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Abstract

A classical problem in real geometry concerns the representation of positive semidefinite
elements of a ring A as sums of squares of elements of A. If A is an excellent ring of
dimension > 3, it is already known that it contains positive semidefinite elements that cannot
be represented as sums of squares in A. The one dimensional local case has been afforded
by Scheiderer (mainly when its residue field is real closed). In this work we focus on the 2-
dimensional case and determine (under some mild conditions) which local excellent henselian
rings A of embedding dimension 3 have the property that every positive semidefinite element
of A is a sum of squares of elements of A.
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1 Introduction

In the study of positive semidefinite elements and sums of squares of a ring A one main
problem is to determine whether every positive semidefinite element is a sum of squares
(qualitative problem). The positive semidefinite elements of an arbitrary commutative ring
are defined by means of the theory of the real spectrum Sper(A) of the ring A, as follows: an
element f € A is positive semidefinite if f >, 0 for every prime cone o € Sper(A). Recall
that a prime cone « can be understood as a pair « := (py, <¢) Where py is a prime ideal of
A (called the support supp(a) of ) and <, is an ordering of the quotient field qf (A /pq).
Alternatively, « is the preimage under the canonical homomorphism A — qf(A/p,) of
the set of non-negative elements of the ordered field (qf (A/py), <o). We denote the set of
positive semidefinite elements of A with P(A) and the set of all (finite) sums of squares of
A with ¥ A%, The problem stated above consists of determining under which conditions the
equality P(A) = X A holds.

By [3, Thm.4.3.7] Sper(A) = @ if and only if —1 is a finite sum of squares in A. If this
is the case, we assume that all the elements of A are positive semidefinite. If in addition the
characteristic of A is different from 2 and % € A, then each a € A is a sum of squares in
view of the well-known relation

a—+1\2 a—1\2
G ORI
a ( 2 )H A
Anideala C Ais realifforeachsequenceal,...,areAsuchthata%—i—---—karzea,

wehavea; € afori =1, ..., r. The real-radical of an ideal a C A is the smallest real ideal
J/a of A that contains a. By [3, Prop.4.1.7]

Ja={aeA: day,...,a eA,mz1suchthata2’"+a12+---+ar2ea}.

A ring A is real (reduced) if the zero ideal is real. The real reduction of A is the quotient
A/3/(0). In case A is a field, it is (formally) real if and only if —1 is not a sum of squares in
A (that is, if its real spectrum is non-empty). Thus, a prime ideal p of A is the support of a
prime cone « if and only if it is real.
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Background

The property P(A) = X A? is true for the total quotient ring of fractions of a real (reduced)
ring A by the general theory of Artin-Schreier for (formally) real fields [3, Sect. 1], but
in the general case the situation is more complicated. In [35, Lem.6.3] it is proved that if
a noetherian ring A has a non-empty real spectrum (that is, not all the elements of A are
positive semidefinite) and the property P(A) = £ A? holds, then A is a real (reduced) ring.
In fact, strong dimensional restrictions appear even under mild hypotheses [35, Cor.1.3]. In
case we focus on excellent rings, we have the following result [24, Main Thm.1.1] (see also
[16, Thm.1.2]).

Theorem 1.1 [24, Main Thm.1.1] Let A be an excellent ring of real dimension > 3. Then
P(A) # L A%

The previous result involves the concept of real dimension. Given two prime cones «, 8 €
Sper(A), we say that « is a specialization of B (written § — «) if f >, 0 implies f >5 0
for each f € A. This implies q := supp(8) C supp(a) =: p. We set dim(f — «) :=
dim(Ap/qAy), and define the real dimension of A as

dim, (A) := sup{dim(8 — «): o, p € Sper(A), B — «a}.

Therefore, dim, (A) < dim(A). Let us show that this inequality is an equality in case (A, m)
is a local henselian noetherian ring such that P(A) = T A2. By [1, Prop.I1.2.4] each non-
refinable specialization chain finishes on a prime cone o whose support is m. If A is in
addition noetherian and has the property P(A) = S A2, then A is real (reduced), so all its
minimal prime ideals are real [3, Lem.4.1.5]. Thus, dim, (A) = sup{dim(A/supp(B)) : B €
Sper(A)} = dim(A). Consequently, if A is a local excellent henselian ring with the property
P(A) = £ A2, then dim(A) < 2.

The one dimensional case was entirely solved by Scheiderer in [36, Sect. 3]. The most
conclusive case concerns the one when the residue field « := A/m is real closed. Recall that
a prime ideal p of aring A is associated to A if there exists a non-zero element x € A such
thatp = {a € A : ax = 0}. The set of all associated prime ideals of A is denoted with
Ass(A).

Theorem 1.2 [36, Thm.3.9] Let (A, m) be a one-dimensional local Nagata ring with (for-
mally) real residue field k and completion A, and assume m ¢ Ass(A). Consider the following
conditions:

(i) P(A) = A%
(i) P(A) = TA2. R
(i) Thereisn > 1 such that A = k[[x1, ..., x,]1/(xixj 1 i < j).
Then the following assertions hold:
(1) Each of these conditions implies that A is reduced.
(2) Conditions (i) and (ii) are equivalent, and both are implied by (iii).
(3) Ifk is real closed, then all three conditions are equivalent.

Thus, we will focus on determining all local excellent henselian rings (A, m) of dimension
< 2 and embedding dimension < 3 with the property P(A) = > A2. In the 2-dimensional
regular case, the most general result is the following:

Theorem 1.3 [36, Thms.4.1 and 4.8] If A is a 2-dimensional regular semilocal ring, then
P(A) = A2 In particular, for every field k we have that P(k[[x, v]]) = Zk|[[x, v12
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The 2-dimensional case, when A is an analytic ring of dimension 2 and embedding dimen-
sion < 3 over the real numbers R, has been studied in [15,17,18,20,21,34]. The results
presented in that articles can be adapted straightforwardly to the local henselian excellent
case with real closed residue field [19]. We can summarize the main results as follows:

Theorem 1.4 [15, Thm.1.3], [17,18] Let (A, m) be a local henselian excellent ring of dimen-
sion 2 and embedding dimension 3. Assume that the residue field k := A/m is real closed.
Then P(A) = S A2 if and only if the completion A is isomorphic to

(1) «llx, yll or
©2) «lx, v, z11/(zx, zy) or
Q) «llx. v, z1l/(z* = F(x,v))

where F € k[[x, y]] is one of the series in the following list:

() %2+ v* where k > 2,
(i) x?,
(i) %2y + (—=D*y* where k > 3,
(iv) %%y,
V) x4 x5,
i) = +v4,
(vii) x> +v°.

Main results

In this article we prove that if we do not impose that k is a real closed field, the amount
of possible candidates increases because k may have more than one ordering and kth roots
of positive elements of ¥ need not to belong to «. In order to apply freely Rotthaus results
[33] on Artin’s approximation Theorem, one needs that the involved ring A we are working
with contains a copy of Q. As we deal with local henselian rings (A, m) with non-empty
real spectrum, it is enough to ask that % € A (or equivalently that 2 ¢ m). If such is the
case, non-zero integers are units of A (or equivalently, non-zero integers do not belong to m)
and consequently A contains a copy of Q. Otherwise there exists an integer n > 3 such that
n € m and the roots of the polynomial equation t> 47 — 1 = 0 modulo m are £1. As 2 ¢ m,
both roots are simple. As A is a henselian ring, there exists a € A suchthata +m=1+m
and a® + 12 + oy +1%2 =a®? +n —2 = —1in A, against the fact that A has non-empty
real spectrum.

Theorem 1.5 (List of candidates) Let (A, m) be a local henselian excellent ring of dimension
2 and embedding dimension 3. Assume that A has non-empty real spectrum and % e A If
P(A) = T A?, then the completion A is isomorphic to

(D) «ll=,yllor

) «llx= v, z]l/(zx, zy) or

3) «llx v, z11/(z2> = F(x,v))

where F € k[[x, y]] is one of the series in the following list:

() ax® +by* wherea ¢ —%k% b #0andk > 1,
(i) ax®+ vt wherea ¢ —Sk? and k > 1,
(ili) ax? where a ¢ —%«2,
(iv) x2y + (—=Dkay* wherea ¢ —X«? and k > 3,
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V) %%y,

(Vi) %2 + axy? + by? irreducible,
(vil) x3 + ay® where a ¢ —Tk2,
(viil) x> +xy?,

(ix) x>+

Remark 1.6 The assumption A has non-empty real spectrum and % € A is equivalent to
the condition the residue field k of A is (formally) real. The implication right to left is
clear. To prove the converse assume that there exist elements ay, ..., a, € A\m such that
a% +---+4a? = —1 modulo m, 50 a; is a simple root of the polynomial equation t> + a% +
s ar2 4+ 1 = 0 modulo m (because 2 ¢ m). As A is a henselian ring, we may assume
that a; is a root of t2 + a% 4+ a,z + 1 = 0in A, against the non-emptiness of the real
spectrum of A.

Pythagoras numbers and 7-invariant.

Animportant invariant that allows us to use Artin’s approximation techniques when approach-
ing a converse to the previous result is Pythagoras number. The Pythagoras number p(A)
of aring A is the smallest integer p > 1 such that every sum of squares of A is a sum of p
squares. We write p(A) = o0 if such an integer does not exist. If we denote the elements
of A that are sums of p squares in A with £,A2, then p(A) = inf{p > 1: A2 = X,A?}.
This is a very delicate invariant whose estimation (quantitative problem) has deserved a lot of
attention from specialists in number theory, quadratic forms, real algebra and real geometry
[3,7,8,30,31,35,36]. In [17,18] we proved that the local henselian excellent rings of dimen-
sion 2 and embedding dimension 3 with Pythagoras number 2 coincide essentially with those
in the list provided in Theorem 1.4. In [20] we showed ‘positive extension properties’ for the
elements of the list inside Theorem 1.4, whereas in [23] we analyze relations between the
Pythagoras numbers of real analytic germs.

In [14] we showed that a local henselian excellent ring of dimension < 2 and real closed
residue field « has a finite Pythagoras number. In [25] we improved the previous result and
proved the following.

Theorem 1.7 [25,Prop.2.7, Thm.2.9] Let (A, m) be a local henselian excellent ring of dimen-
sion 2 such that its fgsidueﬁeld Kk satisfies p(k[t]) < +o00. Let m be the number of generators
of the completion A as a k[[x1, x3]]-module. Then p(A) < 2p(k[t])m.

For a higher dimension we proved in [14,24] that a real (reduced) ring A of dimension > 3
has an infinite Pythagoras number. The invariant p(«[t]) has been bounded by Scheiderer
in [36] following [31]. For a (formally) real field x define the invariant

(k) :=sup{s(F) : F|k finite, non-real},

where s(F) denotes the level of F, that is, the minimum number of elements of F needed
to represent —1 as a sum of squares in F, which is always a power of 2, see [30, Pfister’s
Thm.XI.2.2]. Scheiderer proved in [36, Prop.5.17] (using in an essential way Pfister’s results
[31]) the following inequalities:

1+ 1) = plxlyD = pkllx, yID = pl[x]lly]D) = 27(x). (1.1)
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In addition, 7 (k) = t(k((x))), see [36, Lem.5.13]. The Pythagoras number p(«x[[x, y]]) has
been also studied by Hu in [28, Sect. 3] where he showed that

pellx, vy = p[xlllylD) = pllxllly]) = plk((x,v)) = paf «[x][ly]D))
= p(k((x))(y)) = sup{p(K(x)) : K|« is a finite field extension}.

The last equality is due to Becher-Grimm-Van Geel [2]. It is conjectured in [2, Conj.4.16] that
the inequality p(k[y]) < p(k((x))(y)) isin fact an equality or, equivalently, that p(K (x)) <
p(k(x)) for each finite extension K |k. Recall that4 = p(Q) < p(Qly]) = p(Q((x,y))) =
p(Q[[x, v1]) = 5 (see [32] and [28, Rem.3.5]), so t(Q) = 4 (use (1.1)).

As a kind of converse of Theorem 1.5 we prove the following result.

Theorem 1.8 (Affirmative cases) Let (A, m) be a local henselian excellent ring of dimension
2 and embedding dimension 3. Suppose that the residue field k is (formally) real and t (k) <
+00. Assume that the completion A is isomorphic to:

(1) «[lx,yllor
©2) «llx, v, 211/(zx, zy) or
Q) «llx v, z11/(z* = F(x, ),

where F € k[[x, v]] is one of the series in the following list:

() ax® + by* wherea € k2, a,b #0and k > 1,
(i) ax®+ vyt wherea € k% a #0andk > 1,
(ili) ax?* where a € Tx* and a # 0,

(iv) =2y + (—=Dkay* where a ¢ —Sk?and k > 3,

v) x*y,

(vi) x3 + axy? + by’ irreducible,
(vii) x> + ay® where a ¢ —X«?,
(viii) %3 + xy°,
(ix) =3 +v°.
Then P(A) = A2, In addition, p(A) <4t (k).

Theorems 1.5 and 1.8 can be understood as the necessary (list of candidates) and suffi-
cient (affirmative cases) conditions for a local henselian excellent ring of dimension 2 and
embedding dimension 3 to enjoy the property P(A) = X A2. In order to join both Theo-
rems 1.5 and 1.8 , we ask in addition that the residue field « admits a unique ordering (that
is, k = —Xk? U T«?) and obtain straightforwardly the following full characterization.

Corollary 1.9 (Full characterization) Let (A, m) be a local henselian excellent ring of dimen-
sion 2 and embedding dimension 3. Suppose that the residue field k admits a unique ordering
and T(k) < +o0. Then P(A) = S A? if and only if the completion A is isomorphic to:

(1) «[lx, yll or

(2) «llx, v, zll/(zx, zy) or

) «llx. v, z]l/(z* — F(x,y)),

where F € k|[[x, y]] is one of the series in the following list:

() ax® + by** such thata,b > 0andk > 1,
(i) ax®+ y**t wherea > 0 and k > 1,
(iii) ax? where a > 0,

(iv) x*y + (=D¥ay* where a > 0 and k > 3,
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V) %%y,

(Vi) %2 + axy? + by? irreducible,
(vil) %3 + ay* where a > 0,
(viil) x> +xy?,

(ix) x>+

In addition, p(A) < 4t (k).

Remark 1.10 The case (3.vi) ‘F = x> +axy? +by? irreducible’ requires a special comment.
Denote A = k[[x, v, z]]/(z* — F), the real closure of ¥ with R (endowed with its unique
ordering) and B := R[[x%, v, z]]/(z2 — F).

(i) For simplicity suppose ¥ = Q and consider the irreducible polynomial F := x> +
2y3 € Q[x,y]. By Corollary 1.9 we have P(A) = X A2. On the other hand, F =
(x+ /2y ((x— $4/2)2 + 3 J/4y?) is reducible in R[x, y] and x+ /2y € P(B)\ZB2.

