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ABSTRACT

We show that convex polyhedra in R™ and their interiors are images of regular maps R" — R™.
As a main ingredient in the proof, given an n-dimensional, bounded, convex polyhedron X C R"
and a point p € R™ \ K, we construct a semialgebraic partition {A, B, T} of the boundary 90X of
X determined by p, and compatible with the interiors of the faces of X, such that A and B are
semialgebraically homeomorphic to an (n — 1)-dimensional open ball and T is semialgebraically
homeomorphic to an (n — 2)-dimensional sphere. Finally, we also prove that closed balls in R"
and their interiors are images of regular maps R" — R".

1. Introduction

This work generalizes to the n-dimensional setting the results concerning (real) regular images
of the Euclidean plane developed by the third author in [8]. In fact, those results find their
origin in the pioneer work concerning regular images of Euclidean spaces initiated by the first
two authors in [5, 6]. Before entering into further detail, we recall some terminology. Given a set
X C R"™, a regular function on X is a quotient f = Fy/F5 of polynomials Fy, Fp € R[xy,...,x,]
such that Fy(x) # 0 for every z € X;and amap f = (f1,..., fm) : X — R™ is a regular map on
X if each component f; of f is a regular function on X. As one can expect, we say that a subset S
of R™ is a regular image of R™ if there exists a regular map f : R” — R" such that S = f(R").

For every affine hyperplane H C R™ there exists a polynomial ¢ € R[x1,...,x,] of degree 1
such that H = {z € R" : {(z) = 0} = {{ = 0}, and the sets

HN={zeR": l(z)20}={(>0} and H ={zcR": {(z) <0} ={¢{<0}

are called the closed half-spaces defined by H. Observe that HT and H~ are the closures
in R™ of the connected components of R™ \ H; hence, they are completely determined by H.
However, assigning HT and H ™~ to these half-spaces depends on the choice of the equation /;
of course, they are easily interchanged just considering —/ instead of ¢ to define H.

A convex polyhedron in R™ is a subset X C R™ that can be written as a finite intersection
K =(,_, H;", where each H;' is a closed half-space. We use the notation X = (H",..., H).
For convenience we allow this family of hyperplanes to be empty, and in such a case KX = R".
The dimension dim(X) of a convex polyhedron X corresponds to its dimension as a topological
manifold with boundary.

In [8], the author proved the following statement.

THEOREM 1.1. Each 2-dimensional convex polygon in R? and its interior are regular images
of R2.
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The purpose of this article is to prove that the previous statement can be generalized for
n-dimensional convex polyhedra in R™ for n > 2; namely, we have the following theorem. In
what follows, we assume n > 2.

THEOREM 1.2. FEach n-dimensional convex polyhedron in R™ and its interior are regular
images of R™.

Of course, if X C R" is a d-dimensional polyhedron for some 0 < d < n, then X is contained
in some d-dimensional affine subspace of R” that can be identified with R? x {0} after an affine
change of coordinates. Thus, it follows from Theorem 1.2 that X is a regular image of R?. This
is why we are mostly concerned along this paper with n-dimensional polyhedra of R™.

To prove that the interior Int(X) of an n-dimensional bounded convex polyhedron K C R™ is
the image of R™ under a regular map R™ — R, it becomes crucial the partition of its boundary
0K = K \ Int(X) (see Theorem 3.1) determined by an exterior point p € R™ \ X, a construction
that has interest by its own. Roughly speaking it works as follows in the generic case. Fix a
point p that belongs neither to K nor to any of the hyperplanes containing the facets of K. Each
ray R from p intersects X in either the empty set or in a compact segment I = [ag, br], which
is a singleton in case ag = bgr. Next, we define the sets A = {ag : RNInt(K) # @}, B = {bg :
RNInt(X) # @} and T = 0K \ (A U B), which constitute a partition of the boundary 0K such
that A and B are open subsets of 9K homeomorphic to the n-dimensional open ball and T is a
closed subset of 9K homeomorphic to the (n — 1)-dimensional sphere. Moreover, A, B and T
are compatible with the faces of K. We use the sets A, B and T to prove in Proposition 4.4 and
Corollary 4.5 the part of Theorem 1.2 concerning interiors of n-dimensional convex polyhedra.
Moreover, as we see at the end of Section 3, the previous partition can be generalized, with some
extra care, by choosing as p an arbitrary point p € R” \ X and eliminating the boundedness
hypothesis on K; see Remark 3.4.

Once we know that the interiors of convex polyhedra are regular images of Euclidean spaces,
the next step is to prove that also convex polyhedra themselves share the same property. This
requires us to generalize the techniques about scaffolds (see Section 5) already introduced in
[8, 4.7] in the 2-dimensional case. However, such generalization is not straightforward and
needs a careful and subtle analysis of the behaviour of the restriction to X of suitable central
projections m : R” --» R™ (see Lemma 5.1 and Corollary 5.8).

The interest of deciding whether a semialgebraic set is a regular image of R™ is out of any
doubt, and it lies in the fact that the study of certain classical problems in Real Geometry con-
cerning this kind of sets is reduced to the analysis of those problems on R", for which many more
tools have been developed. Let us recall some of them. Suppose that f : R™ — R" is a regular
map and let S = f(R™). Then the optimization of a given regular function g : S — R is equiv-
alent to the optimization of the composition g o f on R™, and in this way one can forget about
contour conditions. Another classical problem is the characterization of those regular functions
g :R™ — R that are either strictly positive or positive semidefinite on S. In case S is a basic
closed semialgebraic set, these problems have been solved in [7]; see also [3, 4.4.3]. Note that g
is strictly positive or positive semidefinite on S if and only if g o f is strictly positive or positive
semidefinite on R™, respectively, and both last questions are decidable, using, for instance, [7].
For more details about these applications and others, see [5, Section 1; 6, Section 1].

In [6], the first two authors introduced the invariant r(S) for a semialgebraic set S C R, as
the least integer among those m > 1 such that S = f(R™) for some regular map f : R”™ — R",
or r(S) = 400 if such an integer does not exist. It is proved there that r(S) > dim S. Hence,
Theorem 1.2 says that if S is either a convex polyhedron or its interior as a topological manifold
with boundary, then r(S) = dim S.
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The article is organized as follows. In Section 2, we present the basic definitions and some
relevant results about the geometry of convex polyhedra of R™. Section 3 is devoted to construct
the aforementioned partition of the boundary 0X of an n-dimensional bounded convex
polyhedron determined by an exterior point. In fact, we also sketch how this construction can
be also extended to unbounded convex polyhedra (see Remark 3.4). Next, in Section 4 we prove
the second part of Theorem 1.2, namely, the interior of an n-dimensional convex polyhedron K
is a regular image of R™. We study first the bounded case (see Proposition 4.4) whose proof runs
by induction on the number of vertices of K. We start this proof by showing the statement
for an n-simplex in Lemma 4.1. However, the general case of bounded convex polyhedra is
much more involved, and it requires the already mentioned partition of the boundary of the
polyhedron, which is in the core of the proof of Proposition 4.4. At the end of this section, we
achieve the unbounded case in Corollary 4.5 using Proposition 4.4 for bounded polyhedra and
the reduction to the bounded case (Proposition 2.7). In Section 5, we prove the first part of
Theorem 1.2. By means of Lemma 2.3, the problem is focused on polyhedra having at least one
vertex, and this case is solved in Proposition 5.2. To approach Proposition 5.2, one requires
the notion of d-scaffold of a d-dimensional face E of a polyhedron X C R™ which, as already
mentioned, extends to the n-dimensional setting the notion introduced by the third author in [8,
4.7] and plays a crucial role in the proof of Proposition 5.2. Such a d-scaffold is a semialgebraic
topological manifold I" semialgebraically homeomorphic to E satisfying Int(I') C Int(X) and
OI' = OF. Finally, observe that the closed ball and its interior can be, respectively, seen as
‘limits” of bounded convex regular polyhedra and their interiors, when the number of faces
tends to infinity. Thus, it seems natural to ask whether they are regular images of R™ or not.
We answer both questions in the affirmative in Section 6 and so r(B,,) = r(B,,) = n, where B,,
and B,, denote the open and the closed n-dimensional ball, respectively.

2. Preliminaries on convex polyhedra

We begin this section by recalling certain terminology and properties concerning convex
polyhedra. The references we have used concerning polyhedra and convex sets are [1, 2].

2.1. Convex polyhedra and their faces

Let X C R™ be an n-dimensional convex polyhedron. By Berger [2, 12.1.5] there exists a unique
family {H,,..., Hp} of affine hyperplanes of R™ (which is empty if X = R™) whose cardinality
is minimal among those satisfying the equality X = (-, H;" = (H;",..., H;}). This family
{Hi,...,H,} is, in particular, irredundant and will be called the minimal presentation of
K. The facets of K are the intersections F; = H; N K (if any) for i =1,...,m. Of course,
R™ is the unique polyhedron of R™ without facets. Note that each F; = <Hi_,H1+, o HE
is a polyhedron contained in H;. We also say that Fy,..., F,, are the (n — 1)-faces of XK. For
0 < j < n—2,asubset of X is a j-face of X if it is a facet of some (j + 1)-face of K. In particular,
the O-faces are the vertices of K and the 1-faces are the edges of X; note that if X has a vertex,
then m > n (see [2, 12.1.8-9]). In general, a face of K (which is not ‘registered’ as a facet) will
be denoted by FE to distinguish it from the facets Fi, ..., F},, and the affine subspace generated
by E will be denoted by W to distinguish it from the hyperplanes Hi, ..., H,, containing the
facets Fi,..., F,,.

2.1.1. Observe that, for each ¢ =1,...,m, the polyhedron X; = ﬂj# H;r contains X
properly and it is called the polyhedron obtained from X by eliminating the facet F;. Note
that the number of facets of K exceeds in one unit the number of facets of XK;. Of course, not
all polyhedra are bounded, but every bounded polyhedron X is the convex hull of its set of
vertices {v1,...,v,}, and we write X = [v1,...,v,] (see [1, 11.1.8]).
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Next, given any set T' C R™, we denote by Intgn(7) the relative interior of T in R™ and
by Clgn (T) its relative closure in R™. Next, let X C R™ denote either the polyhedron X or
one of its faces. Note that X is a topological manifold with boundary, and denote by 0X
its boundary and by Int(X) = X \ 90X its interior, that is, the largest topological manifold
(without boundary) contained in X. In case X = {v} is a singleton, we use the usual convention
and write Int(X) = X and 0X = @. The dimension dim X = dim(Int(X)) of X is its dimension
as a topological manifold with boundary. Observe that Int(X) coincides with the relative
interior of X in the affine subspace of R" generated by X, and that X = Clg» (Int(X)).

Note that each affine hyperplane H C R™ coincides with the boundary H+ = H~ of the
closed half-spaces defined by H. On the other hand, observe that affine transformations are
polynomial mappings and so all our statements do not depend on affine changes of coordinates.
Thus, all through this work, we will freely use (affine) changes of coordinates. We denote by
B, (p,r) the open ball of R” centred at the point p € R™ with radius 7 > 0, and by B, (p,7) its
closure.

In the following result, we represent the boundary and the interior of a polyhedron in terms
of its minimal presentation; namely, we have the following lemma.

LEMMA 2.1. Let X C R™ be an n-dimensional convex polyhedron, let {Hq, ..., H,,} be the
minimal presentation of X and let {Fy,...,F,} be the facets of X. Then 0K = J!", F; and
Int(K) = (2, (H;" \ H;).

Proof. By Berger (2, 12.1.5], 0K = ", F; = U;~,(X N H;), and consequently,

m

Int(X) = K\ 0K = K G(fKﬂH ﬁ ﬂR”\H) ((H;\ Hy),

i=1

3

=1 =1

as required. ]

2.2. Degenerate and nondegenerate polyhedra

A convex polyhedron in R" is nondegenerate if it has at least one vertex. Otherwise, we say
that the polyhedron is degenerate. Let us present now some properties concerning degenerate
convex polyhedra.

LemMA 2.2, Let X C R™ be an n-dimensional convex polyhedron containing a line L. Then
X is degenerate and each face E of X is a degenerate convex polyhedron that contains a line
L parallel to L. In particular, the edges of X, if any, are lines parallel to L.

Proof.  We may assume that X C R™ and let {Hy,..., H,,} be the minimal presentation
of X. We claim that each H; is parallel to L. Otherwise H; N L is a unique point, and so
L ¢ H;. Therefore, L ¢ X, which is a contradiction.

