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1. Introduction

A semialgebraic set M C R™ is a (finite) boolean combination of sets defined by polynomial equalities
and inequalities. In order to make the presentation lighter, all along this paper a map f : M — N is
semialgebraic if its graph is a semialgebraic set (in particular, both M and N are semialgebraic sets) and if
in addition it is continuous. As usual f is a semialgebraic function if N = R. Denote the set of (continuous)
semialgebraic maps from M to N with S(M, N). The sum and product of functions defined pointwise
endow the set S(M) := S(M,R) of (continuous) semialgebraic functions on M with a natural structure of
a unital commutative ring. In fact S(M) is an R-algebra and the subset S*(M) of bounded semialgebraic
functions on M is an R-subalgebra of S(M). Write S°(M) to refer indistinctly either to S(M) or S*(M).
We denote the Zariski spectrum of S°(M) with Specg (M) and the maximal spectrum of S°(M) with S M.
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The maximal spectra SsM and ;M are always homeomorphic but the involved homeomorphism is not
natural from a categorical point of view [10, 3.6]. We use the symbol Cl(-) to denote the closure of a subset
of a topological space X and we include a subindex if we want to stress the topological space X. In the
following M C R™ and N C R" always denote semialgebraic sets.

A point p of a topological space X is an endpoint of X if it has an open neighborhood U C X equipped
with a homeomorphism f : U — [0,1) that maps p onto 0. In case X is a semialgebraic set we may assume
that the previous homeomorphism is semialgebraic. We denote the set of endpoints of X with 7(X). Recall
briefly how the ring S(M) (resp. S*(M)) determine M (resp. M besides the finite set (M) of endpoints
of M) up to semialgebraic homeomorphism. More generally the Zariski spectrum Spec,(M) determines M
up to homeomorphism while Speck (M) classifies topologically M \ n(M).

1.1. Rings of semialgebraic functions

It is natural to wonder whether the ring S(M) determines the semialgebraic set M. Let N C R™ be a semi-
algebraic set, let ¢ : S(N) — S(M) be a homomorphism of R-algebras and let 7; be the restriction to N of
the ith projection. Recall that: the image of the semialgebraic map f = (f1,..., fn) = (o(mw1),...,0(7)) :
M — R™ is contained in N and ¢(g) = go f for each g € S(N).

Proof. Fix a € M and let g, € S(N) be given by gq(z1,...,2,) := Y i (@i — fi(a))?. Observe that ¢(gq)
vanishes at a, so ¢(g,) is not a unit of S(M). Consequently, g, has a (unique) zero in N, which is f(a).
Thus, f(a) € N. Denote m, the maximal ideal of S(M) associated with a and nj(,) the maximal ideal of
S(N) associated with f(a). As p(g.) € mg, also g2+ h% € p~1(m,) for each h € p~1(m,). As g2 + h? is not
a unit, it vanishes at the unique zero f(a) of go. Thus, o' (m,) C np4y, so @(h)(a) = 0 implies h(f(a)) =0
for each h € S(N). Consequently, as ¢ is an R-algebra homomorphism, ¢(g) = g o f for each g € S(N), as
claimed. O

Consider the natural map
()" : S(M,N) = Homp 1 (S(N),S(M)), f— f*

where f*: S(N) — S(M), g — go f. We have proved before: (-)* is a bijection. Consequently, M and N are
semialgebraically homeomorphic if and only if the rings S(M) and S(N) are isomorphic. This argument goes
back to the pioneer work of Schwartz [15-17]. Consequently, the category of semialgebraic sets is faithfully
reflected in the full subcategory of real closed rings consisting of all R-algebras of the form S(M).

1.2. Rings of bounded semialgebraic functions

The next step is to wonder whether the ring S*(M) determines the semialgebraic set M. Recall that
S°(M) is a real closed ring [16,20]. In [23, §11] it is shown that for every real closed ring A there exists a
largest real closed ring B such that A is convex in B. In [18] it is shown how the Zariski spectrum of a real
closed ring lies in the Zariski spectrum of any convex subring. Schwartz proved in [19, §5] that S(M \ n(M))
is the convex closure of S*(M) = §*(M \ n(M)). If S*(N) and S*(M) are isomorphic as R-algebras, then
their convex closures S(N \ n(N)) and S(M \ n(M)) are also isomorphic as R-algebras. Consequently, the
semialgebraic sets M \ n(M) and N \ n(N) are by 1.1 semialgebraically homeomorphic.

In addition, if S(M) and S*(N) are isomorphic, all semialgebraic functions on M are bounded. Thus,
S*(N) =2 S(M) = S*(M). This implies that M is compact and the semialgebraic sets M \ n(M) and
N\ n(N) are semialgebraically homeomorphic.
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1.8. Homeomorphisms between Zariski spectra

Homeomorphisms between Zariski spectra induced by R-algebra isomorphisms are quite restrictive and
it is natural to wonder what happens when dealing with general homeomorphisms. Let us recall first how
the Zariski spectrum Spec, (M) determines M up to homeomorphism. To that end we need the following
topological property that distinguishes the points of M from those of Spec (M) \ M:

1.3.1. The mazimal ideals m, of S(M) associated with points a € M can be characterized topologically
as those points that are isolated for the inverse topology of Spec,(M) within the set of closed points of the
Zariski topology of Specy(M) (the inverse topology has the open and quasi-compact sets of Spec,(M) as a
basis of closed sets). In algebraic terms this means that the maximal ideals m, associated with points a € M
are exactly those maximal ideals that are the Jacobson radical of a principal ideal (the ideal generated by
the distance function to a point a € M restricted to M has Jacobson radical m,). Recall that the Jacobson
radical of an ideal a of a ring A is the intersection of all the maximal ideals of A that contain a. If m is a
maximal ideal of S(M) that is not associated to a point of M and f € m, then its zero set is not empty,
so there exists a point a € M such that f € m,. Thus, m is not the Jacobson radical of the principal ideal
generated by f. Consequently,

1.8.2.  Every homeomorphism 7y : Specy,(N) — Spec,(M) restricts to homeomorphisms v|g,n : BsN —
BsM and |y : N — M.

There are other topological properties of M that can be explicitly encoded in Spec (M), see [23, §4]. For
an approach to these questions in the frame of rings of definable continuous functions on definable sets in
o-minimal expansions of fields we refer the reader to [22].

1.3.3. With the Zariski spectrum Spec (M) one can proceed analogously using the inverse topology, so
we have to determine the set € of maximal ideals (that is, closed points for the Zariski topology) m* that
are the Jacobson radical of a principal ideal of $*(M). We prove in Corollary 4.11 that & = M Un(8fM).
As n(M) = n(B:M) N M, the Zariski spectrum Spec; (M) classifies topologically 83X M and M \ n(M). In
this case S*(M) = S*(M \ n(M)), so we cannot distinguish topologically the endpoints of M from those of
B¥M that are not in M. Consequently,

1.8.4. Ewery homeomorphism ~y : Spec;(N) — Specs (M) restricts to homeomorphisms v|g.n : fsN —
BsM and y|n\nvy s N\1(N) = M\ n(M).

1.8.5. We prove in Corollary 3.5 that M\n(M) is the set of closed branching points of Spec; (M). A prime
ideal p of S*(M) is a branching point of Spec; (M) if there exist two prime ideals qi, g2 of S*(M) different
from p such that p € Cl(q;) for i = 1,2 but q; ¢ Cl(q;) if ¢ # j. The condition ‘to be a closed branching
point’ provides an alternative topological characterization of the points of M \ n(M) inside Spec (M) that
only involves its Zariski topology and makes no use of the inverse topology.