(i) This surprising situation can only appear in case (3.vi), because the condition of ‘irre-
ducibility of F” disappears when we extend coefficients to the real closure R of k because
F (%, 1) has degree 3, whereas the obstructions for the remaining elements of the list keep
the same when extending coefficients to the real closure. If F(x, 1) = %3 + ax + b has
only one root in R, then P(B)\XB? # @ is always true. If F(x, 1) has three roots
in R (which happens if and only if ¢ < 0, 4a® 4 27b*> < 0, see Example A.1), then
P(B) = £ B? (case (3.iv) for k = 3).

Formally real fields with a unique ordering

Apart from real closed fields there are well-known examples of fields with a unique ordering.
The most simple one corresponds to the field Q of rational numbers (which has Pythagoras
number 4), but also each finite algebraic extension Q[#] C R of Q such that the irreducible
polynomial of 8 over Q has odd degree and a unique root in R admits a unique ordering. The
field Q[O] has Pythagoras number either 3 or 4, see [42]. Other examples of fields with a
unique ordering are the real constructible numbers [30, Ex.p.236] or Euclidean fields, which
are those fields « in which every element is either a square or the opposite of a square [30,
Prop.VIIL.1.6]. The previous examples of fields contained in R that admit a unique ordering
are all archimedean, but it is not difficult to construct examples of non-archimedean fields with
a unique ordering that are non-euclidean (and consequently non-real closed). An example
of this type of fields is Q((t'/?")) := [J,-o Q((£!/?")), which is a field with Pythagoras
number 4. More generally, if « is a field with a unique ordering and Pythagoras number p,
also ke ((t1/ z ) = U,>o Kk ((t 1/2"y) is a non-archimedean (formally) real field with a unique
ordering and Pythagoras number p. In [27, Thm.2] the existence of (formally) real fields
with a unique ordering and Pythagoras number p is proved for each p > 1.

Applications: Principal saturated preorderings of low order.

In his articles [38,39] Scheiderer approached the problem of determining when a finitely
generated preordering 7 in an excellentregularring (A, m) of dimension 2 is saturated. To that
end, he established criteria to decide when the saturation of the preordering T generated by 7'
in the completion A implies the saturation of 7. Recall that if T' is generated by &1, ..., h;,
then T := {3, 0.1y ovh)' by oj € Y A2}, We say that T is saturated if it contains
every f € A such that f >, O for each @ € Sper(A) satisfying h; >4 0,...,h, >4 0.
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Observe that

T = [ Z th‘f' ceh) o € 222}
ve{0,1}"

In [38, Cor.3.25] the following is proved:

Corollary 1.11 Let A be an excellent henselian local ring with p(A) < +oo and let T be a
ﬁzzitely generated preordering in A. Then T is saturated in A if and only if T is saturated in
A.

The previous result reduces the problem of studying the saturation of finitely generated
preorderings on an excellent henselian local ring with a finite Pythagoras number to the study
of the saturation of finitely generated preorderings on complete rings. Let R be a real closed
field. Taking advantage of [16,34], Scheiderer characterizes the saturated preorderings of
A = R|[[x, y]] generated by an element 7 € R[[x, y]] of order < 3 and he obtains the same
list (up to right equivalence) as the one appearing in Theorem 1.4(3). In the same vein we
characterize in Sect. 6 (Corollaries 6.1 and 6.2 ) the saturated preorderings of A := k[[x, y]]
generated by an element F' € «[[x, y]] of order < 3 (up to right equivalence), where « is a
(formally) real field that has 7 (k) < +o00. In addition, we ask that ¥ admits a unique ordering
when w(F) = 2. The lists obtained in these cases (for w(F) = 2 and w(F) = 3) coincide
with those proposed in Theorem 1.8(3).

Structure of the article

The article is organized as follows. In Sect. 2 we present the main finite determinacy tools
in order to prove Theorem 1.5 in Sect. 3. The proofs of some of the results in Sect. 2, which
are substantially different from the classical ones over the complex or the real numbers, are
included in Appendix 1 for the sake of completeness. In Sect. 4 we introduce the main tools
to prove Theorem 1.8 in Sect. 5. We highlight Theorem 5.5. In Sect. 6 we prove (see Corol-
laries 6.1, 6.2 ) the counterpart of the results of Scheiderer concerning principal preorderings
on an excellent henselian local ring with a finite Pythagoras number, when the residue field
is a field « with a unique ordering (instead of a real closed field). Finally, in Appendix 1 we
present two additional examples: one concerning the ring A in Theorem 1.8(3.iv) (Exam-
ple A.1) and another one (quite tricky!) concerning a ring A with the property P(A) = £ A?
that does not appear in the list provided in Theorem 1.8(3) (Example A.2). Such example
suggests that there is still further work to do (surely with the aid of new techniques) when
the residue field « admits more than one ordering and the series F € «[[x, y]] has order 2.

2 Basic tools when dealing with formal rings

As we work in the environment of excellent henselian local rings (A, m) (that contain Q)
with a finite Pythagoras number p, the qualitative problem P(A) = ¥ A? has an affirmative
solution in A if and only if the equation

2 2
=X+ +%

has a solution in the completion A for each f € P(A). This is a straightforward consequence
of Rotthaus Theorem on Artin’s approximation property [33, Thm.4.2]. Denote the residue
field of A with k¥ := A/m. As A contains (Q, Cohen’s structure theorem [13, Thm.7.7] states
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that A = k[[x1,...,x,]]/a where a is an ideal of k[[x1, ..., x,]] and n := dim,((m/mz) is
the embedding dimension of A. In order to take advantage of formal rings, we recall some
useful properties.

2.1 Formal rings

A formal ring over a field k is aring A := «[[x]]/a where a is an ideal of the ring x[[x]]
of (formal power) series in the variables x := (x1, ..., %,). If f € «[[x]], we write f =
Z,fio Jx where fi € k[x] is (either O or) an homogeneous polynomial of degree k. Denote
the order of f with w(f) :=inf{k : fi # O} and the initial form of f withIn(f) := fu(p).
We write m,, 1= (x, ..., x,)k[[x]] to refer to the maximal ideal of «[[x]] and ||x||? :=
x% +- 4+ xﬁ. In addition, « ((x)) stands for the quotient field of «[[x]]. Recall that a series
f e «llx1, ..., xu]lis regularwith respect to x, (of orderd)if £ (0, ..., 0, x,) = adxfll+~ .
withag # 0.Letx" := (x1, ..., Xn—1). A Weierstrass polynomial P € x[[x']][x,]is amonic
polynomial of degree d such that P(0, x,) = XZ. By [43, Ch.7. Sect. 1.Thm.5 and Cor.1]
the ring « [[x]] enjoys Weierstrass division and preparation theorems, which are fundamental
tools when dealing with rings of series with coefficients in a field.

Theorem 2.1 (Weierstrass division theorem [43, Ch.7. Sect. 1.Thm.5]) Let f, g € «[[x]] be
series such that f is a regular series with respect to x,, of order d. Then there exist Q € k[[x]]
and a polynomial R € «[[x']][x,] of degree < d — 1 such that f = gQ + R.

Theorem 2.2 (Weierstrass preparation theorem [43, Ch.7. Sect. 1.Cor.1]) Let f € «[[x]]
be a regular series with respect to x, of order d. Then there exist a Weierstrass polynomial
P € «[[x'11[xn] of degree d and a unit U € «[[x]] such that f = PU.

As a consequence of the previous results, Implicit and Inverse Function Theorems arise
standardly. We will use them freely in the article.

Theorem 2.3 (Implicit function theorem) Let f1, ..., fin € k[[x, y1] be such that f;(0, 0) =

0 and det(aalf:"i (0,0))1<i,j<m # 0. Then there exist unique series g, ..., gn € [[x]] such
that g;(0) = 0 and fi(x,81,...,8m) =0fori =1,...,m.

Theorem 2.4 (Inverse function theorem) Let f1, ..., f, € k[[x]] be series such that f;(0) =
0 and det(g){i_ (0)1<i,j<n # O. Then there exist unique series g1, ..., gn € k[[y]] such that

g0)=0and fi(g1,....8) =yiand gi(f1,..., fu) =xifori =1,...,n.

Let « be a (formally) real field and U € «[[x, y]] a unit such that U (0, 0) € EPKZ. By the
Implicit Function Theorem the quotient % isasquareink([x, y]l,soU € X «k[[x, y]]z.

2.2 Equivalence of series and finite determinacy tools

In order to simplify the discussions when dealing with series, it is usual to use ‘equivalence
of series’. Let f, g € m where m is the maximal ideal of x[[x]]. We say that:

(1) f is right equivalent to g (and we write f ~gr g) if there exists an automorphism
® : k[[x]] = «[[x]] such that ®(f) = g.

(i) f is contact equivalent to g (and we write f ~c g) if there exists an automorphism
® : k[[x]] — «[[x]] such that (®(f)) = (g). This is equivalent to the existence of a
unit u# € k[[x]] such that ®(f) = ug.
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Two series f, g are contact equivalent if and only if the «-algebras «[[x]]/(f),
k[[x]]/(g) are isomorphic. In relation to this we recall the meaning of k-determinacy and
k-quasideterminacy. A series f € m is k-determined (resp. k-quasidetermined) if each
g € k[[x]] with f — g € m**! is right equivalent to f (resp. contact equivalent to f).
If f is k-determined (resp. k-quasidetermined) for some k > 1, then f is right (resp. contact)
equivalent to a polynomial of k[x]. This fact will be ‘squeezed to the extreme’ in the fol-
lowing sections. As it seems natural, it will be useful to have a criterion to determine when a
series is finitely determined (resp. quasi determined), that is, when it is k-determined (resp.
k-quasidetermined) for some k > 1.

Theorem 2.5 (Flmte determinancy and quasideterminancy theorem) Let f e m? C K [[x]]-
Suppose that m* ¢ mJ (f) (resp. mf C mJ(f)+(f)) where J(f) = (dXI ) Then
[ is k-determined (resp. k-quasidetermined).

"’dx

The previous result is well-known when « = C is the field of complex numbers and
it is easy to adapt when x = R or, more generally, when « is algebraically closed or real
closed. A quite straightforward proof of the previous result when « = C can be found in
[26, Thm.[.2.23] and [29, Thm.9.1.7]. The details there can be adapted to approach the case
when « is a field of characteristic 0. For the sake of completeness we provide an elementary
proof of Theorem 2.5 in Appendix 1.

Example 2.6 Let « be a field of characteristic 0 and 0 # a,b € k and write m :=
(%, v)kl[x, y1l. We have:

() If F := ax® 4 by’ where £ > 2, then J(F) = (x,y*"") and m* ¢ mJ(F). Thus, F
is £-determined.

(i) If F := ax®y+by’ with £ > 3,then J (F) = (xy, ax>+£by' ) andm’ c mJ(F) =
(xzy, xyz, x3, ye). Thus, F is £-determined.

(i) If F := x> + axy? + by>, then J(F) = (3x®> + ay?,2axy + 3by?). We have
m3 C mJ(F) = (3%° + axy?, 3x%y + ay’, 2ax>y + 3bxy?, 2axy? + 3by?) if and
only if the cubic forms {3x3 + axy?, 3%y + av?, 2ax?y + 3bxy?, 2axy? + 3by3}
are linearly independent or, equivalently, if 4a> + 27b% # 0. Thus, F is 3-determined
if the discriminant 4a> + 27b% of F(x, 1) is non-zero.

(iv) If F := x> + xy?, then J(F) = 3x% 4+ v, xy?) and m° C (%3, x*y?%, xy°,y°) C
mJ(F) = 3% + xy?, 3x%y + v*, x2v2, xy°). Thus, F is 5-determined.

(v) If F := x> + ay* where k > 3, then J(F) = (x%, v¥1) and

mf cmJ(F) = 5, 2y, =1, v)

Thus, F' is k-determined.
i) If F := %3 + axyt + byk where 2 < ¢ < k and % * %, then F is k-quasidetermined.
Observe that J (F) = (3x2 + ay?’, taxy®™! + kby*~1) and

mJ(F)+ (F) = (3X3 + axyz, 3x2y + ay”l, Zaxzyzfl + kbxykil,
Eaxye + kbyk, X+ axye + byk).

As £ £ % we deduce x>, x?y' "1 xyt, vk € mJ(F) + (F), som* € mJ(F) + (F)
and F is k-quasidetermined.

(vii) Let F := x> + axy® + by (1 + h) where p > 2, 4a> + 27b* + 0 h € «[lyl]
and either h = OQorl < wh) < p—1.1Itk := m1n{3,o—|—1+a)( ) 4p — 1},
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then F is k-quasidetermined. Define g := 1+ h + 3 y dh and observe that J(F) =
(3x%2 + ay**, 2paxy* =~ + 3pby3P~1g), so

mJ(F) + (F) = 3x> + axy??, 3x%y + ay?*!, 2pax*v**~! 4+ 3pbxy** g,
2paxy? +3pby** g, x> + axy® + by>* (1 + h)).
In particular, y3°+! % e mJ(F)+(F).As4a’ +27b% # 0, also xy 3P~ x?y?P~1 %3
vPl A vl e mJ(F)+ (F), som* ¢ mJ(F)+ (F) and F is k—qua51determ1ned.
Proof of (vii) First, observe that

dh
v = O b axy) + fQpaxy® +3pby™g)
=323 +axy® + by* (1 +h)) € mJ(F) + (F).
Consequently, fi := 2axy®” 4 3by* (1 + h) € mJ (F) + (F). In addition,
fr = 9bxy™ g —2a7y* 7 = 32ax?y?T!
+3bxy* ) — 2ay* 2 (3x%y + ay**1) € mJ(F) + (F)

and we conclude
@a® + 2707 (1 + W)y~ = 9by" "¢ fi = 2afs € mJ (F) + (F).

As4a®+27b% +£ 0, wededuce y**~! € mJ (F)+(F). Thus, 9bxy>?~lg = fo+2a%y**~ ! €
mJ(F) + (F), so also xy>*~' € mJ(F) + (F). Now,

2pax>y?P ! = Qpax®y** ! 4+ 3pbxy P g) — 3pbxy " 'g € mJ(F) + (F),
sox’y? 1 e mJ(F)+(F).Then x* = Ix(33 +axy®) —1ay(x>y* 1) € mJ (F)+(F).
Finally, x3y*~! = yp_1(3x + axy??) — —axy%"’_1 € mJ(F) + (F). Now, as k :=
min{3p + 1 +a)(dh) 4p — 1} > p+2,2p + 1, 3p, we have

LYY e mI(F) + (F) ifd <<k,

KyP Ny 27P) e mI(F) + (F) if ¢ =3,
= Dyl emi(F) +(F)  ife=2,

xy P~ Ly 73P) e mJ(F) + (F) ife=1,

vE =yl e my(F) + (F) ift =0,

somfF Cc mJ(F) + (F) and F is k-quasidetermined. m]

2.3 Exchanging positiveness

Along this work we will freely use the following facts.
Lemma 2.7 Let ¢ : A — B be a homomorphism of rings. We have:

(i) For each B € Sper(B) there exists o € Sper(A) such that sign, (g) = signg(¢(g)) for
each g € A.
(ii) If f € P(A), then ¢(f) € P(B).

