com-
pact sets, let f : Y — Y’ be an arbitrary continuous map and let g : X — X' be a
proper continuous map. Then the maps

fr :€(X,Y) = €%(X,Y"), h— foh
and
g €X' Y) =€ (X,)Y), h—hog
are Continuous.

As a consequence, we deduce:

COROLLARY 2.2. Let X CR™ and Y C R"™ be locally compact sets. Then
there exist closed subsets X' of R™ and Y' of R"*! such that:

e X' is homeomorphic to X and Y’ is homeomorphic to Y,
and the following property holds for each r € N* U {ec}:

o 6€"(X,Y) is dense in €°(X,Y) if and only if 6" (X')Y') is dense in
€UX",Y).

In addition, if Y is a C-analytic subset of some open subset U of R", then
there exists also a C-analytic subset Y" of R*"*! homeomorphic to' Y such that
€(X,Y) is dense in 6°(X,Y) if and only if €2 (X', Y") is dense in €°(X',Y").

Proof. As X CR™ and Y C R" are locally compact (or equivalently locally
closed) sets, the differences Clgm (X)\ X and Clg»(Y)\ Y are respectively closed
in R™ and in R”. Let 0 : R™ — R and £ : R™ — R be 6~ functions such that
671(0) = Clgm (X)\ X and £ 1(0) = Clgn (V) \ Y. Define X' :={(z,t) € X xR:
t=1/0(x)}and Y := {(y,t) € Y xR :t=1/&(y)} and consider the homeomor-
phisms ©: X' — X and Z:Y — Y given by O(x,t) :=x and Z(y) := (y,1/£(y)).
The sets X’ and Y are respectively closed in R™*! and in R"!. By Lemma 2.1
the map H : 6°(X,Y) — €°(X',Y") given by H := ©* 0 Z, is a homeomorphism.
As ©,071, Zand =7 are 6™ maps, we deduce H(€"(X,Y)) =6"(X',Y") for
each r € N* U {eo}, so the first part of the statement is proved.

Let us prove the second part. By Whitney’s embedding theorem for the real
analytic case [Na, 2.15.12], there exists a real analytic embedding ¢ : U — R>" !
such that M := ¢(U) is a closed real analytic submanifold of R>"*!. By Cartan’s
Theorem B real analytic functions on M are restrictions to M of real analytic
functions on R?"*!, Thus, Y” := (Y) is a C-analytic subset of R>"*!. Denote
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®:Y — Y the restriction of ¢ from Y to Y and H' : 6°(X,Y) — €°(X',Y")
the homeomorphism H’ := ©* o ®,. We conclude H'(€%(X,Y)) = €%(X',Y")
and H'(67(X,Y)) =65 (X', Y"), as required. O

Remark 2.3. Let X C R™ and let Y C R” be (non-empty) sets such that X
is locally compact. Consider a locally finite covering {Cy }scz, of X by non-empty
compact sets and a family {&,}c, of positive real numbers. Making use of a suit-
able €° partition of unity on X, one shows the existence of a strictly positive
continuous function € : X — R such that maxc, (¢) < ; for each ¢ € L. This im-
plies that a fundamental system of neighborhoods of f & ‘60(X ,Y) for the strong
6" topology of €°(X,Y’) is given by the sets

N(f,{Ce}ecr.{ee}ecr)
i={g€€"(X,Y): |lg(x) — f()|ln <e¢ VL€ L, Yz € Cy},

where {C}} e, runs over the locally finite coverings of X by non-empty compact
sets and {g/}sc, runs over the families of positive real numbers with the same set
L of indices.

3. Proofs of Theorem 1.6 and Corollary 1.18. In this section we develop
first all the machinery we need to prove Theorem 1.6:

e a variant of the general simplicial approximation theorem (that appears in
Section 3.A),

e a “shrink-widen” covering and approximation technique (that appears in
Section 3.B),
and after we approach its proof (see Section 3.C). Finally, we prove Corollary 1.18
and Theorems 1.21 and 1.24 (see Sections 3.D, 3.E, and 3.F) in the required or-
der. A weaker “finite” version of the “shrink-widen” covering and approximation
technique, that we present here in Section 3.B, is contained in our manuscript [FG].

3.A. A variant of the general simplicial approximation theorem. Given
a locally finite simplicial complex K of some R?, a subdivision K' of K is a locally
finite simplicial complex K’ of R such that | K’| = | K| and each simplex of K is
a subset of some simplex of K. A particular case of subdivision of K is the first
barycentric subdivision sd(K) of K. We denote sd* (K ) := sd(sd* ! (K)) the kth
barycentric subdivision of K for k > 1, where sd°(K) := K.

Let L be a locally finite simplicial complex of some R? and let F': | K| — | L]
be a continuous map. A simplicial map F'*® : |K| — |L| is said to be a simplicial
approximation of F'if F(St(v,K)) C St(F**(v), L) for each vertex v of K. If w €
|L|, the carrier of w in L is the unique simplex 7 € L such that w € 7°. The classical
simplicial approximation theorem asserts:
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THEOREM 3.1. [Al] If K and L are finite simplicial complexes, there exists a
natural number k such that F has a simplicial approximation F* :|sd*(K)| — |L|.
In addition, if w € |K| and 7 is the carrier of F(w) in L, then F*(w) € T.

As an immediate consequence:

COROLLARY 3.2. If K and L are finite simplicial complexes and € > 0 is
a positive real number, then there exist two natural numbers k and £ and a sim-
plicial map F* : |sd*(K)| — |sd*(L)| such that | F*(w) — F(w)||, < ¢ for each
w € |sd”(K)| = |K|.

We need to extend the latter result for locally finite simplicial complexes K
and L with respect to the strong € topology of 6°(| K|, |L]).

Let K and L be arbitrary locally finite simplicial complexes and let
F :|K| — |L| be a continuous map. We say that F' satisfies the star condi-
tion (relative to K and L) if for each vertex v of K there exists a vertex w of L
such that F'(St(v,K)) C St(w, L).

LEMMA 3.3. [MS5, Lem. 14.1(a)(b)] If the continuous map F' : |K| — |L| sat-
isfies the star condition, then it has a simplicial approximation F* : |K|— |L|.

Given two coverings A and B of | K|, we say that B refines A if for each B € B,
there exists A € A such that B C A. If v is a vertex of K, the closed star St(v, K)
of vin K is defined as the closure of St(v, K) in | K|. Observe that St(v, K) is the
union of all simplices of K having v as a vertex. In particular, it is the realization
of a simplicial subcomplex of K.

THEOREM 3.4. [M5, Thm. 16.4] Let K be a locally finite simplicial complex
and let A be an open covering of | K|. Then there exists a subdivision K' of K such
that the collection of closed stars St(v, K'), where v ranges over the vertices of K',

refines A.

If we define A as the collection of F~!(St(w, L)), where w ranges over the
vertices of L, then there exists by Theorem 3.4 a subdivision K’ of K whose closed
stars refines A. Consequently, F' satisfies the star condition relative to K’ and L
and Lemma 3.3 implies:

THEOREM 3.5. (General simplicial approximation [M5, Thm. 16.5]) Given a
continuous map F' : |K| — |L| between locally compact polyhedra, there exists a
subdivision K' of K such that F' has a simplicial approximation F* : |K'| — |L|.

As pointed out above, we need a suitable version of the preceding theorem that
takes into account, not only simplicial approximation, but also strong ¢° approxi-
mation: as Corollary 3.2 does with respect to the classical simplicial approximation
Theorem 3.1. To do this, we introduce the notion of weakly simplicial map.
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Definition 3.6. Let K and L be locally finite simplicial complexes and let I :
| K| = |L| be a continuous map. Suppose |K | C RP and |L| C RY. We say that F' is
weakly simplicial if, for each simplex o € K, there exist a simplex &, € L and an
affine map A, : RP — R? such that F'(0) C &, and F(z) = A,(x) for each z € 0.

Observe that each weakly simplicial map F': | K| — | L] is uniquely determined
by their values on the vertices of K. Evidently, each simplicial map is weakly
simplicial. On the contrary, the map F': {0} — [—1,1], 0 — 0 is an easy example
of a weakly simplicial map between polyhedra of R which is not simplicial, if
[—1,1] is the realization of the simplicial complex K := {{—1},{1},[—1,1]}.

Our variant of the general simplicial approximation Theorem 3.5 is the follow-
ing.