1.8.6. As a consequence of 1.3.3, it holds also that a homeomorphism ~ : SN — BXM restricts to
a homeomorphism v|y\pny : N\ n(N) — M \ n(M). On the contrary there are many homeomorphisms
between semialgebraic sets that do not extend to their semialgebraic Stone—Céch compactifications (see
Examples A.1). Consequently, they admit neither extensions to the Zariski spectra Spec,(M) and Spec} (M).
In addition Shiota—Yokoi proposed in [21] a pair of compact homeomorphic semialgebraic sets that are not
semialgebraically homeomorphic.
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1.4. Topological properties of maximal spectra

Recall that a semialgebraic compactification of M is a pair (X, j) where j : M < X is a semialgebraic
embedding such that j(M) is a dense subset of X and X is a compact semialgebraic subset of some
Euclidean space. Given two compactifications (X1, j1) and (X3, j2) of a semialgebraic set M C R"™, we
say that (Xa,j2) dominates (X1,7j1), and we write (X1,j1) = (Xa,j2), if there exists a semialgebraic
surjective map p : Xo — X7 such that po jo = j1. In [11, 4.6] we proved that the semialgebraic Stone-Céch
compactification 87 M is the inverse limit of the family of all semialgebraic compactifications of M, whereas
in [13, 3.A.7] we proved that for each prime ideal of S*(M) there exists a semialgebraic compactification
(X, 3) of M such that qf (S*(M)/p) = af(S(X)/(p N S(X))). In fact, certain topological properties of 33 M
and of the remainder OM := XM \ M arise from the properties of semialgebraic compactifications of M.
For instance, the number of connected components of M is finite and it coincides with the maximum of the
number of connected components of the remainder X \ j(M) of any semialgebraic compactification (X j)
of M, see [11, Lem. 5.6 & Thm. 5.8]. In addition, we prove in [11] that M is always locally connected
and it is locally compact if and only if the set M \ M. of points of M at which M is non-locally compact
is a compact set, see also Proposition 2.1. Thus, both gFM and its remainder OM provide algebraic and
topological information about M.

Even if g¥M and OM are objects of abstract nature, they are useful to solve problems concerning a
semialgebraic set M C R™ and its rings of semialgebraic and bounded semialgebraic functions: (1) to
obtain a Nullstellensatz and a Lojasiewicz’s inequality for the ring of bounded semialgebraic functions
S*(M), when M is an arbitrary semialgebraic set [12, Thm. 3.1], which needs not to be locally compact
[1, §2.6]; (2) to prove that dim(S*(M)) = dim(S(M)) = dim(M), see [13]; (3) to characterize surjective
proper semialgebraic maps using remainders, see Remark 4.2; (4) to characterize the semialgebraic maps that
are (simultaneously) open, proper and surjective using the semialgebraic Stone-Céch compactification [9];
(5) to determine the cardinality of the fibers of spectral maps induced by semialgebraic embeddings [8].

As we have pointed above, in order to use the full strength of SfM = M LU OM (which is the set of
closed points of Spec; (M)), it is useful to find topological conditions (with respect to the Zariski topology
of M) that distinguish the points of M from those of M. In [14, 9.6-7] the authors prove that if X is
a metrizable space, then X is the set of Gs-points of the Stone-Cech compactification X of X. It would
seem reasonable to follow a similar strategy. As we show in Lemma 4.8, all points of M have a countable
basis of neighborhoods in ;M. However, we prove in Theorem 4.9 that the same happens for the dense
subset OM of the remainder dM := Bx M\ M constituted by the free maximal ideals associated with formal
paths, that we study with care in Section 4. We study also some properties of the set OM constituted by
the free maximal ideals associated with semialgebraic paths. In addition, we prove that this set is dense in
OM and that dM \ OM and OM \ OM are respectively dense in M and OM.

An almost satisfactory topological property to distinguish the points of 9M from those of M is ‘to admit a
metrizable neighborhood in 52 M’. We characterized the semialgebraic sets M whose maximal spectrum 5 M
is a metrizable space in [11, 5.17]: this happens for those semialgebraic sets whose mazimal spectrum M
is homeomorphic to a semialgebraic set. In Theorem 4.12 we prove that the set of points of 37 M that admit
a metrizable neighborhood in 8 M is M. Un(B:M). In addition, n(8: M) = n(M) U (Clgs pr (M<1) \ M<1)
where M <1 is the closure in M of the set of 1-dimensional points of M. Thus, if M = M, is a locally
compact semialgebraic set, the set M \ n(M) is characterized as the set of points of S¥M that admit a
metrizable neighborhood in 8 M.

Structure of the article. In Section 2 we compile the preliminary terminology and results concerning Zariski
and maximal spectra of rings of semialgebraic and bounded semialgebraic functions that we use along this
work. Most of the results in Section 2 are collected from [6,10,11,13] and presented without proofs. The
reading can be started directly in Section 3 and referred to the preliminaries only when needed. In Section 3
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we study algebraic properties of points of the remainder associated with formal paths and semialgebraic
paths and we analyze as a consequence some announced properties of (M) and M \ n(M). In Section 4
we analyze the main properties of the remainder M quoted above: density of OM in OM , density of
oM \ OM and OM \ OM in OM and OM respectively, the points of OM are first-countable in S M and the
characterization of the points of Bi M with metrizable neighborhoods.

2. Preliminaries on spectra of rings of semialgebraic functions

In the following M C R™ denotes a semialgebraic set. For each f € S°(M) the semialgebraic set
Z(f)={x e M: f(x)=0}is the zero set of f and D(f) := M \ Z(f) is its complement. The dimension
dim(M) of M is the dimension of its algebraic Zariski closure [1, §2.8]. The local dimension dim(M,) of
M at a point © € CI(M) is the dimension dim(U) of a small enough open semialgebraic neighborhood
U C CI(M) of z. The dimension of M coincides with the maximum of those local dimensions. For any
fixed d the set of points x € M such that dim(M,) = d is a semialgebraic subset of M.

2.1. Locally closed semialgebraic sets

Locally closed subsets of a locally compact topological space coincide with locally compact ones [2, §9.7,
Props. 12-13]. The sets C1(M) and U := R™ \ (C1(M) \ M) are semialgebraic. If M is locally compact, U is
open and M = CI(M) NU is the intersection of a closed and an open semialgebraic subsets of R™. The
construction of the largest locally compact and dense subset M. of M is the main goal of [5, 9.14-9.21].
Define po(M) := CI(M)\ M and p1 (M) := po(po(M)) = Cl(po(M)) N M.

Proposition 2.1. The semialgebraic set My := M\ p1 (M) = CI(M)\ Cl(po(M)) is the largest locally compact
and dense subset of M and coincides with the set of points of M that have a compact neighborhood in M.

Remarks 2.2. (i) If M has dimension < 1, then M is locally compact.
(if) Denote the set of points of M of local dimension > 2 with M>, and recall that Mgl is the closure
in M of the set of 1-dimensional points of M. We have M = M5 U M <1 and Mo N M« is a finite set.
(iif) If M>o is compact, M is locally compact. Indeed,

po(M) = Cl(M>2 U M<1) \ (M>2 UM<1) = Cl(M<i1) \ (M>2 UM<1) = po(M<i) \ M2
is a finite set, so p1 (M) is empty. Thus, M = M, is locally compact.
2.2. Zariski spectra of rings of semialgebraic functions

We recall some results concerning the Zariski spectra of rings of semialgebraic functions and bounded
semialgebraic functions [10, §3-§6]. The Zariski spectrum Specg (M) is endowed with the Zariski topology,
which has the family of sets Dgpeco(ar)(f) := {p € Spec(M) : f ¢ p} as a basis of open sets where
[ € 8°(M). We denote Zgpeco(nr)(f) := Specg (M) \ Dgpeco(ar)(f)- Recall that S°(M) is a Gelfand ring, so
each prime ideal of §°(M) is contained in a unique maximal ideal.