Proof By [3, Prop.7.1.7] the real spectral map Sper(¢) : Sper(B) — Sper(A), B o 1(B)
is well-defined.
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(i) Observe that ¢p(g) € Bifandonlyif g € o := o 1(B) and ¢(g) € supp(p) if and only
if g € supp(a) = ¢~ (supp(B)).

(ii) If B € Sper(B), then f € ¢~ (B) (because f € P(A)), so ¢(f) € B. Thus, ¢(f) €
P(B), as required. ]

The following result will be useful when dealing with blow-ups in the proof of Theo-
rem 1.8.

Lemma 2.8 Let A, B betworingsand g € B anon-nilpotent element. Denote the localization
of B at the multiplicative set S := {g" : n > 0} with By. Let ¢ : A — B, be a homomorphism
of rings and f € P(A). Write () = ;’7f0r some £ > 1 and assume g does not divide b.
Define

1 iflisodd,
2 if 0 is even.

k=

Then g*b € P(B).

Proof By Lemma 2.7 we deduce ¢(f) € P(By).Leti: B — B, x > 7 be the canonical
map. By [12, Thm.13.3.7 and Rem.13.3.8(ii)] the real spectrum Sper(By) is isomorphic via
Sper(i) to the constructible subset U := {« € Sper(B) : g% >4 0} of Sper(B). This means

k
that gkb >, 0 for each @ € U because ;sz € P(Bg) and k + £ is even. As k > 1, we have

kb € supp(B) for each B € Sper(B)\U = {« € Sper(B) : g € supp(«)}. We conclude
g*b € P(B), as required. O

2.4 Applications of Weierstrass polynomials and Puiseux series

We prove next that series in two variables that are close enough in the m-adic topology have
similar structures.

Lemma 29 Let P € k[[yll[x] be Weierstrass polynomials of degree d, let U € k[[x, y]] be
a unit and set f := PU. For each m > 1 there exists r > 1 such that if Q € «[[y]l[x] is
a Weierstrass polynomial of degree d, V € «[[x, v]] is a unit with V (0,0) = U(0, 0) and
g = QV satisfies f — g e m)), then P — Q,U —V e mj.

Proof Assume first w(f) = d and letr := d + 1. Pick Q, V satisfying the conditions of the
statement. We have

Q=VUP+V i (g—f)=V'UP modm).

We claim: Q = P mod mgfl.
Consider the homogeneous components of P, Q, W := V—1U and write:

P:=pis+ piv1+- -+ pivk + -,
Q:=qi+qiv1+ - +qa+x + -,
W::w0+w1++wk+.,

where p; and g4 are homogeneous polynomials of degree d monic with respect to x and

deg, (pd+ik), degy (qa+r) <d — 1
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fork >1.As Q = WP mod w), foreachk =0, ...,r —d — 1, we deduce

dd+k = Z pPiw;j.

i+j=d+k

Weclaim: gg+k = pgyifork =0, ..., r—d—1,wg = landwy = Ofork =1, ..., r—d—1.
For k = 0 we have g4 = pgwo, so wo = 1 and g4 = py. Assume qq+; = pg+j for
j=0,....k<r—d—-1landw; =0for j =1,...,k Then:

qd+k+1 = Pd+k+1W0 + Pd+kW1 + - + PaWi+1 = Pd+k+1 + PdWk+1-
If wg1 # 0,

d < deg, (pawi+1) = deg, (qa+k+1 — Pd+k+1)
< max{deg, (q44+x+1), deg, (pa+r+1)} <d — 1,

which is impossible. Consequently, wi+1 = 0 and gg4k+1 = Pd+k+1-

Ifw(f) < d,wesubstitutey = tf forsome?2 < £ < d suchthatw(f (x, t¢)) = d. Define
r == m{ + 1 and let Q, V satisfy the conditions of the statement. Observe that by the pre-
vious case P(x, t¥) = O(x, t¥) mod (x, £)" and U (x, t) = V(x, t¥) mod (x, t)".
Consequently, P = Q mod m5 and U = V mod mY, as required. O

Let « be a field of characteristic 0 and x its algebraic closure. Let x[[t*]] =
U p=1 ®[[t'/P]] be the ring of Puiseux series with coefficients in ¥ and k¥ ((t*)) its field
of fractions, which is an algebraically closed field.

Lemma 2.10 Letr P € «[[y]l[x] be a Weierstrass polynomial of degree d, let i be the alge-
braic closure of k and let ay, . .., g € K[[y*]] be the roots of P ink ((y*)). Foreachm > 1
there exists r > 1 such that if Q € k[[y]l[x] is a Weierstrass polynomial of degree d with
roots i, ..., Pa € kK((y")) satisfying P — Q € m}, then (after reordering the indices of the
roots Bi) w(a; — Bi) = m foreachi =1, ..., n.

Proof Write P := x9 + Zj{;(]) ajxj, where a; € k[[y]]. Let Q := x4 + Zj{;(]) bjxj IS
k[[v]][x] be another Weierstrass polynomial of degree d. For each r > 1

d—1
P—-Q= Z(aj —bj)Xj em,

j=0
ifandonlyifa; —b; € mqu for j =0,...,d—1(where mj is the maximal ideal of k [[v]]).
By [6, Prop.8.3.3] the roots a1, . .., ag, Bi, ..., Ba of P, Q in ¥((y*)) belong to ¥[[y'/7]]
where p :=d!. Lets; € Z[zy, ..., zq] be the jth symmetric elementary form and consider
the polynomial system

ajv") = (=1 sa—j(z1, ..., 20) =0
forj=1,...,d — 1. We have
ajy") = (=D sa_j(Br..... pa) = a;&") — bj (") e m{ P

for j = 0,...,d — 1. By Artin’s approximation theorem there exists k > 1 such that if
w(aj(y?) —bj(y?)) =kfor j=0,...,d, thena; — B; € mrlnp. Thus, it is enough to take
r> % +d. O
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Corollary 2.11 Let f € «[[x,y]] be such that f(x,0) # 0 and let m > 1. Denote the
algebraic closure of k with . There exists r > 1 such that if g € k[[x,y]] and f — g € m},

then w(f(¢,y) — g(¢,y)) > min{w(f (¢, y)), m} for each § € klly*1l. In addition, if f, g
are Weierstrass polynomials, o (f(¢,y) — g(,y)) > m.

Proof As f(x,0) # 0 is a regular series with respect to x there exists by Weierstrass
preparation theorem a Weierstrass polynomial P € «[[y]][x] and a unit U € «[[x, y]] such
that f = PU. Letd := w(f(x,0)) and let oy, ..., a5 € %[[y'/“"]] be the roots of P in
x((y™)) (use [6, Prop.8.3.3]).

If r > d+ 1, we have In(g(x,0)) = In(f(x,0)) # 0 (so w(g(x,0)) = d) for each
g € «[[x,y]] such that f — ¢ € mj. For such a g there exists by Weierstrass prepa-
ration theorem a Weierstrass polynomial Q € «[[y]][x] and a unit V € «[[x%, y]] such
that g = QV. In addition, V(0,0)x? = In(g(x,0)) = In(f(x,0)) = U0, 0)x?, so
¢ :=U(0,0) = V(0,0) € «\{0}. By [6, Prop.8.3.3] the roots By, ..., Bs of Q ink((y™*))
belong to ©[[y!/@DY]]. Foreach k > 1 there exists by Lemma 2.9 anintegerr :=r(k) > d+1
such that if f — g € mg, then P — Q,U -V € mg. We will see that there exists k large
enough such that the corresponding r (k) is the r sought in the statement.

By Lemma 2.10 if £k > 1 is large enough, the roots of Q suitably reordered satisfy
w(Bj —aj) >mforeach j =1,...,d. If { e k[[y*]], then

d
fCy)=U@v[]¢—-a)p,

j=1
d

2@, y) =V, [[¢—8).
j=1

Asdj = ( —a;) — (¢ —Bj) =Bj —aj and w(B; — a;) > m, the difference
d d d d
Pey)- Q@) =[Jc—ap-Je—-8p=[]¢c-8i+8p-]]c—8)
j=1 j=1 j=1 j=l1
has order > m. Write U :=c+ h(,V :(=c+ ho and U — V = h3 where each h; € m,. We

have f —g=P(U —V)+ V(P — Q), so

f@C.y)=P¢& y)(c+hi( ),
f@&v) =g y) =P V3, v)+ (c+h&y)PEy) — 0E.v)

and the latter series has order > min{w ( f (¢, y)), m}. In addition, if f = P and g = Q, then
hy=0and w(f(¢,y) — g(¢,y)) > m, as required. O

2.5 Applications of curve selection lemma and Puiseux series

We recall here the following version of the curve selection lemma, which has relevant con-
sequences for the prime cones of Sper(k[[x, y]]). As usual we identify Sper(x) with the
subspace of Sper(k[[x, y]]) consisting of all prime cones of «[[x, y]] with support mj.

Lemma 2.12 (Curve selectionlemma) Let k be a (formally) real field and € Sper(k [[x, y]])

a prime cone such that y >g 0 and dim(k[[x, y]]/ supp(B)) = 1. Let a € Sper (k) be such
that B — o and let R(«) be the real closure of (k, <y). Then there exists a homomorphism
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¢ : k[[x, y]l = R()[[y]] such that ¢ (y) = y? for some g > 1 and f >g 0 if and only if
¢(f) = f(@x),y?) = 0. In addition, f € supp(B) if and only if f(¢p(x),y?) = 0.

Proof Asht(supp(8)) = 1, we have supp() is a principal prime ideal. Write (P) := supp(8)
where P € k[[x, y]] is irreducible. As y ¢ supp(8), we have P(x, 0) # 0. By Weierstrass
preparation theorem we may assume P € «[[y]][x] is a Weierstrass polynomial with respect
to x. Thus,

3 1 «llyll = «llx, 1/ supp(B) = «[[yll[x]/(P).

Write a; = j‘l(,B). By [1, Ex.IL.3.13] the real closure of (k((y)), <g,) is R(a)((y™*)).
As (k((¥)[x]/(P), <p) is a finite algebraic extension of (k((v)), <¢,) and a| = =B,
we deduce ¢ : k((¥)[x]/(P) — R(x)((v*)). As P € «[[y]][x] is a monic polynomial,
there exist { € R(a)[[y]]l and ¢ > 1 such that p(x) = {(yl/q). Define ¢ : k[[x, v]] —
R(a), f = f(¢,y?) and observe that f € «[[x,y]] satisfies f >g O if and only if
¢ (f) = 0, as required. O

Corollary 2.13 Let f € «[[x,y]l andn > 1. Let C C Sper(k[[x, v1]) and assume f >g 0
for each B € C with ht(supp(B8)) = 1. We have:

(i) There exists r > 1 and M € «\{0} such that if g € k[[x,y]] and f — g € w), then
g+ M?(x> +y*)" >4 0 for each B € C with ht(supp(B)) = 1.

(i) If in addition f(x,0) # O, there exists r > 1 and M € k\{0} such that if f — g € m},
then g + M>y*" >4 0 for each B € C with ht(supp(B)) = 1.

Proof We prove both statements simultaneously. Let 8 € C with ht(supp(8)) = 1. We
distinguish two cases:
CAsE 1. If y € supp(B), then supp(B) = (v) and f >p 0 if and only if f(x,0) >g 0.
Assume first f(x,0) =0andletr >2n+1.Seth := g + M2(x% 4+ v*)" and observe that
h(x,0) = M%x*4? for some unit u € k[[x]] such that «(0) = 1. Thus, & + supp(B) =
h(x,0) + supp(B) > 0.

Assume next f(x,0) # 0 and write f(x,0) = axtu?® where £ > 0,a € «\{0} and
u € «[[x]] is a unit such that u(0) = 1. If f — g € miT!, then g(x,0) = ax‘v? where
v € k[[x]] is a unit such that v(0) = 1. Thus,

2
g+ M*y*" + supp(B) = g(x, 0) + supp(B) = f(x, O)z—2 + supp(B) > 0,

g+ M2 +vH)" + supp(B) = g(x, 0) + M*x*" + supp(B)
v? 2.2
= (5,00~ + M*" + supp() > 0.

By Lemma 2.11 there exists (maybe a larger) » > 1 such that if f — g € m], then
o(f&,y) =g, y) >min{o(f(,v)),2n + 1+ o(f(x,0))} for each ¢ € k[[y*]].
CASE 2. Assume nexty ¢ supp(8) (without loss of generality we may assume thaty >g 0).
Let « € Sper(x) be such that 8 — « and let R(«) be the real closure of (k, <4). By
Lemma 2.12 there exists a homomorphism ¢ : k[[x, y]] = R(«)[[y]] such that ¢ (y) = y?
for some ¢ > 1 and & >4 0 if and only if ¢(h) > 0. Write & := ¢(x) € R(a)[[y]] and
¢ = £(y'/7) € R(a)[[v'/7]]. Consider the homomorphism

¥ kllx, vl = R@IyY, h— h(c,y)
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and observe that 1 >g 0 if and only if ¥ (k) > 0. Denote
s=o(f¢y)— 8¢ v)>min{o(f(¢ v),2n+ 1+ o(f(x,0)}
> min{w (f (¢, v)), 2n + 1}

and 0 = 8UV-JEY) o 1114 in case f(¢,v) — g(¢,y) # Oand s := 2n + | and
0 := 0 otherwise. As f > 0, we have

8. Y) + MY = f(L.y) +(8¢.y) — f(L.¥) + M*y™

M>y"" +v50 > 0 if £(¢,v) =0,
F@y)+ MY +y°0 >0 if f(¢,y) #0,

8. Y) + M +¥D)" = fC.Y) + (8. Y) — fF(&.¥) + M +yP)"
M2 +yH)" +v'0 >0 if f(¢.y) =0,
F@Y)+ MY+ +v'0 >0 if (5, v) #0,

so g+ M2y >g Oand g + M2 (x% 4+ )" >g 0, as required. O
If we set

Prkllx, v = {f € Plellx, y1D) : f >a 0Va € Sper(x([x, yII), supp(@) # ma},

we obtain the following result.

Corollary 2.14 Let f € Pt (k[[x, y]]). There exists r > 1 such that if g € «[[x,y]] and
f—gemwl, theng e Pt (e[, y1D).

