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Abstract

We prove constructively that: The complement R"\X of an n-dimensional unbounded
convex polyhedron X C R" and the complement R"™\ Int(X) of its interior are polyno-
mial images of R" whenever X does not disconnect R". The case of a compact convex
polyhedron and the case of convex polyhedra of small dimension were approached by
the authors in previous works. The techniques here are more sophisticated than those
corresponding to the compact case and require rational separation results for tuples
of variables, which have interest by their own and can be applied to separate certain
types of (non-compact) semialgebraic sets.

Keywords Semialgebraic sets - Polynomial maps and images - Complement of a
convex polyhedra - Rational separation of tuples of variables
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1 Introduction and Statement of the Main Results

Amap £ :=(fy,..., £,): R" — R"is polynomial if its components f; € R[x] :=
R[x1, ..., x,] are polynomials. Analogously, f is regular if its components can be
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represented as quotients fj := g—’; of two polynomials g, hy € R[x] such that

hy never vanishes on R"”. We will consider here the degree deg(f) of a polynomial
map £ = (£1,..., £,) as the maximum degree of its components f;. The degree
of a polynomial map is not affected by compositions with affine bijections. A subset
8 C R" is semialgebraic when it has a description by a finite boolean combination of
polynomial equations and inequalities. The category of semialgebraic sets is closed
under basic boolean operations but also under usual topological operations: taking
closures (denoted by CI(+)), taking interiors (denoted by Int(-)), considering connected
components, etc. By Tarski-Seidenberg’s principle [5, 1.4] the image of an either
polynomial or regular map is a semialgebraic set. During the last decade we have
approached the following question:

Problem 1.1 Characterize which (semialgebraic) subsets § C R” are polynomial or
regular images of R".

The first proposal for studying this problem and related ones, like the famous ‘quad-
rant problem’, goes back to [22] (see also [6, §3.1V, p. 69]). A related problem concerns
the parameterization of semialgebraic sets of dimension d using continuous semial-
gebraic maps whose domains are semialgebraic subsets of R? satisfying certain nice
properties [23]. The approach proposed by Gamboa in [22] sacrifices injectivity but
chooses the simplest possible domains (Euclidean spaces) and the simplest possible
maps (polynomial and regular) to represent semialgebraic sets. The class of semial-
gebraic sets that can be represented as polynomial and regular images of Euclidean
spaces (even sacrificing injectivity) is surely much smaller than the one consisting
of the images under injective continuous semialgebraic maps of nice semialgebraic
sets. Of course, more general domains than Euclidean spaces can be considered and
compact semialgebraic sets deserve special attention: balls, spheres, compact con-
vex polyhedra, ... For instance, in [26] the authors develop a computational study of
images under polynomial maps f: R3 — R? (and the corresponding convex hulls) of
compact (principal) semialgebraic subsets {h > 0} C R3, where h € R[x), %2, x3]
(this includes for example the case of a three-dimensional ball). In addition, other
types of maps (like Nash, continuous rational, etc.) have been already considered to
represent semialgebraic sets as images of Euclidean spaces (see for instance [9,10]).
Recall that an analytic function £: U — R on an open semialgebraic set U C R” is
a Nash function if there exists a non-zero polynomial P € R[xy, ..., X, v] such that
P(x, f(x)) = 0foreachx € U.

1.1 Brief State of the Art

We feel very far from solving Problem 1.1 as stated above in its full generality, but we
have developed significant progress in three ways:

Obtention of general properties. We have found conditions [8,12,17,32] that a semi-
algebraic subset S C R™ must satisfy in order to be an either polynomial or regular
image of R”. The most remarkable one states that the set of points at infinity of a
polynomial image of R” is connected [17]. In addition, the one-dimensional case has
been completely described in [8]. In [10] we have proved that the family of images of
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RR? under regular maps and the family of images of R? under continuous rational maps
coincide. On the other hand, in [9] the first author has provided a full characterization
of the semialgebraic subsets § C R that are Nash images of R”.

Optimization of polynomial maps with a given image. Even in the simplest cases, it
is difficult to determine which is the minimum degree for a polynomial map that has
a given set as image (see Question 1.6 below). As a relevant example, we have been
trying to find the least degree of a polynomial map f: R — R? whose image is the
open quadrant Q := {x > 0,y > 0}. We already know that it is bounded above by 16
(see [11,14,20]), but we guess that this bound can still be lowered down (hopefully to
8). Similar values are expected for the complement 8§ := R?\Q of the closed quadrant
Q:={x > 0,y > 0}. We consider that our degree bounds for more complex polyhedra
are still far from being optimal and, from a computational point of view, it would be
interesting an improvement on these current bounds.

Explicit representation of families of semialgebraic sets as polynomial or regular
images of R". We have devised techniques to represent large families of significant
semialgebraic sets as either polynomial or regular images of R”, with the already
mentioned ‘open quadrant problem’ as a recurrent matter. In [8,11,13,15,16,18,19,33]
we focused on semialgebraic sets with piecewise linear boundary, that is, semialgebraic
sets that admit a semialgebraic description involving only linear equations. To be more
precise, we analyzed the cases of convex polyhedra and their interiors, together with
their respective complements. For these families of semialgebraic sets we already had
full understanding concerning their representation as regular images [13,18] but we
were lacking information when trying to represent them as polynomial (instead of
regular) images.

We guess that in general there are ‘few’ polynomial maps that have the complement
of a concrete convex polyhedron (or its interior) as a polynomial image and that there
are even fewer for which it is affordable to show that their images actually correspond to
the complement of our given convex polyhedron (or its interior). Let us be more explicit
in this point. Since the complements of proper convex polyhedra (or of their interiors)
are unbounded semialgebraic sets, it makes sense to wonder whether these sets are not
only images of regular maps, but also of polynomial maps. This in fact provides a priori
‘simpler’ representations for this type of sets because polynomial representations do
not involve denominators. Our initial purpose when writing [18] was to approach the
previous problem in its full generality, but the techniques developed there required,
in order to use polynomial maps, to assume that the involved convex polyhedra were
compact when the dimension of K matched that of the ambient space and was greater
than or equal to 4 (for further details see [19]). Therefore, the main results appearing
in [18] that follow next referred to the compact case, together with the case of convex
polyhedra of smaller dimension than their ambient space. From now on, we denote
by Int(X) the relative interior of X as a topological manifold with boundary, which
coincides with the topological interior of X in the affine subspace of R” spanned by X.

Theorem 1.2 ([18, Thm. 1.1(i)]) Let X be an n-dimensional compact convex poly-
hedron of R". Then the semialgebraic sets § := R"\X and § := R"\ Int(X) are
polynomial images of R".
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Proposition 1.3 ([18, Thm. 3.1]) Let X be a d-dimensional convex polyhedron of R"
such that d < n and it is not a hyperplane. Then the semialgebraic sets § := R"\X
and § := R"\ Int(X) are polynomial images of R".

Similar techniques to those developed to prove Theorem 1.2 can be adapted for
unbounded two-dimensional and three-dimensional convex polyhedra [19,33], but
unfortunately do not extend any further to higher dimensions [19]. The purpose of
this work is to close this gap and provide a full answer to the representation of the
complements of convex polyhedra K and their interiors as polynomial images of R”
(see Table 1), dropping the compactness assumption on K that appears in [12]. Since
our previous methods did not work in this more general setting, we have developed new
algorithms that use more sophisticated polynomial maps to achieve ‘constructively’
our goals. This requires a more technical approach than the one devised in [12], but
reveals a better understanding on how polynomial maps can act on R” to produce our
desired image sets.

1.2 Main Results of this Article

A layer is a convex polyhedron of R” affinely equivalent to [—a, a] x R"~! with
a > 0. Our main results in this work, which complete the full picture in regard to the
representation of complements of convex polyhedra and their interiors as polynomial
images of Euclidean spaces, are the following:

Theorem 1.4 Letn > 1 and let X be an n-dimensional unbounded convex polyhedron
in R" that is not a layer. Then the semialgebraic set 8 := R"\ Int(X) is a polynomial
image of R".

Theorem 1.5 Letn > 2 and let X be an n-dimensional unbounded convex polyhedron

in R" that is not a layer. Then the semialgebraic set § := R"\X is a polynomial image
of R™.

Table 1 Full picture concerning

the values of the invariants p X _bounded C unbounded
and r n=1 n>?2 n=1 n>2
1(X) 1 n 1 n
r(Int(X)) 2 n 2 n
p(X) +00 +00 1 n, +00 (%)
p(Int(X)) +00 +00 2 n,n+ 1,400 (x)
r(8) +00 n 2 n
1(8) +00 n 1 n
p(S) +00 n 2 n
pS) +o0 n 1 n
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1.3 Full Picture for PL Semialgebraic Sets

To summarize the presentation of the results concerning the representation of piecewise
linear boundary semialgebraic sets as either polynomial or regular images [13,16—
18,33] we introduce the following two invariants. Given a semialgebraic set S C R,
we define

e}
—~
2]
N
I
5.
=
——
N
\

1:3£: R" — R” polynomial such that £(R") = §},
r(8) :=inf {n > 1:3£: R" — R" regular such that £(R") = §}.

The condition p(8) := 400 characterizes the non representability of § as a poly-
nomial image of some R” while r(8) := +o0 has the analogous meaning for regular
maps. Let X C R” be an n-dimensional convex polyhedron and assume below that
S :=R"\K and S = R\ Int()K) are connected. Denote by Qﬁ(ﬂ() the recession cone
of K (see Sect.2.3 for further details). Let us explain some (marked) cases in Table 1
developed in [16]:

(%) (n, +00): An n-dimensional convex polyhedron X C R" has p(X) = +oo if
and only if its recession cone G(iK) has dimension < n. Otherwise, p(X) = n.

(*) (n,n+1, +00): If the recession cone @(fK) of an n-dimensional convex polyhe-
dron X has dimension < #n, then p(Int(X)) = +o0. Otherwise, if X has bounded
facets, p(Int(X)) = n + 1 and if K has no bounded facets, p(Int(X)) = n.

1.4 Related Problems and Open Questions

The effective representation of a semialgebraic subset S C R as a polynomial or
regular image of R” may help the handling of certain classical problems in Real
Geometry by reducing them to its study in R”. Let us comment some of them:

Positivstellensdtze. A widespread studied problem is the algebraic characterization of
those polynomial or regular functions g: R” — R which are either strictly positive
or positive semidefinite on a semialgebraic set S C R"”. When § is a basic closed
semialgebraic set these problems were solved in [31] (see also [5, 4.4.3]). For the
particular case of compact convex polyhedra 8 = K C R” we refer the reader to
[24], where stronger Positivstellensidtze are obtained, specially for strictly positive
polynomials on XK. In this case the obtained certificate of positiveness is the best
possible one.

Let £: R" — R™ be a polynomial and denote § := £(R"). Note that g is strictly
positive (respectively positive semidefinite) on § if and only if g o £ is strictly positive
(respectively positive semidefinite) on R” and both questions are decidable using for
instance [31]. Thus, this provides an algebraic characterization of positiveness for
polynomial and regular functions on semialgebraic sets that are either polynomial or
regular images of R”. Observe that these semialgebraic sets need not to be neither
closed, as is the case with the interior of a convex polyhedron, nor basic, as is the
case with the complement of a convex polyhedron. Thus, our results in this article
provide certificates of positivity for a large class of semialgebraic sets (neither closed
nor basic) which cannot be approached by the classical Positivstellensitze.
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Stochastic finance. In the pricing of assets in an arbitrage-free market the analysis
of the interior of the convex hull of the support of a certain probability measure is
crucial. Roughly speaking, recall that a market is arbitrage-free if there is no positive
probability of having a positive economical position after a period of time, if the initial
position is < 0 (see for instance [21, §1.5] for further details). In many occasions,
the market is constituted by n assets which are “independent” and all the others are
derivative products of these “independent assets” and are described by measurable
piecewise linear functions on this assets ( put options, call options, straddles, butterfly
spreads, etc.). This kind of assets provides a convex hull, which is an either bounded
or unbounded open convex polyhedron. Our results allow to represent the set 8 of
arbitrage-free prices as the image of R” under a regular or a polynomial map [13,16],
but also the set of arbitrage prices R"\8 (the complement of an either bounded or
unbounded open convex polyhedron) can be described again as a polynomial image
of R” (Theorem 1.5). Although the involved polynomial or regular map in each case
has a great complexity, we eliminate with this map the contour conditions and, at least
from a theoretical point of view, we introduce a different approach to study the sets of
arbitrage-free and arbitrage prices of this type of markets.

Optimization. Suppose that £: R" — R™ is either a polynomial or a regular map
and let & := £(R"). Then the optimization of a given regular or polynomial function
g: 8 — R is equivalent to the optimization of the composition g o £ on R”. In
this way one can avoid contour conditions and only apply elementary analysis to
approach optimization (see for instance [27,28,30,34] for relevant tools concerning
optimization of polynomial functions on R"). Of course, the user should evaluate in
each case whether the increase of the complexity of the composition g o £ with respect
to that of f is preferable to the existence of contour conditions.

Alternatively, let T C R” be a semialgebraic set and let h: T — R be a continuous
semialgebraic function (that is, a continuous function on J with semialgebraic graph).
Then there exists a semialgebraic compactification 7*  R"*! of T and a continuous
(semialgebraic) extension h: T* — R, where R := RU {—o00, 400} is the (semialge-
braic) compactification of R by two points. As itis well-known, compact semialgebraic
sets are triangulable and by [5, Thm. 9.4.1] also continuous semialgebraic functions
on compact semialgebraic sets can be ‘triangulated’. Thus, a continuous semialgebraic
function on a compact semialgebraic set could be assumed, up to a suitable triangu-
lation, as a continuous function on a finite simplicial complex that is affine on each
simplex of the complex. Of course, optimization problems for this type of functions
are ‘straightforwardly’ approached.

However, the usual algorithms to triangulate a compact semialgebraic set § C R”
(and continuous semialgebraic maps) [5, Chap. 9] are based in the use of cylindrical
decompositions, which have doubly exponential complexity in the number n of vari-
ables involved in describing 8. More precisely, its complexity is in general (£d)?1"
where O (1) represents a constant, £ is a bound on the number of polynomials need
to describe S and d is a bound on the degrees of a family of polynomials describing
8, see [2, Chap. 11]. If 8 has piecewise linear boundary, the complexity of cylindrical
decomposition is £°1" | which is still doubly exponential in the number n of variables
involved in describing 8.
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Questions regarding complexity. The algorithms developed in this work to show that
certain semialgebraic sets with piecewise linear boundary are polynomial images of
R” are constructive without much control on the complexity of the construction. In
particular, the degrees of the involved polynomial maps are very high. From a compu-
tational perspective, the efficiency of our constructions is at stake and perhaps at this
moment the interest of our results relies more on their existential implications than on
their practical applications. However, two natural questions arise when considering
the issue of complexity:

Question 1.6 Which is the minimum (or a good bounding) degree of a polynomial
map whose image is the complement of a convex polyhedron with m facets?

In Remarks 4.2 and 6.8 we provide bounds for the polynomial maps constructed in
the proofs of Theorems 1.4 and 1.5 below.

Question 1.7 If we think of polynomial maps R” — R”" with m > n, that is, if we
allow an increase in the number of variables, is it possible to devise constructions
which lower the complexity of the polynomial maps presented here?

We refer the reader to Examples 4.3 and 6.9 for a partial positive answer to this
question in the two-dimensional case, which takes advantage of the techniques devel-
oped in this paper. This increase in the number of variables is somehow related with
the extension complexity, which is the smallest integer k such that a compact convex
polyhedron X C R” can be expressed as the linear image of a polytope with k facets.
This invariant is used to ‘simplify’ the formulation of linear programming problems
over polytopes increasing the number of variables (and providing new constrains). For
further details we refer the reader to [7,35].