Next, we prove the result for the facets of K. Fix a facet F; = KX N H; of X and a point
p; € F;. Let us prove that F; contains the line L; parallel to L and passing through p;. Indeed,
for j =1,...,m the hyperplane H; is parallel to L, and so either L; C H; or L; is parallel
to Hj. In particular, L; C H; because p; € L; N H;. Observe also that p; € XN L; C H;r NL;.
Therefore, L; C H j and this implies

LichﬂHj:Hm%:Fi.

j=1
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Now, given an arbitrary face E of K, there exist, by Berger [2, 12.1.9], some facets F1, ..., Fy
of K such that ¥ = ﬂjzl F}. Pick a point p € I and note that, since the line L parallel to L
and passing through p is contained in each facet F} for 1 < j < s, it is also contained in E. To
complete the proof, it suffices to see that K has no vertex. Indeed, suppose that there exists a
vertex F of K. Since F is a face of K, it should contain the line Lg, which is impossible. [

LEMMA 2.3. Let X C R™ be an n-dimensional convex polyhedron. The following assertions
are equivalent.
(i) The polyhedron X is degenerate.
(ii) Either X = R™ or there exist 1 < k <n —1 and a nondegenerate convex polyhedron
P c R™* such that, after a change of coordinates, X = R* x P.

Proof. The implication (ii) = (i) is clear, by Lemma 2.2, because X contains a line. Thus,
let us prove the converse and suppose K # R"™. Let E be a face of K of minimal dimension.
Since X is degenerate, it has no vertices and so 1 < dim E = k < n. Observe that since the
facets of F (if any) are also faces of K whose dimension is strictly smaller than the one of E,
it follows that F has no facets, and so it is affinely equivalent to R* for some 1 <k <n—1.
Hence, after a change of coordinates, we may assume that

E={zeR": xk+1:0,...,xn:0}:Rk><{O}.

Let {Hy,...,Hy,} be the minimal presentation of X and let ¢; = a;1x1 + ... + @inXy, + aip be
a polynomial of degree 1 such that H;” = {¢; > 0}. Since E C X,

aiiy1 + ...+ airyr + a0 = 4 (y,0) =0,

for all y € RF. Thus, aj1 = ... =a;; = 0 for 1 <i < m, that is, each ¢; = i 1 Xh41 + - F
AinXn + aio. Hence, X = R¥ x P where

P={2=(Zks1,-,2n) ER"F: £1(0,2) >0,...,0,(0,2) >0}

is a convex polyhedron of R"~%. Note that there exists a face E’ of P such that E = R* x E’
and, comparing dimensions, k = dim E = k + dim E’. Therefore, dim E' = 0, that is, E’ is a
vertex of P, and so P is nondegenerate. |

2.3. Polyhedra facing upwards

When one tries to represent a polyhedron K C R™ and its interior as regular images of R,
it is a great advantage to place X in a suitable way. We say that an n-dimensional convex
polyhedron X C R™ with minimal presentation $ = {Hq,..., H,,} is facing upwards if there
exists a subfamily {Hj,,..., H; } of $ whose common intersection is a vertex v = (vy,...,v,)
of K such that (j_, H:J' \ {v} C {x,, > vn}. Observe that v is the unique point of X with
minimum z,,-coordinate and it will be called the minimum vertex of K. First of all, let us check
that, after a change of coordinates, every n-dimensional nondegenerate convex polyhedron is
facing upwards.

LEMMA 2.4. Let X C R™ be an n-dimensional nondegenerate convex polyhedron. Then we
may assume, after a change of coordinates, that X is facing upwards and it does not intersect
the hyperplane {x,, = 0}.

Proof. Let {Hy,...,Hy} be the minimal presentation of K. Recall that since K is
nondegenerate, m > n. We may assume, after a change of coordinates and up to reordering the
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indices ¢ = 1,...,m, that (], H; = {0} is a vertex of X and H; = {z; > 0} for 1 <i < n.
Consequently,

Kc{x120,...,2, 20} C {1+ ...+ 2z, >0} U{0}.

Observe that after a new change of coordinates that transforms {z; + ...+ z, > 0} onto
{z,, > 1}, we are done. O

Let us see now several properties concerning polyhedra that are facing upwards.

LEMMmA 2.5. Let {uy,...,u,} CR™ and let {¢1,...,¢,} CR™* be linear forms such
that {y(ux) >0 and £j(uy) =0 if j # k. Then the sets X1 = {¢; > 0,...,£, >0} and Ky =
i Au s A =0,...,\, = 0} coincide.

Proof. First, observe that the condition ((ug) >0 and ¢;(ui) =0 if j # k guarantees
that {u1,...,un} and {f1,...,¢,} are, respectively, a basis of R™ and its dual space R™*.
Consequently, the linear map ® : R” — R", = +— (¢1(x),...,¢,(x)) is an isomorphism and
O(Ky)={yeR": y; =20,...,y, = 0}. Note that, for each k =1,...,n, there exists a real
positive number t; = £ (u) > 0 such that wy, = ®(uy) = tgey, where ey, is the vector whose
coordinates are all zero except the kth, which equals 1. Therefore,

B(Ky) = {Z)\kwk: A\ >0,...,An>0} = {(ti A1yt ) s AL = 0,..., A, > 0},
k=1

that is, ®(K;) = ®(X3). Hence, ® being injective, we get K; = K. O

LeEMMA 2.6. Let X C R™ be an unbounded convex polyhedron facing upwards that does
not intersect the hyperplane {x,, = 0}. Consider the rational map

11
fiR" - R™) (x1,...,2,) — (zl,...,xn 1,).

Tn Tn  Tn

Then Clgn (f(X)) C R™ is a bounded convex polyhedron.

Proof. Since f can be interpreted as a transition map between two charts of the real
projective space RP", it preserves affine subspaces and the convexity of those subsets that
do not intersect the hyperplane {z, = 0}. Hence, f(X) is a convex subset of R™ and so, by
Berger [1, 11.2.1], Clgn (f(X)) is a convex polyhedron of R™. Now, all reduces to check that
f(X) is a bounded set.

Indeed, let $ = {H;,..., H,,} be the minimal presentation of K. Since X is facing upwards,
we may assume, after reordering the indices ¢ =1,...,m and applying a translation, that
the common intersection of the family {Hi,...,H,} C $ is the vertex v =(0,...,0,1)
of K and ), H \ {v} C {z, > 1}. Moreover, since Nj=1 Hj = {v}, there exists a basis
B* ={ly,...,£,} of R™* such that Hj' ={t; — ¢;(v) 20} for 1 <i<n. Denote Q= {1 >
0,...,¢, > 0}. Hence,

fKCﬂszv—f—Q and Q\ {0} C {x, > 0}. (¢)
j=1
Let B = {uq,...,u,} CR™ be the dual basis of B*. From Lemma 2.5, we deduce that
Q:{)\1U1++/\nun )\1 20;7)\71 20}
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Write ug = (u1g, ..., ung) for k = 1,... n and observe that, by (¢), each u,; > 0. We also define
wy, = (Urg, ... Up—15) € R"1. Let M > 0 be a positive real number such that [[u}, || < Muy,y.

Observe that, for each point y € Q, there exist nonnegative real numbers Ay > 0 such that
y=Aui+ ...+ Au,. Hence, (y1,...,yn—1) = \iuf + ...+ A\ul,, and so

n—1 n—1
Pt 2y = W) <Y Aullu ]| < M (Z Akunk> < My,
k=1 k=1

Therefore, v being the minimum vertex of XK, it follows that

Kcv+Qcov+{zeR": 22 +. .. +22 | < M?*22, 2, >0}
Now, a straightforward computation shows that also

Kc{reR": 22+ ... +22 | < M?*2?%, 2, >1}.
Finally, given a point z € f(X), there exists € K such that f(z) = z. Hence,
2 -1 2 2 2
P =@ = () + > (2) = et e

which proves that f(X) is a bounded set. O

The next result will allow us to reduce the proof of certain statements concerning convex
polyhedra to the case of bounded convex polyhedra.

PrROPOSITION 2.7 (Reduction to bounded convex polyhedra). Let X C R™ be an
n-dimensional, nondegenerate, unbounded, convex polyhedron in R™, which in addition is facing
upwards and does not intersect the hyperplane {x,, = 0}. Consider the rational map

1
f:Rn___)an (xla'waxn)'—)(xla"'ux - )

b
Tn Tn Tn

Then there exist an n-dimensional, bounded, convex polyhedron X' C R"™ and a face E' of
XK' such that f is regular on X'\ E' and satisfies the equality f(X'\ E') = XK. Moreover, the
restriction flyn g : XK'\ E' — K is a biregular homeomorphism and f(Int(X')) = Int(X).

Before proving Proposition 2.7, we need the following preliminary result.

LemMmA 2.8, Let X CR"™ be an n-dimensional convex polyhedron and let H C R™ be a
hyperplane such that X € H'. Then H NX is either empty or a face of X.

Proof. We proceed by induction on the dimension of K. If n = dim X = 1, then we may
assume that H* = {z > 0} C R. Observe that either X C {x > 0}, and so KN H = &, or X N
H = {0}, which is a face of K. Assume now the result true for polyhedra whose dimension is
smaller than 7, and let X C R™ be an n-dimensional convex polyhedron. Since X ¢ Ht, we
have

Int(K) = Intgn (K) C Intgn (H') = Int(HT),

and KN H C K. Let Fy,..., Fy, be the facets of X. By Lemma 2.1, 0K = |J/", F;, and so
m
KNH=0XnH=|J(FnH).

i=1
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After reordering the indices ¢ = 1,...,m, we may assume that dim(Fy N H) > dim(F; N H) for
j=2,...,m; hence, dim(XNH)=dim(FyNH)=d<n—1

Next, let us check that XN H = Fy N H. Indeed, let H; C R™ be the hyperplane of R™
generated by Fy and suppose, by way of contradiction, that there exists a point p € (KX\ F1) N
H.Thenp ¢ Hy, because F; = Hy N XK. Since d = dim(F; N H), there exist affinely independent
points {po,p1,-..,pa} C F1 N H C Hy and observe that also the points {pg, p1, ..., Pd, Pd+1 =
p} C KN H are affinely independent because p ¢ Hy. Therefore, their convex hull T has
dimension d + 1. But, X N H being convex, it contains T'; hence,

d+1=dim7T < dim(X N H) = d,

which is a contradiction. Thus, KN H = Fy N H. Since F; C H* N H; and dim F; =n — 1, we
deduce that Fy C H N Hy or, by the induction hypothesis, either 1N H =F NHNH, =9
or E=FNH=F NHNH, is a face of Fi, and hence of K. In the first case, XN H = F}
is a face of K; in the second one, either KN H =@ or KNH =F, N H = FE is a face of X, as
wanted. ]

Now, we are ready to prove Proposition 2.7.

Proof of Proposition 2.7. Let ¢y > 0 denote the last coordinate of the minimum vertex of
X and let us consider the rational map

L1

wot 1
f:R" -5 R, (xl,...,mn)H(,...,x ! >

)
L LTn  Tn

By Lemma 2.6, X’ = Clg=(f(X)) is a bounded convex polygon. Since X N {x,, =0} = & and
flre\fzn=0y : R" \ {zy, = 0} — R"™\ {z;,, = 0} is a regular involution, it follows that

Int(X') = Intge (X') = Intgn (f (X)) = f(Intg- (X)) C f(K) C R™\ {z,, = 0}.

Thus, X' N {z, = 0} C 0K’. Observe also that X" C {x,, > 0}, because the last coordinate of
each point in X is > ¢y > 0. Moreover, ' = X' N {z, = 0} # & because X is unbounded, and
we deduce from Lemma 2.8 that E’ is a face of X’. Note also that

K\ B = K\ {2 = 0} = Clan (F()) \ {2 = 0} = F(X),

and consequently X = f(f(X)) = f(X'\ E’), which proves the first part. Next, observe that the
restriction flgn g @ X'\ B' — K is a biregular homeomorphism whose inverse is the restriction
flx : KX —= XK'\ E'. To complete the proof, and since we have already seen that Int(X') =
f(Intgn (X)) = f(Int(X)), we get f(Int(K')) = f(f(Int(X))) = Int(X). O

REMARK 2.9. Observe that if H C R™ is an affine subspace that does not intersect the
hyperplane {xz, = 0}, then so is f(H). Moreover, if P C R™ is a bounded convex polyhedron
that does not intersect {x,, = 0}, so is f(P). Furthermore, if P C R" is a bounded convex
polyhedron such that P N {x,, = 0} is a face of P, then f(P) is an unbounded convex polyhedron.
Conversely, an unbounded convex polyhedron P C R™ that does not intersect {z, =0} is
transformed by f onto a bounded convex polyhedron P’ = Clg. (f(P)) such that P’ N {z,, = 0}
is a face of P’. To prove the previous facts, which are well known, recall that f can be understood
as a transition map between two charts of the real projective space RP™.