Proof As f € PT(x[[x,v]]), we have f(x,0) # 0. By Weierstrass preparation theorem
there exists a Weierstrass polynomial P € «[[y]][x] of degree d, ¢ € «\{0} and a unit
U € «[[x,y]] such that f = ¢cPU 2and U(0,0) = 1. A straightforward argument shows
thatc € k2 andd = 2k iseven. If P = 1 (that is, d = 0), it is enough to take r = 2. So let
us assume d > 2 and observe that P € PT(x[[x, v1]).

Let k be the algebraic closure of k¥ and & € ®[[y'/P1] (where p = d!) aroot of P. Write
£:=Y ,oary"’? e k[[y"/P]].Denote L¢ := k[a, : € > 0].By[10,Thm.2.2] the extension
Lg|k is finite. As P € Pt k[[%, v]]), we deduce from Lemma 2.12 that £ ¢ R(a)[[v*]]
for each o € Sper(k). Thus, L is not a (formally) real field. As L¢ |« is finite, there exists

mg such that Lg = «Jap, ..., amy ]- Consequently, each series { € ®[[y'/P1] such that
w(¢ — &) > mg satisfies ¢ ¢ R(a)[[y*]] for each o € Sper (k).
Let&, ..., &; € k[[y'/?]] be the roots of P and setm := max{mg : k=1,...,d}+ 1.

By Lemmas 2.9 and 2.10 there exists » > d + 1 such that if f — g € m/ and we write
g = cQV2 where Q = (x — 01)--- (x — 0g) € k[[y]l[x] is a Weierstrass polynomial,
V € k[[x,y]] is a unit with V(0,0) = 1 and 6y,...,6; € K[[y'/?]] are the roots of
0 in k((y™)), then (after reordering the roots 6 if necessary) w(& — 6x) > m for each
k =1,...,d. Thus, the roots of Q do not belong to R(«)[[v*]] for each « € Sper(x). In
addition, the involution

0w : R@)[V=1[y"P11 = R@)[V=1IIy"P1l, A+ V=1 1 —/~1u

satisfies: if n € R(a)[J?l][[yl/p]] is a root of Q, then o, (n) is also a root of Q of the same
multiplicity.

Consequently, for each « € Sper(x) we deduce Q € EZ(R(oz)[[yl/p]][x])z. By
Lemma 2.12 we deduce that Q >g 0 for each 8 € Sper(«[[x, y]]) with ht(supp(8)) = 1. By
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[1, Prop.VIL5.1] we conclude Q >g Oforeach 8 € Sper(k[[x, y]]) such that supp(8) # mo.
As QO € my, we conclude QO € P («[[x, v]]), so also g = cQV2 e P (k[[x, v]1]), as
required. O

3 List of candidates

The purpose of this section is to prove Theorem 1.5. This will be conducted in several steps
after some preliminary preparation. Denote x := (x|, ..., x,) and ||x||? := x% + -+ x%.

Lemma 3.1 Let k be a (formally) real field and f € k[[x]] a series of order > 2s. Then there
exists M € Sk? such that M?||x||* — f € Pk[[x]]).

Proof As w(f) > 2s, we can write f =Y., _, by (x)x". Observe that b,(0)* + 1 — b, €
i [[x]]? for each v, because the initial coefficient by, (0)2 41 —b, (0) = (b, (0)— %)2 +3% IS
k2. In addition,

Xi\2 Xi\2
1)1 — xi%; = k;éZ"X% + (xi - 7’) +3(71) € Si[[=]]?
1,]

foreach 1 <i, j < n.Letx"” be a monomial such that |v| = 2s. Write

x" = l_[ XiX;j

(. ))eA
where #A = sand | <i, j < n. As |[x||> — x;x; € Pk[[x]]), we deduce

J
(i,j)EA

for each o € Sper(k[[x]]), so Ix|I* — x* € P(k[[x]]) for each v with |v| = 2s. Thus,
by (0)* + D[x[1* — by (0)x" € Plr[[x]])

for each v satisfying |v| = 2s. Consequently,

D 3o + DI = f € Plellx]).

[v|=2s
If we set M := Zmzzs(bv(o)z + 1), we obtain M?||x||** — f € P(k[[x]]), as required. O
Given an ideal a C «[[x]], we denote the minimal order of a series in a with w(a).

Lemma 3.2 Let k be a (formally) real field and A = k[[x]]/a a formal ring such that
P(A) = S A% Then w(a) = 2.

Proof Let F € a be a series of order r > 0. Set x' = (x1,...,%n—1) and ||x|? :=
X% 4+ -+ Xﬁ_l. After a linear change of coordinates, we may assume by Weierstrass
preparation theorem

F :=x +ar712><f,7l + -+ a1x, + ao,

where a; € k[[x'1] andw(aj) >r—jfor0<j<r—1L
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[3.i]. We claim: There exists N € S«? such that N?||x'||?0~)) — a? € P(k([x]]) for each
0<j<r—1 '

Asa)(ajz) > 2(r—j),thereexistsby Lemma3.1 M; € >i? suchthath||x’||2(’_j)—a]2. €
P(k([x'1]). Denote M := Mg+ ---+ M,_; and N := M + 1. Observe that N? — M; =
M+1)?~Mj =M*+M+M~-M;)+1 e Zk?foreach0 < j < r — L. Thus,
N2/ |20 — af. € P(k[[x']]) foreach 0 < j < r — 1, as claimed.

[3.ii]. Let us prove: The quadratic form q = (N?r> + 1)?||x/||*> — x2 € P(A).

Otherwise, there exists a prime cone B € Sper(A) such that ¢ <g 0. In particular,
%, ¢ supp(B) and 1=/ 112 <g mxﬁ As A is a henselian ring, 8 induces by [1,
Prop.I1.2.4] anordering @ € Sper(k) suchthat 8 — «.Consider the absolute value associated

to B:

ifa>z0,
llp:A— A ars {* TP
—a ifa <g 0.
By claim [3.i] we obtain
. N? _ N iy
2 20/ 12(r—j) 2(r—=J) X r=J
aj =p N7IIx| <B (N2r2 + 1)2(r—j) *n ~ |a/|ﬂ <p (N2r2 + 1)r—i |X"|/3 ’

for 0 < j <r — 1. As the Weierstrass polynomial F € a, it holds F' € supp(8). Hence,

r—1

r—1
= (L) = 3 ajedaredrd ™
j=0

k=0
r—1 r—1 1
(<! / Jjtk 2 s 2r—j—k j+k
<p Y lajCOlplaxglxall™ <p N> Y T als T Bl
J.k=0 j.k=0
r—1 2r r—1
|n | N?
2 B 2r
<s N Z (N22 4 1)2r—i—k ~F%n Z N2+ 1
jk=0 J k=0
2.2
_r N
" N2 41

As x,%’ >g 0, we deduce 1 <g % which is a contradiction.
[3.iii]. We claim: g € P(A\ZA? if w(a) > 3.

Otherwise, g € T A2, s0 q = h% + -+ h% + h for some h; € k[[x]] and h € a satis-
fying w(h) > 3. Comparing initial forms in the previous expression, we find homogeneous

polynomials ay, ..., a, € k[x] such that g = a12 4+ 4+ arz, which is impossible because «
is a (formally) real field and —1 is not a sum of squares in «.
We conclude: w(a) < 2, as required. O

Corollary 3.3 Let A := k[[x, v, zl1/(¢) where ¢ € k[[x,y, z]] and k is a (formally) real
field. Assume P(A) = S A% Then Ais isomorphic to either k[[x, y]] ork[[%, v, z]]/(zz—F)
where —F € k[[x, y]] is not a sum of squares and w(F) > 2.

Proof By Lemma 3.2 we have w(p) < 2. After a linear change of coordinates we may
assume (by Weierstrass preparation theorem) either ¢ = z + a(x,y) with w(a) > 1 or
¢ = 224201 (x, v) +ar(x, y) = (z+a1(x,v))* +(a2(x, v) —a1 (x, v)*) where o (ax) > k.
After the change of coordinates z| := z 4+ a(x, y) in the first case and z| := z+a1(x,y) in
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the second, we may assume ¢ = z in the first case and ¢ = z%— F(x, y) where F € «[[x, v]]
has order > 2 in the second. As « is a (formally) real field, Sper(A) # @. By [35, Lem.6.3]
A is a real (reduced) ring, so —F ¢ Xk [[x, v1?, as required. ]

In order to prove Theorem 1.5 let us find certain order restrictions for the series F €
k[[x,y]] such that the ring A := «[[x,y, z]|]/(z> — F) has the property P(A) = A%
Beforehand we need to characterize the positive semidefinite elements of A.

3.1 Characterization of positive semidefinite elements.

Let F € mp C «[[%, y]] where « is a (formally) real field and let A := «[[x%, v, z]]/(z2 —F).
The ring A is a rank 2 free module over «[[x, y]]. This means that the elements of A are
uniquely represented in the form f + zg where f, g € «[[x, y]]. The elements of A are
operated using the relation z2 = F(x,y). Consider the inclusion 1 : [[x, y]] = A.Denote

PAF =z 0}) :={f e«llx,yll: f =« 0, Vo € Sper(k[[x, y]]) with F =, 0},

the maximal ideal of x[[x, y]] with m; and the maximal ideal of A with m4.

Lemma3.4 Let ¢ € Sper(k[[x,v]]) and let Sper(i) : Sper(A) — Sper(k[[x,y]]) be
the real spectral map associated to i. There exists a prime cone B € Sper(A) such that
Sper(1)(B) = « if and only if F >4 0. In addition, supp(B) = my if and only if supp(a) =
my.

Proof Let o € Sper(x[[x, y]]) and R(«) be the real closure of the ordered field

(K () == qf (c[[x, y]1/ supp(@)), <q).

Suppose there exists § € Sper(A) such that Sper(1)(8) = «. Then F = z? > 0in A
implies F' >, 0. If supp(B) = my, then supp(«) = supp(B) N«[[x, v]] = ms Nk[[x, yv] =
my.

Suppose conversely that F >, 0. Define a := (supp(xt), z> — F)/(z> — F). Then

A= AJa = k[[x, v, z]]/(supp(e), z* — F) = «[[x, y]l[z]/(supp(a), z> — F)
= (k[[x, y11/ supp(@))[z]/(z* — F + supp(a))
— K(a)[z]/(z* = F + supp(a)).

As F >, 0, the polynomial z2— F hastworootsin R(«). Let& € R(x) be one of them and
consider the evaluation homomorphism K(oz)[z]/(z2 — F+supp(a)) — R(a), P — P(§).
Thus, we have a homomorphism A — R(«) and the inverse image of the set of non-
negative elements of R(«) defines a prime cone 8 € Sper(A) such that Sper(1)(8) = «. If
supp(«) = my and Sper(1)(8) = «, then (z2,my) = (22— F,my) C supp(B). As supp(B)
is prime, we deduce z € supp(f) and supp(f) = my, as required. O

Corollary 3.5 An element f + zg € A (where f, g € k[[x, y]]) belongs to P(A) if and only
if f € PUF = 0)) and f* — Fg* € Pk[[x, yID.

Proof Consider the involutiono : A — A, f+zg+> f—=zg. Thus, f+zg € P(A) if and
only if f — zg € P(A). These two elements are both positive semidefinite in A if and only if
2f =(f+zg)+(f—zg)and f2 —Fg? = (f+zg)(f—zg) are positive semidefinite in A.
As f, f? — Fg? € «[[x, y]], we know by Lemma 3.4 that f, f2> — Fg> € P(A) if and only
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if f, f2 — Fg?2 e PUF = 0})).Leta € Sper(k[[x, y]]) be such that F <4 0,s0 —F >, 0
and 2 — Fg?> >, 0. Thus, f?> — Fg?> € P({F > 0}) ifand only if > — Fg® € P(x[[x, y1]).
Consequently, the statement follows. O

3.2 Proof of Theorem 1.5

After this preliminary work, we prove Theorem 1.5 in several steps. Let A := «[[x, v, z]]/(z>—
F) where « is a (formally) real field and F € «[[x, y]]. Denote the maximal ideal of x[[%, v]]
with my.

Lemma 3.6 (General restriction) If P(A) = S A?, then w(F) < 3.

Proof Assume w(F) > 4. By Lemma 3.1 (applied for s = 2) there exists M € Z«? such
that M2(x% 4+ v?)? — F € P(k([[x, vI]). As M(x% + v?) € P(«[[x, y]]) C P{F > 0}), we
deduce ¢ := M (x> +v?)+z € P(A) = £ A2. Thus, there existay, . .., ar, b € k[[x, v, z]]
such that

o=M&E+y)+z=d+...+a’>+ (z> — F)b.

Comparing orders we conclude 1 = oMEE2+vH) +2z) = w(a% +...+ a,2 + (22 = F)b),
which is a contradiction, so w (F) < 3, as required. O

Lemma 3.7 (Order 2 restrictions) If w (F) = 2 and P(A) = S A2, then F is right equivalent
to one of the following:

(i) ax?® wherea ¢ —Xk?.
(i) ax® 4+ v**twhere a ¢ —S«tandk > 1.
(iii) ax?+ by* wherea ¢ —Xk% b # 0and k > 1.

Proof After a linear change of coordinates, we may assume (by Weierstrass preparation
theorem) that there exist a € «\{0}, a unit U € «[[x, y]] such that U(0,0) = 1 and a
Weierstrass polynomial P := x242a; (V)x+ar(y) € «[[y]l[x] of degree 2 (withw(a;) > 1
and w(a>) > 2) such that

F = a(x2 4+ 2a1x + az)U2 =a((x+ a1)2 +a; — a%)Uz.
After the change of coordinates (x, v, z) — (x — ay,y, zU), we may assume
F=ax’+y(y)

where w () > 2. If = 0, then F = ax?. Otherwise, write ¥ = by‘u’ where b € «\{0}
and u € «[[y]] is a unit such that u(0) = 1. After the change of coordinates (%, y, z) —

(%, X 2> zU), we may assume

F = ax> +by£

where a, b € k\{0}. If £ = 2k + 1 is odd (where k > 1), after the change of coordinates
(%,v, z) = (bFt1x, by, b**12) we can suppose F = ax* 4+ y>**!. Let us explain now the
restrictions concerning the coefficients a, b € «\{0} in the statement:

CASE 1.If F = ax? and P(A) = £ A%, then a ¢ —X«? by [35, Lem.6.3].

CASE 2.If F = ax® + by? and P(A) = $ A2, then either a or b ¢ —«? by [35, Lem.6.3].
Interchanging x and y, we may assume a ¢ —X«>.

CASE 3.If F = ax? 4+ y**! (where k > 1) and a € —=«2, theny € P({F > 0)\TAZ C
P(A\TAZ.
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CASE 4.1If F = ax® 4+ by?* (where k > 2) and a € —%«2, let us find ¢ € P(A)\T A2. We
get

N2 3
(b2+1)2—b=b4+b2+(b—§) +2end 3.1)

Seta :=—>7  a? where a; € k\{0}.

i=1"
Assume first that k is even. Then

q
O+ DY —afx = (0 + D7 = by + Y apx® + (ax® +by™)
k=2
= (& + 1) = b)y™

q
+3 afx? + 22 € P(A) Nllx. vl = PUF = 0)),
k=2

(b* + Dy* € P(k[[x, y1)) € P(F > 0}).