1.5 Rational Separation for Tuples of Variables

It is worthwhile to mention here in the Introduction that the proof of Theorem 1.5
involves a separation result for tuples of variables that has interest by its own. A rational
separator for the pair of positive integers (r, s) is arational function ¢, 5 : R" xR® --»
R that is regular on the interior of the polyhedron

Qs ={Wl,--.¥ri 21, ..., 25) € R" x R® : max{yy,...,y,} <minfzy, ..., zs}},

extends to a continuous (semialgebraic) function on Q, ; and satisfies

max{yi,...,yr} < ¢r,s(Y§ z) < min{zy, ..., Zg}

for each (v; z) :== (Y1, ..., ¥r; 21, ..., Z5) € Int(Q, ;). In Proposition 5.4 we show
that rational separators exist for each pair of positive integers (r,s). As a conse-
quence we prove in Proposition 5.9 the following statement: Given an n-dimensional
convex polyhedron of R" and the projection w,: R" — R (xq,...,%x,) —
(X1, ..., Xn—1), the two connected components of the difference (Int(r, (X)) x R)\X
can be separated by a rational function that is regular on Int(m, (X)) and extends
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Fig. 1 A sketch of the behavior of the polynomial map f: R? > R?

to a continuous function on 1, (X). As it is well-known, the separation of disjoint
semialgebraic sets is a delicate issue and we refer the reader to [1] for further details.

1.6 Structure of the Article

All basic notions and (standard) notations appear in Sect.2. In Sect.3 we focus our
attention in a special family of polynomial maps f := (f;, f2): R> — R? and
prove a key result (Theorem 3.3), which allows us to prove in Sect.4 Theorem 1.4 by
using induction on the dimension and reducing its proof to the two-dimensional scene,
and has as a straightforward consequence Corollary 3.5, which is the two-dimensional
version of Theorem 1.4 (see also [33, Thm. 1]). Figure 1 illustrates the behavior of these
polynomial maps and should help understand how they work. In Sect.5 we provide
some rational separation results for certain types of (non-compact) semialgebraic sets.
The separating polynomials arising from these results will be an important ingredient
for constructing in Sect. 6 the polynomial maps needed to prove Theorem 1.5. A great
deal of work here is devoted to comprehend how these maps act on ‘vertical’ lines in R",
that is, lines whose direction is generated by the ‘vertical’ vector ¢, := (0, ..., 0, 1).
An annoying difficulty which has to be dealt with is related to the intersections of
the spans of facets of the target polyhedron. To circumvent this problem we construct
a suitable enveloping polyhedron Xy of X (see Sect.6.2), on whose complement
we apply a sequence of our maps in order to obtain R"\X as a polynomial image
of R™\ Int(Xy). Figure 8 shows a two-dimensional sketch of how these maps act on
complements of polyhedra and should give an idea on how we achieve our goal.
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2 Preliminaries on Convex Polyhedra

We begin by introducing some preliminary terminology and notations concerning
convex polyhedra. For a detailed study of the main properties of convex sets we refer
the reader to [3,29,36]. An affine hyperplane of R” will be written as H := {x € R" :
h(x) = 0} = {h = 0}, where h is the corresponding linear equation. It determines
two closed half-spaces

={xeR":h(x) >0 ={h>0} and
H ={xeR":h(x) <0} ={h=<0}.

A linear subspace U in the vector space R" is called vertical when it contains the vector
é, = (0,...,0,1) € R". Otherwise, we say that U is non-vertical. Analogously, we
say thatan : afﬁne subspace Z C R" is vertical (non-vertical) when its associated linear
subspace Z = = {pg pq : p,q € Z} is vertical (non-vertical). Notice that Z is vertical
if and only if Z can be defined by a finite set of implicit linear equations that do not
involve the variable x,,, that is,

anxy +---+ayp—1x4—1 = by,
Z = where a,‘j,b,‘ e R.

am1X1 + -+ amp—1Xn—1 = b,

In particular, vertical vectors are the non-zero multiples of ¢, and vertical lines € are
those whose direction £ is generated by €,,. In general, given an affine object we will
use an overlying arrow - to denote its corresponding vectorial counterpart, whenever
its meaning is clear.

The vertical projection is the linear projection

. -1 . .
T R > R xi=(x1,...,%,) = X 1= (X1, ...,%Xn—1)

and the vertical projection of a set S C R”" is its image under ;. We introduce the
previous nomenclature with the aim of lightening the statements and the proofs in the
sequel.

2.1 Generalities on Convex Polyhedra

A subset X C R” is a convex polyhedron if it can be described as the finite intersec-
tion X := (_, Hi+ of closed half-spaces Hl.+. The dimension dim(X) of X is the
dimension of the smallest affine subspace of R” that contains K. If X has non-empty
interior there exists by [3, 12.1.5] a unique minimal family {Hj, ..., H,} of affine
hyperplanes in R” such that X = (', Hl.+. This family is the minimal presentation
of K. We assume that we choose the linear equation h; of each H; so that X C Hi+.
For inductive processes we will write K; » := [ i H]*, which is a convex poly-
hedron that strictly contains X, satisfies X = K; » N HI.Jr and has one facet less
than X.
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2.1.1. The facets or (n — 1)- faces of X are the intersections F; := H; NK forl <i <
m. Only the convex polyhedron R" has no facets. Each facet J; := H;” N ﬂ;’?:l Hj+ is
aconvex polyhedron contained in H;. The convex polyhedron X C R” is a topological
manifold with boundary, whose interior is Int(X) = ﬂ;"zl (Hi+\Hi) and its boundary
is 9K = (UL, Fi. For 0 < j < n — 2 we define inductively the j- faces of K as the
facets of the (j + 1)-faces of K, which are again convex polyhedra. The O-faces are the
vertices of K and the 1-faces are the edges of K. A face € of K is vertical if the affine
subspace of R” generated by € is vertical, that is, if its linear implicit equations do
not involve the variable x,. Otherwise, we say that € is non-vertical. In particular, if
€ := Fisafacet of K, itis vertical if and only if an implicit linear equation of the affine
hyperplane H spanned by J is of the type ag + a;x; + - - - + ay—1x,—1 = 0. Thus,
non vertical facets generate affine hyperplanes that admit implicit linear equations of
the type agp + a1x1 + - + ap—1xy—1 +x, = 0.

Obviously, if K has a vertex, then m > n. A convex polyhedron of R” is non-
degenerate if it has at least one vertex. Otherwise, we say that the convex polyhedron
is degenerate.

2.1.2. A supporting hyperplane of a convex polyhedron X C R”" is a hyperplane H
of R" that meets X and satisfies K € H' or X C H~. This is equivalent to have
g # XN H C XK. The intersection of K with a supporting hyperplane H is a face
of K and conversely each face of X is the intersection of K with some supporting
hyperplane. In particular, the vertices of a convex polyhedron X C R" are those
points p € K for which there exists a (supporting) hyperplane H C R” such that
XNH={p}

2.2 Projections of Convex Polyhedra

Let X C R” be an n-dimensional convex polyhedron and let ), : R* — R x =
(%', x,) — x' be the projection onto the first n — 1 coordinates. We denote the origin
of R” with 0 and that of R”~! with 0. Let P := 7,,(X) and let £,, be the line generated
by é, :=(0,...,0,1) = (0/, 1). By [29, II, Thm. 6.6] we have 7, (Int(X)) = Int(P)
and consequently nn’l (0P) N K c 9K. Thus, if £ is a vertical line and 7, (£) C 9P,
then

(NK =n"m,(0)NK cn, ' (0P) N K C IK.
In fact, 77, 1 (dP) N K is a union of faces of XK.
Indeed, let F’ be a facet of P and let H' be the hyperplane of R"~! generated by
J’. Notice that H := nn’l (H") = (H' x {0}) + £, is a hyperplane of R” that meets X

but does not meet Int(X). Thus, H is a supporting hyperplane of X and H N XK =: &€
is a face of K. Therefore

TN INVNK =, HNPHNK=m, " (H)N7, ' PINK=HNK =€
is a face of K.
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2.3 Recession Cone of a Convex Polyhedron

We associate to each convex polyhedron KX C R" its recession cone (see [36, Chap.
1] or [29, 11, §8]), defined as

CK):={BeR" :VpeX,VA >0, p+rd e K},
which is a polyhedral convex cone. If K := (i, H,*, then €(X) := (i_, C(H) =
M_, H:". Clearly, €(X) = {0} if and only if K is bounded. In addition, if P C R”
is a non-degenerate convex polyhedron and £ > 1, then é(Rk x P) = RF x ai(fP).
Recall that each degenerate convex polyhedron can be written as the product of a non-
degenerate convex polyhedron times an Euclidean space. Besides, a convex polyhedron
is degenerate if and only if it contains a line or, equivalently, if its recession cone
contains a line. Consequently, a convex polyhedron is non-degenerate if and only if

all its faces are non-degenerate polyhedra. We recall the following interpretation of
the recession cone for the sake of intuition.

Remark 2.1 (Projective interpretation of the recession cone) Let us embed R” inside
the real projective space RP” by means of the usual embedding

R" — RP", x:=(1,...,x) = [1:x]:=[1:x1:...:x,]
Consider also the map
@o: RMN\{0} = RP", v:=(v1,...,0,) = [0:0]:=[0:v1:...:0,].

Denote by Hy = {x¢9 = 0} = RP"\R” the hyperplane of RP" at infinity (with
respect to the embedding of R"” in RP" described above), which is the image of ¢y.
Let K C R” be a convex polyhedron, let X be the closure of X in RP" and denote
Koo := K N Hoo. We claim:

Koo = 00(€(K)) = go({B € R" : VA > 0, p + A € K}) (B.1)

for each p € X.

Fix any point p € X and let [0 : U] € K. Consider the projective line L that
passes through p and [0 : ¥]. Observe that L N Hee = {[0 : 3]}. If L C %, then
the half-line 7' := {p + Av : A > 0} C K. Otherwise, we pick a point p’ € L\K
and let H be a hyperplane through p’ such that X N H~ = &. To construct H, write
X = ﬂ?zl{hi > 0} where each h; € R[x] is a polynomial of degree one. Assume
that 2;(p’) < 0 and let a, B > O be such that (ah| + hy +--- + h,)(p’) < 0 and
(ahy +hy + -+ h + B)(p') = 0. Define h := ah| + hy + -+ + h, + B and

= {h = 0}. The hyperplane H satisfies the requirements. Let H C RP" be the
projective completion of H. It holds that K\H is a convex polyhedron of the affine
space RP"\H. Consequently, the segment that connects p and [0 : ¥] in RP"\H is
contamed in JC\H. This means that (after changing ¥ by —7 if necessary) the half-line
{p—i—)»v A>0)CX. Ash(p—{—)w) > 0 foreach A > 0 and 2(p') = 0, we
deduce that h(v) > 0 (where hi=h— h(0)).
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Let ¢ € X be another point and consider the line £ := {g + tv : ¢ € R}. We know
that one of the half-lines 71 := {g +Av : A > 0} or 7o := {g — A0 : A > O} is
contained in X (follow the same argument we have done for p). As h(v) > 0 and
XN H™ =@, we conclude that T, ¢ K, so 71 C K. Consequently,

Koo C 0o(E(K)) C po({T € R" : VA > 0, p + A € K}).

Conversely, fix p € X and let v € R" be a vector such that the half-line T :=
{p+Av: A > 0} C K. Then its closure T meets Ho, in exactly one point, which
is [0 : 7] and belongs to K. In particular, [0 : 7] € K N Heo = Koo. We conclude
po({v € R" : VA > 0, p+ v € K}) C Koo, so (B.1) holds.

Now, it is a straightforward exercise left to the reader to check that given any point
p € Ktherecession cone € (XK) coincides withthe set {v € R" : VA > 0, p+Av € K}.
We will use this fact freely along this work. O

We will frequently use a convenient way to place an unbounded n-dimensional
polyhedron in its ambient space. Consider the linear projection 7': R — R,
(X1, ..oy Xpn) > Xy

Lemma2.2 Let X C R" be an unbounded n-dimensional convex polyhedron with
m > 3 facets Fy,...,.F,,. After an affine change of coordinates and reindexing the
facets we may assume that K satisfies the following properties:

(1) The facet F,, spans the hyperplane {x, = 0} and X C {x, < 0}.
(ii) The origin 0 := (0, ..., 0) € Int(F,,).
(i) 7' (K) =7 (KN{x =0,...,x,-1 =0}).
(iv) The vector é, ¢ Ky .

Proof Suppose first that there exists a facet F of K such that dim(é(fr")) = dim(é(?()).
After an affine change of coordinates and reindexing the facets we may assume that
Fm := F spans the hyperplane {x, = 0} and X C {x, < 0}._As the convex cones
C(F) C €(X) and both have the same dimension, we conclude €(K) C {x, = 0}. As
dim(X) = n, we can choose a finite set W that contains all the vertices of K and spans
R". Let K¢ be the convex hull of W. It holds X = Ko + Q(fK) As C(fK) C {x, =0},
we have 7/(K) = 7/(Ko), which is a compact interval [—M, 0] of R (for some
M > 0). As m > 3, then X is not a layer and there exists a facet ¥ of X that spans
a hyperplane H "= {h’ = 0} of R” that is not parallel to {x, = 0}. Pick a vector
v e Q(ﬂ()\ﬁ/. Pick points p € Int(F,,) and ¢ € 9K such that 7'(p) = —M. If we
set RT = {A e R: A > 0}, theray ¢ + RTv C X and for each point x € ¢ + R
we have 7/(x) = —M, so we may assume ﬁ’(ﬁq) > 0. After an affine change of
coordinates that keeps the hyperplane {x,, = 0} invariant, we may assume that p is the
origin and pg = —Meé,,. Thus, (i), (ii) and (iv) hold. Also (iii) holds: If (p’, p,) € X,
then —M < p, < 0,s0 (0, p,) € K (because X is convex and both the origin and
the point (0', —M) belong to X).

Assume next that d1m(€(3")) < d1m(€(fK)) for each facet F of K. Pick a facet F
of X such that dlm((’l(.’fr ) < dlm(QZ(S")) fori =1,...,m. We may assume F = F,
spans the hyperplane {x, = 0} and X C {x, = 0}. As m > 3, then X is not a layer
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and there exists a facet F of X that spans a hyperplane H' := {n' = 0} of R" and
that is not parallel to {x, = 0}. Pick a vector v € Q(fK)\(H’ U {x, = 0}) and a point
p € Int(F,,). After an affine change of coordinates that keeps invariant the hyperplane
{x, = 0} we may assume that p is the origin, = —é, and 1/(¥) > 0. Thus, (i), (i)
and (iv) hold. Let us check that it also holds (iii). If (p’, pn) € K, then p, < 0, so
(0, pn) € X (because the origin belongs to K and —é, € €(X)), as required. O

3 Complements of Interiors of Convex Polygons

In this section we construct, for a convex polygon P C R? defined by a convenient set
of m linear inequalities described in 3.1, a polynomial map £ := (£, £2): R? — R?
such that £(R?\ Int(Pp. «)) = R?\ Int(P). Here, the polygon P, x is defined by the
first m — 1 linear inequalities defining P (see Theorem 3.3), and has one facet less than
P. Figure 1 illustrates the behaviour of the map f. This polynomial map f is the key
to prove Theorem 1.4. To fully understand the behaviour of f, we study carefully in
Sect. 3.4 thelevel curves X, := {f2(y, z) = A} (A € R), so that later we can determine
precisely the set £(R?\ Int(Kn, <)) = U, ep £(X\ Int(K,, x)). As a consequence of
Theorem 3.3 we provide in Corollary 3.5 a straightforward proof of Theorem 1.4 for
n = 2. The reader can compare this proof with the one in [33, Thm. 1].

3.1 Choice of Suitable Linear Equations

Let us consider m > 2 linear equations {14 (v, z),k = 1, ..., m} that can be expressed
as follows:
Lok (y) :=cr(y — by) it k=1,...,r
- 1x(y, z) == € (1 — if k= 1,...,m—1,
1oy 2) = € li(y, z) = (Lox(y) —2) i r+ m .1
=€k (ary + b — z)
—z if k=m.