THEOREM 3.7. (Weakly simplicial approximation) Let K and L be locally
finite simplicial complexes and let F : |K| — |L| be a continuous map. Assume
|L| C RY. Then, for each strictly positive continuous function ¢ : |K| — R, there
exist a subdivision K' of K and a weakly simplicial map F* : |K'| — | L| such that

| F*(w) — F(w)]lqg <e(w) foreachw € |K'| = |K|.
In addition, if w € |K| and T is the carrier of F(w) in L, then F*(w) € T.
Proof. The proof is conducted in several steps:

Step 1. Initial preparation. Assume the simplicial complex K is infinite, be-
cause if K is finite the result follows from the classical simplicial approximation
Theorem 3.1.

Denote P := | K| C RP the realization of K. It turns out that P is locally com-
pact, but not compact. Choose a sequence { P, },ecn of compact subsets of P such
that for each n € N*:

e P, :=|K,| is the realization of a finite subcomplex K, of K.

e Intp(P,) is compatible with K, that is, it is the union of the interiors of
some of the simplices of K,.

e P, | CIntp(P,), where Py :=0.

i UnGN P, =P.

The compact sets P, can be constructed as follows. Let § : RP — R be a
continuous function such that §~'(0) = Clg»(P)\ P and consider the map 0" :
RP\ §71(0) — RP!, &+ (2,1/6(x)), which is a homeomorphism onto its im-
age and satisfies 0*(P) is a closed subset of RP*!. For each r > 0 denote B(r) :=
PN (07) Y (Bps1(0,7)) and B(r) := PN (6*) 1 (Bp41(0,7)), where By11(0,7) is
the open ball of RP*! with center the origin and radius r and B,(0,7) is its
closure in RP*!, Take a strictly increasing sequence of natural numbers {m,, },en-
such that B(m) # 0 and consider the collection of compact subsets {B(m,) }nen:
of P.
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For each n € N* define V,, as the collection of the vertices v of KX whose
open stars St(v, i) meet B(m,,). Let K, be the subcomplex of K consisting of all
simplices o such that V,, contains a vertex of o, and all their faces. Define P, :=
| K| Observe that P, = ¢y, St(v, K) and B(my,) C Intp(P,). We may assume
that P,, C B(m,+1) (changing m,, by a bigger integer if necessary). Set K := 0,
Py :=|Ky| =0 and P_; := 0. The compact sets P, satisfy the required conditions.
Only the second property requires some comments. Pick a point z € Intp(P,) and
let o € K,, be the carrier of . Let us check: ¢° C Intp(P,). Once this is proved,
Intp(P,) is the union of the interiors of some of the simplices of K,,.

The star St(o, K) is the union of the interiors of all the simplices A € K that
have o as one of their faces. As = € Intp(F,), there exists an open ball B,(x,6)
centered at = and radius 0 > 0 such that By, (x,6) NP C P,,. Observe that B,,(x,5) N
P meets all the simplices A € K that have o as one of their faces. As P, is the
realization of the simplicial subcomplex K, the simplices A € K that have o as
one of their faces belong to K,,. Consequently, St(o, K') C P, and as it is an open
subset of P, we conclude 0¥ C St(o, K) C Intp(P,).

For each n € N let U,, be an open subset of P such that

P, CU,C Clp(Un) C IntP(Pn+1).

=

We set U_; = U_, := 0. Let {¢, }nen be the non-increasing sequence of positive
real numbers

€n 1= mi}g {e(w)} >0 foreachn € N*

we

and set ¢ 1= €.

Step II. Construction of a suitable covering. For each n € Nlet L,, := sd’» (L)
be an iterated barycentric subdivision of L such that £,, < /¢, and:
(3.1
The diameters of all simplices & of L, with ENF (P, \Intp(P,_1)) # 0 are < .

For each vertex v of L,, consider the open star St(v, L,,) of v in L,, and define
the open subset V;, ,, of | K| given by

Vi = F 1 (St(v, L)) N (Intp(P,) \ Clp(Up—2)).

We claim: A :={V,,, : n € N, v is a vertex of Ly, } is an open covering of P.
Pick a point zy € P. Then there exists n € N such that

xo € Int(Pn) \Int(Pn,l) C Intp(Pn) \Clp(Unfz).
In addition, F(z¢) € |L| = |Ly|. As {St(v,L,,) : visa vertex of L,,} is an open

covering of | L|, there exists a vertex v of L,, such that F'(x) € St(v, L), so xg €
Vi, as claimed.
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By Theorem 3.4 there exists a subdivision K’ of K such that the collection of
closed stars St(u, K'), where u ranges over the vertices of K, refines A. Observe
that K’ induces subdivisions K7, of K, for each n € N*.

Step 111. Construction of the weakly simplicial map. For each n € N, let us
consider the finite subcomplex 7}, of K defined by

T, = {a €K :0CP, \Intp(Pn,l)}.

We claim: |T,,| = P, \ Intp(P,—1) and consequently |T,,_i|N|T,| = Po_1\
Intp(Pn,l).

Let 2z € P, \Intp(P,_;), let o be the carrier of x in K, and let 7 be the carrier
of z in K,,. It holds o C 7. It is enough to check: 7 C P, \Intp(P,_1). As P, =
| K, |, we have 7 € K, so 7 C P,. As Intp(P,_1) is the union of the interiors of
some of the simplices of K,, 1, either 70 C Intp(P, ) or TNIntp(P,_|) = . As
x €79\ Intp(P,_1), we conclude 7 NIntp(P, ;) = @ and the claim follows.

We construct inductively weakly simplicial maps F)' : |T},| — |L,,| satisfying:
F;“Tn‘m‘Tnfl‘ = F;kal ‘lTnlmlTn—ll and for each vertex v of T}, it holds:

e If u e Intp(P,)\Intp(P,_;), we have two possibilities: either F)\(u) is a
vertex of Ly, such that F(St(u, K")) C St(F;i(u), Ly,) or it is a vertex of Ly such
that F(St(u, K")) C St(E(u), Lyt 1).

e Ifue P,\Intp(P,), we have only one possibility: F(u) is a vertex of Ly
such that F(St(u, K")) C St(EF*(u), Ly 1).

Fix a vertex u of T}, and consider the following two cases:

Case 1. If w € P, \ Intp(P,), there exists a vertex v of L, such that
F(St(u,K")) C St(v, Ly 1).

Case 2. If u € Intp(P,) \ Intp(P,_;), then w is a point of Intp(P,)\
Clp(Uy—2). In addition, u can also belong to Intp(P,41) \ Clp(U,—_1) because
Intp(P,) \ Clp(U,—_1) # 0. In any case, there exist:

e avertex v € L,, such that F(St(u, K")) C St(v, L,,) and/or

e avertex v’ € L, such that F(St(u, K')) C St(v', L,,11).

Consequently, with this procedure we cannot construct a priori a simplicial map,
because the vertices v,v’ could not belong to the same iterated barycentric subdi-
vision of L. This is why we construct inductively a weakly simplicial map.

As |To| = Py = @, in the first induction step we have nothing to do. Let n >
1 and assume we have already constructed the map F;_, satisfying the required
conditions. We construct next the map F}; and to that end we define first F}; on the
vertices of 1},.

Fix u a vertex of T}, and suppose first u € P, \ Intp(P,_1). As

P, \Intp(Pn,l) = |Tn,1| M |Tn|,
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u is a vertex of the simplicial subcomplex 7,1 N7T,. We define F)(u) :=
F}_,(u). By induction hypothesis F;(u) = F'_,(u) is a vertex of L,, such that
F(St(u,K")) C St(F*(u), Ly,).

Suppose next u € Intp(P,) \ P,—1. As Intp(P,) \ P,—1 C Intp(P,) \
Intp(P,_1), there exists a vertex v € L,, such that F(St(u,K’)) C St(v,Ly,)
and/or there exists a vertex v’ € Ly, such that F(St(u,K’)) C St(v', L, 41) (as
pointed out above). Choose one of the mentioned vertices v or v’ and define either
FEi(u):=vor F(u) =7

Finally, if v € P, \ Intp(P,), we choose a vertex v € L, such that
F(St(u,K")) C St(v, Ly, +1) and define F} (u) = v.

Pick a simplex o of T,,. We claim: if o has vertices uy,...,u,, there exists a
simplex & € Ly, such that the points vy := F}(u),...,v, := F}(u,) belong to €.