Thus, ¢ := (b> 4+ Dy* + a1x € P{F > 0)\ZA? C P(A)\ T A2, because it has order 1.
Assume next that k is odd (and recall that k > 2). Then

q
(b2 4 1)2y2k+2 _ a12X2y2 — ((b2 4 1)2 _ b)y2k+2 + Zalgxzyz 4 (axz + by2k)y2
k=2
= (0" + 1)* = by

q
+ 3 aiPy + 222 € P(A) Nkllx. yll = PUF = 0)),
k=2

b + Dy*H! e Pk[[x, y1l) € P(F > 0}).

Thus, ¢ := (b2 + Dy**T! + a1xy € P{F > 0}). Let us check: ¢ ¢ A2
Otherwise, there exist A1, ..., h),, h € k[[x,y, z]] such that

p
0= (b2 + l)ykJrl +a1xy = thz — (z2 —ax? — bka)h.
i=1

Comparing initial forms, we find ¢ € Z«? such that the quadratic form V¥ := a;xy + cz> —

cax? is a sum of squares of linear forms in the variables x, vy, z and coefficients in «, so

2 2 2
a . . . . .
—5(a+ ) —1=vy(ay, -5 —-%5 - a]—z, 0) € T2, which is a contradiction because « is

1

a (formally) real field. Thus, ¢ € P({F > OD\ZAZ C P(A)\T A2, as required. ]

Lemma 3.8 (Order 3 restrictions) If o (F) = 3 and P(A) = S A2, then F is right equivalent
to one of the following series:

() x%y or x2y + (= D¥ay* where a ¢ —Y«2and k > 3.
(i) x>+ axy? + by irreducible.
(iii) 3 +ayt, 2+ xy? or x> + v where a ¢ >i2,

First part of the proof of Lemma 3.8 After a linear change of coordinates (Tschirnhaus trick)
we may assume that the initial form of F' is of type P := )»(x3 + axy? + by3) for some
A € «k\{0}. After the change of coordinates (x, vy, z) +— (Ax, Ay, 12z), we may assume
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P := x> + axy® + by>. If P is reducible, after a linear change of coordinates that only
involves the variables x, y we can suppose that P is a homogeneous polynomial of one of
the following types:

3
%3, %%y, y(x* — ay?)

where a # 0. If P is either irreducible or P = x(x% +ay?) witha # 0, then its discriminant
is non-zero and P is 3-determined as we have seen in Example 2.6(iii). Thus, after a change
of coordinates we may assume F = P.

If F=vy(x*—ay?) anda € —3«?, theny € P{F > 0)\Z A% C P(A)\T A2, Thus,
F = x*y —ay’ where a ¢ —X«>.

Assume next P = xzy, but F # xzy. Let s > 4 be the degree of the next non-zero
homogeneous form of F and set F := X2y 4+ ay® + bxy* ! + xz(p where a, b € k and
Qe mi_z. After the change of coordinates (%, y) > (x — %bys 2y @) we may assume
F :=x’y +ay*® + ¢ where ¢ € m*+!. If a # 0, after an additional change of coordinates
we can suppose F = %2y + ay® because x*y + ay”® is s-determined (Example 2.6(i1)). If
a = 0, we iterate the previous process until we find £ > s such that F is right equivalent to
x%y + a'y* for some a’ # 0 or we conclude that F is right equivalent to x2y if such an ¢
does not exist.

If F:=x>y+ay*tlanda € T«?, theny € P{F > OP\TA? C P(A\ZA% If F :=
x*y —ay** anda € k2, then x?y = zZ +ay* andy € P{F > 0)\T A2 C P(A)\T A%

m}

Before finishing the proof of Lemma 3.8 we need an intermediate result.

Lemma 3.9 Let F € k[[x, vl be a series with inital form x3. Then

(i) There exist a unit U € «[[x,v]] with U(0,0) = 1, a unit W € «[[y]] with W(0) = 1,
b,c € k and k, £ > 0 such that F is right equivalent to (x3 + bxyk+3 + cy/H'4 W)Uz.
() Ifc #0andk > £ + 1, we may assume b =0 and W = 1.
(i) IfP(A) = S A2, then either k = 0 or £ < 1 and we may assume U = 1.

Proof (i) By the Weierstrass preparation theorem and the Tschirnhaus trick there exist a
Weierstrass polynomial P := X3+ B(y)x +C(y) € «[lv]l[x] and a unit Uy € k[[x, v]]
such that F = PUy. As the initial form of F is x>, we have in addition Uy(0, 0) = 1,
w(B) >3andw(C) > 4.Letb, c € k,letk, £ > 0beintegers and V, Wy € «[[y]] units
such that V(0) = 1, Wp(0) = 1 and F = (> + b(Vy)*Fx + cWoy*™)Up. After the
change of coordinates Vy +— yweassume V = 1,50 F = (x3 +by* x4 ewytthHu?
for units U € k[[x, v]] and W € k[[vy]] such that U (0, 0) = 1 and W(0) = 1.

(i) If ¢ #2 O0and k > € + 1, then W := W + %xyk’z’1 is a unit. After the change of
coordinates W'y +— y, we get F = (x> 4+ cy®*)U’? for a unit U’ € «[[x, y]] with
U’'0,0) =1.

(iii) After the change of coordinates z — Uz we assume F = x5 + bxy*t3 4 cy™*wW
with the restrictions described in (i) and (ii). We claim: If k > 1 and ¢ > 2, there exists

M € i? such that ¢ = x + M>y?> € P({F > 0}))\Z A% C P(A)\Z A%
It is enough to find M € >«2 such that: if o € Sper(k[[x, v]l) satisfies ¢ <q O, then

F <, 0.

If y € supp(a), then ¢ + supp(a) = x + supp(a) and F + supp(a) = x> + supp(e) and
both have the same sign with respect to «.
In order to find the suitable M € S« 2, let us make first some computations valid for each

Me T2 Ify ¢ supp(x) and ¢ <4 O, then x <4 —M*2 50 —x >4 M?*y? >, 0. As
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k > 1, we have ((b* + 1)y* + by*3) >4 0. Thus,
—xby' ™ >y —x(=(% + D)y >o (07 + HMY",
s0 xbyF 3 <, b2 + HM?y% and x3 <, —MOyO. Consequently, as £ > 2,
F =3+ bxy" P 4 ey™ W) <4 (=M + 0 + HM? + (¢ + 1)y® <4 0.
To guarantee the last inequality for each o € Sper(x[[%, y]]) such that ¢ <, 0, it is enough
to find M € k2 such that M® — (b> + DM? — (2 + 1) € k% We choose M :=
2(b* + 1)(c*> + 1) € k? and observe that
M® — B + DOM? — (S + 1)
= (A + DUA6MB> + D> + D* = DHEGB* + D3 (P + 1) = 1) € Tk?,
as required. O

We are now ready to finish the proof of Lemma 3.8.

Second part of the proof of Lemma 3.8 If P(A) = X AZ, there exist by Lemma 3.9 a unit
W e k[[y]] with W(0) = 1 and b, ¢ € k such that F is one among
(i) x° + bxy> + cy*W where ¢ £ 0,
(i) x>+ bxy? + ey W where b # 0 and £ > 0,
(iii) x> + bxy®* + cy® W where ¢ # 0.
We now approach these three cases:
i) IfF =x>4+bxy® +cy*Wand ¢ # 0, after the change of coordinates

b4 ) b3 b2 5
Xt Sea T T Y Ty
b
=y — —X
Y Y 4c

and we may assume F' = %3 +cy4+1ﬂ where i € mg. AsxP+ey?is by Example 2.6(v) 4-
determined, we can suppose after an additional change of coordinates that F = x> +cy*.
Ifc € —Zk2, wehave x> = z2 —cy* € TA2, sox € P{F > 0)\Z A2 C P(A)\TAZ.
Thus, F = x> + cy4 where ¢ ¢ — k2

(i) If F = x> + bxy® + cy!™W and b # 0, after the change of coordinates (x, y, z) —>
(b2x, by, b>z) we can suppose b = 1. As 3+ xy2 s by Example 2.6(iv) 5-determined,
we can suppose after an additional change of coordinates that F = x> 4 xy> if £ > 1.
Otherwise £ = 0, ¢ # 0 and F = x> 4+ xy> + cy> W. After the change of coordinates

1 1 5 5
x> x—cy? — %2 — Pxy — =% — 2Ky — 2t xy? — =3V,
3 3 3 9
4595
Yy y+cex— gc v

there exists a series ¥ € mg such that F = x> +xy> + Y. As %3 + xy? is 5-determined,
F is right equivalent to x> + xy* and we suppose F = x> + xy>.
(iii) If F = x> 4 bxy* + cy® W and ¢ # 0, after the change of coordinates

= 4° N bt , 4, N 2b%
X X — X Xy — X — v,

9375¢4 12537 Y7 7527 T 5y
Y= vY——X,

5¢
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we assume F = x> + cy® + ¥ where ¢ € mg. As x3 4 ¢y is by Example 2.6(v) 5-
determined, there exists an additional change of coordinates after which F = <3+ oy,
After the linear change of coordinates (x, v, z) > (czx, cy, c3z) we get F' = x4+ y5 s
as required. O

3.2.1 The non-principal case

To finish the proof of Theorem 1.5 we explore the case of a ring A := «[[x, v, z]]/a of
dimension 2 such that a is not a principal ideal, but A has the property P(A) = £ A2. Before
we need the following example.

Example 3.10 Let k be a (formally) real field and ¢ € k[[x, y]] such that A := k[[x, v]]/(¢)
has dimension 1 and satisfies P(A) = S AZ. Then A is isomorphic to either «[[x]] or
kllx, y11/(x* — by*) where b ¢ —%k2.

First, by Lemma 3.2 w(¢) < 2. If w(¢) = 1, we may assume ¢ = y and A = «[[x]].
Assume next (¢) = 2. By Weierstrass preparation theorem we can suppose after a linear
change of coordinates ¢ = %2 4 2a; ()% + ax(y) € k[[x, v]] where w(a;) > i. We write

p=x+a) +a—ad

and after the change of coordinates x = x — a; we assume
0 = x% — byut

where b € «k, £ > 2 and u € «[[y]] is a unit such that #(0) = 1. After the change uy — v
we may assume # = 1. By [35, Lem.6.3] the ideal (¢) is real radical, so b # 0 and if £ is
even, then b ¢ — k2.

If ¢ > 4, then by (3.1) (B 4+ D2y* — byt € P[[v])). By Lemma 3.5 adapted to two
variables ¢ := (b2 + 1)y? + x € P(A)\ T A? (because ¢ has order 1). Thus, £ < 3.

If £ = 3, then x* = (by)y?, so by € 77(A)\XJA2 (because it has order 1). Consequently,
£ =2 and A is isomorphic to «[[x, v1l/(x% — by?) where b ¢ —Tk?, as required. ]

Theorem 3.11 Let a be a non-principal ideal of k[[x,y, z]] such that A = k[[x, v, z]]/a
has dimension 2. Then P(A) = £ A% if and only if A is isomorphic to k[[x, v, z]1/(zx, zy).

Proof Assume first that A = «[[x,y, z]]/(zx, zy) and let f € P(A). If f is a unit, then
f= bU? where b € «\{0}and U (0, 0, 0) = 1. If mis the maximal ideal of A, then A/m = «.
As f € P(A), then b € P(k) = Z«2,s0 f € LA>. As a consequence, we assume that f
is not a unit. As zx = 0, zy = 0, we have f = f1(x,v) + fa(z) where f1 € «[[x, y]]
and f» € «k[[z]] satisfy f1(0,0) = 0 and f>(0) = 0. Observe that f1 € P(k[[x, y]])
and f> € Pl[[z]]) because a = (zx,zy) = (2) N (x,v), A/(2)/a) = k[[x, v]]
and A/((x,y)/a) = k[[z]]. Thus, there exist ; € «[[x,y]] and b; € «[z] such that
f=h+f=Ya+3,;b;cTA.

Assume next P(A) = T AZ. By Lemma 3.2 we know w(a) < 2. If w(a) = 1, we may
assume z € a. But this is impossible because dim(A) = 2 and a is not a principal ideal. Thus,
w(a) = 2 and by [35, Lem.6.3] ais areal radical ideal. Leta = p;N---Np, N N---Ng, be
the irredundant primary decomposition of a and assume that ht(p;) = 1 foreachi =1, ...,r
and ht(q;) =2for j =1,...,s. Leta; :=p; N---Np, and az :=q; N--- N q,. As each
ideal p; is prime and has height 1, there exist ¢; € k[[%, vy, z]] irreducible such thatp; = (¢;)
fori =1,...,r.Itholds a; = (p) where ¢ := [[7_; ¢;. We claim: a = (¢) - a2.
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The inclusion right to left is clear, so let f € a = a; N a>. As a; = (¢), there exists
h € k[[x,y, z]] such that f = @h. Let us check: h € aj.

Otherwise, we may assume h ¢ qi. As ([[/_; ¢;)h = ¢h € ay C qi, we can suppose
@1 € q1, 50 p1 C q1, which is a contradiction because the primary decomposition of the real
radical ideal a is irredundant. Consequently, & € az and f € (¢) - a2, s0 a = (¢) - as.

Thus, 2 = w(a) = w(p) + w(az), so w(p) = w(az) = 1. We may assume ¢ = z and
there exists ¢ € ap such that w () = 1. We claim: The initial form of v is not a multiple of
Z.

Otherwise, we assume that the initial form of v is equal to z. By Weierstrass preparation
theorem we may write = z 4+ 2g(x, y) for some g € «[[x, y]] of order > 2. Observe that

z(z+2g):(z+g)2—g2€a.

As w(g) > 2, there exists by Lemma 3.1 M € 2 such that M2(x% + y?)? — g2 €
P(k[[x, yv]]). Using the chain of homomorphisms

kl[x, yIl = kl[x.v. z]] > A
one deduces (using that (z + g)2 — g2 €a)
MG +v) —g —2)(ME +y) +g+12) = M +v)> — (g + 2)°
= M*(x> +v*)? — g* € P(A)
and (M(x> +y%) — g — 2) + (M(x> + y?) + g + z) = 2M (x> + y?) € P(A). Thus,
M +v) —g—z, M(x> +v*) + g+ z € P(A)\TA?

because they have order 1 and w(a) = 2. As P(A) = % A2, we deduce the initial form of v
is not a multiple of z.