3. Partitions of the boundary of a convex polyhedron

The purpose of this section is to prove Theorem 3.1, which is the clue to demonstrate the
second part of Theorem 1.2. This result, which has its own interest, provides, for each point
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p € R"\ X, a natural partition determined by p of the boundary 0X of the bounded convex
polyhedron X; namely, we have the following theorem.

THEOREM 3.1. Let X C R™ be an n-dimensional, bounded, convex polyhedron and let
p € R"\ X be an exterior point. Let R be the collection of all rays R from p intersecting
Int(X) and, for each R € R, let ar be the point in X N R closest to p. Let A = {ar : R € R},
T = Clgn(A) \ A and B = 0K \ Clg~ (A). Then the following properties hold:
(i) The sets A, B and T are pairwise disjoint subsets of 0K such that A and B are open in
0X and connected, T is closed in 0K and 0K = AUB L T.
(ii) The boundary dX is homeomorphic to the (n — 1)-dimensional sphere S"~1, and there

exist homeomorphisms @1 : B,,—1(0,1) — AU T and s : B,,—1(0,1) — B U T such that
901(an1<07 1)) = ‘A7 @2(Bn71(07 1)) =B and (pi(agnfl(oa 1)) =T fori= 17 2.

(iii) If Fy,..., Fy,, are the facets of X, then there exists 1 < k < m such that, after reorder-
ing the indices if necessary, Clgn(A) = Ule F;, Clgn(B) = U]m:kH F; and T = Ule
Uitk B2 OV E;

(iv) If E is a face of X and {F;,, ..., F;_ } is the collection of all the facets of X containing E,
then Int(E) C A if and only if Int(F; ) C A and Int(E) C B if and only if Int(F;,) C B

forr=1,... €.

We say that 0K = A U B U T is the partition of 0K determined by the point p. We approach
the proof of Theorem 3.1 in two steps. First, we prove the result for a point p not contained
in any of the hyperplanes of R™ generated by the facets of X. Next, we proceed to the general
case using the already proved situation. Before this though, we state the following technical
result, whose proof is straightforward and is not included here.

LEMMA 3.2. Letp,q € R™ and let 0 < 6 < dist(p, q). Let H C R™ be the hyperplane passing
through q and perpendicular to the line joining p and q, and let R be the open ray with origin
at p and passing through q. Consider the semialgebraic sets

D=HNDB,(¢,0) and C={p+tly—p): t=0, ye D}.

Then C\ (B,(q,6) U{p}) is an open neighbourhood in R™ of R\ (B,(q,6) U {p}) which is
contained in the open subset R™ \ H of R™.

3.1. Proof of Theorem 3.1 with restrictions on the exterior point

First recall that if X C R™ is an n-dimensional, bounded, convex polyhedron, then, by
[1, 11.3.4], X is homeomorphic to the closed ball B,(0,1) via a homeomorphism ¢ :
K — Bp(0,1). From the invariance of domain theorem, it follows that p(9K) =S""! and
@(Int(X)) = Bn(0,1).

Denote by H; the hyperplane of R™ generated by the facet F;, fori =1,...,m. Let H:r be the
closed half-space of R" determined by H; containing X and let H;” = R" \ (H j‘ \ H;). Recall
that, by Berger (2, 12.1.5], X = -, H and K € ﬂj# H;‘ for each i = 1,..., m. Moreover,
0K = J!" | F; (see Lemma 2.1).

3.1.1. In what follows in this proof, we fix a point p & !, H; UK and denote by § the
family of all rays from p intersecting K. Observe that, since p & H;, the intersection F; N R
is either empty or a singleton for each R € §. Moreover, the intersection X N R is either a
singleton or a compact segment I C R.
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The distance to the point p defines a natural order relation in the segment Ir; namely,
the smallest element ap € I'r is the nearest point to p and the largest one is the furthest
point b € Ig to p. Given two points z,y € I, we say that x < y if dist(x, p) < dist(y, p). We
set Ir =lar,br]={r € R: ar <x <br} and (ar,br) ={r € R: ar <x < bgr}. Observe
that Ip = {(1 — Nagr + Mbr: A €[0,1]} and, given two points = (1 — A)ar + A\bg and y =
(1 —p)agr + pbr in Ir, we have z < y if and only if A < p.

In the extremal case in which K N R is a singleton, we have X N R = [ar, br| with ar = bg,
and (agr,br) = &. We keep the above notation along the rest of this proof. Next, we prove
several facts about the intervals Iz and the points ag, bg.

3.1.2. Let R€§ and Ig = [ag,br] = XN R. Then ag,br € 0K and (ar,br) C Int(X).
Indeed, the statement is obvious if ag = bg; hence, we assume that ar # br and define d =
dist(ag,br). Indeed, suppose, by way of contradiction, that ar € Int(X); then, there exists
e > 0 such that By, (ag,c) C K. Hence, the point ar — (¢/2d)(br — ar) € X N R and it is closer
to p than ag, which is a contradiction. Hence, ag € 0K and, analogously, by € 0K.

Next, suppose that there exists a point 2 € (ag,br) N OK. Since R intersects each facet of K
in at most one point, the points ar, x,br belong to different facets of K, for example, ar € F1,
br € Fy and x € F3. Let H;' be the half-space of R™ containing X whose boundary is Hs.
Observe that € Hs N (ar,br) and, consequently, either ap ¢ H;r or bp & H3+, which is a
contradiction.

3.1.3. Let 8={ReF: #(RNOK)=2}, A={ar: R 6}, B={bgr:Re &} and
T={ar: ReF\&}. Then 0K =AU BUT and both A and B are open subsets of 9X.
In particular, T is a closed subset of OX. Indeed, the equality 0K = AU B LT is evident,
and so T = 90X\ (AU B). Hence, all reduces to prove that A and B are open subsets of
0X. To show this, it suffices to see that fixed a ray R € & with Ir = [ar, br], the points
ar and bg are interior points of the sets A and B, respectively. To prove this, we fix a point
q € (ar,br) C Int(X) and take § > 0 such that B,,(g,d) C Int(X). Let H be the hyperplane of
R™ passing through ¢ and perpendicular to the line joining p and ¢. Let Dg = B, (q,6) N H
and consider the semialgebraic set C' ={p+t(y—p): t>0, y € Dr}. By Lemma 3.2,
C\ (B.(g,8) U{p}) is an open mneighbourhood in R"™ of R\ (B,(q,6)U{p}) contained in
the open subset R™ \ H of R™. This implies, in particular, that ag,br € C'\ (Bn(q,d) U {p}).
Denote by H™ the closed half-space defined by H containing p, and let Ht = (R"\ H~)U H.
Note that R™\ H = Int(H") UInt(H ). Let §c C § be the family of rays from p passing
through a point of Dp; by the conic structure of C', the equality C' = USGEC S holds.

Observe that if S € F¢, then S NInt(K) # @ and so S € &. Thus, TN C = & because C' =
Useze S- Equivalently, €' 09X C AU B. Consider the open subsets of 0X:

Up = (C\ (Bn(g,6)U{p}))NInt(H")NOX and
Uz = (C\ (Balg, ) U {p})) N Tnt(H+) 1 9,

which satisfy the equality Uy UUs = C'\ (B,(g,) U {p}) N K. For each S € F¢, let mg be
the intersection point of H and S. Observe that {ms} = SN Dg and that there exist points
¢s,ds € 0By (q,9) C Int(X) such that mg € (cs,ds) and SN B,(q,0) = [cs,ds]. Therefore,

SN(C\ (Bn(g:0) U{p})) N XK = [as, cs) U (ds, bs].
Thus, since C'\ (B, (q,8) U {p}) C R"\ H, it follows

las,cs) = SN (C\(
(ds,bs] = SN (C\ (

(¢, ) U{p}))NKNInt(H~) and

B (q
Bu(g,6)Uu{p))nKnNInt(HT).
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Hence, for each ray S € F¢, we have
{as} =SN(C\ (Bn(g,6) U{p}))NInt(H ) NOKXK =SNU; and
{bs} =SSN (C\ (Bpn(g,6) U{P}H))NInt(H") NIK = SN Us.

Consequently, ar € Uy = USesc SNU, CA and br e Uy = USGKC SNU, C B, and this
shows that ag is an interior point of A and by is an interior point of B, as wanted.

3.1.4.  Both A and B are connected: Clgn(A) = AUT and Clg-(B) = BUT. Moreover,
A=A, B=3 and T =T (see Theorem 3.1 for the definition of A, B and T). Indeed, since
p ¢ K, there exists a polynomial ¢ € R[xy,...,%,] of degree 1 such that ¢(p) <0 and X C
{¢ > 0}. Let H' be the hyperplane of R™ passing through p and parallel to the hyperplane
H = {¢{ = 0}. Consider the central projection 7 : R" \ H' — H onto H with centre p. For every
point ¢ € K denote by R, the ray from p passing through ¢. Since £(p)¢(g) < 0, it follows that
m(q) =RyNH.

Since X is a bounded convex polyhedron of R™ and 7 is a central projection, the image
P =m(X) C H is a bounded convex polyhedron contained in the hyperplane H. Note that 7 is
an open map and Int(X) is an open subset of R™ \ H’. Therefore, 7(Int(X)) is an open subset
of H and so of P. Moreover, Int(X) being convex (see [1, 11.2.5]), its image m(Int(X)) is convex
too.

The continuous map w|y : X — H is proper, because X is compact and, consequently,

Cly (7(Int(X))) = 7(Clyx (Int(X))) = 7 (K) = P.
By Berger [1, 11.2.5], and 7(Int(X)) being convex, we have
m(Int(X)) = Int g (7(Int(X))) = Int 7 (Cly (7 (Int(X)))) = Int gz (P).
Observe that, by the very definition of w, A and B, we also have
7(A) = 7(B) = 7(Int(X)) = Ints (P),

and the restrictions m|p, 7|4 and 7|p are injective maps. Moreover, a point of AU B and a

point of T are not collinear with p and so the restrictions 7|4, and 7|p 1 are injective as
well. Observe that 7(T) = 0P, because

0P UInty(P) =P =m(K) = (0K UInt(K)) = (AU BUT U Int(X))
=m(A)Un(B)Un(T)Ur(Int(X)) = m(T) U Int g (P).

From Paragraph 3.1.3 we know that A and B are open subsets of 9K, and therefore 0K \ B =
AUT and 0K\ A = BUT are compact sets, and so the bijective maps w| a7 : AUT — P and
m|lpur : BUT — P are in fact homeomorphisms. In particular, A and B are homeomorphic to
m(A) = 7(B) = Int g (P), which is connected.

Let us check now the equalities Clgn(A) = AUT and Clg-(B) = BUT. The inclusion
Clgn(A) C AUT follows because A C AUT = 9K \ B is a closed subset in R™. On the other
hand, the map 7| : X — H being proper,

7m(Clgn (A)) = 7(Clyc(A)) = Cly(n(A)) = Cly (n(Int(X))) =P =7(AUT),
which implies the equality Clgn(A) = AUT because the restriction 7|7 is injective.
Analogously one proves that Clg»(B) = BUT.
Next, note that a ray R € & (see Paragraph 3.1.3) if and only if RN Int(X) # &, that is,

R e MR (see Theorem 3.1 for the definition of MR). Hence, ® =R and so A = A. Therefore,
T=Clgn(A)\A=Clgn(A)\A=(AUT)\ A=T and

B=0K\Clgn(A) =(AUT)UB\Clgn(A) = (AUT)UB\ (AUT) =B,

as wanted.
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3.1.5. There exist homeomorphisms @1 : B,,_1(0,1) — AU T and o3 : B,,_1(0,1) — B L
T such that ¢1(B,,—1(0,1)) = A, ¢2(B,_1(0,1)) = B and ¢;(0B,_1(0,1)) = T fori =1,2. We
use all the notation introduced in the proof of Paragraph 3.1.4. By Berger [1, 11.3.4] there
exists a homeomorphism ¢ : P — B,,_1(0,1). By the invariance of domain theorem, we deduce
that ©(9P) = 0B,,—1(0,1) and ¢(Inty(P)) = B,,—1(0,1). Now, the homeomorphisms ¢; and
w9 we are looking for are, respectively, the compositions

©1 = (WIAu‘J')_l (e} (p_l . En_l(o, 1) —>.A LJ ‘I and Yo = (7T|Bug')_1 o (p_l . Bn_l(O, 1) — 'B L ‘I
Let us check that they satisfy the required conditions. First,

@1(Bo1(0,1)) = (xlauy) ™ (Inty (P)) = A
and  ¢o(B,-1(0,1)) = (7r|93|_|fy)’1(lntH(?)) =3B

Second,
¢1(0Bn-1(0,1)) = (1|aug) T (9P) = T = (7|pug) " (9P) = ¢2(9Ba-1(0,1)),

and we are done.