If v is a vertex of L, then St(v,Ly41) C St(v, Ly,). After rearranging the in-
dices if necessary, we assume that for some s € {1,...,r} it holds:

o {v} € L, and F(St(ug, K')) C St(vg, L,,) if £ € {1,...,s},

o {v} €L, 1\ Lyand F(St(ug, K')) C St(vg, Ly 11) if £ € {s+1,...,7},
where the latter case is omitted if s = 7.

Pick a point x € ¢° and let ¢ be the carrier of F(x) in L,. As x €
My—; St(ug, K"), it holds

F(z) € () F(St(ug, K)) € (\St(vg, L) N ) St(vg, Lny).
/=1 /=1

l=s+1
Thus, vy,...,vs are vertices of £ and vgyq,...,v, are vertices of the iterated
barycentric subdivision sdfn1=tn (&) of the simplicial complex £ constituted by
the simplex £ and all its faces. Consequently, vy,...,v, € £, as claimed.

We keep the notations already introduced and define F}' : |T},| — | Ly, | (simplex
by simplex) as one can expect: Let A, ..., \, > 0 be such that x = Z:: | it € o?
(where uy,...,u, are the vertices of o) and Y ;_, \; = 1. Then

Fya) =Y X\Fy(u;) €.
i=1

Thus, F}; transforms (affinely) each simplex of 7}, onto a convex polyhedron con-
tained in a simplex of L,, (if s < r we cannot assure that I () is a simplex because
Ust1,--.,0p are not vertices of £). In addition, if 7 is the carrier of F(z) in L, then
F}(xz) € £ C 1. Define

F*:|K|—|L|, xzw F;(z) ifzeT,.

The previous map is well defined, continuous and weakly simplicial because
FXlir 0, = F_1li1, |7, | and each F}; is continuous and weakly simplicial.
By construction F™*(z) belongs to the carrier 7 of F'(x) in L for each = € | K|.



SMOOTH APPROXIMATIONS IN PL GEOMETRY 987

Step IV. Approximation. Pick z € |T,| = P, \Intp(P,_1). Let o be the carrier
of x in K’ (or equivalently in K)) and let £ be the carrier of F'(x) in L,. The
intersection £ N F'(P, \ Intp(P,_;)) is non-empty because it contains F'(x). By
(3.1) the diameter of £ is strictly smaller than €,,. As F*(z) € £, we have || F*(z) —
F(x)|lq < €n < e(x), as required. O

Remarks 3.8. (1) If in the statement of Theorem 3.7 H is a subcomplex of K
such that F(|H|) is contained in the set of vertices of L, then F*| g = F| .

Let C be a connected component of |H | and let v be the vertex of L such that
F(C)={v}.If x € C, then the carrier of F'(x) is v, so the last assertion in Theorem
3.7 implies F*(z) = v = F(x). Consequently F™*| |z = F| g, as claimed.

(i) If F' is proper in the statement of Theorem 3.7, then it is well known that
F* can be chosen simplicial.

This result can be proven by combining the version of simplicial approximation
theorem presented in [B, Ch. 5, p. 223] with the following elementary fact that
follows from Lemma 2.1: if F': |K| — |L| is a proper continuous map and ¢ :
|K| — R is a strictly positive function, then there exists a strictly positive function
01 |L| = R such that §(F(z)) < e(x) for each x € |K|.

3.B. The “shrink-widen’ covering and approximation technique. Leto
be a simplex of R?, let Bd(c) be the boundary of ¢ and let o° be the interior of
o. Recall that Bd(o) is the union of proper faces of o and o is the open simplex
of RP such that 0° = o\ Bd(c). Let b, be the barycenter of o. Given ¢ € (0,1)
denote he : RP — RP, x — b, + (1 —¢)(x — b, ) the homothety of R” of center b,
and ratio 1 — ¢ and define the (1 — ¢)-shrinking o2 of 0° by 02 := h.(c°). Note
that Clg» (09) = h.(c) C 0¥ for each ¢ € (0,1) and o tends to o° when ¢ — 0. In
addition, 0¥ = Uge(o’l)ag and 02 C ol if0<e <er <.

We fix the following notations for the rest of the subsection. Let r € N* U {eo}
and let X C R™ be a locally compact set. Suppose X is 6" triangulable on open
simplices, that is, there exists a locally finite simplicial complex K of some R? and
a homeomorphism ® : | K| — X such that: the set ®(c°) is a 6" submanifold of
R™ and the restriction ®| : 0 — ®(c°) is a €" diffeomorphism for each open
simplex 0 of K. Define K? := {®(0°)}yerr and K := {®(0) }pek.

To lighten the notation the elements of K will be denoted with the letters s, t,. ..
while those of K with the letters s, t°, ... in such a way that Clgm (s) = s. In other
words, if s = ® (), then s” = & (). Moreover, we indicate s the (1 — ¢)-shrinking
of s = ® (o) corresponding to 0¥ via ®, that is, s := ®(a?).

Consider a 6" tubular neighborhood p.o : Ty — s” of s in R and for each
1> 0 the open subset Ty ,, := {x € Ty : ||z — po (), <7} of R™. We write s?
to denote the n-widening of s° with respect to pe, which is the open neighborhood

0= (po) (s NTy,, of s2 in R™. If C is a closed subset of R™ such that

Q=
CNClgm(s)) = @, there exists 7 > 0 such that C N Clgm(s?, ) = @ (recall that
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Clgm (s2) is compact). Denote Ps0.em = Psdls o 527,7 NX — sY the 6" retraction
obtained restricting p from sg,n NX tos?.

LEMMA 3.9. Fix a strictly positive function ) : K® — R*. Then for each s° €
KO there exist a non-empty open subset Vo of s° (a “shrinking” of s°), an open
neighborhood Uy of Vy in X (a “widening” of V) satisfying Vo = Ugp N and
a 6" retraction ry : Up — Vo such that:
(i) {Ug }soexo is a locally finite open covering of X.
(ii) Clgm(Ug) Nt = @ for each pair (s,t) € K x K satisfying " Nt = @.
(ii1) supmGUSO{Hm —790(2)||m} < n(sY) for each s € K.

Proof. Define d := max{dim(s") : s° € X°} < m, where dim(s") is the dimen-
sion of s” as a 6" submanifold of R™. Of course d coincides with the dimen-
sion of the semialgebraic set | K|, which is equal to max{dim(c®) : 0 € K}. Let
K0 := {s" € X : dim(s?) < e} for e € {0,1,...,d}. Let us prove by induction on
e €{0,1,...,d} that: For each s° € X there exist an open subset U, of X and a
6" retraction 1% U= Ve=UgN O £ & such that:

(a) Ust)exg s’ C Us%%% UseO'

(b) Clge (U%) Nt = O for each pair (s°,t) € KO x K satisfying "Nt = 2.

(c) superj){H:r —1%(@)[lm} < n(s%) for each s° € K0.

Suppose first e = 0. Choose {v} € K. As the family X is locally finite in X,
the union {Jyeqc ¢ t is closed in X and it does not contain v. Consequently, there
exists 77, € (0,n({v})) such that the open ball B(v,27,) of R™ of center v and
radius 27, does not meet [Jycx g t- Define U?U} = B(v,n,) N X, V{%} = {v}
and T?U} : U?v} — V{%}, x + v the constant map for each {v} € K.

Fix e € {0,...,d — 1} and suppose that the assertion is true for such an e. Pick
o € K of dimension e+ 1 and consider the compact subset

Coma\e ' () Ug)

TeK, 7CBd(o)

of 0¥ = Useco1) 0. Lete(a”) € (0,1) be such that C, C ag Ifs=®(0), define

(@)

£(s?) := (o) and sg(so) = @(Jg(go)). We have
0 0
U ScUuwu U s
$ex?, s0exK s0ex?, \KQ

If (s°,t) € (K2, \ K9) x K satisfies s" Nt = &, then ClRm(sg(so)) Nt = & because
Clgm (sg(so)) C s’ Lets? € K9, | \ KY. As the family X is locally finite in X, there
exists 17/ (s”) € (0,7(s%)) such that

ClRm (S(g)(so)’n/(so) N X) Nt=9g
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for each pair (s°,t) € (K2, \ K9) x K satisfying s’ Nt = &. For each s” € X,
define:

o Vit =VS, USH :=Ug and r§ :=1r§ if s € K0 and

. VS§“ = sg(so), US%+1 = sg(som,(so) N X and r:(frl = P o(s0) () i S0 €
52\ 52

The open sets U:OH, the non-empty sets Vsﬁ“ and the retractions r:()* L
U:O+1 — V_j+1 for s” € K2, | satisfy conditions (a) to (c), as required.