2.2.1. If a € M, we denote the maximal ideal of all functions in S°(M) vanishing at a with m¢. The
map ¢ : M — Spec(M), a — m embeds M endowed with the Euclidean topology into Specg (M) as a
dense subspace.
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2.2.2. Given a semialgebraic map ¢ : N — M, there exists a unique continuous map Specg(yp) :
Specg(N) — Specs (M) that extends ¢. In addition, if N C M and N is closed in M, then Specg(N) =
Clgpece(ar) (V) via Specg(j) where j : N < M is the inclusion map.

2.2.3.  Semialgebraic depth. Let p C q be two prime ideals of S°(M). The coheight of p in q is the
maximum of the integers r > 0 such that there exists a chain of prime ideals p :=po C --- C p, =: q. We
define the coheight of a prime ideal p of S°(M) as the coheight of p in the unique maximal ideal of S°(M)
containing p.

An ideal a of S(M) is a z-ideal if given f,g € S(M) such that Z(f) C Z(g) and f € a, then g € a. If M
is locally compact, all prime ideals of S(M) are z-ideals by [1, 2.6.6].

The semialgebraic depth of a prime ideal p of S(M) is dps(p) := min{dim Z(f) : f € p}. If p C q are
prime z-ideals of S(M), the coheight of p in q is < dpr(p) — dasr(q) (see [6, 4.14(i)]).

2.8. Mazimal spectra of rings of semialgebraic functions

Denote the collection of all maximal ideals of S°(M) with 8¢ M and consider in 53 M the topology induced
by the Zariski topology of Spec(M). Given f € S°(M), we denote Dgonr(f) := Dspece(ar)(f) N BIM and
Zgor (f) = BIM \ Dporr(f) = Zspeco(ar)(f) N BIM. By [1, 7.1.25(ii)] B¢ M is a Hausdorff compactification
of M.

2.3.1. The map ® : S M — B*M that associates with each maximal ideal m of S(M) the unique
maximal ideal m* of S*(M) that contains the prime ideal m N S*(M) is a homeomorphism. In particular,
®(m,) = m} for each a € M. We denote the maximal ideals of $*(M) with m* where m is the unique
maximal ideal of S(M) such that m N S*(M) C m*.

2.3.2. The inclusion map R — S*(M)/m*, r — r + m* is an isomorphism of ordered fields because
S*(M)/m* is an Archimedean extension of R. As R admits a unique automorphism, there is no ambiguity
to refer to f+m* as a real number for each f € S*(M). In particular, we identify f 4+ m* with f(a) for each
a € M. Thus, each f € S*(M) defines a (unique) natural extension 7 BiM — R, m* — f+wm*, which is
continuous because given real numbers 7 < s, we have f~1((r,s)) = Dg=p((f —r+|f=r)(s—f+[s—[f]).

2.3.3. It ¢ : N — M is a semialgebraic map between semialgebraic sets N and M, then Spec](y) :
Spec; (N) — Spec; (M) maps 8N into 83 M, so we denote the restriction of Spec () to S¥N with 8¢ :
BXN — B¥M. Let C,C1,Cs be closed semialgebraic subsets of the semialgebraic set M and j : C — M the
inclusion map. Then

(i) The space 3; C is homeomorphic to Clgxr(C) C BiM via 55 j : B5C — BiM.
(ii) Clﬁ;M(Cl N CQ) = Clﬁ;]y[(cl) n Clﬁs*M(Cz).

2.3.4. The zero set of a prime ideal p of S°(M) provides no substantial information about p because it
is either a singleton or the empty set. An ideal a of S°(M) is said to be fized if all functions in a vanish
simultaneously at some point of M. Otherwise the ideal a is free. The fixed maximal ideals of the ring S°(M)
are those of the form m¢ where a € M. The equality m N S*(M) = m* characterizes the fixed maximal
ideals of S°(M) (see [11, 3.7]). Namely,

m* is a fixed ideal <= mis a fixed ideal <= mNS* (M) =m" <= ht(m) = ht(m").

Consequently, a semialgebraic set M is compact if and only if all the maximal ideals of S(M) (resp. S*(M))
are fixed or, equivalently, if S(M) = §*(M).
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3. Points of the remainder associated with formal and semialgebraic paths

In this section we analyze some topological properties of the set of points of the remainder OM := XM\ M
associated with formal paths. For simplicity we assume M C R bounded.

3.1. Eaxtension of coefficients

Let F be a real closed field containing R. There exists a (unique) semialgebraic subset Mp C F™ called
extension of M to F that satisfies M = Mp NR™. The extension of semialgebraic sets depicts the expected
behavior with respect to boolean and topological operations, Transfer Principle, etc. [1, §5.1-3]. Given a
semialgebraic map f : M — N, there exists a unique semialgebraic map fr : Mrp — Np called extension
of f to F that fulfills fr|y; = f. The extension of semialgebraic maps enjoys the expected behavior with
respect to composition, direct and inverse images, injectivity, surjectivity, continuity, etc. [1, §5.1-3]. By [1,
7.3.1] the extension of semialgebraic functions to F' induces a well-defined R-monomorphism iy g : S(M) —
S(Mp), f+— fr. Composing it with the evaluation homomorphism evys, , : S(Mp) — F, g — g(p) for
p € Mp, we get the R-homomorphism

wp = eV]\/[F’pOi]\/LF : S(M) — F7 f = fF(p)'

Denote the restriction of the linear projection onto the ith coordinate to M with m; : M — R. In [7, Intr.
Lem. 1, p. 3] it is proved that if p := (p1,...,pm) € Mp, the R-homomorphism %, is the unique one
satisfying m; — p; fori =1,...,m.

8.2. Formal paths

As usual R[[t]] stands for the ring of formal power series in one variable with coefficients in R and R((t))
for its field of fractions. We say that a formal power series is algebraic if it is algebraic over the field of
rational functions R(t) := qf(R[t]). The subring (resp. subfield) of R[[t]] (resp. R((t))) of all algebraic series
is denoted with R[[t]]alg (resp. R((t))alg). Given a formal power series £ € R((t)), we denote its order with
w(¢) and the k-th power of the maximal ideal (t) of R[[t]] with (t)¥. We endow the previous rings with
their respective unique orderings < in which t is positive and infinitesimal with respect to R. We denote
the real closed field of Puiseux series with F} := R((t*)) and the real closed field of algebraic Puiseux
series with Fy := R((t"))alg- A formal path is a tuple a = (a1, ...,an) € R[[t]]™. If a € R[[t]]]],, there
exists € > 0 such that the map [0,¢] = R™, ¢ — «(t) is semialgebraic. Conversely, each semialgebraic map
a:[0,1] — R™ defines an element o € R[[t]]}]},. The elements of R[[t]]}]], are called semialgebraic paths.

3.8. Free mazimal ideals associated with formal and semialgebraic paths

Let € Mp, be a formal path. Observe that a(0) € CI(M). By 3.1 there exists a unique homomorphism
Yo : S(M) — Fy such that ¢, (m;) = ;. It holds: ¢, (S*(M)) C R[[t*]].