3.1.6. Recall that F1, ..., F,, denote the facets of the polyhedron X C R™ and Hy, ..., H,,
the hyperplanes of R™ generated by them. Then we have the following conditions:

(1) Intpx (F;) = Int(F;) for i =1,...,m;

(2) for each index i = 1,...,m, either Int(F;) C A or Int(F};) C B.

We begin by proving (1). By Berger [2, 12.1.5-7], Int(F;) = Inty, (F5) = F; \ U,; Fj, and
since each facet F} is a closed subset of R", we get

Intag (F;) = Fi \ Clagc (0K \ F;) = F \cm UFR\FE
J#i

=F; \ |JClox(Fj\ Fy) = F; \ |J Fj = Inty,(F}) = Int(F)).
J#i J#i

Next, we proceed with (2). Since A and B are, by Paragraph 3.1.3, open subsets of 0K and
Int(F;) is connected, to prove our claim, it is enough to check that Int(F;) C AU B. Indeed,
let « € Int(F;). We must prove that the ray R from p passing through x intersects Int(X) and
that x is one of the extremes of R N XK.

Observe first that dist(x,p) > 0, because p ¢ K. Also dist(z, H;) > 0 for j # i, because
z € Int(F;) = F; \ U £ = Fi \ U, Hj. Thus, ¢ = min{dist(z, p), dist(z,H;): j #i} is a
positive real number. Let us check that B, (z,¢) N (H;"\ H;) C Int(X). Suppose, by way of
contradiction, that there exists a point

y € (Bu(z,e) N (H\ Hy)) N (R™ \ Int(X)).

By Lemma 2.1, y € R” \ Int(X) = UTZI(R” \ (H]+ \ H;)). Consequently, there exists j # i such
that y € R™\ (H;r \ Hj) = H; and so

dist(z, H;) = dist(z, H; ) < dist(w,y) < e < dist(z, Hj),

which is a contradiction. Thus, B, (x,¢) N (H;" \ H;) C Int(X).

Observe that, since p is an exterior point with respect to the open ball B, (z,¢) and x €
H; but p ¢ H;, the ray R from p passing through z intersects B, (x,¢) N (H;" \ H;) and so
RNInt(X) # @. Hence, RN X is a closed (nontrivial) interval having x as one of its extremes
because z € F; C K. Thus, x € AU B, as wanted.
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3.1.7. Therefore, by Paragraph 3.1.6(2), we may assume the existence of k& < m such that
Int(F;) C A fori=1,...,k and Int(F;) C B for i = k+1,...,m. To ensure that k < m, just
recall that Clgn(A) = A U TCoK=U" F,F=AUTUB and B is a nonempty open subset
of 0K.

3.1.8. Moreover, with these notation we have the following properties:
(1) given indices i, j with 1 <i < k and k+ 1 < j < m, the intersection F; N F; C T;

(2) Clgn(A) = Ui:l F, Clgn (B ) = U; k1 £ and (I Uz 1 UJ k1 £i N Ej.
We first prove (1). Since each facet is a convex set, it coincides, by Berger [1, 11.2.5], with
the closure of its interior. Thus, using Paragraph 3.1.4,

= Clgn (IntHl. (Fz)) N Clgn (IntHj (FJ))
C Clgn(A) NClgn (B) = (ALUT) N (BUT) =T.

Next, we proceed with (2). Recall that Clgn (A)NB = (AUT)NB =& and Int(F;) C B for
i=k+1,...,m. Hence,

Clgn (A \Ulnt = Clgn (A \UInt C@J{\Oln‘u(Fi) = OFi\OIn‘u(F
i=1 i=1 i=1

Now, since F; NInty, (F;) = @ if i # j, we infer that

Clgn (A U Int(F, U F \ Tnt(F;)).

Consequently, by Bochnak, Coste and Roy [3, 2.8.13],

dim (Can \U Int(F, ) < dim (O(F \Int(Fi))> =n—2
i=1

This implies, since Clgn (A) is pure dimensional of dimension n — 1, that

k k
Clgn (A) = Clgn (U Int(FZ-)) = U F,.
=1

i=1

Analogously, Clg~ (B) = ;- Fj and so, using again Paragraph 3.1.5,

T=(AUT)N(BUT) =Clen(A)NClrn(B) =] | FNE
i=1j=k+1

as wanted.

3.1.9.  Let E be a face of X and let € = {F;,,..., F;_} be the collection of all the facets
of X containing E. Then Int(E) C A if and only if Int(F; ) C A for allr = 1,...,e. Indeed, we
may assume, after reordering the indices 1 <@ < k, that € = {Fy,..., F.} and Int(F;) C A for
i=1,...,e. Then by Paragraph 3.1.8,

It(E) C E= (| Fi C [ Clg-(Int(F;)) C Clgn(A) = AUT,
i=1 =1
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and so all reduces to see that Int(E) NT = &. Suppose, by way of contradiction, the existence
of a point « € Int(E) N T. Since x € T there exists, by Paragraph 3.1.8, a facet F, of X, with
s> k+1, such that © € Fy. Since x € Int(E) N Fy, we deduce that E = Clgn(F) C Fs. But
F, € ¢ and Int(Fs) C B, which is a contradiction.

Conversely, suppose that Int(E) C A, but Int(F;,) ¢ A for some index 1< j <e. By
Paragraph 3.1.6, Int([;) C B, and let us check that we may choose some index 1< s <e
such that Int(F;,) C A. Otherwise, all F;; € € satisfies Int(F;,) C B and proceeding as in

the previous implication but swapping A for B, we deduce that Int(F) C B, which is a
contradiction. Hence, by Paragraph 3.1.8(1), Int(E) C E C F;; N F;, C T, which is false.

3.1.10. Observe that under our assumptions, that is, K bounded and p & (J!*, H;, we
have already proved Theorem 3.1; namely, (i) follows from Paragraphs 3.1.3 and 3.1.4; Para-
graph 3.1.5 proves (ii); Paragraph 3.1.8(2) implies (iii), and (iv) is proved in Paragraph 3.1.9
(because Paragraph 3.1.9 also works if we substitute A by B).

Next, we proceed to prove Theorem 3.1 in case p is an arbitrary point outside XK. Before
that, we need a preliminary lemma.

LEMMA 3.3. Let X C R™ be an n-dimensional, convex polyhedron and let {H,...,H,,}
be the minimal presentation of X. Let {; € R[x1,...,x%,] be a polynomial of degree 1 such that
Hf ={l; >0} fori=1,...,m. Let p € R" \ X such that

li(p) =2 0,....05(p) 20 and Llsy1(p) <O0,...,¢0,(p) <0 for some 0 < s < m.

Then, for each € > 0, there exists a point ¢ € B, (p, ), such that ¢1(q) > 0,...,4s(q) > 0 and
lsi1(q) <0,...,4n(q) <O.

Proof. Observe first that if ¢1(p) > 0,...,0s(p) > 0, then it suffices to choose g = p.
Thus, after reordering the indices 1,...,s, we may assume that there exists 1 <k <s
such that ¢1(p) =0,...,¢,(p) =0 and Li11(p) > 0,...,¢s(p) > 0. Consider the n-dimensional
convex polyhedron X' = ﬂle H;", which contains X = Nty H;. Note that {Hy,..., Hy} is
the minimal presentation of X', because {Hi,...,H,,} is the minimal presentation of X.
Observe that p € X' and, by Lemma 2.1, p &€ X"\ Ule H; = Int(X'), that is, p € 0K’'. Let
0 = min{e, dist(p, H;) : i =k +1,...,m}, which is positive because p & U;’;k_H H;. Note that,
for each point y € B,,(p, ), we have

lei1(y) >0,...,0s(y) >0 and Leyi(y) <O0,...,0n(y) <O.

On the other hand, since p € X’ = Clgn (Int(X’)), there is a point ¢ € Int(X’) N By, (p, d). Hence,
q € By (p,¢e), and it satisfies £1(q) > 0,...,05(q) > 0and £sy1(q) <O0,...,¢n(q) <0, as wanted.
O

3.2. Proof of Theorem 3.1 with no restrictions on the exterior point

Recall that Hy,...,H,, denote the hyperplanes of R" generated by the facets Fi,..., F,, of
XK. Since we have already proved Theorem 3.1 when p & (KU J;~, H;), it only remains to
consider the case in which p € (J;~, H;) \ K. Thus, let p be such a point and, after reordering
the indices if necessary, let 1 < r; < ro < m be such that

pe(VHN () HAH)N () ®*\HD).

i=1 i=ri+1 i=ra+1
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3.2.1. We repeat for p the construction we did in Paragraph 3.1.1 for a point in
R™\ (U*, H; UX). Denote by § the family of all rays R from p intersecting X. Fix R € § and
observe that the intersection X N R is either a singleton or a compact interval Ir = [ag,bg],
where ap is the point in Ig closest to p and bg is the furthest one. We define in I the
same order relation we constructed in Paragraph 3.1.1. In the extremal case in which XN R
is a singleton, we write X N R = [agr, br|, with ar = bg and so (ar,br) = I. Recall also that
R={ReF: InnInt(K) # @} and A= {ar: R e R}. We also set T = Clgn(A)\ A and
B = 0K \ Clgn(A). The same proof of Paragraph 3.1.2 provides us the following.

3.2.2. Let R€§ and Ir = [ag,br] =X N R. Then ag,br € 0K. Moreover, if R € R,
then (agr,br) C Int(X). Next, by Lemma 3.3, there exists a point ¢ € (2, (H;" \ H;) N
Ni,, .1 (R™\ H"). Observe that ¢ ¢ (X UJ;Z, H;), and our next goal is to compare the sets
A, B and T determined by the point p, with those A’, B’ and T’ determined by the point g,
whose properties were carefully studied in the first part of the proof of Theorem 3.1. In fact,

we obtain the best possible answer.

3.2.3. With the notation introduced above, A = A’ and so B = B’ and T = J’. Indeed,
let ag € A for some ray R € R from p. The strategy will be the following. We will prove
first that the ray Ry from ¢ passing through ap intersects Int(X). Consequently, ar € X N
Ry = [ag,,br,] and, by Paragraphs 3.1.2 and 3.2.2, (ag,,br,) C Int(X) and ar € 9K. Thus,
ar € {ar,,br, }. We shall see later that in fact ar # bg,, and so ag = ar, € A’, which proves
the inclusion A C A’. The converse inclusion A" C A follows analogously, but interchanging the
roles of p and ¢, R and Ry, ar and ag,, and br and bg,, and we do not include the details.

Hence, let us begin by proving that the ray R; from ¢ passing by ar intersects Int(X).
To that end, let ¢q,..., ¢4, € R[x1,...,%,] be polynomials of degree 1 such that each closed
half-space H;" = {¢; > 0}. Let us check first that ¢;(ar) > 0 for i =1,...,72. Indeed, since
ar € A, there exists a point = € Int(X) N R with = > ag. Hence, there exists p > 1 such that
x = par + (1 — p)p, and since x € Int(X),

0 < ti(z) = p(li(ar)) + (1 — p)li(p).
But £;(p) > 0, and so ¢;(ag) > 0.
Next, recall that, by Lemma 2.1, Int(X) = N/~ (H;" \ H;) = N~ {¢; > 0}. Therefore, we

must check that Ry N2, {¢; >0} # @. If ro + 1 <i < m, then we have £;(¢) <0 and, for
each p > 1, the point z = pag + (1 — p)g € Ry N {¢; > 0}; namely,

Li(2) = li(par + (1 = p)q) = pli(ar) + (1 — p)li(q) > 0.

Now let ¢ = 1,...,ry and recall that ¢;(¢) > 0. If ¢;(ar) — ¢;(q) > 0, then for each positive real
number p > 0 the point z = par + (1 — p)g € Ry N {¢; > 0}; namely,

li(2) = pli(ar) + (1 = p)li(q) = ti(q) + p(fi(ar) — Li(q)) > 0.
On the other hand, if ¢;(ag) — ¢:i(¢) <0, then the quotient \; = ¢;(q)/(¢:i(q) — ti(ar)) > 1,

because both ¢;(q) and ¢;(agr) are positive, since 1 < i < r9. Observe that if 1 < p < A;, then
the point z = par + (1 — p)q € Ry satisfies

ti(2) = i(par + (1 — p)q) = pli(ar) + (1 — p)li(q) = Li(q) + p(ti(ar) — ti(g)) > O.

Thus, if we choose 1 < p < \; for all 1 <4 < ry such that ¢;(ag) — ¢;(¢) < 0, then we find a
point z = pag + (1 — p)g € Ri NNz, {¢; > 0} = Ry NInt(X).