Define the open subsets Uy := US% of X and the 6" retractions ry := rfo
for each s € ng = XY, Evidently properties (ii) and (iii) hold and the family
{Uq }0cxo is a covering of X. It remains to show that such a family is locally
finite in X. Let z € X and let u® be the unique element of X° such that 2 € u®. For
each t € K and each s € K° define the finite set I; := {s® € X°: s C t} and the
set Jyo 1= {t € K :s” C t}. As the family X is locally finite in X, each set Jy is
finite as well. If t € K and s € K satisfies Uo Nt # @, then t € Jo by property
(ii). In particular Us, C [ J,c ot

Define the finite set M0 :=J,c; , I+ and the set N := {LeX0: UpnUyp #
@}. Let us show: N o is finite by shoL\INing that Ny C M . This will complete the
proof. If s” € N, then

d#UpNUgp C U (Uuo ﬂt).

teJ

Thus, there exists t € Jo such that U, Nt # &, so scand te Jy,o, that is,
s¥ € Mo, as required. (]

LEMMA 3.10. Let L be a locally finite simplicial complex of R? and let g €
6€°(X,|L|). Suppose that for each t € X the restriction gl belongs to 6" (t°,|L|)
and there exists & € L such that g(t) C &. Then for each strictly positive continu-
ous function 6 : X — R™, there exists h € 6" (X, |L|) with the following properties:

(1) For each t € X, there exists an open neighborhood Wy of t in X such that
h(Wy) C &.

(i) [[h(z)—g(z)|lq < () for each x € X.

To prove this lemma and Proposition 4.1 below we need the following basic
topological result that we borrow from [ABF, Lem. 2.4].

LEMMA 3.11. Let T be a paracompact topological space, let {T}}ren be a
locally finite family of subsets of T and for each k € N let V), CT' be an open
neighborhood of Ty. Then there exist open neighborhoods Uy, CT' of T}, such that
Uy C Vi for each k € N and the family {Uy, }rcn is locally finite in T.

Proof. For each x € T let B, C T be an open neighborhood of x that meets
only finitely many 7. The family {B,},e7 is an open covering of 7. As T is
paracompact, there exists a locally finite open covering {W;} s, of T, which is a
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refinement of {B, }.cr. Observe that each W, meets only finitely many 7}. For
each k € N define U}, := UWmTk;é@ W,. Note that T}, C U, for each k € N. We
claim: The family {U} }ren is locally finite in T

Fix a point « € 7" and consider a neighborhood V,, C T of x that meets finitely
many Wy, say Wy, ,..., W, . The union U;»:l W, meets only finitely many T}, say
Thyy-- o T, Ik & {ki,... ks}, the intersection U, NV, = &. To finish it is enough
to define Uy, := U, NV}, for each k € N. O

We are ready to prove Lemma 3.10.

Proof of Lemma 3.10. We will give the proof only in the case X is non-
compact (because if X is compact, the proof is similar, but easier). Choose a
sequence { X, },en of compact subsets of X such that for each n € N:

e X, is a finite union of elements of K, say X,, = Utexn t for some finite set
X, cX.

e X, 1 CIntx(X,), where X_; :=&.

® UnGN Xp=X.

Let {0, } nen be the decreasing sequence of positive real numbers defined by

O = m}(r_l {6(z)} >0 foreachn e N.
rTEXy

Write €_; := 1. As the restriction g|x, is uniformly continuous, for each n € N
there exists &, € (0,&,,—1) such that

(32 |g(a) —g(:z:)Hq < d, foreach pair ',z € X, with |2’ — z||,, < &p..

Fix s* € K°. We claim: there exists a unique integer n := n(s") € N such that
0 C Xn \ Xn_1.

Pick = € s” and let k € N be such that z € X}, = Ukexc, t- Thus, x € t for some
te XKy, sox €s’Ntands’ C t C X}, This proves that if s X}, # @, then s” C X
Note that n = n(s’) := min{k € N:s” C X} is the unique natural number such
that s° C X, \ X,,_1, as claimed.

Consider the strictly positive function 7 : X — R, s — En(s0)+1- By Lemma
3.9 for each s” € K there exist an open subset Uy of X with Vo := Uy Ns’ # &
and a ‘6" retraction ry : Uy — Vo such that:

{Uq }0exo is a locally finite covering of X,
(3.3) Clgm(Uo)Nt=@ for each pair (s’,t) € X° x K such that s°Nt = @,

(3.4) sup {|lz —ro()|m} < En(sv)+1 for each sV e kO,
(EGUSO

Let {00 : X — [0, 1] }s0c50 be a 6" partition of unity subordinated to the locally
finite open covering {U }s0c50 of X . To prove the existence of such 6" partition of
unity one can proceed as follows. We may assume that X is a closed subset of R™.
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The family {Clgm (Ug) }s0c5o is locally finite in R™. By Lemma 3.11 there exists
a locally finite family {2 }c0cq0 of open subsets of R such that Clgm (Ugp) C
Q. Let Q, C Qg be an open subset such that Up = X N Q. Let {Oo} U {Oy :
X — [0, 1] }soeg0 be a 6" partition of unity subordinated to the locally finite open
covering {R"\ X }U{Q }coexo of R™. Now, it is enough to consider 0 := Oy |x
for each s” € K in order to have the desired ‘6" partition of unity subordinated to
{Uso } s0exO-
For each s” € K° the map

gorg :Up = Vo Cs"Cs =&, arro(@)— g(ro(z))
is a 6" map, so also the map Hy : X — R? defined by

Ha(2) b0 () g(reo(z)) ifze Uy,
0\T) =
’ 0 if r € X\ Uy,

belongs to 6" (X,R?). Consider the 6" map H := ) o.q0 Heo : X — R

Fix t € X and define W := X \ Ug g0, 0i—s Clem (Ugo). As the family K is
locally finite in X, we deduce that W; is by (3.3) an open neighborhood of t in X.
We claim: H(W,) C &.

Pick z € W;. If s° € K% and s’ Nt = @, then H(z) = 0 because the support of
6 is contained in Uy and & Clgm (Uy). If s Nt # @, then s° C t, so we conclude

(3.5 > be(z)=1
s0ex?, s0ct,
:CGUS()

and

(3.6) H(z)= > fo(@)g(ro(x)).
$Pex, s0ct,
IGUSO

If s € K satisfies s C t and = € Uy, then ro(x) € Vo C 8%, 50 g(re(z)) € &.
As & is a convex subset of R? and each g(ro(x)) € & if s° C t and x € Uy, we
conclude by means of (3.5) and (3.6) that H (x) € &. Consequently, H(W,) C &,
as claimed.

As X = Uiex t = Uiex Wt, we deduce H (X) is contained in [L| and h: X —
|L|, z — H(x) is a 6" map that satisfies property (i).

It remains to prove (ii). Fix € X, \ X,,_; for some n € N. Denote u the
unique element of X such that x € . Asu'nx, # &, we have u® C X,,. Observe
that N X,,_; = @, because otherwise = € u® C X,,_, which is a contradiction.
Thus, u® € X, \ X,,_1,s0 n(u®) = n. If s° € KO satisfies = € Uy, then Uyp Nu # @
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and by (3.3) we have

" CucCClx(X,\ X, 1) C X, \Intx (X, 1)
C Xn\Xn72 - (Xn \anl) U (anl \Xn72)7

where X _; := @. Thus, n(s?) € {n — 1,n}. Consequently, ro(z) €s® CuC X,
and by (3.4) we have ||z —ry(2)|lm < &,(s0)41 < €n- Now inequality (3.2) implies
that

Z 950($)(Q(T50($)) —g((l)))

s'eX0, xely
< Y be)le(ra(@) —g(@)], <5
s'eX0, zely

< 4(x),

i) - g(@)]], =

q

as required. U

Remark 3.12. We keep the notations of the preceding proof. If there exist t € K
and w € |L| such that g takes the constant value w on t, then by (3.5) and (3.6) the
6" map h : X — |L| is constant on the open neighborhood W; C X of t and takes
the constant value w. In particular, this is always true if t = {v} for any vertex v
of K. As a consequence, if X has at least one accumulation point, then A is not
injective.