Proof. Let f € S*(M) and L > 0 be a constant such that |f| < L. Then L — f > 0 and f + L > 0. Pick
hi,he € 8*(M) such that h? = L — f and h3 = f + L. Then

L —a(f) = %(h%) = ¢a(h1)2 >0 and o(f)+L= %(h%) = ¢a(h2)2 >0,

50 [1ha(f)| < L. Consequently, 1o (f) € R[[t*]]. O



8 J.F. Fernando, J.M. Gamboa / Journal of Pure and Applied Algebra 222 (2018) 1-18

8.8.1. Free mazximal ideals associated with formal paths
Consider the ‘evaluation’

evo : R[[t"]] = R, ¢+ ¢(0)

and the R-epimorphism

sty 1 STH(M) = R, f= (evo o a)(f) = Palf)(0).

Po = €Vp © ¢oz

Then m}, := ker(y,) is a maximal ideal of S*(M). As one can expect, m}, = my o) if a(0) € M and m? is a
free maximal ideal of S*(M) when «(0) € CI(M) \ M. In the latter case we call m}, the free mazimal ideal
of 8*(M) associated with o. We denote the collection of all free maximal ideals of S*(M) associated with
formal paths with OM C OM.

Let us find the maximal ideal m, of S(M) corresponding to m}, via the homeomorphism & introduced
in 2.3.1. We call m,, the free mazimal ideal of S(M) associated with .

Proposition 3.1. Let o € Mp, be a formal path such that a(0) ¢ M. Then m, = ker(¢y) is the free mazimal
ideal of S(M) satisfying mqo NS*(M) C m%. In addition, the real closed field S(M)/my has transcendence
degree dpr(my,), which is equal to tr degg (R(«)).

Proof. It is straightforward to check that p, := ker(¢,,) is a prime z-ideal and p, NS*(M) C ker(p,) = m?.
Let us show next that p, is a maximal ideal. Otherwise let q be a prime ideal of S(M) such that p, C g
and choose f € q\ po. Taking f/(1 + |f|) instead of f, we may assume that f is bounded on M. Denote
p:= a(0).

As Yo (f) € R[[t*] \ {0}, we write ¥, (f)(t) := at® + --- where a # 0, b := w(Ya(f)) € QT and
la(t) — p|| := ct? + -+ where ¢ # 0 and d := w(||a(t) — p||) € QF. Consider

j

|a|
2cb/d

7 = {x eM: o —p[® < | f(x)

and pick g := dist(-, Z) € S(M), which satisfies Z(g) = Z. Observe

|al
QCb/d

IIOé(t)fpllb/d:%tMm and Yo (|f)(t) = |alt® + -,

s0 a € Zp,. Consequently, 1,(g) = gr, (o) = 0 or equivalently g € p,, C q.

As p ¢ M, the zero set of h := f2 + g2 € q is the empty-set, so h € q is a unit in S(M), which is a
contradiction. Thus, m, := p, is the maximal ideal of S(M) satisfying m, NS*(M) C m?,. The last part of
the statement follows from [7, (1.B.2)]. O

Remarks 3.2. (i) If M is a non-compact and pure dimensional semialgebraic set, there exists a free mazimal
ideal my, of S(M) associated to a formal path o € R[[t]]™ such that the real closed field S(M)/m, has tran-
scendence degree £ for each £ =1,...,d = dim(M). To that end, it is enough to find, using a semialgebraic
triangulation of M, a formal path « € R[[t]]™ N Mg, such that a(0) € CI(M) \ M and tr degg (R(a)) = ¢.

(ii) If « € Mp, is a formal path such that a(0) € M, the ideal po = ker(v,) is a prime z-ideal of S(M)
of coheight 1 contained in m ). For that purpose, one finds, using a semialgebraic triangulation of M, a
semialgebraic compact set K C M such that «(0) € K and o € Kp,. The homomorphism ¢ : S(M) — S(K)
induced by the inclusion of K in M is by [4] surjective and ker(¢) C p,. Thus, if q is a prime ideal of S(M)
that contains p,, we have ¢ = ¢~ 1(¢(q)). By [10, 4.1] ¢ = ¢~ 1(¢(q)) is a prime z-ideal of S(M), because
¢(q) is a prime z-ideal of S(K'). Proceeding as above in the proof of Proposition 3.1 one finds h € q such
that Z(h) = {a(0)}. Consequently, g = mq(q), SO P, is a prime z-ideal of coheight one.
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Corollary 3.3. Let @ € Mg, be a formal path such that a(0) € CI(M)\ M. Then there does not exist a prime
ideal between my, NS*(M) and m%.

Proof. Let pg :=m,NS*(M) C --- C p, = m}, be the collection of all prime ideals of S*(M) containing po.
By [13, 1.A.2] there exist a semialgebraic compactification (X, j) of M and a chain of prime ideals qo C

- C g, of §(X) such that q; = p; N S(X). Assume X C R™ and notice that qo = ker(vjon) where
joa € R[[t*]]™. After reparameterizing « if necessary, we may assume joa € R[[t]]™. Proceeding similarly
to the proof of Proposition 3.1 one finds a semialgebraic function i € gy such that Z(h) = {(j o «)(0)}, so
q1 is the maximal ideal of S(X) associated with the point (j o «)(0) and r = 1, as required. O

8.8.2. Free mazimal ideals associated with semialgebraic paths

The collection of all free maximal ideals m¥ of S*(M) corresponding to semialgebraic paths o € Mp, is
denoted with OM. We have M C M C OM and in general both inclusions are strict and the differences
are ‘large’ (see 4.2). The uniqueness (see 3.1) of the homomorphism 1), guarantees that if @ € Mg, is a
semialgebraic path, the R-homomorphism ¢, : S(M) — F, is defined by f — foa. If « € Mp, and
a(0) € CI(M) \ M, then

mg, ={f €& (M): (fea)(t) =0},

m, = {f € S(M): 3e > 0 such that (f o «)|¢,- = 0}.

lim
t—0t

Remarks 3.4. (i) The prime z-ideals of S(M) whose semialgebraic depth is equal to 1 are the prime ideals
Pao = ker(y),) where o € M, is a semialgebraic path.

Let p be a prime z-ideal of S(M) such that dpa(p) = 1 and pick f € p such that dim(Z(f)) = 1.
Using [1, 2.9.10] and the primality of p we may assume that N := Z(f) is semialgebraically homeomorphic
to either I := (0,1] or I := [0,1] via a semialgebraic homeomorphism « : I — N. The homomorphism
0 : S(M) — S(N) is by [4] surjective, ker(f) C p and there exists a prime ideal q of S(IN) such that
S(M)/p = S(N)/q. By [6, 4.1] q is a minimal prime ideal of S(N). As the rings S(I) and S(N) are
isomorphic, we may assume by [6, 4.1] that g = {g € S(N) : 3¢ > 0, goalp, = 0}. This provides a
semialgebraic path a € R[[t]]}}, N MF, such that p = p,.

(ii) Let o € R[[t]]aig N Mp, be a non-constant semialgebraic path. We have trdegy(R(e)) = 1. By
113, Thm. 1.3] gf(8*(M)/pa) is isomorphic to R((t*))alg, because qf (S*(M)/pa) is a real closed field of
transcendence degree 1 over R.

8.4. Set of endpoints of a semialgebraic set

We finish this section with some properties of the sets n(M) and n(83 M) of endpoints of a semialgebraic
set M and its semialgebraic Stone-Céch compactification S¥ M.

Corollary 3.5. We have:

(i) n(BrM) =n(M) U (Clgsar(M<1) \ M<1) is a finite set.
(ii) For each point p € n(M) the mazimal ideal my of S*(M) contains properly only one prime ideal

of S*(M).
(iil) M\ n(M) is the set of closed branching points of Specs(M).