Finally, all reduces to check that ar # br,. Assume, by way of contradiction, that ar = bg,.
Since ar € A, it follows that Ir = XN R = [ag,br| with ar < br. Moreover, ar € 0K and
li(ar) > 0fori=1,...,7, which implies the existence of o + 1 < j < m such that £;(ag) = 0.
On the other hand, there exists p > 1 such that ag = br, = par, + (1 — p)q or, equivalently,
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¢ = (1/(1 = p))ag + (—p/(1 - p))br, . Therefore,

ti(ar,) = —L—t;(an,) >0,

1 — 1
0 >€j(q) :éj (HGR+ P CLR1> = 7@‘(&}{) + p% p—]. j

1—p C1-p 1
which is a contradiction. We are done.
To conclude the proof, observe that we have already seen in Paragraph 3.1.10 that A’ = A,
B’ =B and T’ satisfy (i)—(iv) in the Theorem 3.1, as wanted.

REMARK 3.4. Theorem 3.1 can be generalized to an n-dimensional unbounded convex
polyhedron by means of Lemma 2.4 and Proposition 2.7. In such a case, 0K is homeomorphic
to R"~! (see [1, 11.3.8]) and, while A is always homeomorphic to the open ball B,,(0, 1), there
are several possibilities concerning the topology of the sets B and T; namely, depending upon
the position of the point p, we may have:

(1) either B =T = g; or

(2) there exist homeomorphisms ¢q : {z, >0} - AUT and ¢ : {x, >0} — BUT such

that o1 ({z, > 0}) = A, p2({z, > 0}) = B and ¢;({z,, =0}) =T for i = 1,2; or

(3) there exist homeomorphisms 1 : B,,—1(0,1) — AU T and ¢g : By,1(0,1) \ {0} = BUT
such that ¢1(B,-1(0,1)) = A, w2(B,_1(0,1)\ {0}) =B and ¢;(0B,-1(0,1)) =T for
i=1,2.

To prove all these facts, one can use Lemma 2.4, Proposition 2.7, Theorem 3.1 and the

classical Schoenflies’ Theorem (see [4]). Since this generalization of Theorem 3.1 is not necessary

for our purposes and its proof is quite cumbersome, we do not include the details here.

4. Interior of convex polyhedra as regular images of R™
The goal of this section is to prove that the interior of a convex polyhedron of R" is a regular
image of R™. We begin by dealing with the most elementary example of a convex polyhedron.

LEMMA 4.1. The interior of an n-simplex A is a regular image of R".

Proof. First, observe that after a change of coordinates, we may assume that A is the

n-simplex of vertices (1, *) 1,0, (k) 0), where k =0,...,n. A straightforward computation
shows that
A={(x1,...,2p) ER": 2, 20, 1 =21 20, 241 —2, >0, 2<k<n} and
Int(A) = {(x1,...,2,) ER": x;, >0, 1 —27 >0, 251 —2ap >0, 2< k< n}.

By Fernando and Gamboa [5, 1.6], there exists a polynomial map f; : R” — R"™ whose image
is the n-dimensional open orthant Qo = {z1 > 0, ..., 2, > 0}. Now, if we compose f; with the
rational map

1 1
R" -5 R", z = U et ,
f2 ? y L (xla , L )'_> (£U1+1 .’En+1>

we obtain a regular map fs o f1 : R — R™ whose image is the interior € = (0,1)" of the closed
cube [0, 1]™. Next, consider the polynomial map

k
f3:R" —R" o= (21,...,2,) — ij ,
j=1

k=1,....,n
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and let us check the equality f3(€) = Int(A). Indeed, given a point 2 € €, let us denote f3(z) =
y=(y1,...,Yn). Observe that

n
yn =[]z, >0, 1-p=1-21>0,
j=1

k—1 k k—1
and  Yp_1— Yr = H:cijxj :(1*11%)1_[%‘ >0 for2<k<n.
j=1 j=1 j=1

Hence, y = f3(x) € Int(A). Conversely, let y = (y1,...,yn) € Int(A) and consider the point
= (Y1, 92/Y1s s Yk /Yk—1s -+ - Un/Yn—1) € R™, which satisfies f3(x) =y. Moreover, since
O<yn <y <yp1 <y <1lfor k=2...,n, we get, 0 <yr/yr—1 <1 for k=2,...,n and
0 < y1 < 1. Therefore, x € € and, consequently, f3(C) = Int(A).

Finally, we conclude that the image of the regular map f3 o fo o f; : R™ — R"™ is the interior
of the n-simplex A. |

LEMMA 4.2. Let X C R™ be an n-dimensional, bounded, convex polyhedron whose facets

are I,..., F,, and let A = Ule F; for some 1 < k<m and B= U;‘n:k+1 F;. Let H; be the

hyperplane of R™ generated by F; for i = 1,...,m. Then there exists a rational function h :
R™ --» R, which is regular on R™ \ (Uf:1 H;nUj~y,, Hj), such that:

(i) h takes value 0 on A\ B and 1 on B\ A;

(ii) 0 < h(p) < 1 for each point p € Int(X).

Proof. For each index i =1,...,m, let {; € R[x1,...,x%,] be a polynomial of degree 1 such
that H; = {¢; = 0}. The rational function defined by

[T, ()
Hf:l G (x) + TT g G ()

satisfies the conditions in the statement. ]

h:R" - R, 2+

REMARK 4.3.  Observe, moreover, that X\ (ANB) ¢ R™\ (Ui_, H; nUT,, Hi).

We are ready to prove the second part of Theorem 1.2 in case K is bounded; namely, we
have the following proposition.

PRrROPOSITION 4.4. The interior of an n-dimensional, bounded, convex polyhedron X C R"
is a regular image of R™.

Proof. Since dimX = n and X is, by Berger [1, 11.6.8] and Berger [2, 12.1.9], the convex
hull of the set U of its vertices, U has at least n + 1 elements, and n + 1 of them are affinely
independent. We proceed by induction on the cardinality of U. Observe that if #0 =n+ 1,
then X is an n-simplex and, by Lemma 4.1, Int(X) is a regular image of R™.

Let us consider an n-dimensional, bounded, convex polyhedron K whose set of vertices
is U={vy,...,vs} and s >n+ 1. We may assume that its subset U’ = {vq,...,vs} is not
contained in a hyperplane of R™. After a change of coordinates, we may also assume
that vy is the origin of R™. Consider the n-dimensional, bounded, convex polyhedron
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XK' whose set of vertices is U’, and observe that v; € R*\ X'. Since X and XK' are,
respectively, the convex hulls of U and U, we have, by Berger [1, 11.1.8.6], the
equalities

K{i)\ivil Ai =0, i)xil} and j{’{imvi: i =0, i“il}'
=t =1 i=2 i=2

Observe that X = {Ap: p € X' & 0 < A < 1} because v; is the origin. Moreover, one can check
that

and Int(X') = {imvi © o >0, i'“i = 1}.
i—2 i—2

In particular, Int(X) = {A\p: p € Int(X’) & 0 < X < 1}. In what follows, we use the notation
already introduced in Paragraph 3.2.1. Let R be the family of all rays from v, that intersect
Int(X') and let Ir = X' N R = [ag,bg|, where ar is the nearest point of Ir to vy and bgr
is the furthest one. By Paragraph 3.2.2, ar,br € 0K’ and (agr,br) C Int(X') for all R € .
Observe that Int(X') = Uzcm(ar,br), and so Int(X) = (Jpcx(0,br), where (0,br) = {\or :
A€ (0,1)}

Let A')B" and T’ be the sets constructed in Theorem 3.1 for the point v; and the
polyhedron X’ and let Fy,..., F! be the facets of X'. By Theorem 3.1(iii), we may assume

that there exists an index 1 <k < m such that Clgn(A’') = Ule F!, Clgn(B’) = UT=k+1 Fj
and

k m
T =Clen(A)NClen(B) =] | F/ nF
i=1j=k+1
By Lemma 4.2 and Remark 4.3, there exists a rational function A :R"™ --» R, which
is regular on X'\ J’, such that h|lq =0, hlz' =1 and 0<h(p) <1 for any point
p € Int(X').
We claim now that the rational map

f1:R" - R" © = (21,...,2,) — (x1h(x),..., z,h(2)),

which is regular on X’ \ 77, maps Int(X’") € X’ \ T’ onto Int(X). To prove this, let us consider a
ray R € R and recall that X’ N R = [ar, bg], where ar € A’ and br € B’ (see Paragraphs 3.1.3
and 3.2.3). We have fi(ar) =wv1, f1(br) = br and, since h(Int(X")) C (0,1), it follows that
fl((aR,bR)) = (O,bR) Thus,

(I = fu (U <aR,bR>> = U fillan,br) = | (0,b5) = Int(X).
ReR ReR ReM
By induction hypothesis, Int(X') = fo(R™) for a regular map f>:R” —R", and so
f=fiofo:R*" - R"™ is a regular map satisfying f(R")=1Int(X). We are done.
]

As announced, Proposition 2.7 together with Proposition 4.4, allows us to prove the second
part of Theorem 1.2 eliminating the boundedness hypothesis; namely, we have the following
corollary.

COROLLARY 4.5. Let X C R™ be an n-dimensional convex polyhedron. Then Int(X) is a
regular image of R™.
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Proof. Suppose first that K is nondegenerate. Then, by Proposition 2.7, there exist a
nondegenerate, bounded, convex polyhedron X’ and a rational map h:R™ --» R™ that is
regular on Int(X’) such that h(Int(X’)) = Int(X). By Proposition 4.4, there exists a regular
map g:R™ — R™ such that g(R") =Int(X') and so f =hog:R™ — R" is a regular map
whose image is Int(X).

Next, assume that X is degenerate. Thus, by Lemma 2.3, either X = R™ (and so X is trivially
aregular image of R™) or, after a change of coordinates, there exist anindex 1 <k <n — land a
nondegenerate convex polyhedron P C R™"~* such that X = R* x P. Observe that n = dim K =
dim R* + dim P, that is, dim P = n — k. Note also that Int(X) = R* x Int(P). We apply now
what we have just proved to the (n — k)-dimensional nondegenerate convex polyhedron P C
R"~*. Hence, there exists a regular map hy : R*™* — R"~* whose image is Int(?P). Therefore,
the regular map

fiiR*=RF xR — R* =R xR, (y,2) — (y,h1(2))
satisfies f1(R") = R¥ x Int(P) = Int(X), and we are done. O

5. Convex polyhedra as regular images of R™

The purpose of this section is to prove the remaining part of Theorem 1.2, that is, each
n-dimensional convex polyhedron in R™ is a regular image of R™. The key results to show this
are the following lemma, together with Corollary 4.5.

LEmMMA 5.1. Let X C R" be an n-dimensional, bounded, convex polyhedron and let E be a
face of K. Let Y C OX be such that ENY = @. Then there exist a rational map f : R" --» R"
and an algebraic subset Z C R™ such that Z N K = OFE, which is empty if dim E' = 0, and satisfy
the following conditions:

(i) f is regular on R™\ Z;

(i) f(Int(K)uY)=Int(K)UY UlInt E.

Assume for a while we have already proved Lemma 5.1 and let us demonstrate the following
proposition.

PROPOSITION 5.2. FEach n-dimensional, nondegenerate, convex polyhedron X C R" is a
regular image of R™.

Proof. First, suppose that X is unbounded. After a change of coordinates, we may assume
that X is facing upwards (use Lemma 2.4). By Proposition 2.7, there exist an n-dimensional
bounded convex polyhedron X’ € R", a face E’ of X’ and a rational map h : R™ --» R™ that
is regular on K’ \ E’ and satisfies h(X'\ E') = K.

5.1.

Thus, to prove the statement, it is enough to prove the following condition: If X C R™ is an
n-dimensional, bounded, convex polyhedron and Ej is either the empty set or a face of X, then
there exists a regular map f : R"™ — R™ whose image is X \ Ey.

Indeed, for each 0 < d < n — 1, let &; be the family of those faces of K of dimension at most
d not contained in Fy and €_; = &. Recall that if E is a face of K, then either £ C Fy or
E() N IHt(E) = J.
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Let us define, for 0 < d < n — 1, the semialgebraic set

Jc(d):(JC\EO)\ U E| =mt@0)u U e

Ee€y 1 Ec¢,_1\¢q_1

=Int(K)u | U  mt(E),

d<k<n—1 Eeek\@k,l

and note that Ky = X\ Eo. Recall that, by Proposition 4.4, there exists a regular map f, :
R™ — R" such that f,,(R™) = Int(X) = K. Let us check that, for eachd = 0,...,n — 1, there
exists a rational map fg : R" --» R" that is regular on K(g41) such that fq(Kg11)) = Ka).
Once this is proved, the image of the regular map f = foo...o f, : R - R" is K \ Ey, and
we will be done.