Thus, we assume x € a; and observe that k[[x, v, z]]/a> = «[[y, z]]/ct/2 for some ideal
a5 of «[[y, z]]. As ht(az) = 2, we deduce ht(a}) = 1, so a}, is a principal ideal and there
exists ¢ € k[[y, z]] such that a’2 = (¢). Note that a, = (%, ¢) and a = (zx, z¢). Define
b := (z¢) and B := «[[y, z]]/b. We claim: P(B) = X B2.

Consider the inclusion of rings B := «[[v, z]]/b — A/a.If f € P(B),then f € P(A) =
> A2, so there existay, . . ., ap, by, by € k[[x,y, z]] such that

fv.2) =ai(x.y,2) + - +a,(x,v, 2) + zxb1(X, Y, 2) + 26 (v, )b (%, v, ).
Substituting x = 0 in the previous equality we deduce
fv.2)=ai(0.y.2) + - +a’0.y.2) + z¢ (v, 2)b2(0, v, 2),

so f € ©B2. Thus, P(B) = ¥ B2.

By Example 3.10 we deduce that B is isomorphic to «[[y, z]]/ (z2 — byz) for some
b¢— Y i2. This means that ¢ € k|[ly, z]] has order 1 and its initial form is not a multiple of
z. After a change of coordinates, we may assume ¢ = y. Consequently, a = (zx, zy), as
required. O

4 Polynomial density and polynomial reduction

In this section we develop several tools that will be crucial to prove Theorem 1.8. We need to
analyze the good properties concerning ‘polynomial approximation’ of the positive definite
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elements of the rings «[[x, v, z]]/(z> — F) where F € «[[x, y]] and « is a (formally) real
field.

4.1 Positive definite elements.

Let F € k[[x,v]] and A := k[[x%, v, z]]/(z2 — F). Denote

PYAF =0} =({f e«xllx.y]l: f€PU{F =0}, f>a0
Yo e Sper(x[[x, v]]), supp(e) # ma, F >, 0},
PH(A) ={f+zg€A: f+zgePA), f+2g>50
VB € Sper(A), supp(B) # ma},
PO(A) :=(f+zgeA: feP ({F=0), f>— Fg> e P (k[[x yID}.

The following result allows us to construct elements of P®(A) from elements of P(A)
that are very similar to the original ones (and as close as needed in the mj-adic topology).

Lemma 4.1 (Construction of positive semidefinite elements) We have:
i) PP(A) C PT(A).

(ii) Let f + zg € P(A) and let f; € k[[x,v]] be such that | (f + Zf:l fiz, g) = my and
f:] fl.2 >g 0 for those B € Sper(k[[x, y]]) satisfying: supp(B) # ma, FF >4 0 and
either f € supp(B) or f* — Fg* € supp(B). Then f + Y I, f* + zg € PP (A).

(iii) Let f+zg € P(A)besuchthat f(x,0) # 0, f2(x, 0)—F(x, 0)g2(x, 0) # Oand g # 0.
For each M € «\{0} there exists a finite set S C N such that f + M*y*" + zg € P®(A)
for eachn € N\S.

(iv) Let f+zg € P(A) be suchthat g # 0. Fix M € «k\{0} and let h,, be either M* (x> +y?)"
or M?(x*" +y"). There exists a finite set S C N such that f + h, + zg € P®(A) for
eachn € N\S.

V) If fePHAF =0}), then f +zf =1+ 2)f € P(A).

Proof (i) Assume f € PY({F > 0}) and f2 — Fg? € PT(k[[x, y]]). By Lemma 3.4 we
have

2f e PF({F = 0}) Cc PT(A),
= Fg? e Prllx, vI) € PH(A).

This means (f +zg) + (f —zg) =2f € P (A) and (f +zg)(f —zg) = f>—Fg* €
PT(A),soboth f + zg, f — zg € PT(A).
(i) As f € P{F > 0}) and Zle fi2 >g 0 for those B € Sper(x[[x, y]]) satisfying
supp(B) # my, f € supp(B) and F' >4 0, we deduce f + ZLI fi2 e PY({F > 0)).
We claim: h:= (f + Y.0_| f7)? — Fg? € P (k([x, v1D.
Let B € Sper(k[[x, y]]) be such that supp(8) # my. We distinguish two cases:
CASE 1.If F >4 0,then f >4 0. As £ — Fg* € P(k[[x, y]]), we obtain f> — Fg? >4 0.
Consequently,
P 2 P 2
(f+ 2 02) = Fe =2 = Feh 26 ( 3 £2) + (X f2) =0
i=1 i=1

i=1

=

I (f + 372, ) = Fg® € supp(B). then f> — Fg> € supp(p) and Y°1_; f7 € supp(p).
which contradicts the hypothesis. Thus, (f + Zip:l fiz)2 — Fg? >p 0.

@ Springer



Representation of positive semidefinite elements... Page 27 of 65 59

2
CASE 2.If F <g O,then (f+Y_1_| f})?—Fg?> >g Oand (f +Y__, fﬁ) —Fg? e supp(B)
if and only if f + Z{;l fiz, g € supp(B). As supp(p) is a real prime ideal,

14
(£ + 2 f28) < supp() # ma,
i=l1

which is a contradiction. Thus, (f + Zle 2?2 —Fg?>40.
Consequently, (f+Y.7_, f2)?—Fg* € P (k[[x,yID and f+ 37| f2+zg € PP(A).
(iii) By (ii) it is enough to prove that:

(1) There exists S C N finite such that /(f + M2y?", g) = m; for each n € N\S.
2) v >g 0 for those B € Sper(k[[x, y]]) satisfying: supp(B) # m2, F >g 0 and either

[ € supp(p) or f* — Fg* € supp(B).

As g # 0,if a := {/(f + M2y?", g) C my, the associated real prime ideals p; of a
are prime ideals of height 1. As f(x,0) # 0, then p; # (y). As p; is a real prime ideal,
there exists a prime cone 8 € Sper(k[[x, y]]) such that supp(8) = p;. By [1, Prop.11.2.4]
there exists « € Sper(x) such that § — «. Let R(«) be the real closure of («x, <,) and
K := R(a)[+/—1] the algebraic closure of x. By Lemma 2.12 there exists a homomorphism
¢ : k[[x,v]] = R(a)[[y]] such that ¢ (y) = y? for some g > 1 and & >g 0 if and only
if ¢(h) > 0 (for x > 0). As a C supp(B), we have ¢(f + M?>y*") = 0 and ¢(g) = 0.
Define ¢ := ¢(y) € R(a)[[y]]. Observe that ¢ (f + M*y*") = (f + M*y*)(Z,y?) =0
and ¢(g) = g(¢,y9) = 0, that is, £(y'/9) € ®((y*)) is a common root of f + MZy*"
and g in K((y*)). As g # 0, the series g has finitely many roots in ¥ ((x*)) and we denote
S:={w(f,v)/2: nek(y"), g, v) =0}

If n € N\S, the series f + M2y and g have no common root in k¥ ((y*)), so a = mp
(that is, (1) holds).

Let B € Sper(x[[x, y]]) be a prime cone such that supp(8) # my, F >z 0 and either
[ € supp(B) or f* — Fg* € supp(B). If y*" € supp(B), then y € supp(8) # my, so
supp(B) = (v). As f(x,0) # 0 and f2(x, 0) — F(x, 0)g>(x, 0) # 0, itholds f ¢ supp(B)
and f 2_F g2 ¢ supp(B), which is a contradiction. Consequently, v > g 0 (that is, (2)
holds).

(iv) As h,, >g 0 for those B € Sper(k[[x, y]]) with supp(B8) # my, by (ii) it is enough to
prove:

(1) There exists S C N finite such that /(f + h,, g) = my for each n € N\S.

The proof of (1) is analogous to the one of (iii.1) and we leave the details to the reader.
W If f € P{F > 0}), then f + z f € P(A) because (1 + z) is a positive unit of A. O

4.2 Polynomial density

As an application of Lemma 2.13 we prove the following result that concerns ‘polynomial
approximation’ of certain distinguished elements of P®(A).

Lemma 4.2 (Local polynomial density) Suppose that P{F > 0}) # &. We have:

() Let f 4+ zg € A be such that f(x,0) # 0, f2(x,0) — F(x,0)g%(x,0) # 0 and
g # 0. Assume f € P{F > 0}) and let n > 1 be such that (f + M>*y*")> — Fg? €
P (k[[x, v11). There exists r > 1 such that if f1, g1 € «[[x, vl satisfy f — f1, g —g1 €
m}, then fi + M>y*" + zg| € PP(A).
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(i) Let f + zg € A be such that g # 0. Assume f € P{F > 0}) and letn > 1 be
such that (f + M2(x% +vy2)m)? — Fg2 € P («[[x, v1). There exists r > 1 such that if
fi, &1 € kllx, vl satisfy f — fi, g — g1 € mh, then fi+M> (> +v)" +2zg1 € P(A).

Proof We prove both statements simultaneously. Let 8 € Sper(k[[x, y]]) be such that F' >g
0. By [1, Prop.I1.2.4] there exists & € Sper(x) such that § — «. Let R(«) be the real closure
of (k, <g). If supp(B) = my, then o« = S and for each r > 1 we have

[+ M + supp(B) = fi + M*y*" + supp(B),
(f + M*y*")* — Fg* + supp(B) = (f1 + M*y™)* — Fg* + supp(p).
[+ M +yD)" +supp(B) = fi + M*y*" + supp(B).
(f + M* G2 +yH"? = Fg* + supp(B) = (fi + M*(x* +yH)")? — Fg? + supp(B)

if f1. g1 € k[[x, y]] satisfy f — f1,g — g1 € m}.

Assume supp(B) # my. If supp(B) = 0, then by [1, Prop.VIL5.1] there exists f; €
Sper(«[[x, y]]) such that 8 — B1 — « and supp() is a real prime ideal of height 1, so we
may assume ht(supp(8)) = 1. Observe thatif r > 1 and f — f1, g — g1 € m)}, then

(f + M*y™)? — Fg* — ((fi + M*y*")* — Fg})
=(f = O + f1) +2M>Y*" (f — f1) — F(g — g)(g + g1) € m).
(f + M*GE + vy = Fg® — (fi + MP(x* +v*)")* — FgD)
=(f = O+ f1) +2M> G +vD)"(f — f1) — F(g — g1)(g + g1) € mb.

By Lemmas 2.13 and 2.14 we find r > 1 such thatif f — f1, g — g1 € m}, then the statements
hold, as required. O

In the proof of Theorem 5.4 (which corresponds to a part of Theorem 1.8) we will make
use of quadratic transformations. To take advantage of them we need a global ‘polynomial
density’ result (Lemma 4.3) and a ‘polynomial reduction’ result (Corollary 4.4).

Lemma 4.3 (Global polynomial density) Let F € «[x,y] be such that F(0,0) = 0, let
m = (x,v, 2)k[x,y,z]land B := k[x,y, z /(z — F). Let B := k[[x, y, z]1/(z* — F)
be its m-adic completion and f + zg € ’P(B) For each n > 1 there exist polynomials

Sus &n € Kk[x,y] such that f, + zg, € P(B) and w(f — fu), (g — gn) = n.

Proof By Lemmas 4.1 and 4.2 there exist polynomials f,, g, € k[x, y]suchthat f, +zg,, €
73@(3) andw(f — f,), (g —g,,) > n.Letus construct from f,, g, the desired polynomials
fns & € k[x, y] in the statement. Define I/ := {8 € Sper(B) : f, + zg, <p 0}.IfU = &,
we choose f, := f, and g, := g),. Assume U # & and pick B € U. We claim: There exists
ep € k\{0} such that 82 <g X% 42 4 22,

Suppose that x% + y2 + z2 <g &% for each & € «\{0}. Then x?, y?, z? <g e for each
e € k\{0}. Consider the absolute value associated to B:

a ifa>g0,

|.lIp:B— B, ar )
—a ifa <g 0.

We have [x|g <pg g2 ,lvlg <g e2 and |z zlg <g €2 for each ¢ € «\{0}. Thus, if P €
k[[x,v, z]] and P (O, 0 0) # 0, then |P — P(0,0,0)|g <g |P(0,0,0)|g,s0 P >g 0if and
only if P(0,0,0) >4 0. Let P, P, >g 0 be such that P; + P, € m. If P;(0,0,0) # 0,
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then P»(0,0,0) # 0 and P;(0,0,0) = —P»(0,0,0). As P; =g 0 and P;(0,0,0) # 0, we
have P;(0,0,0) >g 0, which is a contradiction because Py (0, 0,0) = —P»(0, 0, 0). Thus,
P;(0,0,0) = 0and P; € mfori = 1,2. By [3, Prop.4.3.8] there exists a specialization
B — o such that supp(e) = m. By [1, Thm.VIIL.3.2] there exists a specialization E — @ of
Elying over B — a, thatis, N B =« and BN B = B. As fr+zg, € P2(B), we deduce
f,; +z g; >g 0, which is a contradiction. Consequently, the claim holds.
x2+y2+22
54
B

As 82 <g x2 4+ v2 + 22, we obtain 1 <g  If xVy*z” is a monomial and

v+u+p <d,
2 2 2N\2d
W 2u 2 22 2wt (" +y +27)
Xy <g (X +y +Z)v“p<ﬁm
B
2 +y* + 224

2(2d—v—p—p)
€p

~ XMyt Pl <g

In addition, |alg <g a? 4+ 1 for each a € «. Thus, if P € k[x,v,z] is a polynomial of
degree < d, there exists Ng € >«? such that |[Plg <p Ng(x2 +v2 4254 In particular,
for P := f, + zg), we find Mg € Ti? such that | f + zg,|p < Mé(x2 +v2 + z2)4 where
d := max{deg(f, + zg,,), n/2}. We deduce

fi+zgy+M3GE+yP+22)7 550
for each B € U. Define
Vg :={y € Sper(B) : f,+ zg, + M,%(Xz +y* +z2)? >y 0},

which is an open subset of Sper(B) that contains 8. As U/ is by [3, Cor.7.1.13] compact, there
exist Bi, ..., By € Usuch thatd C | J;j_, Vg, Define

s
fo=f 4 Y ME G+ v+ Y
i=1
gn =gy
As z2 — F = 0 in B, we deduce f, + zg, € P(B), o(f — f,) > min{2d,n} = n and
w(g — gn) = w(g — g,) = n, as required. O

4.2.1 Strong Artin’s approximation and bounded Pythagoras numbers.

To prove the property P(A) = S A2 for the rings A = «[[x, vV, z]]/(z2 — F) in the list
of Theorem 1.8 we need also that the Pythagoras numbers of the rings A are finite. This
is due to the use of Strong Artin’s approximation we make: To represent f + zg € P(A)
as a sum of squares in A we find for each n > 1 elements f, + zg, € S A? such that
o(f — fu), w(g — gn) > n. Thus, there exist a,;, byi, g, € «[[x,y]lfori =1,..., p, such
that

Pn

Jnt+zgn = Z(ani + ani)2 + (22 — F)gn.

i=1

Consequently, the polynomial equation

fHzeg=& +2v)> +- + Xy, +2Y,,)° + (22— F)z
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has a solution mod m? in «[[x, y]] for each n > 1. To apply Strong Artin’s approximation
we need that the sequence of positive integers {p, },>1 is bounded by some positive integer
p < 4o00. Indeed, this fact implies that the polynomial equation

frzg= & +z00)2+ -+ &Xp+2Y,)" +(z° - F)z

has a solution mod m} in «[[x, y]] for each n > 1. Now, by Strong Artin’s approximation
there exist a;, b;, g € k[[x, y]] such that

f+zg:(a1+zb1)2+---+(ap+sz)2+(zz—F)q,

so0 f +zg € X,A’C DA%

To guarantee that the sequence of positive integers { p,, }m>1 associated to each f 4 zg €
‘P(A) is bounded, it seems natural to ask that the Pythagoras number p(A) of the ring A is
bounded. By Theorem 1.7 and Eq. (1.1) we have p(A) < 4t (x) and thefore the hypothesis
7(k) < 400 appears in the statements of Theorem 1.8 and Corollary 1.9.