Proof. (i) As M = Mx UM<y, it holds 8fM = Clgsp(M>2) U Clg=pr(M<1). Notice that no point of
Clgs pm(M>2) has a neighborhood homeomorphic to [0, 1). Now, one shows (following the proof of [11, 4.19])
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that the set of endpoints of 82 M equals (Clgsar(M<1)\ M<1)Un(M) and (Clgsa(M<1)\ M <) is a finite
set. In addition, n(M) is a semialgebraic set of dimension 0, so it is also a finite set.

(ii) Let Z C M be a compact semialgebraic neighborhood of p equipped with a (semialgebraic) homeo-
morphism Z — [0, 1] that maps p onto 0. Let T := CI(M \ Z)N M and note that p ¢ T and M = TUZ. Then
Specg (M) = Clspecr (a) (T) UClspec;(M)(Z)- We have p=mj, € SpeCZ(M)\CISpeC;‘(M)(T) = Clspec;(M)(Z)\
ClSpec;‘(M) (T)

Next, Clgpecr(ar)(Z) is by 2.2.2 homeomorphic to Specg(Z) = Spec:([0,1]) and mj is mapped to the
maximal ideal m§ of Spec([0,1]). As I := [0,1] is locally compact, we know by 2.2.3 that 0 = d;(m{) <
dz(p) <1 for each prime ideal p of S(I) (properly) contained in m§. Thus, d;(p) = 1 and p is by [6, 4.5
a minimal prime ideal contained in mf. As 0 is an endpoint of [0, 1], we deduce that p is the unique prime
ideal (properly) contained in mg. Therefore m? contains only one prime ideal of S(M).

(iii) Fix a € M \ n(M). By the curve selection lemma [1, 2.5.5] there exist two semialgebraic paths
oy, : [0,1] = R™ such that «;(0) = a, «;((0,1]) € M and a1((0,1]) N a2((0,1]) = @. Let W := {g €
S*(M): Z(g) =2}. AsS(M) = §*(M)y and m; NS*(M) = m}, there exists a one-to-one correspondence
that preserves inclusions between the prime ideals of S(M) contained in m, and those of S*(M) contained
in m}. Consider the prime z-ideals

Po, :={f€SM): e > 0] (foas)lo,e =0}

By Remark 3.4(i) das(pa,) = 1 while dps(m,) = 0. Thus, p,, has coheight 1 in m, by 2.2.3, so p,, NS*(M)
has coheight 1 in m¥. Consequently, m¥ is a closed branching point of Spec} (M).

Conversely, let m* € Specs (M) be a closed branching point. By (ii) m* ¢ n(M), so we have to check
m* € M. Suppose by contradiction m* € Specy (M) \ M. By 2.3.4 the unique maximal ideal m of S(M)
with m N S*(M) C m* satisfies m N S*(M) C m*. By [6, 5.2(i)] the subchain of prime ideals of S*(M)

containing m N §*(M) is the same for any non-refinable chain of prime ideals in S*(M) ending at m*. As mnN
S*(M) € m*, the maximal ideal m* only contains one prime ideal of coheight 1, which is a contradiction. O

4. Topological properties of the remainder

We study the topological properties of the remainder announced in the Introduction.
4.1. Density of OM in OM

We prove first that OM is dense in OM.

Lemma 4.1. (i) Let f; € S*(M) and ﬁ 1 BEM — R be the unique continuous extension of f; to B M for
i=1,...,7. Then (f1,..., fr)(OM) = (f1,..., [r)(OM). B

(ii) A function f € S*(M) is a unit if and only if Z(f) = & and f ¢ m}, for each m’, € OM.

(iii) The set OM is dense in OM.

Proof. (i) Assume M is bounded, so CI(M) is a semialgebraic compactification of M. Thus, there exists
by [11, 4.6] a surjective continuous map p : SZM — Cl(M) that is the identity on M. Fix m* € M and
observe that by [11, 4.3(i)] p := p(m*) € CI(M) \ M. Consider the proper map ¥ := (p, f) : BEM — R™HT
where we abbreviate f := (f1,..., fr) and fi= (fl, cee, ]?r), and denote a := f(m*) Clearly, U(M) is the
graph I' of f and since ¥ is proper,

im \Il = \Il(clgs*M(M)) = CIR77L+7'(\I/(M)) = ClR'rrL+'r' (F)

~

Again by [11, 4.3(1)] ¢ := ¥(m*) = (p(m*), f(m*)) = (p,a) € Clgm+-([') \[' C R™ x R".
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By the curve selection lemma there exist semialgebraic paths o : [0,1] — R™ and p : [0,1] — R" such
that a((0,1]) C M, plo, 1) = (f @), 1 and («(0), u(0)) = g. Consequently,

~ o~

Fm) = a = p(0) = lim p(t) = lim (f 0 a)(t) = Flmy)

t—0t

where m?, € dM because lim, o+ a(t) =p ¢ M.

(ii) Observe that f € S*(M) is a unit if and only if 0 ¢ f(ﬂ:M) = f(M)U f(aM) = f(M)U f(gM) (see
assertion (i)), which proves the statement.

(iii) We have to check that for each f € §*(M) such that Dg=ps(f) ¢ M the intersection Dg=pr(f) N oM
is non-empty. Otherwise, M C Zg:m(f) and by part (i) we obtain {0} = F(OM) = F(OM) or equivalently
Dp:m(f) C M, which is a contradiction. O

Remark 4.2. As a consequence of the previous result one can show the following well-known fact [3, 2.1,
2.2]: A surjective semialgebraic map g : N — M is proper if and only if BF g(ON) = OM.

The ‘if’ part is clear. For the converse assume M bounded. Denote § := (§1,...,9m) : 35N — R™ where
g; is the (unique continuous) extension of the component g; of g to 5¥N. Suppose there exists a point
n* € ON such that p := 37 g(n*) € M. By Lemma 4.1(i) there exists n*, € ON such that §(n%) = p, so
B gnk) = limy,0+(goa)(t) = g(nk) =p € M. As g is proper, a(0) = lim;_,o+ «(t) belongs to N, which
contradicts the fact that n}, € ON. Consequently, 8 g(ON) C OM. The converse inclusion follows because
B¥ g is surjective.

4.2. Differences between the sets 5M, OM and OM

We prove next that the non-empty differences OM \ OM and OM \ OM are respectively dense in OM and
OM under mild conditions.

Theorem 4.3. Assume that M = M>y is not compact. Then OM \ OM is dense in OM and OM \ OM is
dense in OM .

We begin with some preliminary results.

Lemma 4.4. Assume that M is bounded. Then 8M\5M # @ if and only if M>2 is not compact. In addition,
if M>o is compact, then OM = OM is a finite set.

Proof. Suppose first that M>o is compact. The finiteness of OM follows from [11, 5.17], so by Lemma 4.1(iii)
OM = OM. Conversely, suppose that M5 is not compact. By [6, 7.1(i)] there exists a point p € C1(M>2) \
(Cl(p1(M>2)) U M>s). Notice that p1(M) = p1(M>2). In addition, M>q is closed in M, so p € CI(M) \
(Cl(p1(M)) U M) and dim,(ClL(M)) > 2. By [6, 7.1(ii)] there exists a maximal ideal m* of S*(M) of height
> 2 such that ht(m) = 0. This implies by Corollary 3.3 that m* € M \ 5M, as required. 0O

Lemma 4.5 (Behavior of the operators d and 5) Assume that M is bounded and let Y C M be a closed
semialgebraic subset of M. As the semialgebraic sets Y, Mso and M<y are closed in M, we identify
Clﬁ:M(Y) = ﬁ:Y, Clg:M(MZQ) = 5:M22 and Clg:M(Mgl) = B:Mgl- Then