Here, r < m — 1 (so that there is at least one equation of the second type), bycy # 0
fork=1,...,rande € {—1, 1} fork =r+1,...,m — 1. We allow redundancy in
the collection of equations but we ask that at least one of the ¢ is equal to +1. Notice

that 14 (y, z) = 0 corresponds to a vertical line for k = 1, ..., r and to a non-vertical
line fork = r + 1, ..., m, which is the horizontal axis when k = m. We define now
the polygons

m m—1

ﬂ 1 > 0} CR* and me:_ﬂ{1k>0}cR2 (C.2)

and consider the projection 7’ : R? > R, (v, z) — z. Besides, we assume two extra
conditions:

e (0,0) € Int(Py,, %),
o 7/(P)=n"(PN{y=0}.
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The conditions above imply that the unbounded two-dimensional convex polygon
P satisfies properties (i)—(iv) in Lemma 2.2. Namely,

(i) The line 1,,(y, z) = —z = 0 is spanned by one of the edges, say &, of P and
Pc{z =<0}
(ii) The origin (0, 0) € Int(E).
(i) 7’(P) =7’ (PN {y =0}).
(iv) The vector e, ¢ Py, x (this follows from the fact that P,, y is contained in a
half-plane of the form 1. (y) — z > 0).

3.2 Auxiliary Polynomials

Now we introduce the auxiliary polynomials

m—1 2
lo; 1
av.z) =z -y —1- Y %
i=r+1
- = (C.3)
9(y, 2) ;:( 1_[ 10/(Y)> . ( 1_[ Li(y, z)>,

j=1 i=r+1

p(y, z) =1 —aly, 2) ¢ (v, 2).
Some properties of these polynomials will be relevant to us.

Lemma 3.1 The region Q := {q > 0} satisfies:

() Qcf{z—v*—1>0C{z—|yl >0} C{z >0} ={1,, <O0). Besides, Q is
connected and its vertical projection covers {y = 0}.
(i) Q C ﬂ;":r_H{l,' < 0}and Q C {1 < O} for somek € {r+1,...,m —1}. In
particular, PNQA =@ and P, « N Q= Q.
(iii) Let M > 0 be such that 1 + |a;| + |bi| < M fori =r+1,...,m — 1. Then

m—1

Qc () {Mz—|1o(y) —z| >0}
i=r+1

Proof (i) This is trivial.
(i) Since r < m — 1, fixip € {r +1,...,m — 1} and (yg, z9) € Q. We have
a(yo, zo) > 0, s0

m—1 2 2
1o7(yo) +1 loj (yo) +1
20>y +1+ E ( : > > 0 7 > Loiy(Yo)-
i=r+1

Therefore, 1;,(yo, z0) = Lo;,(y0) — z0 < 0 and (yo, zo0) € {1;, < 0}.
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. As ¢, = +1 for at least one index k € {r + 1, ..., m — 1}, we have for such k that
1k = €x 1l = 1. Consequently,

m
Qc () {Li<0)c {1 <0}={L <O}
i=r+l1
soPNA=gand P, «NQA=02.
(iii)) Fixi e {r +1,...,m — 1} and (yg, z0) € Q. By (i) we have |yg| < zo = |z0|
and zg > 1. Thus,

[1o;(yo) — zol = laiyo + b;i — zol < laillyol + 1bi| + |zol
< laillzol + |billzol + |zol < Mzo,

as required. O
Lemma 3.2 Foreach yp € U := R\{by, ..., b;} there exists
m—1 2
loj(vo) +1
2 i
= 1 _—
21> z0 =y + 1+ Z 5
i=r+1

such that p(yo, z1) = 0. In particular, (yo, z1) € Q.
Proof Let us consider the odd degree polynomial
Dy (2) = p(y0, 2) = 1 = alyo, 2) g (o, 2).

and observe that g(yo, z0) = 0. As lim;_, 1o Dy, (z) = —00 and py,(z0) = 1, there
exists z1 > zo such that py,(z1) = 0, as required. O

3.3 ‘Winning’ Polynomial Map

Let us consider now the polynomial map £ := (£1, £2): R? — R? given by

£1(y, z) == y((p(y, 2) — D* +p*(v, 2)),

5 (C4)
fa2(y, 2) := zp“ (v, 2),

where p € Ry, z] is the polynomial introduced in (C.3).
Our main result in this section is the following.

Theorem 3.3 For a non-degenerate unbounded convex polygon P described as in
Sect. 3.1 the polynomial map £ := (£1, £2): R* — R? satisfies

R2\ Int(P) = £(R*\ Int(Pp. »)).
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Let us apply Theorem 3.3 to show Theorem 1.4 when n = 2. We recall first how
one can represent as a polynomial image of R? the complement of the interior of an
(unbounded) convex polygon P C R? with one or two edges.

Examples 3.4 (i) If P C R? has one edge, we may assume P := {z < 0}, 50 § :=
R>\P = {z > 0}. The image of the polynomial map f: R> — R2, (x1,x2)
(x1,%3) is 8 and deg(£) = 2.
() IfP C R? has two edges, we may assume P := {y > 0, z > 0}. Define
f:R? > R°=C - C=R?,
(%1, x2) > (X%, x%) = X% ++/—1 X% w0 o = (x% — —1X%)3
= (x? — 3X%X§) — /=1 (3X‘11X% — Xg)

= (x? - 3X%Xg, xg — 3x41*x%).

The image of £ is 8, as it maps first R? to the closed quadrant {x; > 0, x5 > 0} and
then this one to § using the complex operation w > @-. In addition, deg(f) = 6.

Corollary 3.5 Let P C R? be an unbounded convex polyhedron that does not discon-
nect R%. Then 8 := R*\ Int(P) is a polynomial image of R?.

Proof We proceed by induction on the number m of edges of P.
FIRST CASES. The cases m = 1 and m = 2 were provided in Example 3.4.

INDUCTION STEP. Let P := /L, {L(y, z) > 0} be a convex polygon with m > 3
edges. After an affine change of coordinates we may assume that properties (i)—(iv)
from Lemma 2.2 are satisfied. This in turn implies that, ordering adequately the edges
of the polygon, we can express the equations of the 1; as in (C.1), so they satisfy all
the required conditions in Sect.3.1.

Now, set Py, « := ﬂ;”:_]l {i i(y,z) > O}. By the induction hypothesis there exists a
polynomial map h: R?> — R? such that ho(R?) = R?\ Int(P,,.x). By Theorem 3.3
we have £(R?\ Int(Pp. x)) = R2\ Int(P). Thus, the image of the polynomial map
F:= fohg: R*? = R?is 8 := R?\ Int(?P), as required. |

Before proving Theorem 3.3 we need to study carefully the level curves of £;.
3.4 On the Level Curves of £,
For each 1 € R consider the plane algebraic curve
X, ;= {f2 =A}.
The properties of these algebraic curves will help us prove later the equality
XN\ Int(Pr. <)) = {z = A}\ Int(P), which essentially represents the core of the

proof. Propositions 3.6 and 3.7 provide semialgebraic parameterizations of (a part
of) X,. The properties of these parameterizations depend strongly on the sign of A.
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The reader should have in mind Fig. 1, which sketches the behavior of the polyno-
mial map £ and helps understand how it acts on R?. In the sequel we make use of
Nash functions on open semialgebraic subsets U C R. Recall that an analytic func-
tion £: U — R is Nash if there exists a non-zero polynomial P € R[x, y] such that
P(t, f(t)) =0foreach t € U.

Proposition 3.6 Assume A > 0 and define ¢, (y) := max{z € R : (y, z) € X,} for
eachy € U :=R\{by, ..., b}. Then

(1) @;: U — R is a Nash function and its graph T, is contained in X; N Q.
(i) limyp; pp(y) = +ooforall j=1,...,r.

Proof We note first that: the function @, is well-defined on U .

Fix yp € U and observe that g(yo, z) is a polynomial of degree one. Thus, p(yo, z)
is a polynomial of degree > 1 and £, (yg, z) is a polynomial of odd degree. Conse-
quently, the set {£2(yp, z) = b} C R is non-empty and finite, so the value ¢ (yo)
exists.

3.6.1. The proof of (i) is conducted in several steps. We first claim: The partial deriva-

tive a<§§’2) is strictly positive on Qy := {q > 0} N (U x R).
We have
d(ag®) _ dg , dg
= 82 42908
9z 8zg + qgaz
4
r m—1 m—1
| [Tues (n 1,~<y,z>) -5 Mues
j=1 i=r+1 k=r+1i#k
4
r m—1
=g +2|[[1iv. 2] | D E-la)[[Liv.27].
j=1 k=r+1 ik

and by Lemma 3.1 (ii) this last expression is strictly positive on Q.

3.6.2. Fix (yo, @5 (o)) € I';, and denote

m—1 2
104 +1
=y +l+ Y (%)

i=r+1

We claim: There exists zo < z1 < z2 such that p(yg, z1) = 0 and £2(y0, 22) = A.
Besides, the graph T is contained in Qg and p is strictly negative on Ty,

Write QN {y = yo} = {(yo, z) : 2 > z0}. By Lemma 3.2 there exists z; > zo such
that p(yo, z1) = 0, so £2(y9,z1) = 0. As A > 0 and lim,_, + £2(y0, 2) = +00
(because it is an odd degree polynomial with positive leading coefficient), there exists
72 > 71 > zo such that £5(yp, z2) = A. Thus,

©.(Yo) = 22 > 21 > 20, (C.5)
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so (Yo, m(%)o)) € AN {y = yo} C Qo.

As % > 0 on Qp, the polynomial function py,(z) := p(yo, z) is strictly
decreasing on the interval [z, +00). As py,(z1) = 0 and @) (yo) > z1, we deduce
Py (1. (¥0)) < 0.

3.6.3. Finally we prove: The function ¢, is Nash on U.

Pick yo € U. We know that (yo, ¢1(y0)) € Qo, s0 ‘f’<g§2> (o, ¢1(y0)) > 0. In
addition, we know that p(yg, ¢ (y0)) < 0. It follows that

3(ag?)
0z

of
8—22(yo, 21.(00)) = P> (30, 2. (30)) + <22p~ <— )) (3o, ¢a.(y0)) > 0.

By the Implicit Function Theorem [5, 2.9.8] there exist

e open bounded intervals I, J C R such that yg € I and ¢, (o) € J,
e I xJC9QN{p<0}and
e a Nash function ¢: I — J suchthat X; N (I x J) = {z = ¢ (v)}.

Let us check: After shrinking I, we have ¢, |1 = ¢|;.

Indeed, suppose by contradiction that there exists a sequence {y}x>1 C I that
converges to yp and ¢, (yx) > sup(J) forallk > 1. As I x J C Q9 N {p < 0}, we
deduce

I x ]inf(J), +oo[ C Qp N {p < 0}

because p is decreasing on the line QN {y = y} forall y € U (see the end of the proof
of Sect. 3.6.2). In particular, pz(y, sup(J)) > O foreach y € I. By Sect.3.6.1

p? 9(qgg>
—;’ (3, 2) = —2p(y, 7) 45D
zZ

»,2)>0

for all (y,z) € I x ]inf(J), +-o00[. Thus, p*(y, ¢ (%)) > p* (. sup(J)) > 0 for
all k > 1. As £2(yk, 2 (Vk)) = A,

A
520k 2200) — D20k, sup(D))”

sup(J) < @ (k) =

As {yr}k>1 U {yo} C I is compact and the rational function is continuous

on I, there exists M > 0 such that

I S
p2(y,sup(J))

A
J — <M
sup(J) < () = s )

As K := X; N (CI(I) x [sup(J), M]) is a compact set, we may suppose that the
sequence {(yk, ¢a(Vk))}k>1 converges to (yo, o) € K, so

@:.(yo) < sup(J) <19 < ¢5.(yo),
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which is a contradiction. Thus, after shrinking 7, it holds (y, ¢ (y)) € I x J for all
y € I. Consequently, ¢ |1 = ¢|;.

Therefore, ¢; is a Nash function because it is locally Nash and by its definition
semialgebraic.

3.6.4. To prove (ii) we start by fixing bj, and taking yo close to bj,. Consider the
algebraic curve

Y::{p::l—qg2=0}.

By Sect. 3.6.2 there exists (yo, z1) € Y NQp suchthatz; < ¢, (yo). By Lemma 3.1 (iii)
there exists M > 0 such that

,
1= a(y0,21)g° (o, 21) < (21 — ) Mz)* "7 ] ¢} 0o — b)*
j=1

,
<Mz’ o —bpt.
j=1

Therefore,
1
- < z1 < @1(y0),
2m—2r—\l/M2(m—l—r) 1_[‘,‘:1()’0 — b
and so limy%bj0 1 (y) = 400, as required. O

Proposition 3.7 Assume . < 0 and let 7w : R?2 > R, (v,z) = v. Then X; C Rx
Jx — 1, O[ and there exists a continuous semialgebraic map ;. := (Y15, ¥2.): R —
R? such that Im(y;) C Xy and lime o0 Y12(t) = =oo. In particular,
7(Im(y)) =R

Proof The proof is conducted in several steps:

3.7.1. We show first: the algebraic curve X; when A < 0 lies in the band {» — 1 <
z < 0}.
Pick (yo, z0) € X. As g < 0 on the half-plane {z < 0} and A < 0, we have

A
0>z0= 5 22A>A—l.
(1 — a(yo, z0) g*(¥0, z0))

3.7.2. Next we prove: 7 (X;) = R.
Fix yo € R and consider the univariate polynomial £; ,,(z) := £2(yo, z). Then
£2,y,(0) =0 > A and using again the fact that g < 0 on {z < 0} we deduce that

fayh— 1) = =D —alo, »— Dg*(o, A — 1)) <r—1<a. (C6)
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—-M Sl M
0
1T
< Yri1 E,
E ——
! Y: >
A—1
S

Fig.2 Description of the situation

By continuity there exists zo € JA — 1, O[ such that £3(yo, z0) = £2,,(z0) = A, s0
(yo, zo) € X,. Hence, yo = w (30, 20) € 7 (X},) as claimed.

3.7.3. By [5, 2.9.10] the curve X is the disjoint union of a finite set of points § and
finitely many affine Nash manifolds Ny, ..., N, each Nash diffeomorphic to the open
interval ]0, 1[. As X contains no vertical lines, we may assume that 7: N; — Ris a
Nash diffeomorphism onto its image fori =1, ..., p.

3.7.4.Let M > 0 be such that 7 (F) C | — M, M|[. Let Y1, ..., Y be the connected
components of X;. As X;, C R x JA — 1, 0[, the same happens for each Y,. Of
course each Yy is a closed subset of R2. We claim: Some Y, connects the vertical
edges E1 .= {—M} x [A —1,0] and E; := {M} x [A — 1,0] of the rectangle
R:=[-M,M]x [»—1,0].

To prove this claim we will make use of Janiszewski’s Theorem (see [25] or [4,
Thm. Al): If K1 and K> are compact subsets of the plane R* whose intersection is
connected, a pair of points that is separated by neither K| nor K, is neither separated
by their union K1 U K3.

Suppose by contradiction that no Y, connects Eq with E»>. As 7(X;) = R, we may
assume that the first # < s connected components of X, meet E, whereas the rest of
them do not (Fig. 2). Define the compact sets

t N
Ki=J@n®UE, L= ] ®NR) and Ky:=LUIR,
=1 l=t+1

and note that the intersection K| N K, = E; is connected.