We are ready to present the polynomial reduction.

Corollary 4.4 (Polynomial reduction) Let F € k[x, y] be such that F (0 0) =0, letm :
x,v, 2)k[x,y, z]land B := k[x,y, z /(z F). Let B =k[[x, v,z /(z F) be its
m-adic completion and i:B—_ B the canomcal map. If there exists an integer p > 1 such
that i(P(B)) C X,B B2, then P(B)

Proof Let f + zg € P(B) and fix n > 1. By Lemma 4.3 there exist polynomials f,, g, €
k[, ylsuchthat f, +zg, € P(B)andw(f — fu), (g —ga) = n. By hypothesis 1(P(B)) C
Ep§2 for some p > 1. There exist a,;, by, gn € k[[x, y]] such that

14
o+ 280 = Z(ani + ani)2 + (Zz — F)qn.
i=1

Consequently,

p
f+zg= Z(ani + zbni)2 + (z2 — F)q, mod mj.
i=1

Thus, the polynomial equation

p
f+zg= Z(Xi +2Y)? + (2> — F)z
i=1
has a solutlon mod mj for each n > 1. By Strong Artin’s approximation we conclude
f+zgeX, B2, as requ1red O

5 Proof of Theorem 1.8

In this section we prove Theorem 1.8. We may assume: A = «[[x, v, z]]/a is a formal ring
and by Theorem 3.11 that a is a principal ideal generated by a series of the type z> — F where
F € k[[x, y]]. The strategy to prove [15, Thm.1.3] consists of starting with two special cases:
the rings R{x,y} and R{x, v, z}/(z> — x> — y°). Both rings have the following common
property: They are factorial rings and their complexifications C{x, v} and C{x, y, z}/ (22—
%3 — v?) are also factorial rings [9,41]. Using these two facts and that T(R((t))) = 1,
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one shows that every positive semidefinite element of these rings is a sum of two squares of
elements of such rings, see [8, Thm.2.5 (3)] and [34]. In our setting it would be natural to
choose as special cases: k[[x, y]] and x[[x, v, z]]/(z2 —x3—y°) wherek isa (formally) real
field with 7 (k) < +o00. Both rings are factorial and if we tensor them by — ®, « [v/—1], these
new rings are again factorial [9,41]. The problem is that the property 7(k((t))) = 1 does
not hold anymore! (if (k) > 1) and we cannot imitate the same procedure. This means that
different ideas were needed (Theorem 5.5) and the problem stayed apart from any significant
progress for quite long. The case «[[x, y]] where « is any field was solved by Scheiderer in
[36, Thm.4.1] (in fact, he proved P(A) = X A? for all 2-dimensional regular local rings). We
include for the sake of completeness here a slightly different proof of [36, Thm.4.1] when «
is a (formally) real field.

Theorem 5.1 Letk be a(formally)field. Then P(x[[x]1[y]) = Sicl[x1[y]? and Pk [[x, v]]) =
Sellx, y1I*

Proof Let f belong to either P(k [[x]][y]) or P(k[[%, y]]). By Lemma 4.3 and Corollary 4.4
we may assume
f € Plklx, y]) € Pr())lyD) C Plk()(¥) = Tk ((2))(¥)*

By [5, Thm.1] f € EK((X))[Y]Z. Thus, there exist ay, ..., a, € «((x))[y] such that f =
Zle a]%. Let £ > 1 be such that by = x‘ay € «[[x]][y] foreachk =1, ..., p. We have

p
x%f = Zb,%(x, v).

k=1

Setting x = 0, wededuce 0 = Zle br(0,v)2. Askisa (formally) real field, each by (0, y) =
0, so x divides each by. Thus, there exists b,’( € k[[x]][y] such that by = xbi. Hence,

4
=) bR ).
k=1
Proceeding inductively we conclude f € Sel[x][y]? € =k[[x, v]]?, as required. O

5.1 Order two cases

Let k be a (formally) real field such that (k) < +o0c. To prove the property P(A) = » A2
for those rings A = «[[x, v, z]]/(z2 — F) where F € k[[x, y]] is one of the series in the
following list:

@) ax?® + bka where a € Tk2,a,b #0and k > 1,
(i) ax? +y***! wherea € «%,a #0and k > 1,
(ili) ax* wherea € T« anda # 0,

we develop a strategy similar to the one presented in [15] to prove its main result. Namely,
we relate the problem of proving P(A) = X A? for each ring A above to the already known
property (Theorem 5.1) for the ring «[[x, y]] via suitable blow-ups. During the process
certain ‘denominators’ appear that we have to ‘erase’. To that end we develop the following
procedure.

Lemma 5.2 (Erasure of denominators) Let k be a (formally) real field, k > 1 a positive
integerand h, g € k[[x, y]] relatively prime series such that h generates a real radical ideal.
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Suppose that there exist polynomials f, ay, ..., a,,b € k[[x, y]l[z] of degree < k — 1 (with
respect to z) and an integer r > 0 such that

W' f =ai+-- +a)—b(z" —hg). (5.1)
Then there exist polynomials ap, ..., a/p, b € k[[x, y1l[z] of degree < k — 1 (with respect

to z) such that f = aj +---+a;,2—b’(zk — hg).

Proof Seta; := ];;%)a,-jzj, b= Zl;;(l)bjzj and f = Zl;;(l) fjz’/ where ajj, b, f; €
k[[x, yv]l. Comparing coefficients with respect to z in (5.1) we find the following collection
of equalities

(0) h*" fo — hgby = Y1 a ak,

() B¥ fi —hgby = 2] aioait,

(0) h* fy — hgby = Zip:1 (Zjer:(Z aijaim>,

(k= 1) h* fi_y — hgby—1 = Jrm=k—1 aijaim),

2 (X
(k) ( j4m=k aijaim),
= (T

(k+0) = Jm=k+e ai,al-m),

2k —2) boa = Y,
2k —1) bx—1 = 0.
We claim: & divides a;¢ and by foreach£ =0,...,k—landi =1,..., p.
We use induction hypothesis to prove the claim. For £ = 0 we have 1% fy — hghy =
Zip: 1 aizo. As h generates a real radical ideal and #, g are relatively prime, we deduce that

h divides each a;o and bg. Let £ < k and assume h divides a;;,b; fori = 1,..., p and
l<j<t—-1.1f2<k-—1,

14 14
hzerZ _ hgbﬂ — Z ( Z al-ja,-m) + Zaize‘
i=1

i=1  j4+m=20,j#m

As h divides ajo, . . ., a; ¢—1, we deduce h divides a;, for each i. If 2¢ > k — 1, then:

p p
by = Z ( Z aijaim) + Za?g.
i=1  j4m=20,j#m i=1

As € < k — 1, we have 2¢ — k < £ — 1 and by induction hypothesis & divides by¢—. By
induction hypothesis also 4 divides a;o, . . ., a; ¢—1, 50 h divides a;, for eachi. Using equation
(£) we conclude that & divides by, as claimed.

Now we use equations (k), . . ., (2k —2) to prove that in fact h? divides b, for0 < £ < k—2.
Thus, we can divide Eq. (5.1) by h? (use here that k[[x, y]l[z] is an integral domain).
Repeating the previous process r — 1 times one proves the required statement. O

Before proving Theorem 1.8 for the order two cases we need an additional result.
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Lemma 5.3 Let k be a (formally) real field, let a € S2\{0} and ¢, ¥ € k[[x,v, z]] be
such that {r is a sum of squares in B := k[ /all[x,y, z]1/(@). Then Vr is a sum of squares
in A= «llx,y, z]l/(¢).

Proof If \/a € «, the result is trivial, so we assume +/a ¢ «. Consider the «-involution

o : kl[v/al = k[al, b+ Jac+— b — Jac

and the induced «-involution
()7 k[Walllx, vy, 211/ (9) — k[Valllx, vy, z]1/(¢),
f:=2avx”‘ 2z f7 = Za(a )x"y"?2z"

where v := (vy, v, 13). As ¥ € > B2, there exist a;, b;, q1, q2 € k[[x, vy, z]] such that

¥ = Z(a,+fb) +(q1 + Vag2)e

I
Mﬁ Z

a(zp:biz) +q19 + \/E(qw +22p:aibi)'
i=1 i=1

We apply the «-involution (.)° to the previous equality and obtain

az Vab)* + (g1 — Jag)e

M*: i Mw

Nl\)

(Zb2)+q1<p [(QZ§0+2201 z)

Adding both equalities and dividing by 2 we achieve

p 14
Y= Za,-z +a(2bf) +q19.
i=1 i=l1

As a € Y«?2, we deduce ¥ € P(A), as required. O

We are now ready to prove Theorem 1.8 for the rings A = «[[x, v, z]]/(z> — F) where
F € k[[x, y]] is one of the series of order two quoted in its statement.

Theorem 5.4 (Order two) Let k be a (formally) real field such that t(k) < 400. Set A :=
k%, v, z]]/(z2 — F) where F € k[[x, v]] is one of the following series:

) ax? + bka where a € k2, b #0andk > 1,
(i) ax® 4+ yv**t wherea € S«k? and k > 1,
(ili) ax? wherea € k2.

Then P(A) = £ A? and p(A) < 41 (k).

Proof We denote B := k[x, v, z]/(z — F) in such a way that B = A. As T(k) < 400, it
holds P(K[[X vID = Epoxllx, vI1? and P [[x]][y]) = =,k [[x]1[y]? for po := 27 (k).
Leti: B — B = A. Along the proof it is enough to show that i(P(B)) C X, A? for

p =41t (k).
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(i) and (ii) Assume firsta = 1 and F := x? + by*. After the linear change of coordinates
(%, v, Z+X) we assume that our equation is by* — xz. Consider the rational

substitution (v, z) — ( ~-,v, z). Take P € P(B) (of degree < k — 1 with respect to y) and
write

P(Lwe) =%

Zr
where r > 1 and QO € «[y, z]. By Lemma 2.8 the product z"Q € P(xly, z]) C
Plly, zID = Zpk(lx, v1]?. Thus, there exist aj, . . . , ap € k[[y, z]] such that

v
2p(Lyz) =2 0= it rad
We rewrite the previous equation as
2" P(x,y.2) =aj(y. 2) + - + ay(v. 2) + (by* —x2)q(x. v, 2),

where ¢ € «[[x,y, z]]. By Weierstrass division theorem there exist af, ..., a’p, q €
k[[x, z]lly] of degree < k — 1 with respect to y such that

z P(x,y.z) =af + - +a + (by* — xz)q’.

By Lemma 5.2 P is a sum of p squares in A.
In the following we approach the case when a € L« ?\{0}. Consider the inclusion

it A=«lxy, z])/(z22 = F) = A = «[Valllx.v. z]1/(z* — F)

and the isomorphism of rings

@A = B = «[Valllx, v, 211/ (> — F'), h|—>h([,y, )

where

P X2 4+ by*  if F = ax® + by,
- X2 +y2k+l if F = ax2 +y2k+1.

Let f, g € k[[x,y]] be such that f + zg € P(A). Then ®(f + zg) € P(B) = >~ B'? (as
we have proved above, when we assumeda = 1 and F = x2 + byk). Thus, f+zg € A7,
soby Lemma 5.3 f + zg € > A2, In addition, by [25, Prop.2.7] p(A) < 41 (k).
(iii) We use a ‘limit argument’. Let f + zg € P(A) andn > 1. Asa € ZK2\{0},
f e Pax® = 0}) = Ple[[x. y]]).
[?—ax’g® € Plellx, 1.
If k > 2n + 1, we have 2k — 4n > 2 and

(f+X2n +y2n)2 _ (aX2 +y2k)g2 — (fz _angZ) +2f(X2n +y2n)

a4 222 (1) € Pl v,

As f+x"+y?" € Plrllx, v = P({ax +y2k > 0}), we deduce f +x2” +y¥+zg €
P(Ay) where Ay == k[[x, v, z]1/(2> —ax® —y**). As P(Ax) = T, A where p 1= 47 (k),
there exist a;;,, bin, gn € k[[%, y]] such that

[ 4G+ ") + 28 = (@i + 2b1n)> + -+ (@pn + 2bpn)* — (2% — ax* —y™)q,.
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Consequently,
fHzg=(an+zb)*+--+ (apn + sz,,)2 —(z* —ax%)g, mod m%”.
By Strong Artin’s approximation there exist a;, b;, g € k[[x, y]] such that
f+zg=(a1+zb)> 4+ (ap + sz)2 — (2> —ax®)q € TA?,

as required. O

5.2 Order three cases

Let « be a (formally) real field such that t (k) < 4o00. To prove the property P(A) = » A2
for those rings A = «[[x, v, z]]/(z2 — F) where F € k[[x, y]] is one of the series in the
following list:

(iv) x%y + (—=D¥ay* where a ¢ —%«? and k > 3,
v) <y,
(vi) x4 axy? + by? irreducible,

(vii) x>+ ay* where a ¢ —Z«?,

(viil) x> + xv°,
(ix) x* +y°,
we develop a substantially different strategy to the one presented in [15]. As commented
above if t(k) > 1, the classical procedure to face the qualitative problem for Brieskorn’s
singularity A = «[[x, v, z]]/ (z2 — x3 — y°) does not work and new ideas are needed. In
fact, we are going to provide a general tool (Theorem 5.5) that allows to solve all the cases
of the list in Theorem 1.8 when F € «[[x, y]] has order three.