(i) OY =M N Y and Y = M N Y.
(ii) OM = OM>o L1 OM<,. B B B
(111) oM = 8M22 U 8M§1 and OM = BMZQ [ 6M§1.
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Proof. (i) Let us check first dY = OM N Y. For the non-obvious inclusion let mk € OM N OY . Suppose
by contradiction m} ¢ dY, that is, a ¢ Yp,. Thus, o € (M \ Y)p, and there exists g € S*(M) such that
a € (D(g))r, € (M\Y)p,. In particular, gly = 0 and ¢, (g) # 0. Write ¢4 (g) := at? + --- for some a # 0
and a non-negative rational number p and ||a(t) — @(0)|| := bt? + - - - for some b # 0 and a positive ¢ € Q.
Recall that a(0) ¢ M because m* € dY and consider the bounded semialgebraic function

9*(x)
9%(x) + ||lz — a(0)|]2w/0+1”

fTM—->R, x—

which vanishes identically on Y and satisfies ¢, (f)(0) = 1. Thus, f € ker(¢) \ m} where ¢ : S*(M) —
S*(Y), h = hly. This contradicts the fact that m}, € 9Y = Clg: 3 (Y) \ Y because Clg:p/(Y) is by [10, 6.3]
the collection of those maximal ideals of S*(M) containing ker(¢).

The second equality in (i) follows from the equality already proved above because the semialgebraic
character of a formal path does not depend on the semialgebraic set where it is considered. Statement (ii)
follows by considering the connected components of M and observing that the union of those that are
singletons is contained in OM <1. Statement (iii) follows from (i) and (ii). O

Remark 4.6. The assumption M = M>, in Theorem 4.3 is not restrictive. As dim(ﬁgl) < 1, we deduce
from Lemma 4.4 that 8M§1 = 8M§1 = 3H§1. By Lemma 4.5 we obtain

OM\ OM = OMsy\ M=y and OM \ OM = OMsy \ OMso,
so Theorem 4.3 is conclusive.
Proof of Theorem 4.3. We prove first the following:
4.2.1.  The sets T \ T and T \ dT are not empty for the punctured triangle
T:={(z,y) eR*: 0<y <z <13\ {(0,0)}.

By Lemma 4.4 we obtain 87\ 9T # @. In order to prove 9T \ 0T # @ choose the formal series o (t) = t
and as(t) = > o, nlt" € R[[t]] \ R[[t]]a; and the formal path o := (a;,a2) € R[[t]]?. Note that a € T,
and a(0) = (0,0). Thus, m?, € T and let us show m?, & 7.

For each k > 2 consider the semialgebraic function f; € S*(T') given by the formula

k
where pi(x) := Zn!m”.

n=2

(y —Pk(ﬂf))Q
(y — pr(2))? + 22

fk(x7y) =

We have 9, (fx)(0) = 0, so fr € mj, for each k > 2 (see 3.3.1). Suppose now that m’ = m, for some
1 € R[[t]]2), with p € Tr,. To obtain a contradiction, it is enough to check that fi ¢ m* for some k > 2.
Without loss of generality and after reparameterizing p, we may assume u(t) = (t7, u2(t)) for some integer
j > 1 and some analytic series pa(t) € R[[t]]ag whose order is > j. As the series az(t?) is not algebraic,

az(t7) — p2(t) # 0 and its order is p > 1. Thus, ¥,,(fx)(0) # 0 for k = p+1, so fi ¢ m*, as needed.

4.2.2.  We show the statement under the assumption that M is bounded.
Let f € §*(M) be such that Dg:pr(f) meets M and f : 37 M — R be the (unique) continuous extension
of f to BiM. As OM is dense in OM, there exists a semialgebraic path a such that m}, € 9M N Dgxpr(f).

Write ¢ := f(m}) # 0 and assume ¢ > 0. Thus, m}, € Dg=pr(f — § + |f — 5|). Substituting M by graph(f),
we may assume that f can be extended continuously to X := Cl(M). Denote such extension with f.
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By [11, 4.3&4.6] there exists a continuous surjective map p : M — X that is the identity on M and
p(OM) = X \ M. In addition, f = f o p and p := p(m?) € X \ M satisfies f(p) =

Define Yy := {p}, Y1 := {f — § > 0} and Y3 := M NY;. By [1, 9.2.1] there exists a finite simplicial
complex K and a semialgebraic homeomorphism ® : |K| — X such that each semialgebraic set Y; is the
union of some ®(c%) where each ¥ is the open simplex associated with a simplex o € K. We identify X
with | K| and choose a simplex 7 of K of dimension > 2 that has p as a vertex and whose associated open
simplex 7Y is contained in Y. Let py,p2 € 7° be two points that are not colinear with p. For the closed
triangle T} with vertices p,p1,ps it holds that Th \ {p} C 7 C Y2 is a closed semialgebraic subset of M. In
addition, 911 C Dg:n(f). Thus, the differences 9Ty \8T1 and 9T, 1\ oT, 1 are by 4.2.1 non-empty and the

open set Dg-p/(f) meets the differences OM \ OM and OM \ &M by Lemma 4.5, as required. O
4.8. Points of the maximal spectrum with countable basis of neighborhoods

We show next that all points of M have countable basis of neighborhoods in 8 M. This is trivially true
for the points of M. as M. is open in 53 M. The points of p; (M) require a careful analysis.

Lemma 4.7. Let f € S*(M) and e BiM — R be its unique continuous extension to B M. Let m € BZ M be
such that ¢ := f(m) > 0. Then Clg=ar(f~1((§,400))) = Clgsar (f 1§, +00)).

Proof. It is enough to check f‘l((g,—&—oo)) C Clgsm(f7H(§,400)). Fix n € f_l((§,+oo)) and let V be a
neighborhood of n in BZM. Then V N f~1((§,+00)) is also a neighborhood of n in M. As M is dense
in XM

o~

VAT (5, 400) =V N fH(5, +00)) N M # 2.
Thus, n € Clg:p(f1((§,400))), as required. O

Proposition 4.8. Let p € M and {Ux }1, be a countable basis of neighborhoods of p in M. Then {Clgsn (U) }x
is a countable basis of neighborhoods of p in B M

Proof. Let W be an open neighborhood of p in M. Then there exists f € S*(M) such that p €
Dp:n(f) € W. Let 7 BEM — R be the unique continuous extension of f to SXM. We may assume
F(p) = ¢ > 0 and observe that S7H((§,400)) is an open neighborhood of p in M. Thus, there exists k > 1
such that p € Uy C f1((§,400)). Therefore

~

Cls:ar(Ur) C Clgear (f (5, +00))) = Clazar (F (5, 400))) € (5, 400)) € W.

To finish, let us see that each set Clg:a/(Uy) is a neighborhood of p in 37 M. Let W}, be a neighborhood
of p in B M such that Uy = Wy N M. Let g € S*(M) be such that p € Dg«pr(g) C Wy. Then p € D(g) C Uy.
We may assume r = g(p) > 0, s0 p € g1 ((r/2,+0)) C W. Thus, p € g~ *((r/2,+00)) C We N M = Uy
and by Lemma 4.7

p€g ' ((r/2,+00)) C Clg:ar (g~ ((r/2, +00))) = Clag:ar (g™ ((r/2,+00))) C Clg:ar(Uk).
Consequently, Clgxs(Uy) is a neighborhood of p in 85 M, as required. O

We prove next that there exist a lot of points in M that have a countable basis of neighborhoods
in B M. We denote the open ball of R™ with center x and radius € > 0 with B(x,¢).
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Theorem 4.9. Fach point of OM has a countable basis of neighborhoods in 5 M.

Proof. Let o := (a1,...,am) € Mg, be a formal path such that «(0) € C1(M)\ M. Our aim is to construct
a countable basis of neighborhoods for m?, in 8 M.