Thus, we fix 0 < d < n —1 and observe that K \ Kg41) = UEeed\ed_l Int(E). We write
€q\ €41 ={Fy,...,E.} and note that Int(£;) N E; = @ if i # j. Moreover, X441) N E; =
YiNE;,=a fori=1,...,r, where

1—1
Y; = (K(g) \ Int(5)) U | Int(E;) € 9X.
j=1

Now, for each i = 1,...,r, there exist, by Lemma 5.1, an algebraic set Z; C R™, such that Z; N
X = 0E; C X\ X(qy, and a rational map g; : R" --» R™ that is regular on R™ \ Z; and satisfies
gi(Int(K) UY;) = Int(K) UY; UInt(E;). Hence, the composition fg =g,0...0¢g; : R” --» R"
is a rational map that is regular on K41y such that

fd(f]C(d+1)) =Int(K) UY, UInt(E,) = fK(d+1) U U Int(FE;) = fK(d),

i=1

as wanted. ]

As a straightforward consequence of Proposition 5.2, we prove the remaining part of
Theorem 1.2; namely, we have the following corollary.

COROLLARY 5.3. Every n-dimensional, convex polyhedron X C R" is a regular image
of R™.

Proof. In view of Proposition 5.2, we may assume that X is degenerate. Thus, by
Lemma 2.3, either KX = R" (and so X is trivially a regular image of R™) or, after a change
of coordinates, there exist an index 1 < k <n — 1 and a nondegenerate convex polyhedron
P C R"* such that K = R* x P. By Proposition 5.2, there exists a regular map g : R* % —
R"* whose image is P. Hence, the image of the regular map

fiR"=RFXR"F S R"=RF x R™F (y,2) — (y,9(2))

is R¥ x P = K, and we are done. ]

Therefore, ‘it only remains’ to prove Lemma 5.1 and, in order to prove it, we need
to introduce some terminology and technical results. A d-scaffold of a d-face E of an
n-dimensional, bounded, convex polyhedron X C R™ is a semialgebraic topological manifold
I' semialgebraically homeomorphic to E such that Int(I') C Int(X) and OI' = OF (see also [8,
4.7] for the 2-dimensional case).
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LEMMA 5.4. Let X C R" be an n-dimensional, bounded, convex polyhedron, and let E be
one of its d-faces. Define y = (x1,...,%4), 2 = (Xd41,- - -, %n), and suppose that:
(1) the polyhedron X is contained in the half-space {x,, > 0}, and the hyperplane {z,, = 0}
contains a facet of X;
(2) W={x441=0,...,2, = 0} is the affine subspace of R" generated by E.
Let = (q1,---,q,) € Int(X) and «o; = ¢;/q, for i =d+1,...,n. Then there exist a rational
function f:R™ --» R and a polynomial P € R[xy,...,xq4] = R[y] positive on Int(E) and
identically zero on OFE, such that the following properties hold:
(i) The semialgebraic set I' = {(y, ag+1P(y),...,an—1P(y),P(y)) € R™: (y,0) € E} is a
d-scaffold of the d-face E contained in the affine subspace generated by E U {q}.
(ii) The restriction to T of the projection

m:R" — R" = (x1,...,2,) — (1,...,24,0,...,0) = (y,0)

induces a semialgebraic homeomorphism between I' and F.

(iii) There exists an algebraic set Z C R™ such that X N Z = OF and the function f is regular
on R"\ Z.

(iv) The function f satisfies the equalities f|px\or =1 and f|myr) = 0.

(v) For every point p € Int(X) \ Int(T") we have 0 < f(p) < 1.

(vi) If dim E = 0, then Z = @.

Proof. Observe first that since ¢ € Int(X) C {x,, > 0}, the quotients o; = ¢;/¢, are well
defined for ¢ = d+1,...,n. Observe also that W can be written as

W = {md+1 — g1y =0,..., 21 —p_12, =0, T, = O}

Let $ = {H;,...,H,} be the minimal presentation of X and let ¢; € R[x1,...,x%,], with 1 <
i < m, be polynomials of degree 1 such that H;" = {/; > 0}. Observe that

E=XnW ={(y,0) e R": £;(y,0) >0, i=1,...,m}.

After reordering the indices {1,...,m} if necessary, we may assume the existence of an index
1 < r < msuch that the polynomials ay(x1,...,%q) = lg(x1,...,%4,0,...,0) are not identically
zero exactly for k = 1,...,r. Moreover, since X is bounded, 0 does not belong to all the facets

of K and so there exists at least one index j =1,...,m such that £;(0) > 0. Note that

E=XnNnW ={(y,0) e R": ap(y) =20, k=1,...,r}

Define o = (agy1, - - -, ayp) and, for each integer M > 0, consider the polynomial
r
_q Qp(X1,...,Xq
PM(Xl,...7Xd):Hk_1 (]\4’ ? )7

and the semialgebraic set

Ty ={x=(y,2z) eR" = R? x R* 7. ar(y) =0, z; = a; Py (y),
1<k<r, d+1<i<n}={(y,aPu(y)) e R": (y,0) € E}.

5.1.1. We claim that T" = Ty is, for large enough M, the d-scaffold of E we are looking
for. Indeed, note that the restriction to I'j; of the projection

7:R*" —R", z=(21,...,2,) — (21,...,24,0,...,0) = (y,0)
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induces, for each M > 0, a semialgebraic homeomorphism between I'j; and E. Hence, 01"y, =
{(y,aPr(y)) € R": (y,0) € IE}, and since F = E N J,_,{ar = 0}, the restriction Pr|pr =
0. Therefore, since E C {x441 = ... = x, = 0}, it follows that dT'j; = OF.

5.1.1.1. Let us check now that

Int(T'ps) C Int(X) for M large enough.
Observe first that
Int(Tps) =Tpa \OT s =T \OF = {(y,aPpy(y)) € R" : (y,0) € Int(E)} C {z, > 0}.
The last inclusion is due to the fact that, for each point (y,0) € Int(E), the product
a1(y)...a.(y) is positive, and so the nth coordinate x,, of x € Int(I"y,) is positive too. For
1=1,...,m define
Ai(Xl, e 7XdaX’n) = éi(xla s Xds Ad 1%y - - an—lxnvxn) € R[X17 s 7Xd7x’n]a
and note that, for k =1,...,r, there exists by, € R such that Ag(y,x,) = ar(y) + brnx,. On
the other hand, ¢;(x1,...,%4,0,...,0) =0 for i =r+1,...,m, and so A;(y,x,) = binx, for
some b;, € R. In fact, b;, >0 for i =r+1,...,m. To check this, note that ¢, > 0 because
q € Int(X), and also
bingn = Ai(q1,- -+, qd,qn) = Li(q) > 0.

Next, consider the affine subspace

V=AeeR": z; =z, d+1<i<n—1},

generated by E U {q}. Since the hyperplane {x,, = 0} contains a facet of X C {z,, > 0}, we
deduce that

VNnK={zeR": 2, 20, Ap(y,zn) = ar(y) + bgnz, =0,
Ti =y, 1<kE<r, d+1<i<n—1}

Moreover, a straightforward computation shows that

VNInt(X) ={zeR": x, >0, Ap(x) = ar(x) + bgnx, > 0,
T =&, 1<k<r,d+1<i<n—1}

Observe that if z = (y, z) € {x, = Py(y)}, then

T a; brn 1 Lizp as
W_ak(y)<1+]W)'

Since X is bounded, it is compact, and so there exists My > 0 such that if M > M, then
L+ bgn [ ;21 ai(y) /M > 0 for each point = = (y,z) € X and each k=1,...,r. Fix M > My
and observe that if © = (y,2) € XN {z, = Py (y)}, then

Ak(ya 'Tn) = ak(y) + bpnx, = ak(y) +

Ap(y,20) 20 <= ar(y) >0 and Ag(y,z,) >0 < ax(y) > 0.
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Consequently,
VAKX {20 = Pu(y)} = (2 €R™: Par(y) >0, Ap(y,2n) = an(y) + ben Par(y) > 0,
x;=o;Py(y), 1<k<r, d+1<i<n}
={zxeR": ap(y) 20, z; =a;Py(y), 1 <k<r, d+1<i<n}
—FM,

which in particular implies that I'y; C V. Moreover,
VNInt(XK) Nn{z, = Pu(y)} ={z € R": Py(y) > 0, Ax(y, x0) = ar(y) + bpnPrr(y) > 0,
i =a;Py(x), 1<k<r, d+1<i<n}
={r eR":ar(y) >0,2; = ;Py(x),1 <k <r,d+1<i<n}
= Int(Tpy),
and so Int(I'pr) C Int(X). Recall also that 9T'yy = OF C 0K and so I'yy N 0K = 0E.
5.1.1.2. Finally, consider the rational function f :R"™ --+ R given by the formula
> iar (x5 — o Pu(y))®
[T () + Z?:d-u(xj —a;Pu(y))?
The function f is regular outside the zero set Z of the polynomial in the denomina-

tor [T, €3 () + 220 401 (x5 — @ Pu(y))?. Recall that 9K = XN {z e R": [[X, 4i(x) = 0}.
Thus, since Int(FM) C Int(X) and 9T'py = OF C 0K, we have

flx) =

KﬂZzﬂCﬂ{xeR": Hfi(x):0}ﬁ{x€R": zj=0o;jPy(y), j=d+1,...,n}
i=1

:8ﬂ<ﬂVﬂ{xn:PM(y)}:8fKﬂl“M:8E.

Now, a straightforward computation shows that this function f and the algebraic set Z satisfy
the conditions in the statement.

Notice finally that if dim £ =0, then E = {0} and I'jy; = Int(I'5;) = {p} is a singleton
contained in Int(X). In fact, Z = {p} N (-, H; C Int(KX) NN;~, H; = &, as wanted. a

LEMMA 5.5. Let X C R™ be an n-dimensional, nondegenerate, convex polyhedron, and let
v be a vertex of X. Then, after a change of coordinates, we may assume that:
(i) the vertex v is the origin;
(ii) the intersections F; = KX N{xz; = 0} are facets of X fori=1,...,n;

(iii) for each k=1,...,n — 1, the intersection E = X N{xp41 =0,...,2, =0} is a face
of X, and the intersections X N{z; =0,z441 =0,...,z, =0} are facets of Ej, for
j=1,...k;

(iv) The polyhedron X satisfies X C (i, {z; > 0}.

Proof. We proceed by induction on n. If n =1, then we may assume, after a change of
coordinates, that v = 0 and X is either [0, 1] or [0, +00), and the statement follows. Assume
the result to be true for n — 1 and let us check that it holds for n. Let F' be a facet of K
that contains v. After a change of coordinates in R™, we may assume that the hyperplane of
R™ generated by F is H = {x,, = 0}. Note that P = X N {x,, = 0} is an (n — 1)-dimensional,
nondegenerate, convex polyhedron contained in H = R"~! x {0} and having v as one of its
vertices. By induction hypothesis, there exists a change of coordinates in R"~! x {0} such
that

(1) the vertex v is the origin;

(2) the intersections G; = PN {x; = 0} are facets of P fori =1,...,n —1;
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(3) for each k =1,...,n —2, the intersection E}, = PN {zp41 =0,...,2,-1 =0} is a face
of P, and the intersections {z; =0,2541 =0,..., 2,1 =0} NP are facets of E,’\c for
7=1,...k;

(4) The polyhedron P satisfies P < (I'=,'{z; > 0}.

By Berger [2, 12.1.5], the facets of P are intersections with the hyperplane H of those facets

of K that intersect H. Thus, there exist hyperplanes H; of R generated by facets F; of X such
that each facet G; of P has the form PN H;, fori=1,...,n — 1. Hence,

Kﬂ{x,L:O}ﬂHi:‘PﬂHizGi:‘Pﬂ{xi:()}:iKﬂ{xi:O, J)n:O}

Recall that XN {x; =0,x, =0} is a facet of P and so its dimension equals n — 2. Hence,
H; N {x, =0} = {z; = 0,2, = 0} and, consequently, there exist real numbers a; € R such that
Hi = {xi—aixnzO} for i = 1,...,n—1.