3.C. Proof of Theorem 1.6. Let X be a locally compact subset of some
R™. We assume X is non-compact. If X is compact the proof is similar, but
easier. As Y C R" is a weakly 6" triangulable set, there exist a locally finite
simplicial complex L of some R? and a homeomorphism ¥ : |L| — Y such that
Ule €6"(£,Y) foreach & € L. In particular, Y is locally compact in R". Consider a
continuous map f : X — Y and a strictly positive continuous function e : X — R,
We will show: There exists H € 6" (X,Y) such that | H(z) — f(x)|. < e(z) for
eachz € X.

By the first part of Corollary 2.2, we can assume X is closed in R and Y is
closed in R".

The proof is conducted in several steps:

Step 1. Initial preparation. As X is closed in R™, Tietze’s extension theorem
guarantees the existence of a strictly positive continuous function E : R™ — R
and a continuous map f : R™ — R" such that E(z) = e(z) and f(z) = f(x) for
each x € X. By [Ha, Cor. 3.5] Y is an absolute neighborhood retract. Consequently,
as Y is closed in R", there exists an open neighborhood W C R™ of Y and a con-

tinuous retraction p : W — Y. Consider the open neighborhood U := (f)*l(W)
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of X in R™ and the continuous extension f : U — Y, z p(f(m)) of f. Renaming
Uas X, FE|y as e and fas f, we can assume that X is an open subset of R"*, so in
particular X is a 6 manifold.

By the Cairns-Whitehead triangulation theorem X is “6” triangulable on open
simplices”, that is, there exist a locally finite simplicial complex K of some R” and
a homeomorphism & : | K| — X such that ®(¢") is a 6 submanifold of R™ and
the restriction ®|,0 : 0° — ®(0¥) is a 6~ diffeomorphism for each open simplex
o of K (see [Hu, Lemma 3.5 & p. 82]). Set P := | K|, X := {®(0)},cx and
KO := {®(0°)}yek. Define Q := |L| C RY.

Step II. Reduction to the weakly simplicial case. Choose a sequence { X }ren
of compact subsets of X such that | J, .y X = X and X, C Intx (X},) for each
k € N, where X_| := @. Note that the family { X} \ Xj_1 }ren is locally finite in
X.

Fix k € N and consider the compact subsets P}, := ®~!(X}) of P and
Qr = VI (f(X})) of Q. Define ¢ := mingex, {e(x)} > 0 and py, =
min{1,distre (Qk,Clre(Q) \ @)} > 0, where distre(Qg,d) := +oo. Consider
the compact subset Vj, of () defined by

3.7 Vi = {z € Q : distra (2, Qx) < pu/2}.

By the uniform continuity of W on V}, there exists (for each k € N) §; > 0 such that

(3.8)  ||¥(2')—W(2)|, <ex foreach pair 2,z € Vi with ||z — z||q < b
Consider the ‘6° map F:= U~ o fo®d: |K| =P — Q = |L|. Applying Theo-

rem 3.7 to ' we obtain, after replacing K by one of its subdivisions, that there

exists a weakly simplicial map F** : | K| — |L| such that

|7 )~ Fw)],
< min{u /4,0, /2} for each k € N and each w € P, \ Py_1,

(3.9

where P_; := @. Define the continuous maps g := ¥ o f=Fo® ': X — |L]|
and g* 1= F*o®~!: X — |L|. For each t € X the restriction ®~ ', : t* — &~ 1(t)
is a €~ diffeomorphism. Thus, as F'*[¢-1y0) is an affine map, g*|x0 € 6= (t%|L]).
As F* is weakly simplicial and ®~!(t) € K, there exists & € L such that g*(t) =
F*(®1(t)) C &. By (3.9) we have:

l™ (@) - 9@,

< min{py/4,0,/2} foreach k € Nand each x € X}, \ Xj_1.

(3.10)
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The following commutative diagram summarizes the current situation.

X———Y

F
|K| Fj |L| +—¢

Step Ill. Construction of the approximating map. By Lemma 3.10 there exist
h* € “€”(X,|L|) and for each t € K an open neighborhood W; C X of t satisfying:

(3.11) h*(Wy) C & foreacht € K,

(@) - (@),

3.12
G-12) < min{uk/4,0;/2} for each k € N and each z € X\ Xj_;.

We define H := Voh*: X — Y and claim: H € 6" (X,Y).

Recall that {W} }+cx is an open covering of X. By (3.11) the restriction h*|yy, :
Wy — & is a well-defined 6™ map for each t € K. In addition, H|w, = ¥|¢, o h* |w,.
As both U|¢, and h* |y, are 6" maps, H|w, is also a 6" map. Consequently, H €
6" (X,Y), as claimed.

Next, by (3.10) and (3.12) we have

19 @) - 9@,

3.13
©G.13) < min{u/2,0;} foreach k € N and each z € X\ X;_.

Recall that g(X},) = ¥~ (f (X)) = Q, so by (3.7) and (3.13) we have h*(z) € Vj
for each 2 € X\ Xj_;. Thus, by (3.8) and (3.13) we conclude

[9¢@) - 1@, = [ #(h* @) — ¥ (g(a)) |, < e < =(a).

for each = € X}, \ X;_ and each k € N. Thus, |H(x) — f(x)||» < e(z) for each
x € X, as required. U

3.D. Proof of Theorems 1.24. As the pair (X, X") is weakly* 6" triangu-
lable, there exists a locally finite simplicial complex K, a subcomplex K’ of K and
a homeomorphism ® : | K| — X such that ®(|K'|) = X’. We repeat the preceding
proof of Theorem 1.6 with the following changes:

e We refine the triangulation W : |L| — Y in such a way that each connected
component of f(X') is a vertex wy, of L. Denote X}, := f~!({wy}) and observe
that X/, is a union of some connected components of X'. Let K, be the subcomplex
of K" such that ®(|K}|) = X}..
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e Replace Step I with the last two sentences of such step. Namely: “Set P :=
|K|, K :={®(0)}sex and K* := {®(0”)} ek . Define Q := |L| C R?”.

e In Step II we apply Remark 3.8(i) to F := ¥~ o fo® with H := K'. The
reader should have in mind that F'| K| is constantly equal to the vertex wy, of L, so
F is simplicial on K. Thus, we obtain g* : X — |L| such that ¢*(z) = g(x) = wy,
for each = € X .

Finally, by Remark 3.12 the 6" map h* : X — |L| that approximates g* is
constantly equal to wy, on X,.. Consequently, the 6" map 3 : X — Y that approx-
imates f satisfies H(z) = ¥(wy) = f(x) for each x € X, so H|x = f|x, as
required. U

3.E. Proof of Theorem 1.21. Proceeding as in Step I of the proof of Theo-
rem 1.6 we can assume that X is an open subset of R™. Thus, there exist a locally
finite simplicial complex K of some R? and a homeomorphism ® : | K| — X such
that the restriction ®|,0 : 0® — X is a 6> map for each open simplex ¢ of K.
Next, we refine the triangulation ® in such a way that there exists a subcomplex
K' of K satisfying ®(|K'|) = X'. This proves that (X, X") is a weakly* €™ trian-
gulable pair. Now, we apply Theorem 1.24 to complete the proof. U

3.F. Proof of Corollary 1.18. Let K and P C RP satisfy the conditions in
the statement and let € : P — R be a strictly positive continuous function. Apply
Lemma 3.10to X := P, ® :=idp, L := K, g :=idp and § := . We obtain a map
te € €7 (P, P) and for each o € K an open neighborhood W, C P of ¢ such that:

o 1.(W,) C o foreach o € K and

o ||te(z) — ||, <e(x) foreach z € X.

Thus, the net {..} ccgV(pr+) Converges to the identity map in ‘60(P, P). Conse-
quently, by Lemma 2.1 if f € 6°(P,Y), the net {f 0.} ceg0(pr+) Converges to
fin€°(P,Y). In addition, if f|, € €"(c,Y) for each o € K, every composition
fou: P—Y isa“6" map, because so is the restriction (f otc)|w, = floote|w,
foreach o € K. U

Remark 3.13. If K is compact, the family of strictly positive constant func-
tions €, := 27" is cofinal in ‘GO(P, R™) and it is enough to construct (using again
Lemma 3.10) for each n € N a map ¢,, € 6 (P, P) and for each o € K an open
neighborhood W, C P of ¢ such that:

e 1,(W,) C o foreach o € K and

o |ltn(x) =z, <en(x) := €, foreach z € X.

Once this is done one proceeds as above.