4.8.1.  We may assume: M C {z; > 0}, (0) =0 and a;1(t) = t.
After a change of coordinates in R™ we may assume «(0) = 0 and that «; is not a constant. Considering
the embedding of R™ in R™*! given by

2

(X1, Tm) — (x1+-~-+x$n,x1,...,xm) = (Y1, Ymt1)s

we can suppose M C {y; > 0}. After reparameterizing a, we assume «;(t) = t? for some integer p > 1.
This in combination with the new change of coordinates

h: (05 +OO) x R™ — (07+OO) X ]Rma (y17y27' "7ym+1) = ({/y_1’y27" '7y’VVL+1)

allows us to suppose a1 (t) = t.

4.8.2. For each integer ¢ > 1 consider polynomials yay, . . . , Yme € R[t] such that aj—~;, € (£)F2 C R[[t]]
and let Ly > 0 be such that |y;,(¢)| < Le for [t| < 1and j = 2,...,m. Denote v¢(t) := (t, v20(t), ..., Yme(t))
and consider the family of semialgebraic functions on M

fo(@) = 272 = |lz = ye(w1) |2 = 2772 = Ty (w5 — yje(w1))? for £> 1,

hi(x) == 77 — @3 for k > 1

and the family of open subsets Uy, 1. := Dgxar((fe + [ fel) (hr + [hi|)) of Bi M. Note that m}, € Uy for each
k> 1.

4.8.8. Our goal is to see: {Uy i }er is a basis of neighborhoods of m}, in BXM.

Fix g € 8*(M) such that m}, € Dg:r(g) and assume g(m?) = ¢ > 0. We write V := g7 ((§, +0)).
Notice that o € Vi, and choose polynomials g1, ..., g, € R[x] such that V; :={¢g1 > 0,..., g, > 0} satisfies
ae(ViNM)p, CVg.

Consider the new variables s, y := (y1,...,ym) and z := (21, ...,2m), write x =y + sz and

9i(x) = gi(y +s2) = gi(y) +sHi(s,y,2)

where H;(s,y,z) := Zj;ll hij(y,z)s’ for some polynomials A1, ..., h;s,—1 € R[y,z]. Let C; > 0 be a large

enough real number such that
|Hi(s,y,2)| < C¢ for[s| <1,[z| <1, |y| <1 ly2| < Lo, ..., [ym| < Ly,
j=1,....omandi=1,...,r.
4.8.4. As the positivity of a finite family of polynomials on a formal path depends only on finitely many
terms of its components, there exists £y > 1 such that for each £ > £y every formal path n € R[[t]]™ with

In(t) — a(t?)||? € (£)%? for some p > 1 satisfies gi(n(t)) > 0 fori=1,...,r. In particular: If £ > £y, each
series g;(ve(t)) is positive.
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4.3.5. Denote £ := 1+ max{{y,w(gi(a(t))) : i =1,...,r} and choose kg > 1 such that g;(y.(t)) > 0
fori =1,...,rif 0 < t < 1/kg. Since £ > w(g;(a(t))) for i = 1,...,r, there exists k > ko such that
gi(ye(t) —t"1Cy > 0for0 <t <1/kandi=1,...,r.

4.3.6. For our purposes it is enough to check: Uy C g 1([§, +00)).

Fix a point € UpNM. Then 0 < z1 < 1/k and Z?:Q(xj—ng(xl))z < 222 Thus, |z;—;e(x1)| < 24
for j =2,...,m and so z; = v;¢(x1) + pjai™ for some p; € R such that |p;| < 1. Write p := (0, pa, ..., pm)
and observe that by 4.3.5

gi(x) = gi(ve(z1)) + w’{“Hi(xf“,w(m),p) > gi(ve(z1)) — %HCZ > 0;

hence, z € {g1 > 0,...,9. >0} N M CV C g 1[5, +00)).

Now we check Uy ,NOM C g~ *([§,+00)). As Uy, is open in 87 M and OM is dense in M (see Lemma 4.1),
it is enough to show that Uy N OM is contained in g7 ([§,+00)). To that end it is sufficient to prove that
we€ {g1 >0,...,9- > 0}p, for each formal path p € (Upr N M)p . Indeed, p1(t) > 0 because p € Mp,
and M C {y; > 0}. After reparameterizing we may assume p1(t) = t? for some p > 1. Since u € (Up k) F,
we get [|u(t) — 7e(t7)|I < £2EFDP, 5o [|u(t) — e (e7)[* € (£)2FVPAs [la(t) = ye()|* € (£)*FD, we
deduce [|u(t) — a(t?)||? € (£)2¢+DP and therefore by 4.3.4 g;(u(t)) > 0 for each index i = 1,...,r, that is,
pe€{g1>0,...,9- >0}p.

We conclude Upy, = (Upy N M) U (Upy NOM) C G 1([§,4+00)) C Dg=n(g), as required. O

Corollary 4.10. Let h € S*(M), h: B¥M — R be its unique continuous extension to BiM and H = maM :
OM — R. Then

(i) The set Zap(H) is a closed neighborhood in OM of each free mazimal ideal m’, € (5M \
Clgzm (p1(M))) N Zor (H).
(ii) Zom(H) = Cloy(Intgar (Zon (H))). o o
(iii) If Zon (H) is a singleton {m*}, then m* is an endpoint of 3; M and it belongs to Clgspr(M<1)\ M <.

Proof. (i) Consider the map 5 j : fi M. — M induced by the inclusion j : Mj. — M. Recall that if
Y := p1(M), then by [10, 6.7(ii)] the restriction

B3¢ BEMc\ (B2 3) N (Clgs s (Y)) = B M\ Clge (V)

is a homeomorphism. Consequently, it holds
OM\ Cly: (V) = 87 3(OMic \ (87 5) ™" (Claz na(Y)))-

Let h/o\j =ho (B 3) : XM, — R be the (unique) continuous extension of h o j to 5 M. and consider
its restriction

hojloan. = ho (B §)loan. : OMic — R.

By Corollary 3.3 and [6, 6.1] we deduce that ZaMlc(h/O\j\aMlc) is a neighborhood of n%, := (8% j)~'(m})
in OM.. In addition, n}, ¢ (8% 3) " (Clg= 1 (Y)) because m, & Clg=p(Y). Therefore Zaay, (/H o (B i)om.) \
(B2 3)*(Clgsas(Y)) is a neighborhood of n}, in M \ (B2 3)~(Clg:p(Y)). Taking images under §; j, we
conclude: Zpp(H) is a closed neighborhood of m¥ in OM.

(ii) We prove the non-obvious inclusion in (ii). Let m* € Zgp(H) and g € §*(M) be such that m* €
Dg=n(g). We must prove that Dg-py(g) meets Intans(Zoas (H)). By [11, 4.10] there exists b € S*(M) whose
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continuous extension b to B M satisfies Z(m*) =1 and /b\|01B:M(y) = 0. Let g : 8*M — R be the unique
continuous extension of g to 7M. By Lemma 4.1(i) there exists m% € OM such that h(m%) = h(m*) = 0,
g(m%) = g(m*) # 0 and /b\(mj;) = g(m*) = 1. Consequently, m* € dM \ Clg:m(Y) C oM \ Clg:n(Y') and
m, € Dgenr(g) N Zon (H). Using (i), this implies mY, € Intgrs(Zan (H)) and we are done.