The horizontal segments S| := [-M, M] x {0} and Sy = [-M, M] x {» — 1}
satisfy £2(S1) = {0} and £2(S2) C J—o00, A[ (see (C.6)), thatis, S C f;l(])», +00l])
and §» C £ ! (]—00, A[). Consequently, the algebraic curve X; = 5 1()») separates
the horizontal segments S| and S;. Notice that if we restrict £5 to R the set X, N R
still separates these segments on R. Observe that 3R = S; U S, U E1 U Ej. As

M M
ki (imnfyz )Y <o ma o (smnfy=]) <o
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Fig.3 Positions of K| and W) -M

Fig.4 Positions of K, and Wy -M

the real number

o o2 o (o= )

is strictly positive and does not exceed % (Figs. 3, 4). Let 0 < § < 5 be such that
p1:= (0, —8) € £5'(Ja, +o00[) and py := (0, 1 — 1 +8) C £, (]—o0, A[). It holds
that K1 U K7 = (X; NR) U dR separates the points p; and p;. Note that both py, po
belong to the open connected subsets

Wi = {p eInt(R) : 0 < dist(p, <3fRﬂ {y < %})) <

Wy = {p e nt(R): 0 < dist<p, (aﬂm {y > —%D) < %}

of Int(R), while K1 N W, = @ and K, N W; = &. Thus, py, p» are separated neither
by K1 nor by K7, which contradicts Janiszewski’s Theorem. The claim follows.

| ™

3.75. Leta: [-M, M] — X, beacontinuous semialgebraic path such thata(—M) €
X, NEjanda(M) € X, N E>. As(§) C 1—M, M[, we may assume that

e a(—M) € Ny anda(M) € N»,
e 7(Nj) =]—00, —M[ and 7 (N2) = |M, oo[, where |y, and 7|y, are homeo-
morphisms.
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-M M

X
1

I~ @0 o~

0
a(t) / @ny) 0
——-> A —

Fig.5 Construction of the parameterization ),

Finally, the continuous semialgebraic map (Fig. 5)

(lv) M) it t < —M,
Yo (£) = (Y1, (), Y2,0(8)) = Ja(t) if —M<t<M,
(lyy) " NE) it > M,

satisfies 7 (Im(;)) = R and lim¢—, +00 (Y15 (t)) = F00, as required. O

3.5 Proof of Theorem 3.3

Now we are ready to prove the main theorem in this section, which is key in order to
prove later Theorem 1.4.

3.3.1. Denote S = 11%2\112(?) ‘and i'_:: H_§2\Igt(?,&x). We have to prove that
fF(NH =8 Write T=T1UT,UT3and § = 81 U 8 U 83 where

T :=TN{z>0}, 8 :=8N{z>0}
Ty =TN{z=0}, 8 :=8N{z=0}
T3:=TN{z <0}, 83:=8N{z <0}

Note that
SiUS,=8N{z>0}={z=>0} and T3 =83 = {z < O}\ Int(P).
It is enough to show
FTIuTy) =81uUSy  £(T3) =38s.
The inclusion £(T; UT,) C S LS, is straightforward. Therefore, we are left to show
S1u8 C £(T 1 uTy), (C.7)

83 C £(T3) C 83. (C.8)
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To prove (C.7) it is enough to check:

{(b1,0), ..., (br,0)} C £(T2),
{z = O0\{(b1,0), ..., (b, 0)} C £(T),
and {z > 0} C £(T)).

3.3.2. We check first {(b1, 0), ..., (by, 0)} C £(T2). Note that {b;} x R C T because

RA\T = Int(Py») € () {1,(v. 2) = ¢;(y — b)) > 0}.
j=1

As £(bj, 1) = (bj, A), wehave {b;} x R C £(T). Therefore {(b1,0), ..., (by,0)} C
£(T2).

3.3.3. Next we show: U x {0} = {z = O}\{(b1,0), ..., (b, 0)} C £(T)).
By Lemma 3.2, for each yy € U := R\{by, ..., b,} there exists z; € R such that

(vo,z1) € Qand p(yo,z1) = 0, so £2(yp,z1) = 0 and £1(yo, z1) = yo. Now, by
Lemma 3.1

Qc{z>0MN\PuxClz>0NT=7T;. (C.9)

Thus U x {0} C £(T}).

3.3.4.Letus prove: {z > 0} C £(T)). To that end we show: If > 0, the line {z = A}
is contained in f(ﬁ'l).

Consider the curve X, := {f2(y, z) = A}. By Proposition 3.6 there exists a
Nash function ¢, : U := R\{by, ..., b} — R such that limyﬁbj 0. (y) = 400 for
j=1,...,randits graph I'y C X, N Q. The latter condition means in particular that
liIny—):l:oo (D (y) = +oo.

Consider the function

f1(y, ifyeU,
O, R— R, yrs 1y, 2.(v)) ity
bj 1fy = bj.
Let us check: Im(®;) = R. It is enough to prove: ®, is continuous and
limy_, 400 Py (y) = Fo00.
Indeed, since (v, ¢ (v)) € X, we have

A
WPV, oY) =2~ py, o (y) = | ——.
o (y)

Thus, for each y € U we have by (C.11)

A A
D, (y) = f1(v, 0i(y)) = y(Z -2 + 1>, (C.10)
0.(y) 0.(Y)
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SO limy_>bj ®,(y) = bjfor j =1,...,r and &, is continuous. Also from (C.10)
follows that limy_, +oc @3 (y) = fo00. Thus,themapR — R x A ={z = A}, y —~
(D, (y), A) is surjective. As the graph I, of ¢, is contained in Q C {z > 0} N T (see
inclusions (C.9)) and the points (b, A) € T (see Sect.3.3.2), we deduce {z = A} C
£TN{z >0} = £T)).

This concludes the proof of (C.7) and we proceed now with (C.8).

3.3.5. Let us check: 33 C £ (73). To that end we show: If A < 0, the difference
{z = A\ Int(P) is contained in £(T3) = £(T N {z < 0}).

Let ¥, : R — X, be the continuous semialgebraic map constructed in Propo-
sition 3.7. Write R = C U A where C = w;l(lm(wk)\lnt(?)) and A =
w;l (Im () N Int(P)). We distinguish two cases here:

CASE 1: A = @. Consider the map t +— £(¥(t)) = (£1 (¥ (L)), £2(¥a(t)). We
know that £2 (¥, (t)) = A. Rewrite £ as follows:

2
f1 =y((p— 1> +p?) =y<2p2—2p+1)=y(2(p2—%> +%) (C.11)

We deduce

1

1 2
f1(¥a (b)) = ¢1,x(t)<2<p2(1ﬂx(t)) - 5) + 5)- (C.12)

As lime_, 400 Y12 (£) = o0, we have lime 4+ f]_(lpk(t)) = 400. As £1 o ¢y, is
continuous, we conclude £ (¥, (R)) =R x {A} C £(73).

CASE 2: A # @.If tp € 9C, there exist points #; € C and t, € A close to fy. As V¥;,
is continuous, ¥ (t1) € Im(¥,)\ Int(P) and v, (r2) € Int(P) are close to ¥, (t), so
Y, (tg) € X, NAP.

As (o) € 0P wehave g(¥,(t0)) = 0,500 (Y3 (o)) = 1and £ (Y, (t0)) = ¥a(to).
In addition, as ¥, () € X we have f£2(¥;(t9)) = A, so Y (tg) = £(Y¥,(tg)) =
(1,2 (t0), 2). Thus,

Uslto) € {z = A} N3P = a({z = A}\ Int(P)).

Notice that {z = A}\ Int(P) = (S; x {A}) U (S x {A}) where

and S :=

S| = {]—oo,ck] or
%)

[dy, +oo[ or
.

As r(Im(y3)) = R and lim¢_, 400 ¥1,2(£) = Fo00, there exists two intervals Cy
and C» of C (in case they are non-empty) such that

and

]-o00, ;] if §1 =]—o00, c;],
C = ]
(%) ifSi =9
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[d;, +oo[ if S = [dy, 400,
C2 = )
o ifS =o

where wl,;\(c;) = ¢; and Wl,k(di) = d, if the corresponding S; # @. Let us show:
E(Y(C)) = Six{r}fori =1,2.As¢;(C) C {z < O\ Int(P) = {z < O}NT = T3,
we conclude

{z =2\ Int(P) C £ (C)) C £(TN{z <0} = £(T).

Now, as in the previous case, from (C.11) and (C.12) we deduce that, since
lime— 400 ¥1.4(t) = £o00, then lim¢, 400 £1 (Y2 (t)) = £o00. In addition,

Y (cy) = (cr, A)
Ua(d)) = (dy. 1) } < 9%,

so £1(Ya(c})) = ¢ and £1(5.(d})) = dy. Consequently, £1(¥x(C;)) = S; for
i =1, 2, as required.

3.3.6. Finally we show: £(T3) C 83 = {z < 0}\ Int(P).

Note first that f(g:),) C {z < 0}. Thus, we only have to check: f(g:),) N Int(P) is
the empty set.

Let (yo, 20) € T3=TN{z<0=8N{z <0} ={z < 0} Int(P) and choose
an edge of P (different from &,,) and a linear equation 1 := ay + bz + ¢ of the line
containing it that satisfies P C {1 > 0} and

1(y0, z0) = ayo + bzo + ¢ < 0. (C.13)

We also have ¢ > 0, because 1(0, 0) > 0. We distinguish two cases:

CASE 1: b < 0. Let us check: 1(£(yo, z0)) < 0.
Indeed,

ayo((1 — p)* (30, 20) + P> (30, 20) + bz (30, 20) + €
= (ayo + bzo + ¢)((1 — P)* (Y0, 20) + P> (Y0, 20))
— bzo(1 — P)* (30, 20) + c(1 — (1 — P)* (Y0, 20) — P*(¥0, 20)) < 0

1(£(y0. 20))

because ayo + bzo + ¥ < 0,z0 < 0 and (1 — p)*(yo. 20) + P*(Y0. 20) > 1. Hence,
£(yo, z0) ¢ Int(P).

CASE 2: b > 0. Let —M := inf{z : (y,z) € P}.If M = oo, then —¢,, € Eﬁ(fP), SO
b <0.Thus, M € R. As (0, —M) € P, we have —bM +c¢ > 0,s0 —M > —%. We
consider two subcases. If ayg > 0, we have

ayo+bzg+c<0 ~  gp=-—C_ "< B0 _y<_py
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Consequently, z()pz(yo, 720) < M ,_because p(¥0,20) > 1 as zg < 0. Therefore,
£(yo, zo) € Int(P) and £(yg, z9) € S3. If ayy < 0, we have

1(£(y0, 20)) = ayo((1 — p)*(¥0, 20) + P> (Y0, 20)) + bzop> (Y0, 20) + ¢
= p2(y0, 20)(ayo + bzo + ¢) + ayo(1 — D)> (Yo, 20)
+ (1 —p*(y0, 20)) <0,

because all the addends in the last expression are non-positive (recall that as zo < 0,
it holds p(yo, zo) > 1). Again, we conclude f(yo, zo) € 83, as required. O

4 Complements of Interiors of Convex Polyhedra

The purpose of this section is to provide a constructive proof of Theorem 1.4. The
proof can be schematized as follows:

e We place the polyhedron X so that the vector —e, := (0, ..., 0, —1) lies in its
recession cone and one of its facets J; lies in the hyperplane {x, = 0}.

e We proceed by double induction on the dimension and the number of facets of X.

e By the induction hypothesis, the complement T; of the interior of the unbounded
convex polyhedron X; » (which has one facet less than X) is a polynomial image
of R".

e The main task now is to construct a polynomial map Fg that sends this complement
T; onto the complement of the original polyhedron X.

e We show that the previous map satisfies our requirements by reducing the problem
to a two-dimensional setting, so that we are able to apply Theorem 3.3.

The reader could follow together the proof of Theorem 1.4 and the simple working
Example 4.1 in order to get a better idea on how the construction works.

4.1 Proof of Theorem 1.4

The proof is conducted in several steps.

4.1.1 Setting Up the Scenario

We proceed by double induction on the pair (n, m), where n denotes the dimension of K
and m its number of facets. The resultis trivial forn = 1 because in this case layers cor-
respond precisely to bounded closed intervals that disconnect R, whereas R\ Int(X)
for unbounded X is affinely equivalent to [0, +-oc[, which is the image of the poly-
nomial map £: R - R, x > x2. Assume n > 2 and the result true for all convex
polyhedra that have either dimension < n — 1, or dimension n and less than m facets.

Let X C R" be an n-dimensional convex polyhedron with m facets, which is not a
layer. If K is degenerate, we can assume K = P x R where P ¢ R”~! is a convex poly-
hedron different from a layer. By the induction hypothesis there exists a polynomial
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map £o: R"~! — R"~! whose image is R”~!\ Int(P). The image of the polynomial
map £: R" - R", x:= (¥, x,) = (£o(x), %) is R"\ Int(X) and we are done.

Assume next that X is non-degenerate. We can assume that X satisfies properties
(i)—(iv) in Lemma 2.2. Let ¥, . .., &, be the vertical facets of K and let F, 1, ..., F,
be the non-vertical ones, with J,, lying in the hyperplane {x,, = 0} as usual.

4.1.2 Construction of the Polynomial Map Fy

Asbefore, set X’ := (x1, ..., x,_1) and x := (X1, ..., X,) = (¥, x,). Let us express
the equations for the spans of the facets of K as follows:

ho; (X)) for i=1,...,r,
hi (%) := { €h; (%) =€ (ho;(x') —x,) for i=r+1,...,m—1,
hy (%) = —x, for i =m,

where ¢; € {—1,+1}fori =r+1,...,m — 1. The hyperplanes H; fori =1,...,r

are vertical, while those corresponding to i = r + 1, ..., m are non-vertical. Here,
Hl.+ = {h; > 0} and h;(0’,0) > Ofori = 1,...,m — 1 because the origin of R”
belongs to the interior of J;,,. We also have for some indexlg e{r+1,...,m—1}that

€x = +1, because otherwise the vector ¢, would belong to € (X, ) as all non-vertical
half-spaces Hl.Jr would be of the form {—hg;(x') + %, > 0}. We introduce now the
n-dimensional versions of the auxiliary polynomials that we introduced in Sects. 3.1
and 3.2. Consider first

m—1 h 2 / + 1
0G0) =3 — X P = 1= > (%) (D.1)
i=r+1

where the last addend becomes 0 when » = m — 1. The polynomial Q(x) has two
properties of interest to us. First, the region Q(x) > 0 lies ‘above’ all the hyperplanes
containing non-vertical facets of K and ‘above’ the hypersurface x, = ||x'||> +1.In
addition, this region is connected and projects onto {x, = 0}. Second, Q(x) is always
negative on {x, < 0}. Next, we introduce

2
r m—1
G(x) 1= nhoj(x/) (]’[ hi(x)). (D.2)
j=1

i=r+1

Notice that this polynomial function vanishes on the hyperplanes containing the facets
of X and is positive on its interior. In addition, vertical facets of K do not change the
sign of G(x). Finally, consider the polynomial

P(x) = 1 — O(x) G*(x), (D.3)
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which is > 1 whenever Q < 0 and = 1 when G = 0 (that is, on the hyperplanes
spanning the facets of X).
Define with the aid of (D.3)

Fi(x) = X ((P(x) — 1)’ + P*(x)) € R[x]""" and
Fa(x) = x,P*(x) € R[x]. (D.4)

4.1.3.

We claim: The map Fgc: R" — R" = R xR, x> (F| (%), F2(x)) satisfies
Foc R\ Int(Kypy, «)) = R"\ Int(X).

Assume the previous claim true for a while. As X,, « has one facet less than K, by
the induction hypothesis the complement R"\ Int(),,, ») is the image of a polynomial
map Fo: R" — R”. Therefore, the composition Fg o Fg satisfies Fi o Fo(R") =
Foc (R"\ Int(K, ) = R"\X, as required. Hence, it only remains to prove this claim.

4.1.4 Reduction to the Two-Dimensional Case

Consider the family of vertical hyperplanes through the origin. This family can be
parameterized as follows: for eachii € "2 C R"~! define m; := {(iiy, z) : (v, z) €
R?}, which is the plane through the origin generated by the vectors i and é,. Obviously
R" = (U esn—2 i and Fgc () C ;. Therefore it is enough to check that

Fac (03 \ Int(Kon, x)) = 73\ Int(X)

forall i € S"2. As Int(X,,, ) and Int(X) are open subsets of R”, we have
Int(K,,,x) N7 = Int(K,y,, x N7rz) and  Int(K) N xy; = Int(K N ).