4. Proof of Theorem 1.15. In this section we develop first all the machin-
ery we need to prove Theorem 1.15, which is inspired by some techniques con-
tained in [BR]:
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e the construction of 6™ weak retractions for an analytic normal-crossings
divisor X of a real analytic manifold M (that appears in Section 4.A),

e immersion of C-analytic sets as singular sets of coherent C'-analytic sets
homeomorphic to Euclidean spaces (that appears in Section 4.B),
and after we approach its proof (see Section 4.C).

A weaker and purely semialgebraic version of the arguments used in this sec-
tion is contained in our manuscript [FG].

4.A. 6~ weak retractions. In this subsection we construct 6~ weak re-
tractions p : W — X of open neighborhoods W of an analytic normal-crossings
divisor X of a real analytic manifold M (Proposition 4.1). 6™ weak retractions
p: W — X are 6™ maps that are arbitrarily close to the identity idx on X in the
strong 6° topology. As we have already commented, if X is not a 6™ manifold,
we cannot expect that p is a retraction onto X, that is, there is no hope to have
plx =idx.

Let M C R™ be a d-dimensional real analytic manifold and let X be a C-
analytic subset of M. We say that X is an analytic normal-crossings divisor of M
if:

e for each point x € X there exists an open neighborhood U C M of x and
a real analytic diffeomorphism ¢ : U — R? such that p(z) = 0 and p(X NU) =
{z1---z, =0} for some r € {I,...,d} and

e the (C-analytic) irreducible components [WB] of (the C-analytic set) X are
non-singular analytic hypersurfaces of M.

In the next result we establish the existence of 6 weak retractions p: W — X.

PROPOSITION 4.1. (6 weak retractions) Let X be an analytic normal-
crossings divisor of a real analytic manifold M and let U be an open neighborhood
of idx in €°(X, X). Then there exist an open neighborhood W of X in M and a
€~ map p: W — X such that p|x € U.

Proof. Assume that M is a real analytic submanifold of some R™™. Choose a
strictly positive continuous function € : X — R™ such that

4.1) {ge‘GO(X,X):Hg(a:)—ach<z—:(a:) Vee X} CU.

As X is closed in M, we can extend by Tietze’s extension theorem ¢ to a positive
continuous function on M that we denote again €.

Let {X,};c be the family of the irreducible components of X (see [WB]).
Such a family is locally finite in M, so J is countable and we assume J = N. If .J
is finite, the proof is similar but easier.

For each j € N denote 7; : &; — X the normal bundle of X; in M, where
E; CX;xR™ CR™xR™ = R?>™. Proceeding as the authors do in the proof
of [BR, Lem. 2.5] one shows that there exists a €~ tubular neighborhood map
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¢j:E; — M of X; compatible with the other X}, in the following sense: for each
x € 85 and each k € N\ {j} the image ¢j(x) € X}, if and only if p;(mj(x)) € X.
Define Q; := ¢;(&;) for each j € N. By Lemma 3.11 we may assume that the
family {€; }cn is locally finite in M.

Fix j € N and let n; : X; — R™ be a strictly positive 6™ function. Choose a
6~ function f: R — [0,1] such that f(¢) =0if |[¢t| < 1/4 and f(t)=1if |t| > 1.
Consider the map

hj:6; =85, (z,w)— (z,f(|wlh /7 (@))w)

and the composition 1); := ¢;0h;o (;5]71 : Q2 — €5, which is a ‘6™ map that extends
by the identity to a ‘6™ map ¥; : M — M. Denote

Wj = ¢;({(z,0) €8;: |lwllm <nj(z)}) CQy,
Wi = o; ({(z,w) €8 : ||wllm < n;(x)/2}) CW;.

We have:
o U;(W))=Xj.
e V;(y) =y foreachy € M\ Wj.

\P](Xk) C X}, for each k.

e U, is arbitrarily close to the identity on M if 7); is small enough.
Only the last assertion requires a further comment. As W is the identity on M \ W
and ¢; is a real analytic embedding (in particular a proper map onto its image), by
Lemma 2.1 it is enough to show that /1; can be chosen arbitrarily close to idg, . Pick
(z,w) € &;. We have:

hy(,w) = (@,w) = (0, (f (] /m (@) = 1w),
STt full < ().
=0 if Jw]lm > nj(2).

| (lwllm /n; () = 1] {

Consequently,

[ (@, w) = (@, w) |, = [ £ (1wllm /75(2)) = T [w]lm < n;(2),

80 hyj is arbitrarily close to idg; and U is arbitrarily close to idys, provided 7; is
small enough. In particular, the restriction ¥;|x : X — X is arbitrarily close to
idx.

We claim: If the functions n; are small enough, the countable composition
p:M— M, p:=---0W;o---0Wg is a well-defined 6 map and the restriction
plx : X = X belongs tolU.

As M is Hausdorff, second countable and locally compact (hence also para-
compact) and the family {2} jen is locally finite in M, there exists an open cover-
ing {Uy}een of M such that each closure Cly;(Uy) of Uy in M is compact and
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only meets finitely many €2; and the family {Cla;(Uy)}sen is locally finite in
M. Let {Vy}sen be a shrinking of {Uy}sen that is an open covering of M and
satisfies Ky := Cly(Vy) C Uy for each ¢ € N. For each ¢ € N, denote s, € N
the cardinality of the set of all j € N such that Q; N Cly/(Uy) # @. Note that
distgm (K¢, M \ Uy) > 0 and pick £, € R with 0 < gy < distgm (K¢, M \ Uy). Bear-
ing in mind Remark 2.3, for each j € N we choose 7; small enough to have

H\I/](a:) —a:Hm < % for each ¢ € N and each = € Cly(Up).

Fix £ € N with sy > 0. Write {j € N: Q;NCly(Uy) # @} = {jl, -, Js, + and
assume j; < --- < jg,. Let us check: [|(¥}, o---0W; )(y) —yllm < for each
y € Kyand each k € {1,...,sy}. In particular,

S[+l

(4.2) (W), 00 0;,)(y) € U

foreach k€ {1,... s}

We proceed by induction on k. If £ =1 the result is true by construction.
Assume the result true for £ — 1 and let us check that it is also true for k. Pick
apointy € Ky. As ||(V, 0 0¥ )(y) —y|lm < (k’;# < &4, we have (U;

Jk—1
oW, )(y) € Uy, s0

(¢]

15
H‘Iljk ((‘Iljk—l o---o\Ile)(y)) - (‘Iljk—l O"'O‘I’jn)(y)um < Sé—i 1
Thus, we deduce
H(\Ilﬂk O‘Il]l yH
= H\Ijjk( Jr—1© "'O‘Iljl)(y)) - (\yjk—l o---o\Ile)(y)Hm
k—1 k
+H Jk—1© " O\I/jl)(y)—yHm< = ( )Eé S

sp+1 sp+1 _Sg—l—l.
By (4.2) and the fact that W[5\, = idjp\q;, we have
(W, 0--0W)(y) = (¥j,0---0¥;)(y) €Uy foreachy e K.

AsUp C(;-; (M\;), we conclude

J>7s
ply) = (W), 0 0Wo)(y) = (W), 00 Wj,)(y).
It follows that
llo(y) —yllm < e¢ foreach ¢ € N and each y € Ky = Clps(Vp).

In particular, as {V}}sc is an open covering of M, the composition p turns out to
be a well-defined 6™ map, which is arbitrarily close to idy; in 6°(M, M) if the
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values €, are chosen small enough. We may assume in addition
(4.3) Ip(y) = yllm <e(y) foreachye M.
We claim: p maps the open neighborhood

W .= U (‘I/j,1 o-- 'O\If())il(W;) cM

jeN
of X onto X, where W, _jo---0Wg denotes id, if j = 0.
Indeed, pick y € W and let j € N be such that y € (V;_jo0---0 \Ilo)*l(W;).
Define z € W} by 2z := (¥;_j0---0W¥¢)(y). We have

p(y) = ((-+ 0V )oW;o (¥ jo---0Wg))(y) = (-0 1) (T;(z)).

As U;(z) € U;(W}) = X; and Vy(X;) C X; for each k, we have p(y) =
(- 0W;41)(¥(2) € Xj C X, so we conclude p(W) C X. Thus, the corre-
sponding restriction p : W — X is a well-defined 6™ map. By (4.1) and (4.3) the
restriction p|x belongs to U, as required. (]

4.B. Immersions of C'-analytic sets as singular sets. The following result
is a C-analytic version of Lemma 2.2 in [BR], which is crucial for the proof of
Theorem 1.15. Recall that a C-analytic set Y C R" is coherent if the ideal 7, (that
is, the stalk of the sheaf of ideals [ := J (Y )6}~ at y) coincides with the ideal
of germs of real analytic functions on R™ whose zero sets contain the germ Y, for
eachyeY.