Therefore, ﬂ;:ll H; = {t(a1,...,an—1,1) : t € R}. After a change of coordinates that fixes
the hyperplane {x,, = 0} and transforms the vector (ay,...,a,—_1, 1) into the vector (0,...,0,1),
we may assume that H; = {z; =0} for i = 1,...,n — 1. Moreover, after changing the sign of
the variable z;, if necessary, we may assume also that X C {z,, > 0}. Observe that in this way
the four conditions of the statement are satisfied in a straightforward manner, as wanted. []

LEMMA 5.6. Let ¢ >0 and let X C R™ be an n-dimensional, nondegenerate, convex
polyhedron such that:

(1) the origin is a vertex v of X;

(2) the intersections F; = KX N {x; = 0} are facets of X fori=1,...,n;

(3) foreachk =1,...,n — 1, the intersection E, = X N {zy11 =0,...,z, = 0} is a face of K

and the intersections {x; = 0,241 =0,...,2, = 0} N K are facets of Ej, forj = 1,..., k;

(4) The polyhedron X satisfies X C {x1 > 0,...,2, > 0}.
For each i=1,...,n, let X; be the polyhedron obtained from X by eliminating (See
Paragraph 2.1.1 for a precise definition of the polyhedron X; obtained from X by eliminating
the facet F;.) the facet F;. Then, for each i = 1,...,n, there exists a point

Pi € (fKiﬁ{a:iH :0,...,.73n:0}r\an(0,€))\:K

such that the affine subspace of R"™ generated by {p1,...,pn} has dimension n — 1 and does
not intersect the n-dimensional closed orthant {z1 > 0,...,2, > 0}.

Proof. We proceed by induction on n. If n =1, then either X = [0,a] where a > 0, or
X = [0,+00). Then the point p; = —e/2 satisfies our requirements. Assume that the result
is true for n —1 and let us check that it is also true for m. Consider the polyhedron
P =X n{x, =0}, which satisfies analogous conditions to (1)—(4) in the (n — 1)-dimensional
setting, and define F/ =PnN{x; =0} =X N{x; =0, z, =0} fori=1,....,n — 1. Let P; be
the polyhedron obtained from P by eliminating the facet F}. By the induction hypothesis, for
each : = 1,...,n — 1 there exists a point

pi € (Pin{ziz1=0,...,2-1 =0} N (Br(0,6) N {z, =0})) \ P,

such that the affine subspace L,_; of {x, =0} generated by {pi,...,pn—1} has dimension
n—2, and L, 1 does not intersect the semialgebraic set {x; >0,...,2,-1 >0, 2, =0}.
Observe that

ﬂ’iﬂ{xiﬂ = 0,...,.’En,1 = 0} :fKZ m{$i+1 = 0,...,£Cn,1 = 0, Tn :0}7
and, consequently,

P1y--sPn—1 € (:Kim{fl,'i+1 :0,...,(En,1 :071'»,1 :O}OBn(O,E))\K
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Since {z, =0} NXK is a facet of K that contains the vertex v =0 and X C {z,, > 0}, there
exists a point p, € K,, N B, (0,¢) \ K = K,, N B,,(0,¢) N {z, < 0}. The coordinates of the point
Pn = (Pins -+ Pnn) satisfy p1, 20,...,pn—1, >0 and pp, <0, because K, N{z, <0} C
Mizy {as > 0} N {z, < 0}

Observe that since the points {p1,...,pn—1} C {x,, = 0} are affinely independent, the affine
subspace L,, of R™ generated by {pi,...,p,} has dimension n — 1. To conclude the proof, it
only remains to check that L, N {x; >0,...,z, >0} = @.

Indeed, note that L, ={(1 —A)¢+\pn: ¢€ Ln,—1, A€R} and suppose, by way of
contradiction, that there exists a point z € L, N{x; >0,...,2, > 0}. In particular, z =
(z1,.-,2n) = (1 — X\)g + Ap,, for some point ¢ = (q1,...,¢,—1,0) € L,_1 and X € R. Since 0 <
Zn = APpn and pn, < 0, it follows that A < 0. On the other hand, since ¢ € L,,_1 and L,,_; does
not intersect the set {z1 > 0,...,2,-1 > 0, x, = 0}, there exists an indexi =1,...,n — 1 such
that ¢; < 0. Observe that z; = (1 — \)g; + Apin < 0, because A < 0, p;;,, = 0 and ¢; < 0. Thus,
z & {x1 >0,...,2, > 0}, which is a contradiction. Hence, L,, N {z1 > 0,...,2, >0} = &, and
we are done. |

From now on we denote by W/ the direction of the affine subspace W C R”, that is, the
vector subspace of R™ parallel to W.

LemMA 5.7. Let X CR"™ be an n-dimensional convex polyhedron and let E be a
d-dimensional face of X for some 0 < d<n—1. Denote by W the affine subspace of R™
generated by E. Then there exist n — d affinely independent points pi,...,pn—q € R™ such
that: N

(i) the affine subspace L of R" generated by {p1,...,Pn—a} satisties W N L = {0},
WNL=g and (L+W)NX = g;

(ii) for each point p € K, the (n — d)-simplex [p,p1,...,pn—a] Intersects E exactly at one

point;

(iii) [p,p1s---,Pn—a) N E C Int(E) if and only if p € K\ OF.

Proof. First note that, applying [2, 12.1.5] recursively, there exist facets Fy,..., F. of X
such that OF = ENJ;_, F.

5.1.2. For each i=1,...,s, we denote by H, the hyperplane of R"™ generated by
F!, and by H[T the closed half-space of R™ containing X determined by H!. Let gy €
Int(E) and let e = min{dist(qo, H/) : i =1,...,s}. Observe that e > 0, because qo & |J;_, H].
Since dimX = n, there exist ¢1,...,¢n—q € Int(X) such that the affine subspace V of R"
generated by ¢o,q1,...,qn—q has dimension r =n —d and ENV = {qp}. After a change of
coordinates, we may assume that V = {z,41 =0,...,2, = 0}. Define P =K NV and note
that Int([qo, q1,- -, qn—d]) C Int(P) is an open subset of V. Thus, V is the affine subspace of
R™ generated by P and so Int(P) = Inty (P). Moreover, ENV = {qo} is a face of P, that is, qo
is a vertex of P and

Int(P) = P\ 9P = P\ 0K C Int(X).

To check these last facts, it suffices to observe that P = XNV, and to apply [2, 12.1.5-7]
recursively.

5.1.3. To simplify notation, we identify in what follows V' =R" x {0} = R". By Lemma
5.5, after a change of coordinates in R” x {0} we may assume that:

(1) The point qo is the origin;

(2) the intersections G; = PN {x; = 0} are facets of P for i =1,....7;
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(3) foreach k=1,...,r — 1, the intersection E, = PN{zty1 =0,...,2, =0} is a face of P

and the intersections R; = {z; = 0} N E} NP are facets of By for j =1,...,k;

(4) The polyhedron P satisfies P C (,_,{z; = 0}.

Observe that, by Berger [2, 12.1.5], the facets of P are intersections of the facets of X with
V. Moreover, all facets of X containing the point gy € Int(FE) contain also E, because F is a
face of K. Thus, the facets GG; of P chosen above are intersections of P with facets F; of K
containing F. Moreover, the hyperplane of V' generated by G; is {z; =0} N V.

We may assume, after a change of coordinates fixing V', that the d-dimensional affine subspace
W ={x; =0,...,2, = 0}. Therefore, since for i = 1,...,r the hyperplane H; of R" generated
by F; contains the union W U ({z; =0} NV), it also contains the sum W + ({z; =0} NV),
which implies H; = {a; = 0} fori =1,...,7. Moreover, X C {z1 > 0,...,2, > 0} because X is
contained either in {z; > 0} or {z; <O} for I1<i<rand @ #PCcXnN{x; >0,...,2, >0}

5.1.4.  Recall that P; and K; denote the polyhedron obtained from P and X by eliminating
the facets G; and Fj, respectively. By Lemma 5.6, there exists, for each ¢ =1,...,r, a point
(See Paragraph 5.1.2 for the definition of € > 0 and H/ fori =1,...,s.)

S (Tiﬂ{xi+1 :0,,xr:O}ﬂ(Bn(07E)ﬂV))\TCV

such that the affine subspace L C V generated by pi,...,p, has dimension r —1=n—d —
1 and it does not intersect the semialgebraic set {z1 >0,...,2,. >0} NV. Observe that
P,=K;NnVandsop; € (K;,NVN{ri1=0,....,2, =0} \(XNV) fori=1,...,r. Besides,
since P=XKNV C{x; 20,...,2z, 20} NV and L C V does not intersect P, we deduce that
LN X = @. Moreover, since dist(p;, qo) < € fori = 1,...,r, the point g9 € (;_,(H/" \ H}) and

e = min{dist(qo, H]) : i=1,...,s} = min{dist(qo, (R"\ H/")UH]): i=1,...,s},
it follows that {p1,...,p,} C i, (H/T\ H]).
Moreover, note that since

V={x,11=0,...,2, =0} and p; € (P;Nn{r;41=0,...,2, =0} \PCV,

we have p; = (p1i,. .., pi- 1,45 —pii, 0,...,0), where pjz >0 for .7*1 Zfl and py; > 0.
Observe that L does not intersect W = {xl =0,. =0} and L NW = {0} because
LcVad VW= {0}. In addition, L + W does not mterbect XK because

Kc{x120,...,2, 20}, W={21=0,...,2, =0} and LN{x; >20,...,2, >0} = 2.
Thus, the affine subspace L satisfies condition (i) in the statement.

5.1.5. Let us check that, for each point p = (y1,...,yn) € X, the simplex [p, p1,..., D]
intersects E in just one point. Indeed, consider the equation

—(Y1,yn) = —p = Z)\ﬂ% —q
- Z)\Z(plza ‘e 7pi71,ia _piivov L] 70) + (07 '(T')'7076T+17 R 7571)7 (0)

where ¢ = (0, M0, —Brg1, ..., —0B,) is a generic point of W. The previous equation is
equivalent to a triangular system of linear equations, which has a unique solution, that we
denote as (A1, ..., A\, Bri1, .-, 0n), because its matrix of coefficients has maximal rank n. Note
also that since p;; > 0 and each p;; > 0 for j =1,...,7 — 1, it follows that A\ > 0,..., A, > 0.
Hence, p =147, A; > 0. If we write g = 1/pand p; = \;/pfori =1,...,7, we obtain ¢’ =
q/p = pop + >i_q pipi , where >0 p; =1, and each p; > 0. Thus, ¢ € [p,p1,...,p,] NW.
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Let {H1y,...,H,,} be the minimal presentation of X. Since p € X and p; € [}~
1=1,...,7, we deduce that ¢’ € [p,p1,...,pr] C ﬂj:rJrl Hj . Hence,

Jr
= r+1Hj for

¢ ewn ﬂ H+Cﬂ{xl 0} N ﬁ Hf =

j=r+1 j=r+1

and so ¢ € WNX = E. Thus, [p,p1,...,p:] N E # &; and in fact, this intersection is a unique
point because the system (¢) has a unique solution, as we have already observed. All this proves
part (i) in the statement.

5.1.6. To complete our discussion, we will prove that [p,p1,...,p,] N E C Int(E) if and
only if p € X \ OF. Tt is clear that if p € OF, then p € [p,p1,...,p,] N E \ Int(E). Suppose now
that p € X'\ OF and let us check that {¢'} = [p,p1,...,pr] N E C Int(E).

We distinguish two cases. Assume first that p = (y1,...,y,) € X\ E. Then there exists an
index j € {1,...,7} such that y; > 0. Thus, the solution (A1,...,Ar, Br41,...,3,) of equation
(o) satisfies Ay, ..., A, = 0 and A; > 0; hence, pi1,. .., & = 0 and p; > 0. Recall also that py =
1/p > 0 (see Paragraph 5.1.5) and p; € (;_, (H," \ Hy) for i = 1,...,r (see Paragraph 5.1.4).
Using this information, we next prove that

q = % = pop+ Y _ pipi € ﬂ (Hi™\ Hy).
i=1 k=1

Indeed, let ¢4 be a polynomial of degree 1 such that H, = {¢; > 0}; hence, H; \ Hj, =
{€, > 0}. Since Y"_pu; = 1 and p € X C Ny (H," \ Hy,), one deduces that

le(q') = Lk (Mop +) mm) = polk(p) + > il (pi) = il (p;) > 0,
i=1 i=1
for k=1,...,s. Thus, ¢ € E\ U;_, Hy = Int(E).

Next, if p € Int(E), then the uniqueness of the solution of (¢) implies that the intersection
[D,P1s- -, Pn—a) N E = {p} C Int(E). This proves part (iii), and we are done. O

COROLLARY 5.8. Let X C R™ be an n-dimensional, convex polyhedron and let E be a
d-dimensional face of X for some 0 < d < n — 1. Let W be the affine subspace of R™ generated
by L. Then there exists an aﬁne subspace L. C R™ of dimensionn — d — 1 such that LNW = @,
TNW= {0} and X N (L + W) @, and the projection m: R™\ (L + W) — W of centre L
and basis W satisfies the following conditions:

(i) 7|lg =1idg and 7(X \ OF) = Int(E);

(ii) for each p € X, there exist ¢ € L and X € [0, 1] such that w(p) = Ap + (1 — X)g.