As the origin of R” belongs to the interior of J,, the intersection &,, ; := F, N7y is
an edge of X N 7 and its interior Int(€,, ;) contains the origin of R". We are reduced
to prove that

Fo (m;\ Int(K,, x N 7)) = 73\ Int(K N 73;) D.5)

forall i € S"—2.
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4.1.5 Conclusion of Proof

Fix now an arbitrary # € $"~2 and write

1i(y, z) := h;(vii, z)

Lox(y) ifk=1,...,r,
=& li(y, 2) i=ex(Qox(y) —2) ifk=r+1,...,m—1,
-z if k =m.
m—1 2
- loj(yv)+1
aly. z) =0k, z) =z -y — 1= ) ———0,
i=r+1 (D.6)

2 m—1

9y, z) := Glyi, z)=(1’[10j(y)> ( [] ue. z)),
j=1

i=r+1
ply, z) = P(yii, z) = 1 — qly, 2) g°(v, 2),
£1(y, z) == Fi(vii, ) = y((p(y, z) — 1)* + p*(v, 2)),
£2(y, 2) 1= Fa(yil, 2) = zp*(v, 2).

The linear polynomials 1; can be interpreted as the restrictions to the plane 7; of
the linear polynomials h;. Recall that for some index k € {r +1, ..., m — 1} we have
€x = +1. We have settled in 77; = R2 coordinates (v, z) with respect to the vectors
{i, é,}. Analogously, the functions q, g, p, £1 and £, can be understood respectively
as the restrictions to the plane n; of the polynomials Q, G, P, F; and F», appearing
in (D.1) through (D.4). But restating (D.5) in terms of the plane R? leads precisely to
Theorem 3.3. This settles the claim §4.1.3 and completes the proof of Theorem 1.4. O

Example 4.1 To show a concrete example on how the previous algorithm works, we
sketch here how to construct a polynomial map F: R®> — R3 whose image is the
complement of the interior of the unbounded convex polyhedron X := {x; > 0, x, >
0,x3 > 0} C R3. We start with a shortcut provided by the polynomial map

Fyc, (x1, %2, %3) i= (x? — 3x%x3, —3X?X% + xg, X3) ,
which satisfies Fgc, (R?) = R\ Int(X) where X; = {x; > 0,x; > 0} C R
(see Example 3.4 (ii)). We need now to apply an affine transformation ¢ to place the

polyhedron X in such a way that its facets are non-vertical and —e3 is contained in
(the interior of) its recession cone. This is achieved, for example, with

¢(x1, %2, %x3) i= (X1 + %3, %2 +x3,%x3 + 1).
We have ¢ (K1) = K/, where K| := {x3 < x1+ 1,x3 <x2+ 1} C R3. The two
facets of fK’l are the planes of equations xp + 1 —x3 =0and x; + 1 — x3 = 0. We

consider the polynomials
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x1+ 1)+ (x2+ 1?42
_ 5 ,
G(x1, x2,%x3) 1= (x1 —x3 + D(x2 —x3 + 1),
P(x1,x2,x%x3) :=1— QGZ.

Then we follow our recipe and construct the polynomial map
Foo (x1. %2.%3) = (31 (B = D? + P). 3a((2 = 1)? + P), 392

which satisfies F (R3\Int(ﬂ<’l)) = R3\ Int(KX"), where K’ := {x3 < x; + 1,x3 <
x3 4+ 1, x3 < 0}. Undoing the isomorphism ¢ by means of the affine bijection

Y(x1,x2,x3) i= (x] —x3+ 1, x0 —x3 4+ 1, x3)

we finally obtain that the composition F = ¥ o Fgr o ¢ o Fy, satisfies F(R?) =
R3\ Int(X), as required. The curious reader could compare this construction with our
previous one in [18, Lem. 7.2]. Expanding this composition map and expressing it in
terms of the variables x1, x2, x3 produces rather large polynomials. This shows that
even for polyhedra with a few number of facets our current constructive procedures
lead to expressions with very high degrees. O

Remark 4.2 By inspecting the polynomials introduced in Sect.4.1.2 we can obtain
information regarding the degree of the polynomial map Fg := (Fi,Fz): R* —
R"~! x R introduced in (D.4) and hence have and idea of the complexity of our
construction (see Question 1.6).

We will assume the more general case, which takes place when, along the inductive
process, we never get vertical facets. Then, for an unbounded convex polyhedron X
with m facets, we have deg(Q) = 2,deg(G) = m—1anddeg(P) = 24+2(m—1) = 2m.
We conclude that both deg(F) and deg(F,) have degree 2(2m) + 1 = 4m + 1 and
therefore deg(Fy) = 4m + 1. Since we are applying induction on the number of
facets of the polyhedron and the last step in the process corresponds to the half-space
{x, < 0}, which can be obtained as the image of a polynomial map of degree 2, we
finally get that the polynomial map f sending R” onto R"\X has degree

m
deg(f) <2- ]_[(41‘ +1).
i=2
As an example, for the complement of the interior of an unbounded convex polyhedron
with three facets we obtain a polynomial map of degree 234, whereas if the number
of facets is four the degree of the polynomial map is 3978.

Example 4.3 If we do not care about the number of variables that we introduce to
represent the complement R”\ Int(P) of an unbounded convex polygon P C R” that
does not disconnect R? as a polynomial image of an Euclidean space, then we can
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lower substantially the degrees of the involved polynomial maps (see Question 1.7).
More precisely:

Let P C R? be an unbounded_convex polygon with m > 1 edges that does not
disconnect R?* and such that diim(€(P)) is two-dimensional. Then there exists a poly-
nomial map F,,: R" — R2 such that ¥,,(R"") = R\ Int(P) and deg(F,,) <
8-3m72 -2,

For instance, for the complement of the interior of an unbounded convex polygon
with three edges we obtain a polynomial map of degree 22 involving 3 variables,
whereas if the number of edges is four the degree of the polynomial map is 70 involving
4 variables.

Let us explain how the procedure of increasing the number of variables helps us
to reduce the degree of the involved maps. The arguments here partly resemble those
developed in Sect.3.5. We proceed by induction on the number of edges m of the
convex polygon P.

INITIAL STEP. We refer the reader to Example 3.4. For m = 2, we obtain a polynomial
map of degree 6 = 8 - 3° — 2 involving two variables.

INDUCTION STEP. Let P C R? be a convex polygon that does not disconnect R? and
has m > 3 edges. Let €1, ..., &, be the edges of P and let {h; = 0} be the line
spanned by the edge &;. We may assume (reindexing the facets if necessary) that
P:=1{h; =0,...,h, > 0} satisfies the conditions (i)—(iv) of Lemma 2.2, that is,

(i) The edge &, liesin {x, = 0} and P C {x, < 0}.
(i) (0,0) € Int(E,).
(iii) Whenever (p1, p2) € P, then (0, p2) € P.
(iv) The vertical vector € ¢ (P, ).

We choose for each i = 1,...,m — 1 an equation of the form h; (x1, x2) = a;jx] +
bix4ci, where ¢; > 0 (because (0,0) € Int(€) C 3P). Write P, x := {h; >
0,...,h,—1 > 0}. We claim: The polynomial map

£1R? — R%, (x1, x2,w) > (x1((xaw?)? + (1 — x0w%)?), x2(1 — x0w%)?)

satisfies the equality £((R?\ Int(Pp,. <)) x R) = R?\ Int(P).

Set T := (R?\ Int(P.x)) x R and 8 := R?\ Int(P). If we verify that £(T N {x,
0)={x2>0}(=8N{xx >0} and £(TN{xy < 0}) =T N{xy; < 0}(=8N{x;
0}), then the claim follows.

For the first equality, the inclusion £(T N {x> > 0}) C {xy > 0} is straightforward.
For the reversed inclusion, take (g1, q2) € {x2 > 0} and choose p> > 0 so that
0 < g2/p2 < 1 and the segment {|x1| < 2|q1|, x2 = p2} does not meet P, x C R2
(this is posible because ¢, ¢ Eﬁ(anL «)). If we set

1 / )
wo =+ | — <1 _ |22 and
P2 p2

_ q1 _ q1
(p2w))? + (1 = pawg)? 2( o 1)2 Ll
2 2

AV

pt:
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we have £(p1, p2, wo) = (g1, g2) and therefore £(T N {x, > 0}) D {x, > 0} (notice
that | p1| < 2[q11, so (p1, p2) & Pm.x and (p1, p2, wo) € TN {x2 > 0}).

We prove next the second equality. The inclusion SN{x, < 0} C £(TN{xy < 0})is
straightforward, because for w = 0 we have £(x1, %2, 0) = idg2 (%1, x2) = (%1, x2),
o)

SN {xy <0} =idp2(8S N {x2 < O})
=f(TN{x <0}N{w=0}) C £(TN{xy <0}).

For the reversed inclusion pick (g1, ¢2) € £(7 N {x> < 0}). This means that there
exists (p1, p2, wo) € TN {xy < 0} with

£(p1, p2, wo) = (p1((p2wd)? + (1 — p2wd)?), p2(1 — prwd)?) = (g1, q2).

As (p1, p2, wo) € T, we have (p1, p2) ¢ Int(P,, «), so there exists an index i =
1,...,m — 1 for which h;(p1, p2) = aip1 + bipa + ¢i < 0. As in the proof of
Theorem 3.3, we distinguish two cases:

CASE 1: b; < 0. As also ¢; > 0, we deduce a;p; < 0. As p» < 0, we deduce
1-— pzw% >1,s0(1 —(1— pzw(z))z) < 0. Consequently,

a; p1((p2wd)* + (1 — powd)?) + bi p2(1 — prwd)?* + ¢
= (1 — powd)(ai p1 + bi p2 + ;)
+ci(1 = (1 = prwd)?) + a;i pr(prwd)* < 0,

because all the addends are non-positive. We conclude £(p1, p2, wo) € TN{xy < 0}.

CASE 2:b; > 0. Set =M := inf{z : (y,2) € P} If M = oo, then (0,2) € P for
7z < 0and —é; € €(P). But this implies that b; < 0, which is a contradiction. Hence,
M € R and (0, —M) € P implies that —b; M + ¢; > 0. Now we distinguish two
subcases: If a; p1 > 0, then

aipy ¢ _ _dipi

= _ME_Ma
b; b; bi

aipr +bipp+c¢ <0~ P2 < —

5o p2(1 — pow3)? < pa < —M. This implies that £(p1, p2, wo) ¢ P C {x2 > —M}.
On the other hand, if @; p; < 0 a similar argument as in Case 1 leads to

a; p1((pawd)? + (1 = pawd)®) + bi pa(1 — pawd)* + ¢ <0,

and again £(py, p2, wp) ¢ P.

Therefore, in both cases £(p1, p2, wp) € S N {xy < 0}.

Now we use our inductive hypothesis. As P, x has m — 1 edges, there exists a
polynomial map g, : R”~! — R? such that g, (R"~!) = R?\P,,.x and deg(g,) <
8-3M~3 _ 2 Next we consider the map Fy, : R"~! x R — R? defined by Fp(z,w) =
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T
e

Int(P) x R\\

rational
separator

Fig.6 Rational separator for the attic and the basement of a skyscraper

£(gm(z), w).Itisclear that F,,, (R” 1) = R?\ Int(P). As g,, has degree < 8-3"73 -2,
we have

deg(F) = deg(f(gm,w)) <3(8-3"3 —2)+4=8.3""2-2

for m > 3, as required. O

5 Rational Separation of Distinguished Semialgebraic Sets

A crucial step to prove Theorem 1.5 is, roughly speaking, the following separation
result. Let X C R” be a convex polyhedron of dimension 7 and let P ¢ R"~! be the
projection of X onto the first n — 1 coordinates. Consider the ‘infinite prysm’ Int(P) xR,
which henceforth will be called skyscraper. Under mild conditions on the placement
of K in R” the difference (Int(P) x R)\XK has two connected components: the ‘attic’
C* of the skyscraper Int(P) x R and its ‘basement’ C~. It would be desirable (and
much simpler for the exposition) to find a polynomial map £ € R[xq, ..., x,—1] that
separates the attic C* and the basement G~ of the skyscraper Int(P) x R, but the strong
restrictions concerning separation of non-compact semialgebraic sets by polynomial
functions suggests to use more general functions. In Proposition 5.9 we find a rational
map depending on (x1, ..., x,—1) that separates C* and C™, see Fig. 6. In addition,
the previous rational map is regular on Int(P) and we choose a representation such
that the zero set of the denominator is contained in the zero set of the numerator.

The result announced above is based on a preliminary one concerning rational
separation of tuples of variables, which has interest by its own.
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5.1 Rational Separation of Tuples of Variables

Fix positive integers r, s and sety := (v1,...,¥Yr), z := (21, ..., z5). Consider the
convex polyhedron

Qs :={(y; z2) e R" x R® : max{y1,...,y,} < min{zy, ..., zs}}.
It holds
Int(Q,5) = {(v; z) € R" x R® : max{yy, ..., yr} < min{zy, ..., zs}}
and Cl(Int(Q, 5)) = Q, 5. If r, s > 1 and k, £ > 0, the map
,of”f: R" x RY — Rk x RS+,
(y; Z) = (YI, AR ] erl,Yr, (k_f:l)a Yr§ 217 AR ] 25717 ZSa <l-+'1)7 ZS)
is a linear embedding such that p (Int(Q, 5)) C Int(Qy 4« s+¢) and p(Qy ) C Qryk s+e.
Using the identities min(S) = — max(—S) and max(S) = — min(—S) for any finite
set S, one proves that if r, s > 1 the linear isomorphism
o:R' xR - R* xR, (y;2) = (—=z; —y)
satisfies 0 (Q, ) = Qg and o (Int(Q, 5)) = Int(Q; ).
Definition 5.1 A rational separator for the pair (r, 5) is a rational function ¢, 5: R x

R® --» Rthatis regular on Int(Q, s), extends to a continuous (semialgebraic) function
Q, s and satisfies

max{yy, ..., v} < ¢rs(y; z) <min{zy, ..., zs}
for each (v; z) € Int(Q, ).

As Cl(Int(Q, 5)) = Q, s and ¢, s extends to a continuous (semialgebraic) function
®, ¢ on Q, ¢, we deduce

max{yi,...,vr} < @rs(y; z) < min{zy, ..., z4}
for each (v; z) € Q, 5.

5.2 Recursive Properties of Rational Separators

We present next some recursive properties of rational separators that will ease the
proof of the existence of rational separators in Proposition 5.4.
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Remark 5.2 (i) Let ¢, s: R” x R® --» R be a a rational separator for (r, s). Then the
rational function ¢; (2, y) := —¢, s(—y; —z) is a rational separator for (s, r).
(i) Letr,s > land k, £ > 0 and let ¢, 44 s4¢: R"T* x R ——5 R be a rational

separator for (r + k,s + ¢). Then ¢, (v, z) = ¢r+k,s+g(pf,’f(y, z)) is a rational
separator for (r, s).

Lemma5.3 Letr,s,k > 1 be such that r > k. Let ¢,_i+1.s be a rational separator
for (r —k +1,s) and ¢ s a rational separator for (k, s). Then

¢r,s (v; z) = ¢r—k+l,s(YIa ey Yr—ko ¢k,s(Yr—k+lv Y 2)5 2)
is a rational separator for (r, s).

Proof Define

M:i=A{1, .-, Yr—k> Yr—kt1, ---» ¥r; 2) € R" x R® :max{y,—x41,....vr}
< min{zy, ..., zZs}}.

The rational map

®: R xR --» Rr—k+1 % RS,
W1 Yr—ks Yr—k+1s - Y3 Z2) > (Y1 - Yk @k s Vr—k4-15 - - -5 Vi3 2)5 2)
isregular on Int(M) and extends continuously to M = Cl(Int(M)). Clearly, Q, ; C M.