LEMMA 4.2. (C-analytic sets as singular sets) Let Y be a C-analytic subset
of R™. Denote (x,y1,12) the coordinates of R™ x R x R = R"*2. Then there exists
an irreducible coherent C-analytic subset Z of R™"*? such that Sing(Z) =Y x
{(0,0)} and the restriction to Z of the projection 7w : R"*2 — R" 1 (z,y,10)
(z,y1) is a homeomorphism. In addition, the restriction |7\ (v «{0,0}) : Z \ (Y X
{(0,0)}) — R\ (Y x {0}) is an analytic diffeomorphism.

Proof. Let f € 6% (R") be a global analytic equation of Y and consider the real
analytic function g(x,y1,v2) := f(z)? +y? —y3 € 6“(R""?). Define Z := {g =
0}. Given (x,y;) € R™*!, the formula y, = (f(z)? +y?)'/? provides the unique
solution to the equation g(x,y1,12) = 0. Hence, 7|z : Z — R"*! is a homeomor-
phism and the restriction |\ (y (0,01 : Z \ (Y x {(0,0)}) — R™" 1\ (Y x {0})
is an analytic diffeomorphism.

Let p := (po,p1,p2) € Z. I p g ZN{f(z) =0,y1 =0} =Y x {(0,0)}, then
it is a regular point of Z, because Cr?—ygz(p) # 0. As a consequence, the germ Z, is
irreducible and coherent.

Suppose now p = (pp,0,0) € Y x {(0,0)}. Let us prove: The ideal J(Z,) of
analytic germs vanishing identically on Z,, is generated by g. Consequently, Z, is
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coherent and

Sing(Z) = ZN{Vg(z,y1,52) =0} = {f(7) = 0,591 = 0,52 =0} =Y x {(0,0)}.

After a translation we may assume p = (0,0,0) and we change f by f(z+ po)
(but keep the notation f to simplify notation). As f(0) = 0, the convergent series
g is a distinguished polynomial of degree 2 with respect to the variable y;. Pick
h € J(Zy) and divide it by g using Riickert division theorem. There exist analytic
series ¢ € R{z,y1,y.} and a,b € R{x,y,} such that

(4.4) Wz, y1,y2) = q(z,y1,92)9(x,y1,92) + al@, y2)y1 + b(x,y2).

Changing y; by —y; we obtain

(4.5) Mz, —y1,92) = q(x, —y1,92)9(2, y1,92) — a2, y2)y1 +b(x,12).

Adding equations (4.4) and (4.5), we obtain

h(z,y1,92) + bz, —y1,92) = (q(z,y1,92) + a(z, —y1,42)) 9(@,y1,y2) + 2b(2, 12).

Observe that Z is symmetric with respect to the variable y, that is, (z,y1,42) € Z
if and only if (z,—y1,12) € Z. Consequently, h(x,y1,v2) +h(z,—y1,y2) € T (Z,)
and we deduce that b(x,y) € J(Zp). Assume by contradiction that b(z,y) # 0.
Then b(z,y2) € (J(Z,) NR{z,y>}) \ {0} and by [Rz, I1.2.3] the ideal 7 (Z),) has
height > 2. This means that the dimension of the germ 7, is <n+2—2 =n, which
is a contradiction because, as Z is homeomorphic to R™"!, we have dim(Z,) =
n+ 1. Thus, b = 0 and

h(xa Y1, yZ) = q(xa Y1, yZ)g(‘T7y17y2) + G(IB, yZ)yl .

As h,g € J(Zp), we have a(x,y2)y1 € J(Zp). Assume by contradiction that
a(z,yz) # 0. Then

a(xa y2)2f(:1:)2 - a(xa yZ)zy%
= a(z,y2)*g(x,y1,92) —alz,12)*y1 € (T (Z,) "R{z,y2}) \ {0}.

Analogously to what we have inferred from the assumption b # 0, we also achieve a
contradiction in this case. We conclude that i = gg. Thus, J(Z,) = gR{x,y1,12},
as claimed.

To finish we have to prove: g is irreducible in R{x,y;,y,}. This means that
the ideal 7 (Z),) is prime and the analytic germ Z,, is irreducible. Note that local
irreducibility (at each point p € Z) together with the connectedness of Z imply
global irreducibility.

As g is a distinguished polynomial with respect to y, it is enough to prove
the irreducibility of g in R{x,y>}[y1]. As g is a monic polynomial with respect
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to y1, if it is reducible, there exists polynomials of degree one y; + a;,y; +as €
R{z,y>}[y1] such that g = (y; + a1)(y1 + az). If we make = = 0, we have

yt =15 = 9(0,y1,52) = (y1 +a1(0,2)) (y1 +a2(0,12))
=y1 + (a1(0,2) +a2(0,2)) y1 + a1 (0,42)a2(0,2),

s0 a2(0,y2) = —a1(0,42) and y5 = a1(0,y2)?, which is a contradiction. Conse-
quently, g is irreducible in R{z,y;,y,}, as required. O

4.C. Proof of Theorem 1.15. Let X C R™ be a locally compact set and
let Y be a C-analytic set. We must prove that 67(X,Y) is dense in 6°(X,Y).
By the second part of Corollary 2.2, we can assume X is closed in R and Y is a
C-analytic subset of some R”. We assume X is non-compact. If X is compact the
proof is similar, but easier. Denote 7 : R"*2 — R™*! the projection onto the first
n + 1 coordinates. By Lemma 4.2 there exists an irreducible coherent C'-analytic
subset Z of R™*2 such that Sing(Z) =Y x {(0,0)} C {11 = 0,2, 12 = 0} and
the restriction 1 := 7|z : Z — R™*! is a homeomorphism.

As Z is a coherent analytic subset of R™"2, then the pair (Z,65.:2|z) (with
the analytic structure induced by the one of R"™?) is a (coherent) real analytic
space. By [BM2, §13] there exist a real analytic manifold Z" C R? and a proper
real analytic map ¢ : Z' — Z such that the restriction

Bl zng-1(sing(2)) : Z'\ ¢~ (Sing(Z)) — Z\ Sing(Z)

is a real analytic diffeomorphism and Y’ := ¢~ !(Sing(Z)) = ¢~ (Y x {(0,0)}) is
an analytic normal-crossings divisor of Z’.

Let f € ‘62()( ,Y)and let ¢ : X — R™ be a strictly positive continuous func-
tion. As X is non-compact and f is proper, f(X) is unbounded in R™. In this
way, there exists an exhaustion { Ly } ey of R"™*! by compact sets such that L,_ -
Intgn1(Lg) and (Ly\ Ly—1) N (f(X) x {0}) # & foreach £ € N, where L_; := &.
As Y is closed in R™ and f is proper, Ky := (f,0)"'(L,N (Y x {0})) is a com-
pact subset of X for each ¢ € N. Define the non-empty compact sets Ny := Ly \
Intgn+1(Ly—1) and Hy:= K, \ Inty (K, 1) for each £ € N, where K_; := &. Note
that X = J,en He and (f,0)(H,) C Ny for each £ € N. Define 0, := ming, (¢/6) >
0 and choose a strictly positive continuous function § : R"*! — R* such that
max y, (9) < d; for each £ € N (see Remark 2.3). Observe that §o (f,0) : X — R
satisfies

do(f,0)<e/6 on X.
Indeed, maxg, (9o (f,0)) < maxy,(d) <y =ming,(c/6) for each £ € N.
By Lemma 2.1 the map

€O(X,R") 5 €O(X,R), g—dog
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is continuous. Thus, there exists a strictly positive continuous function v : X — R™
such that: if f; € €°(X,R"**") satisfies || fi — (f,0)|lns1 <, then |50 f; — 8o
(f,0)] < &/6. In particular,

(4.6) dofr<e/3 onlX.