Proof. First, by Lemma 5.7, there exist n — d affinely independent points py,...,pn_q € R"”
such that: o
(1) the affine ﬂlbspace L generated by p1,...,p,_q satisfies L NW = {0}, LN W = & and
KNn(L+W)=
(2) for each point p € X, the (n — d)-simplex [p,p1,...,pn—a] intersects E in exactly one
point;
(3) [p,p1,---sPn—a) N E C Int(E) if and only if p € K\ IE.
By its very definition, 7(z) = ({2} + L) N W, where {z} + L denotes the affine subspace of R"
generated by = and L. Note that {n(p)} = [p,pl, .. .yPn—d) N E for each point p € K, and so
there exist \g, A\1,..., An—q = 0 such that Z"i Ai =1 and 7(p) = Aop + Z?;ld \ipi-
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Now we distinguish two possibilities: On the one hand, if Ag = 1, then 7(p) = p. On the other
hand, if Ao # 1, then set 0 < p = Z?:_ld Ai=1-=X <1, pu=)\/pand ¢ = Z?;ld wipi € L. In
any case, we have m(p) = \op + (1 — Ao)q for some ¢ € L, where 0 < \g < 1. .

A straightforward computation shows that the central projection 7 :R™\ (L+ W) — W
satisfies 7| = idg and 7(X \ OF) = Int(E), as wanted. O

Finally, we are ready to prove Lemma 5.1.

5.2. Proof of Lemma 5.1
Let us define d = dim E.

5.2.1.  We study first the case d = 0, that is, E = {v} = Int(E)) is a vertex of X. Note that
OF = &, and we choose Z as the empty set. Consider the constant map 7 : R" — R™, p+— v.
By Lemma 5.4, there exist a regular function g : R® — R and a point ¢ € Int(X) such that
gloxx =1, g(¢) =0 and 0 < g(p) < 1 for all p € Int(X) \ {¢}. The regular map

f:R" —R", p—g(p)p+ (1 —g(p)v

satisfies the conditions of the lemma. Indeed, observe that f|sx = idgx and f(g) = v. Moreover,
the equality f(Int(X) \ {¢}) = Int(X) holds. The inclusion f(Int(X) \ {¢}) C Int(X) follows at
once from [1, 11.2.4]. Conversely, let a € Int(X) and consider the line L passing through the
points v and a. Let b € K be the point such that K N L is the segment [v,b] joining the
points v and b. Suppose first that this segment does not contain ¢. By Berger [1, 11.2.4], the
open interval (v,b) C Int(X). Moreover, since f(v) =wv and f(b) =b, and the segment [v, D]
is convex, the image of the restriction f|, s : [v,b] — X is [v,b]. Thus, there exists a point
a’ € (v,b) C Int(K) such that f(a’) = a, and so Int(K) C f(Int(X) \ {¢}). On the other hand,
if ¢ € [v,b], then we use a similar argument substituting the segment [v, b] by [g¢, b]. Therefore,
for each subset Y C 9K,

FInt(K)UY) =Int(K)UY U{v} =Int(X) UY UInt(E),

which solves this case.

5.2.2. Hence, in what follows we assume that 1 < d < n — 1. We denote by W the affine
subspace of R" generated by E. By Corollgy 5._8), there exists an (n_T d — 1)-dimensional affine
subspace L ofLR" such that LN W =@, LNW ={0}, XN (L+ W) = &, and the projection
m:R™\ (L+ W) — W of centre L and basis W satisfies the following conditions:

(1) w|lg =idg and (K \ OF) = Int(FE);

(2) for all p € K there exist ¢ € L and A € [0, 1] such that 7(p) = Ap + (1 — N)q.

5.2.2.1. Let us check that, after a change of coordinates, we may assume that:

(a) W={xq+1 =0,...,2, =0} and the origin is a vertex of K;

(b) L={x1=0,...,24 =0, 441 = —1};

(¢) X C {x,, > 0} and the hyperplane {z, = 0} contains a facet of K.

Indeed, if d =n — 1, then we may assume that W = {z,, = 0}, the origin is a vertex of X
and X C {z,, > 0}. Observe that in this case E C {z, = 0} is a facet of K. From (2) above,
we deduce that L is a point contained in {z, < 0}. Thus, after a change of coordinates that
keeps fixed the closed half-space {z;,, > 0}, we may assume that L = {(0,...,0,—1)}.

Next, consider the case 1 < d < n—2. Let pg,...,pqs € W be affinely independent points
such that pg is a vertex of K (recall that K is bounded) and let pgi1,...,pn € L be affinely
independent points. Observe that {po,p1,...,Pd;Pd+1,---,Pn} 1S an affine reference of R™.
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Thus, after a change of coordinates, we may assume that
Po = Oa

(i)
pi=(0,...,0,1,0,...,0), fori=1,...,d,

(d+1)
pa+1 = (0,...,0, —1,0,...,0), and

(d+1) (5) )
p; =(0,...,0, =1,0,...,0,1,0,...,0), forj=d+2,...,n
After this change of coordinates,
W={$d+1=0,...,l‘n=0} and L:{xlzo,...,xdzo,azd+1:—1}.

Note that the equations of the facets of KX containing E have the form agi1xg41+ ...+
anx, = 0. After a change of coordinates that keeps L invariant and W fixed, we may assume
that {z, =0} contains a facet of X and X KC {z,, > 0}; here we are using the fact that
d < n — 2. With these coordinates, V = L + W= {441 = —1} and

7:R"\V — H, 2+— o by il ,0,...,0) .
Ta+1 +1 Ta41 + 1

5.2.2.2. Next, we claim the following: There exist a d-scaffold T' of the d-face E of X, an
algebraic subset Zy C R™ and a rational function g : R"™ --» R, such that:
(i) 7(Int(T")) = Int(E);
(iii) g is regular on R™ \ Zy;
(iv) glascvor =1, glmyr) =0 and
(v) 0<g(p) <1 for every point p € Int(X) \ Int(T").
Indeed, recall that V = L + W= {zq+1 = —1} and consider the rational map

h:R" -->R", 2+ ———x,
which is regular on R™ \ V and can be interpreted as the restriction to suitable charts of the
homography
U:RP" — RP”, (xg:21:...:2p) — (To+ Tagp1 1 @1 1000 Ty).
Thus, h preserves convexity and affine subspaces not contained in V. Observe also that
1
.
1—z441

and the projection 7 :R"\V — W C R"\ V of centre L and basis W is the composition
7 =1"1opo1), where

h™1:R" --» R", 2+

p:R" — R" (z1,...,2,) — (z1,...,24,0,...,0).

Since hlgn\y : R" \ V — R™ \ V is a biregular diffeomorphism and X C R™ \ V, to prove claim
5.2.2.2, it is enough to show the following.

5.2.2.3. There exist a d-scaffold Ty of the d-dimensional face h(E) of h(X), an algebraic
subset Z) C R™ and a rational function go : R™ --» R such that:

(i) p(Int(To)) = Int(h(E));

(i) A(X) N Zy = Oh(E);

(iii) go is regular on R™ \ Z;
(iv) golonnon(e) = 1, golmt(ry) = 0 and
(v) 0 < go(p) <1 for every p € Int(h(X)) \ Int(Ty).
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Indeed, observe that h preserves the hyperplanes {; = 0} for ¢ = 1,...,n and, changing the
sign of the variable x,, if necessary, we may assume that h(X) C {z,, > 0}. Thus, we are under
the hypotheses of Lemma 5.4, and a straightforward computation shows that 5.2.2.3 holds.
Thus, also 5.2.2.2 holds.

5.2.2.4. Now we are ready to prove Lemma 5.1 in case 1 < d < n — 1. With the notation of
5.2.2.2, consider the rational map

fiR" - R™, pr—g(p)p+ (1 — g(p))7(p),

which is regular on R™\ Z, where Z = Zo U (L + W). Observe that ZN%K = Zo N K = JE.
Now let us check that

F(Int(K) UY) = Int(X) UY U Int(E).

Since glaps\op =1 and Y N E = @, it follows that f is regular on Y and f|y = idy. Thus,
J(Y) =Y. Moreover, f(Int(T")) = Int(E) because g|mery =0 and 7(Int(T")) = Int(E) (see
5.2.2.2). Hence, it only remains to check that f(Int(X)\ 0F) = Int(X).

Indeed, let p € Int(K) \ OE, and observe that 0 < g(p) < 1. Thus, since p € Int(X) and
7(p) € Int(E) C K, we deduce from [1, 11.2.4] that f(p) € Int(X). Conversely, let a € Int(X)
and let 7(a) € Int(F) (see Paragraph 5.2.2(1)). Next, consider the line T that contains the
points a and 7(a). Let b be the point of 9K such that X N T is the segment [7(a), b] joining the
points 7(a) and b. Note that, again by Berger [1, 11.2.4], the open interval (7(a),b) C Int(X).
Moreover, observe that, since f(m(a)) = w(a), f(b) = b, and the segment [ (a), b] is convex, the
image of the restriction f|iz(q) : [7(a),b] — X is the segment [7(a),b]. Thus, there exists
a point @’ € (m(a),b) C Int(K) such that f(a’) = a, which shows that Int(K) C f(Int(X)).
But in fact, since f(Int(T')) =Int(E) C 9K, it follows that &’ € Int(XK) \ Int(T"), and we
are done.

6. The open and the closed ball as regular images of R™

As commented in Section 1, a closed ball and its interior can be constructed as ‘limits’ of
bounded, convex, regular polyhedra and their interiors when the number of facets tends to
infinity. In this section, we show that both are regular images of R™ and so their invariant
r coincides with their common dimension n. Of course, the centre and radius of the ball are
irrelevant, and so we just deal with the open ball B,, C R™ of centre the origin and radius
1, and its closure. We begin with the open ball. The finding of the regular map realizing B,,
as a regular image of R is strongly inspired by the solution for n = 2 previously obtained in
(6, 6.3.a].

LEMMA 6.1. The open ball B,, C R™ of centre the origin and radius 1 is a regular image
of R™.

Proof. Consider the inverse h of the stereographic projection

7TN:Sn\{pl\/v}—>]Rn?:l/:(ylw-'ayn-‘rl)—)( = PR on )
]-_ynJrl ]-_ynJrl

from the north pole py = (0,...,0,1) of the sphere

Sn:{y:(yl,...,yn+1)€Rn+l3 y%++y'r27,+1:1}

Recall that h is given by

2w 2z, l|z||* — 1>
h:R" — §" s = (x1,...,xp) — e , .
\pwh, o= (o, ) <||x2+1 EEESNEEES
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Define H,, = {z € R™ : 21 > 0} and observe that h(3,,) = S™ N H,1. Consider the orthogonal
projection f:R" ™' — R™ y = (y1,...,Yns1) — (Y2,...,Yns1), which satisfies (f o h)(H,) =
f(S"NH,41) = B,. Note that H,, is the interior of a convex polyhedron of R™ and so there
exists, by Corollary 4.5, a regular map g : R™ — R"™ such that g(R™) = 3,,. Hence, B,, = (f o
h o g)(R™) is a regular image of R™. ]

We finally show that also the closed ball is a regular image of R".

LEMMA 6.2. The closed ball B,, C R™ of centre the origin and radius 1 is a regular image
of R™.

Proof. Consider first the univariate polynomial g = %t‘* — %t2 + 2—98 € R[t?] and the
product h(t) = tg(t), which satisfies the following properties:

h(0)=h(1)=0, h <;> =1 and M (;) = 0.

Moreover, the derivative of h is B'(t) = §(2t — 1)(2t + 1)(5t* — 7) and so A|jg;1/2) > 0 and
h'[(1/2,1) < 0. This implies in particular that h([0,1)) = [0, 1].
Next, since g € R[t?], the map

FiRY — R (21,...,2n) — g(\/23 + ...+ 22)(21,...,7p)

is polynomial. If we restrict f to any closed segment S, = {tv € R" : t € [0,1)} from the origin,
where v € R™ is a unitary vector, then we obtain f(tv) = tg(¢t)v = h(t)v, and consequently

f(Sy) ={h(t)veR": t€[0,1)} ={sv e R": s€0,1]} = Clgn(S,).

Observe that B,, = S, and B,, = |J Clgn (S,). Therefore,

vES™

f(Bn)=f ( U sv> = {J f(S0) = |J Clan(5,) = B

veSn veS™ veS™

veES™

Using now Lemma 6.1, we conclude that B,, is a regular image of R”. |
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