We claim: ® (Int(Q, 4)) C Int(Qy_g+1.5).
If (v; z) € Int(Q, 5), then max{yi, ..., y,} <min{zi, ..., zs}, s0

max{y, k41,...,Yr} <min{zy, ..., zs}

and consequently ¢y s (Vr—k+1, ---,Yr; 2) < min{zy, ..., zz}. Thus,

maX{Yl, L 7Yr7k7 ¢k,S(YV7k+17 L 7Yr; Z)} < min{Z]5 L) ZS} (E'l)

and O(y; z) € Int(Q,_ky1.5). Therefore ¢, ¢ is regular on Int(Q, ;) and extends
continuously to Q, ;. Letus check: max{yi, ..., v,} < ¢, s(y; 2) < min{zy, ..., zs}
for each (y; z) € Int(Q, 5).

Indeed, by (E.1) we know that ® (y; z) € Int(Q,_r+1,5), SO

max{yy,...,yr} < max{yi,...,Yr—k> ®k,s ¥Vr—k+1----»Yr; 2)}
<¢rs(¥;2) =G ki1, sVl Yk Phs Vr—kt 15> Y73 2)5 Z)
< min{zq, ..., zs}.
We conclude that ¢, ; is a rational separator for (7, s). O
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5.3 Existence of Rational Separators

We prove next that, for each pair (, s) of positive integers, there actually are rational
separators. Denote £(r, s) := max{r — 1, 1} - max{s — 1, 1}.

Proposition 5.4 For each pair (r, s) of positive integers there exists a rational sep-

-

.. . . P
arator ¢ 5. In addition, we may assume that ¢, s is the quotient Q—A of two
r,s

homogeneous polynomials P, 5, Qrs € Rly; z] such that deg(Prs) = 3t0r.s)
deg(Qr5) = deg(Pr,s) — land {Qr,s =0} C {Pr,x =0}

Proof The proof is conducted by induction on ¢ := min{r, s}. We begin with some
initial cases:
CASE t =r =5 = 2. Define

Z122 —Y1Y2
(z1 +22) — (v1 +v2)
_ (z1z2 —viv2)((z1 + 22) — (v1 +v2))
- ((z1 +22) = (V1 +v2))?

D22(¥1,¥2; 21, 22) =

)

which is regular in Int(Q> ») and it is the quotient of two homogeneous polynomials
Pyy = (z122—y1¥2)(z1+22) — (yi+v2)) and Q25 := ((z1 + 22) — (v1 +¥2))*

such that deg(P22) = 3, deg(Q2.2) =2 and {Q22 =0} C {P22 = 0}.
Let us prove that if (v1, v2; z1, z2) € Int(Q;2), then
vi < $22(v1,v2; 21,22) < z; for i=1,2and;j=1,2. (E.2)

As ¢, is symmetric with respect to the variables (v, y2) and (z1, z2), we only
consider i = 1, j = 1. We have to prove

vi((z1 +22) = (vi +v2)) < z1z2 —viv2 < z1((z1 + z2) — (V1 + ¥2)).
The first inequality is equivalent to
z122 > vizI +viZa —y; &= (z1 —y1)(z2—y1) >0,
hence it holds. The second inequality is equivalent to

—VIV2 < 27 — Y171 — ¥221
— 2} —vizi —yaz1 +yviva = (z1 —y1)(z1 —y2) > 0

and it also holds. Note that Q2 » N{z1 +z2 —y1 —y2 =0} = {z1 = z0 = y1 = y2}.
By (E.2) the rational map ¢» » extends continuously to Q5 5 as

$22(v1,v2;21,22) ifzi+2z20—y1—vy2 >0,

D2(v1,Y2; 21, 22) = )
Z1 ifzy =z =y1 =v2.
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CASE t = 2. By Remark 5.2(i) we may assume that »r > s = 2. We proceed by
induction on . We have constructed above a rational separator for (2, 2) (even satis-
fying the additional conditions in the statement), so the initial case r = 2 has been
already approached. By induction hypothesis there exists a rational separator ¢,_12

for (r — 1,2) if r > 3. We may assume in addition that ¢,_1, = g”"z

is a quo-
r—1,2 q

tient of homogeneous polynomials P._1 2, Qr—12 such that deg(P,_12) = 372,
deg(Q,-1,2) = deg(Pr_12) —land {Q,_12 =0} C {P,_12 = 0}. By Lemma 5.3
the function

¢r,2(Y; z)
= ¢r—12(¥15 -+ Yr—2, 922(¥r—1, ¥r; 2); 2)
_ Pro12(022(vr—1,¥r;2) - (V1) -+ - Yr=2, $2,2(vr—1,¥r; 2); 2))
00261, Y 2) - Qr—12(022 V-1, ¥V Z) - (V1o Yre2, $22(Ye—1L Y 2); 2))

is a rational separator for (r, 2). Define

Proi=Pr12(022(r—1,¥r: 2) - Y1, - - Yr—2, $22(¥r—1, ¥r: 2); Z)),
0r2 = 022(¥r-1,Yr; 2)
01200221, 2) - (Vs -5 Vr—2, 922(¥r—1, Yr} 2); 2)).

As the polynomials P12, Q1,2 are homogeneous, {Q, 12 =0} C {P,—12 =0}
and {Q22 = 0} C {P2 = 0}, we deduce {Q, > = 0} C {P,2 = 0}. In addition, as
deg(P,2) = 3 and deg(Q2.2) = 2, we have deg(P,2) = 3deg(P,—12) =3 ! and

deg(Qr2) = 3deg(Qr—12) +2 =3(deg(Pr—12) — 1) +2
= 3deg(Pr—1,2) — 1 =deg(Pr2) — 1.

CASE t > 3. By Remark 5.2 (i) we may assume that s > r > 3. Using Remark 5.2 (i)
and the construction for # = 2 we have a rational separator for (2, s) if s > 2. By
induction hypothesis there exists a rational separator ¢, s for (r — 1, s) if r > 3. We

r—1,s

Or—1.s
Pr—1,s, Q1.5 such that deg(P,—1,) = 30702, deg(Qr—1,5) = deg(Pr—1,5) — 1
and {Q,_1 s =0} C {Pr—1,s = 0}. By Lemma 5.3 the function

may assume in addition that¢, 1 ; = is aquotient of homogeneous polynomials

brs(vs 2)
= ¢r-1s1s---, Yr—2,$2,5s(¥r—1,Yr; 2); 2)
_ Pro1,5(Q2,s(vr—1,¥r32) - (V15 - -+, Yr=2, $2,5(Yr—1, ¥r; 2); 2))
Q25 (Vr—1,¥r;2) - Qr—1,5(Q2,5(¥r—1,¥r; 2) - (V15 -, Yr—2, $2.5s(Yr—1,Yr; 2); 2))

is a rational separator for (r, s). Define
Pr,s = rfl,S(QZ‘s(erl JYrs Z) s (Y1, e YVie2, ¢2,S(YV7] \Yrs 2); 2)),
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Qr,s = QZ,S(Yr—ly Yr; Z)
. Qr—l,s(QZ,s(Yr—l’ vr;2) s (Y1, .o Yr=2, ¢2,s (Yr—1,Yr; 2); 2)).

As the polynomials P._1 s, Qr—1 ¢ are homogeneous, {Q,_1 s = 0} C {Pr—1 5 = 0}
and {Q2s = 0} C {P»s = 0}, we deduce {Q,; = 0} C {Ps = 0}. In
addition, as deg(Pas) = 351 and deg(Q25) = 3%~1 — 1, we have deg(Prs) =
3~ ldeg(P,—1,) =3¢V~ and

deg(Qrs) =3 'deg(Qro1 ) + 3 = 1)
=3"deg(Pro12) - D+ @' - 1)
=3"ldeg(P_12) — | =deg(Pr2) — 1.

CASE ¢t = 1. By Remark 5.2 (ii)

P15 (V13 2) = d25 (0] (15 2)),
$r1(vi z1) = ro(p) (v 21))

are respective rational separators for (1, s) and (r, 1) if r,s > 1. The additional
conditions in the statement are satisfied because they hold for ¢» and ¢, 2, as
required. O

5.4 Rational Separation of the Attic and the Basement of a Skyscraper

Letm,: R" - R"!, x:=(x1,...,%,) — ¥ := (x1, ..., %,_1) be the projection
onto the first n — 1 coordinates. The following position for an n-dimensional convex
polyhedron K C R” guarantees that both differences (Int(P) x R)\X and (Int(P) x
R)\ Int(X), where P := m,,(X), have two connected components.

Definition 5.5 Let K C R” be a convex polyhedron. We say that X is in Zn -bounded
position if the intersection of K with any vertical line ¢ is either empty or a bounded
interval.

Remark 5.6 One proves straightforwardly: If X is in {,,-bounded position, then
(Int(P) x R)\XK has two connected components.

The following result provides an easy test to determine if a convex polyhedron is
in £,-bounded position.

Lemma5.7 Let K C R" be an n-dimensional convex polyhedron and let £ be a vertical
line. Suppose that ¢ XK is a non-empty bounded segment, which may reduce to a point.
Then X is in £,,-bounded position.

Proof Under the hypotheses ¢, —é,, ¢ é(fK), so the intersection of K with any vertical
line ¢ is either empty or a bounded interval. O

As a straightforward consequence one shows that each n-dimensional convex poly-
hedron X C R”" with at least two facets can be placed in ¢,-bounded position.
Moreover, we have
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Corollary 5.8 Let X C R" be an n-dimensional convex polyhedron and let F be a facet
of X that has itself at least two facets. Then X can be placed in £,-bounded position
in such a way that ¥ C {x,—1 =0} and X C {x,—1 < 0}.

Proof After an affine change of coordinates we may assume that & C {x,-; = 0}
and K C {x,—1 < 0}. As J has itself at least two facets, there exist an affine change
of coordinates that keeps invariant the half space x,—; < 0 and such that J is in
Z -bounded position (inside {x,_; = 0}). By Lemma 5.7 also X is in Z -bounded
position. O

5.4.1 Convex polyhedron placed in Zn-bounded position. Let X C R" be an n-
dimensional convex polyhedron in £,,-bounded position and let P := 7, (X) c R*~!

be its projection onto the hyperplane {x, = 0}. Let 1, ..., F;, be the facets of X and

let H; := {h; = 0} be the hyperplane generated by F;. Assume X = (I, Hi+ and
set x := (X1, ..., Xn_1, Xn) := (¥, X,). We can write

hix)=—-a;(x)+x, Vi=1,...,r, (E.3)

hrﬂ-(x):bj(x/)—xn Vi=1,...,s, (E.4)

hysx(®X) =ci(x) Yhk=1,...,m—r —s, (E.5)

where a;, bj (%), cx(x') € R[x'] are linear polynomials in n — 1 variables. Equations
(E.3) correspond to the non-vertical, lower facets of X making up its ‘floor’, while
(E.4) and (E.5) correspond respectively to the non-vertical, upper facets making up
its ‘ceiling’ and those that constitute its vertical ‘walls’. As K C R” is in Z,, -bounded
position, we have r, s > 1. Observe that X = Ky N K, where

K1 = {(,x,) € R" : max{a|(x), ..., a,(x)} <x, <min{bi(x), ..., by(x)}},
Ky ={(x.x0) €eR": c1(x)) 2 0,..., cppr—s(x)) = 0}.

Notice that

(K1) = {¥ e R"™ i max{ai (%), ..., a,(x)} < min{bi (x), ..., by(x)}},

T (K2) = {x' € R" i c1(x) 20, ey (x) = 0}

By [29, II, Thm. 6.5] Int(X) = Int(X;) N Int(K3). As nn_l(nn (XK»2)) = XKy, the
equality 77, (X) = 7, (K1) N, (K3) holds. Analogously, 7, (Int(K)) = m, (Int(Ky))N
7, (Int(X>)). In addition

Int(X)) = {(x, x,) € R" : max{a|(x), ..., ar(x)} < x, < min{b;(x), ..., bs(x)}},
Int(%2) = {(x',xx) €R" : c1(x) > 0, ..., cuor—s(x) > 0}.

Notice that

T (Int(Ky)) = {x" € R max{a;(x), ..., ar(x)} < min{b;(x), ..., by (x)}},
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T (Int(X2)) = {x' e R" i ci(x) > 0, ..., cpuer—s(x)) > 0.
By [29, II, Thm. 6.6] we have Int(P) = 7, (Int(X)). Thus
Int(P) = 7, (Int(K)) = 7, (Int(Ky)) N 7, (Int(K»)). (E.6)

By Remark 5.6 the difference (Int(P) x R)\XK has two connected components.
Namely

€™ :={ %) €Int(P) x R : x, < max{ai(x),...,a,(x)}} (basement),
et .= {(x’, x,) € Int(P) x R : min{b (%), ..., by(x)} < xn} (attic).

The next result provides a rational function E—f € R(xy, ..., x,—1) that separates
C~, C* and is regular on Int(P).

Proposition 5.9 (Rational separation of the attic and the basement) Write £ :=
2

£(r,s) = max{r — 1,1} -max{s — 1,1} < @. Then there exists a polynomial

P(x) := £1(X) x, — £2(X) € R[X, x,] of degree < 3¢ such that

o {£1 =0} C{£2=0}
e Ple- < 0andPle+ > 0,
o filmp) > 0and £1|p > 0.

Proof Let ¢, s(v; z) = % be a rational separator for (r, s), where gj, g, €

R[y; z] are (non-zero) homogeneous polynomials of respective degrees 3¢ — 1 and 3¢
such that {g; = 0} C {g2 = 0}. Recall that ¢, ; is regular on Int(Q, ;) and extends
to a continuous semialgebraic function @, ; on Q, 5. As Q, s is by definition a convex
polyhedron and ¢, ; is regular on Int(Q, ), we may assume that g; has constant sign
on Int(Q, ;) and in fact that g is strictly positive on Int(Q, ). Define

P(x) 1= £f1(x) %, — f2(x’) where
f1(x) = gr(@i(®).....a(x): b1(x), ..., by(x)

for k = 1, 2. Note that {f; = 0} C {f; = 0}, deg(£;) < 3 — 1 and deg(£,) < 3.
As ¢, is a rational separator for (r,s) and Int(P) C m,(Int(XK;)), we deduce: if
%' € Int(P), then

f2(x')

) < min{b; (%), ..., by(x)}.

max{a;(x),...,a,(x)} <

Besides, £1(x) = gi(a1(x),...,a,(x); b1 (xX), ..., bs (%)) > 0 for each x' €
Int(P).

Now, if x := (%', x,,) € €7, wehavex’ € Int(P) and thereexistssomei =1, ..., r
such that x, < a;(x'), so P(x) < 0. Similarly, if x := (¥/,x,) € CT, we have
%" € Int(P) and there exists some j =1, ..., s such that b;(x") < x,, s0 P(x) > 0,
as required. O
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Some technicalities arising from the proof of Theorem 1.5 force us to find a kind of
analogous result to Proposition 5.9 when we are dealing with non-degenerate convex
polyhedra not placed in £,,-bounded position.

5.4.2 Non-degenerate convex polyhedra not placed in Zn-bounded position. Let K C
R" be a non-degenerate n-dimensional convex polyhedron not placed in ¢,-bounded
position. Let Fq, ..., &, be the facets of X and let H; := {h; = 0} be the hyperplane
generated by F;. Assume that X = (), Hl.+. We may write

h(x) =b;(x)+¢ex, YVi=1,...,s,
hs+k(x)=c;{(x’) Vk=1,...,m —s,

where ¢; = £1. As X is non-degenerate, s > 1 and as X C R” is not placed in
Z,, -bounded position, all ¢; are either equal to 1 or —1 (that is, all non-vertical facets
constitute either the floor or the ceiling of K). Assume that all ; = —1. Observe that
X =Xy N K, where

Ky :={(,%,) € R" : x, <min{b; (X)), ..., bs(x)}},
Ko i={(, %) e R : c1(X) >0, ..., cps(x) > 0}.

In addition

Int(K)) = {(, %) € R" : x, < min{b (%), ..., bs(x)}},
Int(X) = (X, %) e R" : c1(X) > 0,..., cu_s(x) > 0}.

Notice that 7, (%) = R*~! and
7 (K2) = {X/ € Rnil : CI(X/) >0,..., Cm—s(X/) > 0}.