Consider the proper surjective map ¢ o ¢ : Z' — R™"! which satisfies (¢ o
®)(Y') =Y x {0}. Denote (pod) : Y — Y x {0} the restriction of 1) o ¢ from Y’
to Y x {0}. Using Lemma 2.1 again we deduce that the map

€YY =6 (Y.,Y x{0}), g~ (¥o¢)og

is continuous. Let ¢ : Y' — R be a strictly positive continuous function such that:
if g € 6°(Y",Y") satisfies ||g —idy~ ||, < ¢, then || (0 ¢) 0 g — (Yo d) oidy||ni1 <
do (1p o). By Proposition 4.1 there exists an open neighborhood W C Z’ of Y’
and a 6™ weak retraction p : W — Y such that ||p|y+ —idy~||; < {, s0 ||[(p 0 ) 0
plyr — (Yo @) oidy|[nr1 < d o (¢ o). Define the open neighborhood W' C W
of Y’ by setting

Wh={zeW:||(¥o9)(p(2) — (o) (2)],,, <d((¥oe)(2))}.

Consider the closed subset C" := Z'\ W' of Z’, which does not meet Y’ =
(Yop) (Y x{0}). Astpo¢: Z' — R™ ! is proper, C := (¢ o0 ¢)(C") is a closed
subset of R"*!, which does not meet Y x {0}. Letn: Y x {0} = R* and ' : X —
R be the strictly positive continuous functions given by

n(y,0) := distgn+1 ((y,0),C) /2if y €Y and 5 :=no(f,0).

Define the strictly positive continuous function £ : X —R™ as £:=min{v,n’,e/3}/
2. The map f':= (f,&): X — R""! satisfies

. €
4.7) 17" = (1,0l =& < min{y,n,e/3} < 3
and 0o f' < &/3 on the whole X (see (4.6)). Consider the continuous function
F" = (lzny) o g g, 0y 0
X 5 RN\ {2,401 =0} = Z\ ({Y} x{(0,0)}) = 2"\ Y’

and observe that f'(x) = (Y0 ¢)(f"(x)) for each z € X.
We claim: f”(X) Cc W'.
If z € X, then (0 ¢)(f"(x)) = (f(2),£(x)). Thus,

[(wod) (1" (@) = (f(2),0)[,,, = &(x) < (@) < distgns ((£(2),0),0),
so (Y o)(f"(x)) & C. Consequently, f"(z) ¢ C'=Z'\ W', thatis, f"(x) e W'.
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In addition, we have:

4.8) [(Wo)(p(f"(2)) = f'(@)]],,, < @ for each x € X.

Indeed, pick 2 € X. As f”(z) € W and (do f')(z) < e(x)/3, it holds
(o) (p(f"(2))) = ' @)y = [| (08 (p(f"(2))) = o) (S (@) .
(o) (f(x))) = (60 f)(=) <

The following commutative diagram summarizes the situation we have
achieved until the moment.

W/

71 —
¢|Z\Sing(Z)Ow 1|R”+'\{wn+1ﬂ)}

| Y x{(0,0)} =Sing(2)— Z&e——— R"*?

wfl
' |-
¥

Y x {0} R
(£.0)
X R\ {241 =0}

f,::(f7£)

Proceeding as in Step I of the proof of Theorem 1.6, we deduce that there exists
an open neighborhood U C R™ of X and a continuous extension F” : U — Z' of
f". The inverse image Uy := F"~'(WW’) is an open neighborhood of X in U and
the restriction, F"” |y, : Uy — W’ is a continuous map between the real analytic
manifolds Uy and W’. We substitute U by Uy and F” by F”|y,, but we keep the
original notation to ease the writing. Let Hy : U — W' be a real analytic map
arbitrarily close to F” in C6O(U ,WW'), which exists by Whitney’s approximation
theorem. The restriction hy := Hy|x : X — W' is a real analytic map arbitrarily
close to f” in 6°(X,W’). Consider the 6™ map h : X — Y such that (h,0) :=

(o d) op|lwrohg. As the map
CX, W) =6 (X)Y), g (Yog) oplwrog

is continuous, we may assume

(4.9) | (~(2),0) = (o) (p(f"(x)))],,,) < @ for each z € X.
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Given any x € X we deduce by (4.7), (4.8) and (4.9),

1) = £ @),
= [[(a(),0) = (f(@),0) |}, < [[(4(@),0) = (¥ o &) (p("(@))) |1,
+ @ o) (p(f"(@) = '@y + 1 F@) = (£ (2),0) [,
e(x

< 3)+Ef)+€f):sm)

Thus, we have found a €™ map h : X — Y that is arbitrarily close to f. In the
same vein of [H3, Thm. I1.1.5] one easily shows that 6°(X,Y) is an open subset
of ‘60()( ,Y'), so we can assume that / is in addition proper, as required. U

Remarks 4.3. (1) In the preceding proof we have used that the continuous map
f: X =Y CR", we want to approximate, is proper exactly when we need to
find for a strictly positive continuous function € : X — R™ another strictly positive
continuous function ¢ : R"*! — R such that § o (f,0) < £/6.

(ii) The techniques we have developed in this section cannot be adapted to
guarantee relative approximation. Let us summarize the principal points of the
proof of Theorem 1.15 (we keep all the notations already introduced there). We
begin moving the image of the map f we want to approximate outside Y, but in-
side a small neighborhood of Y in R"*! (we have constructed the map f’). This
movement is crucial to make the rest of our construction work but keeps off relative
approximation.

Recall that Y x {(0,0)} is the singular set of an irreducible coherent C-analytic
subset Z of R"*2, which is in addition homeomorphic to R"*! (via the projection
of R"*2 to R™*! that forgets the last coordinate). Once this is done, we lift the
image of f’ to Z\ Sing(Z). Next, we use resolution of singularities to change
Y x{(0,0)} = Sing(Z) by an analytic normal-crossings divisor Y’ contained in a
real analytic manifold Z’. We denote ¢ : Z' — Z the (proper) resolution map and
consider f” the composition of the lift of f” with (¢] zy+)~'. The image of f” is
contained in 2"\ Y”.

We extend f” continuously to an open neighborhood Uy C R™ of X such that
its image is contained in a small neighborhood W’ C Z’ of Y’ endowed with a €™
weak retraction p : W — Y. The previous extension I : Uy — W' is a continuous
map between submanifolds of Euclidean spaces, so here Whitney’s approximation
theorem works and provides a 6™ approximation H : Uy — W' close to F". We
can even assume that the images of Hy and F” are contained in Y C W'. Now,
we compose hg := Hy|x with (¢ o ¢) o p to obtain the 6~ approximating map
h: X —Y of the continuous map f: X — Y.

There are some difficulties to achieve relative approximation results:

(1) We have moved the image of f off Y to construct F" and we have lost the
control of the restrictions of f to subsets X’ of X.



SMOOTH APPROXIMATIONS IN PL GEOMETRY 1005

(2) In case Y is an analytic normal-crossings divisor of a real analytic manifold
Z, we can skip the first part of the proof and keep the image of f inside Y. Then,
we extend f continuously to an open neighborhood Uy C R™ of X such that its
image is contained in a small neighborhood W C Z of Y endowed with a ‘6™ weak
retraction p: W — Y. But now we have to deal with p, which is not a true retraction
and moves the points of Y. Thus, if X’ C X satisfies that f(X’) is not contained
in the set of fixed points of p, then it seems difficult to assure that the restriction to
X' of the 6™ approximation behaves as f on X'.

(iii) The previous remark does not mean that in the framework of C-analytic
sets relative approximation is not possible (see the example below). What we have
pointed out is that our techniques are not a good tool to approach relative approxi-
mation and new ideas are needed.

Example 4.4. Let X' :=[-1,0)C X :=[—1,1]CRandletY := {ay =0} C
R2. Consider the continuous map

(t,0) ifte[-1,0],

f: X =Y, tb—>{ .
(0,t) ifte(0,1],

which is €~ on X'. Fix € € (0,1) and let 6,,0, : [—1,1] — [0,1] be €~ bump
functions such that:

° 91‘[,170] =1and 91|[%71] =0.

° 92‘[,17%] =0and 91|[5’1] =1.
Define

(t61(),0) ifte [— l,i],

g: X—=Y, t— .
(0,t02(t)) ifte [Z’l}’

which is a 6™ function. Observe that g coincides with f outside the interval [0,¢].
We have

11(0,£) = (0,t02(1)) ||, = [tll1 — 6a(t)] <& ifte Bs]

1100,6) = (t61(£),0) ||, = [¢]y/1+62(¢) < ifte[o,

N ™

|f)—g)], =

S0 g is a ‘6~ approximation of f such that g|x = f|x-.
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