(iii) We assume that M is bounded. By Lemma 4.1(i) there exists a semialgebraic path a € R[[t]]a1g such
that m* = m}. We may assume that « defines a semialgebraic embedding « : [0,1] — M U {«(0)}. By (ii)
we know that {m}} is an open and closed subset of M, so it is a connected component of OM. Let U be
a closed neighborhood of m¥ in SfM such that OM NU = {m%} and U N M is a semialgebraic set. We
have U = (UNM) U {m}} and OU = {m}}. Let N := «([0,1)) and assume N C U. As OU C Clgxps(N),

*

we conclude by [11, 5.7] that after shrinking U, we may assume U = N U {m}. Consequently, m? is an

endpoint of 33 M and by Corollary 3.5(i) m}, € Clg-p(M<1) \ M<1, as required. O

Corollary 4.11. The set € of mazimal ideals of S*(M) that are the Jacobson radical of a principal ideal of
S*(M) equals M Un(BEM).

Proof. Assume M is bounded. The inclusion &€ C M Un(5FM) follows from Corollary 4.10(iii). To prove
the converse inclusion observe that M C € (the Jacobson radical of the ideal generated by the restriction
to M of the distance function to a point a € M is m}). Pick a point m* € n(8:M) \ M. By Corol-
lary 4.10(iii) m* € Clg;M(Mgl) \ M<;. Let U C B:M be a compact neighborhood of m* equipped with a
homeomorphism & : U — [0, 1] such that {(m*) = 0, the difference U \ {m*} C M is a semialgebraic set and
(U\{m*})NCYM\U)NM = {q} is a singleton. Observe that |\ fm=} : U\ {m*} — (0, 1] is a semialgebraic
homeomorphism and £(g) = 1. Consequently, the bounded function g : M — [0, 1] given by the formula

sy {E@) Tz U ),
1 ifzeM\U

is (continuous) semialgebraic. The Jacobson radical of gS*(M) is m*, as required. O
4.4. Points of the maximum spectrum with metrizable neighborhoods

We end this section with the announced characterization of the points of the semialgebraic Stone—Céch
compactification Sf M that have metrizable neighborhoods.

Theorem 4.12. The set of points of SiM that have a metrizable neighborhood in ;M equals M. U
(Clsns(M<1) \ M<1).

Proof. Let T be the set of points of 57 M that have a metrizable neighborhood in S¥M. Each point in
Clgspr(M<1) \ M<; has by Corollary 3.5(i) an open neighborhood in M that is homeomorphic to [0, 1),
which is a metrizable space. On the other hand, M. is open in S¥M and a metrizable neighborhood of
all its points. Therefore M. U (CIQ:M(MSQ \ M<1) C 7. Let us prove T C M. U (CIQ:M(MQ) \ M<1)
next.

Let p € T and W be a metrizable neighborhood of p in M. Let f € S*(M) be such that
p € Dpxp(f) C W. We may assume that the unique continuous extension f: BiM — R of f to 5 M satis-
fies f(p) = ¢ > 0 and we consider the closed semialgebraic subset Z := F7HS, +0)) = f’l([g, +00)) N M
of M.

By 2.3.3(i) B Z is homeomorphic to Clg:p(Z) and by Lemma 4.7 Clg=p(Z) = 57 Z is a neighborhood
of p in BXM. Tt contains p and is metrizable because it is a subset of W. Hence, by [11, 5.17] the subset
Zo of points of local dimension > 2 of Z is compact. We write Z = Z>2 U Z<1. Observe that Z<; is a
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closed subset of M. By 2.3.3(1) we can identify 877 = B:Z>o U B Z<1 = Z>o U B Z<1. We distinguish
two cases:

Case 1. If p € Z>, then p € M and f(p) = c¢. As Z>5 is compact, Z is by Remark 2.2(iii) a locally
compact neighborhood of p in M. By Proposition 2.1 p € M.

Case 2. If p ¢ Z>o, then p € B Z<1 \ Z>2 and BF Z<1 \ Z>2 is a neighborhood of p in 37 M. There are
two possibilities:

(a) p € Z<1,80 Z<1 \ Z>2 = (BX Z<1 \ Z>2) N M is a locally compact neighborhood of p in M and
p € M.

D)p€dZc1=pB:Z<c1\Z<1 CRM\M.As dZ <y is by [11, 5.17] a finite set, {p} is a connected compo-
nent of M, that is, p is a closed point of 5 M that is isolated for the inverse topology of Spec (M). By 1.3.3
and Corollary 4.11 p € MUn(B; M). Asp ¢ M, we conclude by Corollary 3.5(i) that p € Clgs pr (M <1)\ M <1,
as required. 0O

Appendix A. Non-semialgebraic homeomorphism between semialgebraic sets

The behavior of a non-semialgebraic homeomorphism between semialgebraic sets can turn out to be
unpredictable with respect to its possible extensions to the semialgebraic Stone-Cech compactification.
In fact, semialgebraic paths become useless in the absence of semialgebraicity.

Examples A.1. (i) Let M :=R2?\ {(0,0)} and consider the smooth path ~ : (0,1] — M, t — (¢, Aexp(—1/t))
where A is a fixed positive real number. Then

(1) For all f € §*(M) there exists lim; o+ (f 0 ¥)(t) € R.
(2) The set m* := {f € S*(M) : lim;_,o+ (f o7)(t) = 0} is a maximal ideal of S*(M).
(3) m* =m}, where a: (0,1] = M, ¢t — (t,0).

Proof. Let f € S*(M) and f : 8*M — R be the unique continuous extension of f to B*M. Assume
f(m%) = 0 and observe that statements (1), (2) and (3) are straightforward consequences of the following

equality that we prove next:

~

lim (f 07)(t) = 0= lim (f 0a)(t) = (). (A1)

t—0+

By Corollary 4.10 the set ZaM(f) is a closed neighborhood of m? in OM = XM \ M. Thus, there exists
g € §*(M) such that m}, € Dgxpr(g) NOM C Zoni (f). We may also assume ¢ := g(m?) > 0. Consider the
closed semialgebraic subset Z := g~ !([§, +00)) N {z? +y* < 1} of M. As g(m},) > &, there exists ¢ > 0 such
that Yz := (0,¢] x {0} C Z.

Otherwise, as Z is semialgebraic, there exists € > 0 such that the closed semialgebraic subsets Z and
Y ;=Y. of M are disjoint. Then there exists by [4] a semialgebraic function h € S*(M) such that h|z =0

and hly = 1. Thus, ?L(m:;) =1 and by 2.3.3(i)&(ii) and Lemma 4.7 we obtain

mg, & Zp:ar(h) O Clg:a(Z2) = Clg:m (97 ([5, +00)) N Clga s ({a? +y* < 1}),

which is a contradiction.

As the Taylor series at the origin of Aexp(—1/t) is identically zero, the image of | : (0,6] — M for é > 0
small enough is contained in Z. As g~ ([§, +00)) NOM C Zoni (f), the closure of the graph T of f|, in R®
is T U{(0,0,0)}. Consequently, equality (A.1) holds, as required. O



18 J.F. Fernando, J.M. Gamboa / Journal of Pure and Applied Algebra 222 (2018) 1-18

(ii) Let M :=R?\ {(0,0)} and consider the homeomorphism ¢ : M — M given by

(z, (1 — 22CLDY 9y — o) yexp(—1/z)) f0<le<y<a,
(m,y) — (17, My) if0< y < %17,

xT

(z,y) ify<Ooraz<y.

Note that @(t, ut) = (¢t,2pexp(—1/t)) for 0 < p < 1/2 and ¢ > 0. Thus, the homeomorphism ¢ : M — M
cannot be extended to a homeomorphism @ : 53X M — B¥M because by (i) such an extension would map the
(distinct) maximal ideals m}, := {f € S*(M) : lim; o+ f(t, ut) = 0}, where 0 < p < 1/2, onto the maximal
ideal m}, described in (i.3).
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