As 71”_1 (7, (X)) = Ky, wehave P := 71, (K) = 7, (K)) N7, (K2) = 7, (K>). Thus,
as 7w, (Int(X)) = 7, (Int(XK1)) N 7, (Int(K2)) = 7, (Int(K)),

Int(P) = Int(r,(K)) = (x' e R" 1 c1(X) > 0, ..., Cus(x) > 0}
= 1, (Int(X3)) = 7, (Int(X)).

In particular, X, = P x R and Int(K;) = Int(P) x R. Notice that: the semialgebraic
set

et = (Int(P) x R\K = {(¥/, x,) € Ko : min{by (%), ..., bs(x)} < x,}

is connected.

Proposition 5.10 There exists a polynomial P(x) := £1(x¢) x, — £2(x¢') € R[¥, x,]
of degree 2 such that £1(x') = 1, —f2 > 0 on R"~! and P|e+ > 0.
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b (x )+1

Proof Let £,(x') = —Zl 1 and P(x) := x, — f2(x/). Observe that if
x = (¥/,x%,) € Ct := (Int(P) x ]R)\IK, then %, — min{b;(x), ..., bs(x)} > 0.
Thus

—x, < —min{b| (%)), ..., bs(x))} = max{—Db(x), ..., —bs(x)}

bz(x’) +1
< Z
for each %’ € R”_l, so P(¥/, x,) > 0 for each (¥/, x,) € CT. O

6 Complements of Convex Polyhedra

In this section we prove constructively Theorem 1.5. In fact, we prove a more general
statement, since we do not assume in the sequel the unboundedness condition. We
develop first in Sect.6.1 some basic tools. In this regard, Lemma 6.2 describes the
properties of polynomial maps T« (see (F.3)), which involve the rational separators
we have dealt with in the previous section. The ideal situation would be that, given
a convex polyhedron K and one of its facets F;, a polynomial map Tg would map
R™M\XK; x onto R"\X (see Sect.2.1 for the definition of X; ). This would allow a
neat inductive proof of Theorem 1.5. However, the zero set of the denominator of the
chosen representation of the involved rational separator produces some difficulties.
To take care of them we introduce Corollaries 6.3, 6.5 and 6.6. We next consider the
complement R™\ Int(Ky), where Ky is a polyhedron that contains X tightly (in a sense
to be described in Sect. 6.2). This complement is by Theorem 1.4 a polynomial image
of R". Then we are in a position to apply a sequence of polynomial maps of type (F.3)
whose images progressively fill the remaining gap Int(K)\X, until we finally accom-
plish the representation of R”\X as the image of a finite composition of polynomial
maps. We hope this brief explanation will soften the technicalities of the process.

6.1 Basic Tools for the Inductive Process

Let X C R" be a non-degenerate n-dimensional convex polyhedron and let P :=
7, (X). Assume that ¢, ¢ €(X). Let

P(xX, %) 1= £1(X) %, — £2(X) € R[x/, x,] (ED
be a polynomial satisfying the conditions of Proposition 5.9 if X is placed in Z,,—
bounded position and the conditions of Proposition 5.10 otherwise. Write K :=
(/L,{h; > 0} (minimal presentation) where each h; is a linear equation. We may

assume that the coefficient of %, is non-zero for h; ifand only if i = 1,...,d < m.
As X is non-degenerate, d > 1. Consider the polynomial

h:= l_[h,- € R[x] (F2)
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and the polynomial map

Ty R" - R",

x = (x, %) = (X1, ..., Xno1, %) > (K, %, — %, 1P (%) P(x). (F3)
Note that if H; := {h; = 0} then Tx |y, = idy, because h|y, = 0. Fix a’ :=
(ai, ..., all_l) € R"~! and denote the vertical line through the point (a’, 0) by £,/ :=
a,0)+4¢,.

Lemma 6.1 For each a’ € R" ™! we have Toc(£y) = L.

Proof Inorderto see this we prove: The polynomial Qu (t):=t—a,_1h*(a’, t) P(d’, t)
has odd degree for each a’ € R"~!. In addition, Qu (t) = t if and only if either
an—1h2(d’, t) =0 or f](a’)qz 0.

Indeed, if X is placed in £,-bounded position and f£1(a’) = 0, then by Proposi-
tion 5.9 f3(a’) = 0, so P(a’, t) = 0 and Qu(t) = t has odd degree. If X is not
placed in £,-bounded position, P(a’, t) is a monic polynomial of degree 1. Therefore
we may assume that f£1(a’) # 0 and P(d/, t) is a polynomial of degree 1. As X
is non-degenerate, we have that h?(a’, t) is either identically zero or a polynomial
of positive degree 2d > 0. Therefore, Q,/(t) is either a polynomial of degree 1 (if
an—1h(@’, t) = 0) or of degree 2d + 1 > 1 (otherwise). O

Let us analyze the behavior of Ty over certain subsets of the line ¢, attending to
the position of the latter with respect to K (Fig. 7).

Proposition 6.2 Let I C R” be an n-dimensional non-degenerate convex polyhedron
and let P := 7,,(K). Let G, R be sets such that Int(X) Cc § C K and R C K. Given
a = (ai,...,an—1) € R"!, we have:

Fig.7 Analyzed positions
(i)~(iv) for a’ € R*~1 ,
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() Ifad ¢ P, then £, \K = £y and Toc(by\K) = Toc(byr) = Lo
(ii) Ifa’ € P and a,_1 <0, then Toc (£ \G) = £,/\S.
(iii) If @’ € Int(P) and a,—| > 0, then Ty £y \R) = Ly and Ty (L \SG) = Ly if
Ly NG is a bounded set.
(iv) Ifa’ € 9P and a,_ > 0, then

Tae (b, \R) = L\R iffi(@)=0o0rh(a,t)=0,
KW= N0, iffi(@) £0andh(d, t) 0.

In particular, Toc (£yr\R) = L \R if £y N R contains at least two points.

Proof (i) As £, \X = £, if follows from Lemma 6.1 that Tqc (£, \K) = Toc (L) =
Ly

We prove next statements (ii), (iii) and (iv). For all of them a’ € P. Then the set
X N ¢, is either a segment (which can reduce to a point) or a ray. The end point(s)
of X N £, belong(s) to Uflzl{h,- = 0}. If X N ¢, is a segment, we denote the end
points of X N £, by p~ := (a’,t7) and pT := (a’,tT), where t— < tT. If K N £,
is a ray, we denote its end point by p™ := (a’, tT). To avoid unnecessary repetitions,
we abuse notation and set €~ = @ and p~ := (a/,17) where 1~ := —oc0 if K N £y
is a ray. Consequently,

Ly = Uy NCHU{pT}U Ly NInt(K) U {pT}U ¢y NCT).
We can write the differences £,/\G and £,/ \R as follows:

Lo \G= Ly NCTHU Ly NCT)UFg,
L \R = (£y NCT)U (£y NInt(K)) U (b N CHY U Fg

for some Fg, Fr C {p~, pT}. Observe that
LyNC ={(a,t):t<t"} and Ly NCT:={(a,1):t > 1T}

By Proposition 5.9 we have P|e- < 0 and P|e+ > 0. Also the equality h(p*) = 0
holds, so Ty (pT) = pT. Analogously, if 1~ > —oo then Ty (p~) = p~.

(i) Ifa,—1 = 0,then Q. (t) = t,s0 Tx (£ \G) = £,/ \G. Assume nextthata,_; <
0.Ift > ¢+, then P(a’,t) > 0,50 Qu(¢) >t > tT and Ty (by NCH) = £, N CT
(because Tc(pt) = p™). Similarly, if £, N C~ # @ and t < ¢~ then P(a’, 1) < 0,
SO0 Qu(t) <t <t~ and Ty (Ly N CT) = £y N C™ (because Ty (p~) = p ).
Consequently, Ty (£,/\G) = €4\ S.

(iii) By Proposition 5.9 we have fi(a’) > 0, so the univariate polynomial
P(a',t) = f1(a’)t — f2(a’) has degree one and its leading coefficient is positive.
As a’ € Int(P), the polynomial h?(a, t) has even positive degree in t and positive
leading coefficient. Consequently, Q,/(t) is a univariate polynomial of odd degree
whose leading coefficient is negative, so lim;_, 4+, Qu/ () = F00.
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If £ N G is a bounded set, then p~ € K. As Qu(t7) =17, Qu(tT) = ¢+ and
t~ < tT (because a’ € Int(P)), we deduce

R =]—o00, tT[Ut™, +oo[ € 9y (1t T, +00l) UQy (J—o0, t7[) C R.

Consequently, Ty (£,/\G) = Ty Uy \K) = €.
As a’ € Int(P), we have that £,, N R C £, N 8K consists of at most two points.

CASE 1: If £, N R contains two different points, then £, N G is a bounded set and
Tac by \R) = Toc (£ \K) = £, as we have seen above.
CASE 2:If £, N R is a singleton {(d’, 19)}, we observe that h(d’, rp) = 0 and

0 , oh , , P
—Qu(t) = 1—a,_1h(a, t)[2 (@,t)P(a’,t)+hia', t) (a', t)
Jat 0%y 0%y,

d
s — Qu(to) = 1.
atQa(O)

Thus, there exists &€ > 0 such that Q,/(tg — &) =: 51 < tg < 52 := Qu(to + €). As
lim;— 10 Qu/ (f) = F00, we have

R = ]—o00, s2[ U ]s1, +00[ C Qu(Jtg — &, +00]) U Qur(]—00, 1o + ¢[) C R.

Consequently, Tgc (£ \R) = £,.

(iv) By Sect.2.2 we have £, VK C 9K.If £1(a’) = 0, then by Proposition 5.9 also
f2(a’) = 0and Qu(t) = t, s0 Toc (€' \R) = £, \R. Analogously, if h(d’, £) = 0,
then Q,/(t) = t, s0 Toc (£ \R) = £, \R.

If £1(a’) # 0 and h(a’, t) # 0, then £, N X reduces to a point and R N £,
can be either empty or a singleton. If R N £,; = @ it is clear by Lemma 6.1 that
Ty (L \R) = £,. If R is a singleton, it follows by CASE 2 that Tqc (£, \R) = £,.

Next, if RN €, contains two different points, then by Sect. 2.2 the segment connect-
ing these two points is contained in £,; N K C dK. Thus, R is contained in a vertical
facet of K. Consequently, h(a’, £) =0, 50 Qu(t) = t and Ty (£ \R) = £, \R. O

We present next some technical consequences of the previous result, which are
useful for the proof of Theorem 1.5. We need to understand how are the images under
Ty of certain sets G satisfying Int(X) C § C X, which consist of the interior of the
polyhedron X together with portions of some of its faces. From now on we denote the
hyperplane {x,_; = 0} by IT,_; and the half-spaces {x,,—1 < 0} and {x,_; > 0} by
IT,_, and HI_I respectively.

Corollary 6.3 Let X C R" be an n-dimensional non-degenerate convex polyhedron
placed in €,-bounded position and let P := 17, (XK). Let G be a set such that Int(X) C
G C X. Let us set P := w,(X) and G~ := GNI1 _,. Then
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R\G)\ (G N7, ' (@P) NInt(TT,_)) C Toc(R"\G) C R"\G™ (F4)
and Ty (R"\§7) =R"\G™.

Proof Let ' € R"~! and let £, be the vertical line through (a’, 0). If a,_; < 0, we
have by Proposition 6.2 (i) and (ii)

Toc(bar\9) = Lo \G =L \G ™.

Consequently
Te(®\HNT,_p= | Txa\9)
a'eRn!
a,—1=<0
= U \G™ = @®RN\GHNIT, . (E.5)
a'eR!
a,—1=<0

If a,—1 > 0, we have by Lemma 6.1 and Proposition 6.2,

Ly if¢Ng =g,
Ta (L \G) = § Ly if a’ € Int P (because £, N X is bounded),
L,\G ifa’ € 3P and £ N G contains at least two points.

In case @’ € 9P and £ N G is a singleton we have £,/ \G C Tqc(£,/\G) C £, . Thus,

TfK(Za’\g) = Ea/ if(l/ ¢ a:P, an—1 > 0,

: (F6)
Ca\G C Toc(by\G) C Ly ifd € 3P, ay_y > 0.

Using the following equality:

Toe(RN\G) NInt(MT7_ ) = () Toc(la\9)

a/eRn—l
an—1>0

and (F.6) we conclude

T (R"\G) NInt(IT} ) C U Cy =Int(IT7_ ) = R"\G) NInt(IT ),

areRn—l
a,—1>0
Toe(R\H NI »> ) v |J  \S
a' eR! a' eRM!
an—1>0,a'¢0P an_1>0,a'€dP
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= Int(I,}_)\(S N7, ' (@P))

= (R"\G) NInt(IT" H\(G N7, ' (3P) NInt(TT_))).
(E7)

The last equality in the statement follows from (F.5) and Lemma 6.1. Therefore, by
(FE.5) and (F.7) the inclusions in (F.4) follow, as required. ]

Lemma 6.4 Let € be a face of an n-dimensional convex polyhedron X C R" and let
P, q € Int(E). Let £, be a line through p that meets Int(X) and let £, be a line through
q and parallel to £ ,. Then £, also meets Int(X).

Proof Write X = (7_;{h; > 0} whereeachh,; isalinearequationand ¢, := {p+tv :
t € R}. We may assume Int(E) = ﬂg‘zl{hi = 0}N()i—p41{hi > 0},s0h;(p) = Ofor
i=1,...,kandh;(p) > Ofori =k+1,...,r.As£,NInt(X) # @, we may assume
(changing v by —v if necessary) that there exists ¢ > 0 such that h;(p + tv) > 0
fori = 1,...,r. Consequently, ﬁi(ﬁ) > Ofori = 1,...,k. As hj(g) = 0 for
i=1,...,kand h;(g) > Ofori = k+1,...,r, we have h;(g + t'v) > 0 for
i=1,...,rand ¢t > 0 small enough. Thus, £, NInt(X) # @, as required. O

Corollary 6.5 Let X C R" be an n-dimensional non-degenerate convex polyhedron
and let € be a face of K that is non-parallel to T1,,_ and meets the open half-space
Int(l’I’T_l). Let Ry C 0K be such that Int(€) N Ry = & and let G be a set such that
Int(X) UInt(E) URg € § C K. Denote G~ := GNII,_ | and P := 7,(X). Then,
after an affine change of coordinates that keeps the hyperplane T1,_1 invariant (and
only depends on £), we have

R"\G)\ (Ro N7, ' (3P)) C Toc(R"\G ) \ (Ro UTnt(€))) C RN\G ™ (F8)
and Ty (R"\§7) =R"\G™.

Proof Take a point p € Int(€) and let IT,,_; , be the hyperplane through p parallel to
IT,_1. As € is not parallel to I, _y, the intersection IT,,_1, , NInt(X) # &. Otherwise,
as p e XNII,_1, C 3K, we have that I,y , is a supporting hyperplane for X.
As p € Int(€), we have Int(§) C I,y p, so € is parallel to IT, |, which is a
contradiction.

Let ¢ € Int(X) N I1,,_1,p. After an affine change of coordinates that keeps the
hyperplane I1,,_; invariant, we may assume that the line through p and ¢ is vertical
ande, ¢ €(X). This latter congition is possible because as K is non-degenerate, either
é, or —e, does not belong to €(X). Therefore, 7, (p) € Int(P) = 7, (Int(X)) and by
Lemma 6.4 we have 7, (Int(€)) C Int(P).

The rest of the proof is similar to the one of Corollary 6.3. We include all the
technicalities for the sake of completeness. Observe that

T =(G URoUInt(&) NI, _,. (F9)
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Leta’ € R*~! and let £, be the vertical line through (a’, 0). If a,_; < 0 we have by
Proposition 6.2 (i) and (ii)

TK(Zu/\S_) = Ea’\g_-
Consequently

Toe(RN\GH NI, = | Txta\9)

a’eR”’l
ap,-1=<0

= |J \§ =@®@\$HNI,_,. (F10)
a' eR!
ap—1=<0
By (F.9) it holds
Tac (R"™\G7) \ (Ro UInt(€))) N IT,_))
= T (RGN, )= @®RN\G)HNT, . (F11)

Observe also that
(5T URUInt(€)) NInt(T1" ) = (R UInt(€)) N Int(TT" ;) € 9K NInt(ITF ).

We have shown above that 77, (Int(€)) C Int(P). If a,—; > 0 we have by Proposi-
tion 6.2

Ly if £N(RoUInt(€)) =2,
Toc (U \(Ro UInt(E))) = 1 £, if a’ € Int P (because Ry U Int(&) C 3K),
L,\Rg ifa’ € 3P and £ N R contains at least two points.

In case a’ € 9P and £ N Ry is a singleton, we have £, \Ry C Ty (Ly\Ro) C £y
Thus,

Ty (L \(Ro UInt(E))) = £y if a' ¢ 9P, ay,—1 > 0, (F.12)
LaA\Ry C Ty (L \(Ro UInt(&))) C £y if @’ € 3P, ap—1 > 0. ’
Using the following equalities:
Toc (R"\G7) \ (Ro U Int(€))) N Int(TT; "))
= Tx (R"\(Rp UInt(&))) N Int(l'[jl'_l))
= U Tx\RoUnt(€))) (F.13)
a’e]R"’Ol
anp—1>

and (F.12) we conclude
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T (R"\(Ro UInt(€) NIt n < | J 4w

a'eR"!
ap—1>0

=Int(IT}_ ) = (R"\G7) NInt(IT}_})
Tgc (R"\(Ro U Int(£))) N Int(IT,"_)) > U vy U @\Ro

a/ERnil u/ERnil
an—1>0,a'¢0P a,-1>0,a'€dP

= (Int(TL_ )\(Ro N, (@)
= (It} ) N R™NG) \ (Ro N, ' (9P)).
(F.14)

From (F.11), (F.13) and (F.14) we obtain (F.8). The last equality in the statement follows
from Eq. (F.10) and the fact that Tgc(£,/) = £, foreach @’ € R"~! asrequired. O

Corollary 6.6 Let X C R" be an n-dimensional non-degenerate convex polyhedron

and let 1, ..., E; be finitely many faces of K such that each one is non-parallel to
I1,,_1 and meets the open half-space Int(H;:‘_l). Let R = | ;_, Int(&) and let G
be a set such that Int(X) UR C § C K. Denote G~ := G NI, _,. Then, there

exists a polynomial map T: R" — R" such that T(R"\G7) \ R) = R"\G~ and
T(R"\G7) =R"\G".

Proof We proceed by induction on s. If s = 1, the statement follows from Corol-
lary 6.5. So let us assume that s > 1 and let Ry := ,i;ll Int(Eg). By induction
hypothesis there exists a polynomial map Tp: R” — R” such that To((R"\G7) \

Ro)) = R"\G™ and To(R*"\G7) = R"\G~. On the other hand by Corollary 6.5 there
exists a polynomial map T : R” — R" such that

RS\ Ro € TI((R"N\G )\ (Ro UInt(€))) C R"\G™

and T (R"\G7) = R"\G. Consider the polynomial map T = Tp o T;: R" — R".
We have

R™M\G™ = To((R"\G7) \ Ro) C To(T1((R"\G7) \ (Ro U Int(€))))
=T(R"NG)\R) C To(R"\G) = R"\G",

so T((R"\G7) \ R)) = R"\G. Finally,

T(R*"\§7) = To(T1(R"\§7)) = To(R"\§7) =R"\§7,
as required. O
6.2 Enveloping Polyhedron for K

Keeping the same notation as before, let X C R” be an n-dimensional non-degenerate
convex polyhedronandletFy, ..., F,, beits facets. Let H; be the hyperplane generated
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by F; and let h; be a linear equation of H; such that X = ﬂf"zl {h; > 0}. Now, for each
& > 0 denote by H;(¢) the hyperplane of linear equation h; 4+ & = 0. The hyperplanes
H; and H; (¢) are parallel and Hf C Hf(e).

Let I :={iy,....ik, ix+1} C {1, ..., m} be such that
(1) The vectorial hyperplanes FI,-I, ceey Hik are linearly independent.
2) Wy = ﬂ]j‘ | H;; is parallel to H;,,,
3) Wr C Int(HlHl)

Define §(1) := dist(Wy, Hi—:ﬂ)' Let J be the collection of all the subsets I C
{1, ..., m} satisfying conditions (1), (2) and (3). Define

§:=min{s(1) : I € J} > 0.

Fixe > Osuch thatdist(Hi"', Hi(e)) < % fori =1, ..., manddefine an enveloping
polyhedron for X as

Ko =) H (o).

i=1

Observe that X C Int(Kp) and notice that Ky is an n-dimensional non-degenerate
convex polyhedron. Define

S0 :=Int(Ko), Gi:=Gi1NH" and G, =X
Set K; := CI(G;) and observe that
Int(X;) C G = H N---NH NInt(H7 (e)) N--- NInt(H, (€)) C K;.

By Theorems 1.2 and 1.4 the semialgebraic set R\ Gy is a polynomial image of R”.
Our goal is to represent R”\ X as a polynomial image of R” by applying a sequence of
polynomial maps to the initial polynomial image R"\ o, making use of Corollaries 6.3
and 6.6 along the process. We need first the following property of the sets G;.

Lemma6.7 Fixi = 1,...,mandlet € be aface of X; := CI(S;) that lies in Int(H; )
and is parallel to H; . Then ENG =0.

Proof Let W be the affine subspace generated by €. We claim: W C Hy(g) for some
£ =1i+1,...,m.Note that if this is the case then W NG, = Fandso ENG; = @.
To prove our claim, assume that none of the aforementioned inclusions hold, so
that W = ﬂ i—1 H for some 1 < iy, ..., i < i such that H, .. sz are linearly
independent. Thus W = Wy forl = {11, g, 1+ 13 following the notation in
Sect.6.2. We show now that this cannot happen. As 8 C Int(H; ;) and € is parallel
to Hi+1, we have dist(W;, H. l) > §. Since dist(H. l+1, Hit1(e)) < %, we deduce
E C Wy C Int(Hjy1(e)7). On the other hand, we must have & C K; C H; 1(e)™,
which is a contradiction. O
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Fig.8 A two-dimensional sketch of the behavior of the polynomial map T(

6.3 Proof of Theorem 1.5

Now that we have developed the necessary machinery, we are ready to confront the
proof of Theorem 1.5. According to the degeneracy of K, we distinguish two cases.

6.3.1 Case of a Non-degenerate n-Dimensional Convex Polyhedron

Consider the non-degenerate n-dimensional convex polyhedron Ky and the semialge-
braic sets Yo, ..., G, described in Sect. 6.2. Place X in £,-bounded position in such
a way that the facet F is contained in I1, ; and X C I1_, (see Corollary 5.8).

Notice that Ky = C1(Gp) is also in En-bounded position. Observe that Hy = I1,_1,
H1+ = 1II,_, and o N H1+ = §G1. By Corollary 6.3 applied to Gg there exists a
polynomial map T¢y: R” — R” such that

(R"\G1) \ (Int(H;") N Go N, (9P0)) C To(R"\Go) C R"\S)

where Py = 1,(Kp). As Go = Int(Kp), we have Gg N n;] (0Pg) = @, so
To(R"\G09) = G;. Figure 8 illustrates the behaviour of the polynomial map T¢ in
a two-dimensional setting.

Assume by induction that R”\G; is a polynomial image of R". Place K, in -
bounded position in such a way that the facet F; is contained in I, = Hi and
Xcn_, = Hl.frl (see Corollary 5.8). Note that X; = CI(9;) is also in £,-bounded
position. By Corollary 6.3 applied to §; we obtain a polynomial map T; o: R” — R”
with
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R"N\Gi+1) \ (nt(H ) NG N 7, @P1) € Tio(R™\G;) € R™\G;py

and T; o(R"\G;41) = R"\G;41 where P; := 7,(C1(G;)). By Sect.2.2 the set §; N
T, L(@P;) can be expressed as a finite, (disjoint) union of some interiors of faces
of I; = CI(G;). Thus, there exist finitely many facets €1, ..., & of K; such that
gimnn—l(a%) = Int(€))U. . .UInt(E,). We may assume that only the faces €1, ..., &
where 0 < s < r intersect Int(Hl.jrl). We claim: &; is non-parallel to H;y\ for
j=1,...,s.

Suppose that € is parallel to H; forsome j = 1,...,s. As&;NInt(H, ) # 2,
we deduce €; C Int(H, ;). By Lemma 6.7 Int(€;) C €; N'G; = &, which is a
contradiction.

Define R; := Int(E;) U ... U Int(Ey). By Corollary 6.6 there exists a polynomial
map T; 1: R" — R” such that

Ti, 1 (R"\Gi11) \ Ri) = R"\Gi g

and T; 1(R"\G;4+1) = R"\G; 1. Thus, the polynomial map T; :=T; 10 Tio: R" —
R” satisfies

RNGiv1 = Ti, 1 (R"\Gi+1) \ Ri) C T 1(Ti,0(R"\G;))
=T;(R"\G) C T 1(R"\Gi41) = R"\Gi41,

that is, T; (R"\G;) = R"\G;11.
The composition T := Ty,,_1 o - - - 0 T satisfies T(R"\ Int(Kp)) = R"\X and since
R™\ Int(XKp) is by Theorems 1.2 and 1.4 a polynomial image of R”, we are done.

6.3.2 Case of a Degenerate Polyhedron

We assume now that K is degenerate. We may write X, after an affine change of
coordinates, as X = P x R"* where P C R is a k-dimensional non-degenerate
convex polyhedron. If k > 2, there exists by 6.3.1 a polynomial map To: RF — R¥
such that To(R¥) = R¥\ P, so the polynomial map

T: RE x R"F 5 RF x R"*, x = (X', x") > (To(x), x")

satisfies T(R") = R*"\X.

If Kk = 0, then X = R” and there is nothing to say. If k = 1, we may assume
that P = (—o0, 0] (because X is not a layer). This means that X = {x; < 0}, so
RM\X = {x; > 0}. As itis well-known this set is a polynomial image of R". Take for
instance the polynomial map

T:=(T1,...,Ty): R" - R",

x = (x1,%2,%") > ((x1%2 — D? + %7, x0(x132 — 1), ¥),

where x” = (x3,...,%,) and whose image is R"\KX = {x; > 0} (see [11]), as
required. o
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Remark 6.8 With respect to the degrees of the polynomial maps appearing in this
section, we make a few considerations (see Question 1.6). In Proposition 5.9 we have
seen that, for an unbounded convex polyhedron X with m facets, of which r are lower
facets and s upper facets, the degree of a separating polynomial P is bounded above
by 3%, where £ = max{r — 1, 1} - max{s — 1,1} < %. Since the polynomial in
(F.2) has degree m, we conclude that the degree of the polynomial map T appearing
in (F.3) is bounded by 3¢ + 2m + 1 < 30n=D%/4 4 2y 4 1.

The final map T that we have constructed in the proof of Theorem 1.5 results from a
composition of polynomial maps Tq, for various intermediate polyhedra X;, as well
as affine transformations. Besides, the number of these maps rely upon the geometry
of the targeted polyhedron, because we not only use them for reducing the number
of facets, but also for handling the problems arising with its lower dimensional faces.
The multiplicative nature of polynomial degrees under composition leads us to really
high exponents for the final map T and it is not easy to obtain a sharp bound for its
degree. Nevertheless, let us provide at least a very coarse bound: Assume for simplicity
that X is a generic non-degenerate unbounded convex polyhedron such that, when we
slightly modify X (as we do in Sect.6.2) all the faces of the polyhedra X; have the
same number of faces as those of XK. In particular, K and K; have the same total
number ¢ of faces. If we follow the proofs of Corollary 6.6 and Sect.6.3.1 and we
have in mind the bound in Remark 4.2, we obtain the coarse bound

m
deg(T) < BV o 4 1y 2 i + D).
i=2

Again, finding more optimal approaches (as proposed in Question 1.6) seems a chal-
lenging task for further research on the topic.

Example 6.9 If we do not care about the number of variables that we introduce to rep-
resent as a polynomial image of an Euclidean space the complement R?\ P of a convex
polygon P C R? that does not disconnect R?, we can simplify substantially the com-
plexity of the involved polynomial map and in particular its degree (see Question 1.7).
More precisely:

Let P C R? be a convex polygon with m edges that does not disconnected R?*. Then
there exists a polynomial map Fy,: R"t2 — R2 such that F,,(R"T2) = R? - P =:
8 and deg(F,,) <2m + 2.

We proceed by induction on the number m of edges of P.

INITIAL CASE. If m = 1, then after an affine change of coordinates we may assume
P ={x2 <0},508 = {x2 > 0} = R x ]0, +o00[. We take the polynomial map

Fi: R — R?, (x1, %2, x3) > (x1, (1 — x2%3)° + %3),

whose image is 8 and has degree 4.

INDUCTION STEP. Let P C R? be a convex polygon that does not disconnect R? and
hasm > 2 edges. Let &y, ..., &, be the edges of P and let H; := {h; = 0} be the line
spanned by the edge £;. We may assume P := {h; > 0,...,h,, > 0}. As P has at
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least two edges, it is non-degenerate. After an affine change of coordinates, we may
assume that:

The origin of R? is a vertex of P.

hi = x1, h) = x1 — axp for some o > 0.

If P is unbounded, then £ is an unbounded edge of P and TN{x; > 0} C {x» > 0}.
If P is bounded, the furthest vertex of P to the edge € (or one of them if there exist
two) belongs to the line x, = 0. This means that a vertical line £, := {(a, t) : t €
R} that meets P satisfies PN €, = {(a, t) : by < t < c,} where b, <0 < ¢,.

Define Py := {hy > 0,...,h, > 0}, which is a convex polygon withm — 1 > 1
edges that does not disconnect R?. By induction hypothesis there exists a polynomial
map g, : R" — R” of degree < 2(m — 1) + 2 such that T := g/, (R™) = R\ Pp.
Consider the polynomial maps

dm - Rm X R — RS» (27 W) = (g;n(z)vw)v

£: R = R%, (x1, %2, w) = (x1, x2(1 +w?)).

Let us prove: Fy, (£ 0 g,)(R™ x R) = 8. To that end we prove: £(T x R) = 8.

Let £, := {(a, t) : t € R} be a vertical line of R? and consider the plane H, :=
£y x R. Then f|p,: H, — R2, (a,t,w) — (a,t(l +w?). If we fix a point
(a, to) € £,4, then the image under £ of the line {(a, 79)} x R is

{(a,t9+ 1) : A >0} if 1y > 0,
{(a, 0)} if 10 =0,
{(a,t9—2): x>0} if 19 <O.

As hy := x| — axp, for each a < 0 the open ray r, := {(a,t) : t > %} c 7, s0
f(rg xR) = {a} x R. Thus, £((TN{x; < 0})) xR) = {x; <0} =8N {x; <0}
Observe that

T (g = 0) = {(0,t) : £ > 0} if P is unbounded,
"I 00,£) s £ e ] = 00, byl U {10, +ool}} for some by < 0 if P is bounded.
So £((TN{x; =0}) x R) =T N{x; =0} =8N {x; = 0}. In addition, if a > 0,
then £, N T = {(a, t) : t € S;}, where
S — lcq, +o00[ for some ¢, > 0if P is unbounded,
“ 7] = 00, by[ U]y, +o0o[ for some b, < 0 < ¢, if P is bounded.

Thus, £((¢, NT) x R) = £, N T for each a > 0. Consequently, £((T N {x; >
0hH) xR)=TN{x; >0} =8N {x; >0} and

FTxR) = £(TN{x; <O xR LUE(TN{x; =0) x R)L £(T N {x] > 0}) x R)

EN{x; <0huENi{x; =0HhuENix; >0} =8.
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We have also deg(£ o g,) < deg(g),) +2 < 2(m — 1) +2+2 = 2m + 2. Therefore,
the polynomial map F,, = £ o gy, satisfies all our claims. O
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