The formulation of this tool is quite technical (because it also points out the obstructions to
obtain the property P(A) = X A? for the rings A satisfying the hypotheses in Theorem 5.5).
We suggest the reader the following initial interpretation of Theorem 5.5 for a better under-
standing: If F € «[[y]][x] is a Weierstrass polynomial of order and degree 3 that satisfies
some mild conditions and all the positive elements of f +zg € A = k|[[x, v, z]]/(z2 - F)
such that f(x,0) # 0 satisfies w(f(x,0)) > 2, then P(A) = ZI,AZ for p := 4t (k). In
addition, the rings A (satisfying the hypotheses of Theorem 5.5) such that P(A) # T A2
arise when there exist positive semidefinite elements f 4+ zg € A such that f(x, 0) # 0 and

w(f(x,0)=1

Theorem 5.5 (Elephant’s Theorem) Let F € «k[[x,v]] be a series of order 3 with
w(F(x,0)) = 3 and F(0,y)) = by”v where v € k[[y]] is a unit such that v(0) = 1,
b € k\{0} and p > 3 is either odd or if it is even, we have in addition b ¢ —%k>. Let
A =«kl[[x, v, z]]/(z2 — F)and f + zg € P(A)\{0}. We obtain:

(i) There exist s > 1 and f1 + zg1 € P(A) such that f1(x,0) # 0 and f + zg =
yzs(fl + zg1). In addition, if o (f1(x,0)) =q > 2, then w(g1) > 1.

(i) If o(f(x,0)) = g = 2 and F is p-quasidetermined, then f + zg € EPAZ where
p = 4t(k).

Before proving this theorem, we develop some preliminary results.
Lemma 5.6 Let A be a ring of characteristic 0 and P := ap + a1z + arz? € Alz]. Then

P € P(Alz)) if and only if ay, ar, 4apay — af e P(A).
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Proof Suppose first that P € P(A[z]). Let « € Sper(A) and let us check: ag >4 0, a2 >4 0
and 4aga; — a12 >, 0.

Set (K () = qf(A/supp(e)), <) and denote 6; := a; + supp(x) fori = 0,1, 2.
Consider the homomorphism ¢ : A[z] — K(«), Q(z) — Q(0) + supp(«). We have
¢(P) =0y >4 0,50 ayp >, 0. We claim: If 6, = 0, then 6; = 0. If such is the case, then
4600, — 07 = 0.

Otherwise, consider the homomorphism

0y — 1
y:Alzl = K@, 0 0(—5—)

and observe that —1 = y(P) >, 0, which is a contradiction.
Assume in the following 6> # 0. Consider the homomorphism
2 2

¢ Alz] > K(@). Q(Z)'—>Q( +9—+1)
02
We have

o= e ) 4 B )+ )

07 6 1\2 /07 6 O 1\2 /00 1\2
(G2 + (@) G2+ (o)
2(92(92+ + 9§+292 +(92+2 +(92+2

20705 07 65 1

4 792 2+)

03 20267 2

As ¢(P) >4 0, we deduce ap >, 0.
We prove next that 4agay — a3 > 0. Write

0222 + 012 + O —9((z+9—') +6—°—ﬁ)
pmomT e 200 6, 462)

Consider the homomorphism

Vialz > K@, 0> 0~ 5)

40092 07

and, as ¢ (P) = 92((—% 292)2+— — @) > 0, we conclude 4agar —a? >

0.
Assume in the following that ag, az, apaz — a% € P(A) and let us check: P € P(A[z]).
Let B € Sper(A[z]) and consider the natural inclusion j :A < A[z]. Then @ :=
j_l(ﬂ) € Sper(A), and we consider the ordered field (K (o) := qf(A/supp(@)), <q)-
Denote n; := a; + supp(a) fori = 0, 1, 2. We distinguish two cases:
CASE 1.7 = 0. As nonz — 77% >4 0, we deduce n; = 0. Thus, P + supp(B) = no >4 0.
Consequently, P >4 0.
CASE 2.1m # 0. As 2 >4 0, to prove that P >g 0 it is enough to check n2 P > 0. We
have

I 2 1
MP + Supp(B) = 122" + iz + o) + supp(B) = (122 + 3m )+ 7 @nonz =) 24 0.

Thus, P >4 0.
We conclude P € P(A[z]), as required. ]
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The previous result has its counterpart for sums of squares, which we include for the sake
of completeness.

Lemma 5.7 Let A be anintegral domain of characteristicOand P := aop+aj1z+az z? € Alz].
Then P € ZPA[Z]2 if and only if the following polynomial system has a solution in A%P:

14 14
2 _ E: 2 _
E X; = 4o, y; =az,
j=1

i=1

Z 2x;yj — 2ij,')2 = 4dagay — a%.

l=i<j=p
Proof We will make use of Lagrange’s identity in the proof:
P P P ) P
(2)(39) ~ (D) = X0 w3 = 3 sy,
1 —

i= j=l1 k=1 i=1 j=1 i,j=1

n

= Y oxyi-2 Y mwvixyi= Y (kv —xvi)h

i,j=1,i#j I=si<j=p l=i<j=p

Suppose first P € ZPA[Z]Z. Then there exist «;, 8; € A such that

14
a+arz+az’ =y (i + 28> (5.2)
Thus,
P P P
Zcx,-z = ay, Zﬂf =a, ZZakﬂk =aj.
= j=1 k=1
We deduce
P 2
4agar — af = 4(2 )(Zﬁ J=4(Das) = Y Qup - 208
k=1 I<i<j<p

Suppose next that the polynomial system

p p

2 2 2 2
> xi=ap. Y vi=a. > @xivj — 2x;vi)? = dapay — aj
i=1 j=1

I<i<j<p
has a solution (ay, ..., ap, B1, ..., Bp) € AZP_ Observe that
p p
af =4(oed)(2oF]) 4 X (@b —asp’ =2 Zakﬂk) -
i=1 j=1 l<i<j<p
Consequently,

(al — ZXp:akﬂk) (al +22p:akﬂk) =
k=1 k=1

@ Springer



59  Page 38 of 65 J.F. Fernando

and there exists & = £1 such thata; = 2¢ Y_;_ oS Thus,

p
ao+aiz +amz* =) (i + zefi)* € TpAlz),

i=1

as required. O
We formalize the following result, which is a consequence of the main result of [25].

Lemma 5.8 Let k be a (formally) real field with t(k) < 400 and Q := ag + a1z + az? e
k[[x, v1l[z] a positive semidefinite quadratic polynomial. Then Q is a sum of p := 4t (k)
squares of polynomials of degree < 1 (with respect to z) and coefficients in k[[x, y]].

Proof By Lemma 5.6 we have ag, az, 4apa; — a% e P(k[[x,v]]). Fix n > 1 and observe
that ag + (x2 + v2)", a» + (x* + v3)" € P (x[[x, y]]). In addition,

4ag + & + ¥ (a2 + & +y)") —af
= (dapar — a}) + 4ag + a2) (x* +vH)" + 467 + v € P k[[x, v1D).
By Lemma 2.14 there exists r > 1 such that if a; — alf € m/, then
ah+ & +yH", ab + P+ v A+ &+ v
(@ + G +yH"M —a? e PTkllx, yID.

In particular, we may assume that each a; is a polynomial and proceeding similarly to the
proof of Lemma 4.3, we find M € > «2 such that

ap+ MG +yD)" dy + M2+ v?)" ey + M2+ v?)")
(@5 + M*(<* +yH)") — af’ € P (x[x, y]).
By Lemma 5.6
Q' = ah+ M 4+ yH)" +ajz + (d + M> (% + y*)") 22
€ Plk[x, yllz]) C Pl (x)IyllzD.

As T(k((x))) = T(k) < 400, we deduce by [25, Thm.1.2] that Q" is a sum of p squares of
polynomials A; € k((x))[v][z] of degree < 1 with respect to z, that is,

Q=A7++ A3
Let m > 1 be such that A; = x"A; € k[[x]][y][z] for each i, so
X" = AP 44 AL

As k is a (formally) real field and x generates a real prime ideal of « [[x]][v][z], we deduce
x divides each A!. Proceeding inductively (m times), we conclude Q' is a sum of p squares
of polynomials B; € k[[x]][v][z] of degree < 1 with respect to z. Thus,

Q=uqag+aiz+arz’ = (X —i—zY1)2—i~-~—i-(Xp—i—sz)2 (5.3)

has a solution modulo m’ in «[[x, y]] for each n > 1. By Strong Artin’s approximation Eq.
(5.3) has a solution in «[[x, yv]], so Q is a sum of p squares of polynomials of degree < 1
(with respect to z) and coefficients in «[[x, y]], as required. m]

We are now ready to prove Theorem 5.5.
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Proof of Theorem 5.5 By Weierstrass preparation theorem and Tschirnhaus trick there exist
a,b,c € k with b, c # 0, aunit U € «[[x, y]] with U(0, 0) = 1, units u, v € k[[y]] with
u(0) = 1 and v(0) = 1 and a Weierstrass polynomial P := %3 + axytut + by”v such that
{>2,p>3and F = cU? P.In addition, either pisoddor pisevenand b ¢ —¥ k2. After the
change of coordinates (x, v, z) — (cx, cy, ¢?Uz) we assume F = x> +a'xytu’ +b'yPv'
where a’, b’ € « and u’,v' € k[[y]] are units such that ’(0) = 1 and v'(0) = 1. Again,
either p is odd or p is even and b’ ¢ — X« 2. After the change of coordinates yu' > v we
suppose from the beginning F = x3 4 axy® + by”w(y) where a, b € «, b # 0 and w is a
unit such that w(0) = 1. In addition, either p is odd or p is even and b ¢ — k2.

() As f +zg € P(A)\{0}, we know that f € P{F > 0}) and f2 — Fg? € P(k[[x, v1]).
Let u € k[[x]] be a unit such that F(x,0) = x°u. As —F is not positive semidefinite, if
f=0,then g =0,s0 f # 0. Assume f(x, 0) = 0. We claim: y? divides f.

Otherwise, f = vf’ where f' € «[[x,v]] and f/(x,0) # 0. Thus, there exists a
Weierstrass polynomial Q := x7 + ZZ;(I) vbi (y)xK (where by € «[[v]] for each k), u €
«\{0} and a unit V € «[[x, y]] with V(0,0) = 1 such that /' = QuV?2.

For each m > 1 consider the homomorphism

¢ : kllx, vl = «l[E]], k> h(E*, £").
If m is odd and large enough,
Q(F) = £ +at™ 2 + bt/ w(t™) = 01 + at™* + bt”" Cu (™)),

g—1
o) = oy ) = £ (2 4+ 37 e b (")) V(2 £
k=0

g—1
— th+2q<1 + Z tm+2k72qbk(tm)) ‘/2(t27 tm).
k=0

Observe that ¢(F) € EK[[t]]z, whereas ¢(f) ¢ k2, as it has odd order. There exists a

prime cone & € Sper(x[[t]]) suchthatp(F) >, 0, whereas ¢(f) < O (consider an ordering

of k and define the sign of t to get ut < 0). This is a contradiction because f € P({F > 0}).
We conclude f/(x,0) = 0, so f = y*f” where f” € «[[x, y]], as claimed.
Consequently,

fP=Fg =y 7 — Fg? =v* " — & + d'xy'u't + b'y*v)g* € Pk[[x, vID).

Setting y = 0, we have —x3g2(x,0) € P(«[[x]]), so g(x,0) = 0 and there exists g’ €
k[[x, v]] such that g = vg’. Thus,

[P=FP =y —Fg?)  ~ ¥y "% — Fg”? € Pkllx, ylD).

Setting again y = 0, we have —x>g’%(x, 0) € P(x[[x]]), so g'(x,0) = 0 and there exists
g" € k[[x, y]] such that g = y?g”. This means f + zg = y>(f” + zg”) where [ +zg" €
‘P(A). Proceeding recursively we find s > 1 and f1 + zg1 € P(A) such that fj(x,0) # 0
and f + zg =y (fi + zg1).

Assume o ( f1(x,0)) = g > 2. Substitute y = 0 in f12 — Fgf € P(x[[x, y]]) and observe
that

(ff = Fgh(x,0) = fi(x,0) — % g7 (x,0) € Plie[[x, v

Thus, o (=377 (x, 0)) = 2¢, thatis, @ (g1(x. 0)) = ¢ — 5 > 0,50 @(g1) = 1.
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(ii) The proof of this part is conducted in several steps. For the sake of simplicity once
we have finished a step, we reset the local notation involved in such step. Recall that F =
<3+ axyz + by?w(y) where a,b € k,b # 0,£ > 2, p > 3 and w is a unit such that
w(0) = 1. In addition, either p is odd or p is even and b ¢ >k

As F is p-quasidetermined, there exists a constant ¢ € «\{0} and a unit U € «[[x, v]]
such that F is right equivalent to (x> 4 axy® 4 by”)cU?. After the additional change of
coordinates (x, v, z) — (cx, ¢y, 2Uz), we may assume F = %3 + axyt + by” for some
a,bex,b#0,>2and p > 1. In addition, either p is odd or p is even and b ¢ —>k2.
[5.i].Let f4+zg € P(A) be such that w(f(x,0)) = k > 2 and let us prove f +zg € E,,Az.
If g = 0, then f € P(A)\{0}. Thus, f +zf = f(1 +z) € P(A) and f # 0. As 1 isa
squarein A, changing f+zg by f+z f, wemay assume g # 0. By Lemma 5.8 itis enough to
find n € P(c[[x, yID\{O0} such that f + zg +n(z> — F) € P(x[[x, v]l[z]). By Lemma 5.6
this is equivalent to find n € P(k[[x, y])\{0} such that 4n(f — nF) — g2, f — nF €
Pkl[x, v]]). We claim that to prove (ii) in the statement (of Theorem 5.5): It is enough to
find n € P(k[[x,y]]) such that 4n(f — nF) — g2 € Pk[[x, y]]). We have to check that
under such hypotheses, also f — nF € P(k[[x, yI]).

Let B € Sper(k[[x, yv]]) and @ € Sper(x) be such that 8 — « (see [1, Prop.11.2.4]). If
supp(B) = ma, then f, F' € supp(B) and f —nF € supp(B), so we assume supp(f) # my.If
supp(B) = 0, by [1, Prop.VIL5.1] there exists 81 € Sper(k[[x, y]]) such that 8 — B — «
and supp(B7) is a real prime ideal of height 1, so we may assume ht(supp(8)) = 1. We
obtain

n+supp(B) =5 0 and 4n(f —nF) — g* + supp(B) >p 0.

Assume first supp(8) = (v). If f —nF +supp(B) = f(x,0) — n(x,0)F(x,0) <g 0,
then n(x, 0) = 0 and g(x, 0) = 0 (because 45 (x, 0)(f (x, 0) —n(x, 0)F (x, 0)) — g2 (%, 0) +
supp(B) >p 0),50 f(x,0) <g 0.Letm > 1besuchthatn = v¥"y' where ' € Pk[[x, v1])
and 1’ (x,0) # 0. As 4n(f — nF) — g% € P(k[[x, v]]), we deduce that y"" divides g, so
there exists g’ € «[[x, v]] such that g = y"¢’. Thus, 4n'(f — Fn) — g2 € P[[x, v1]).
Hence, 47’ (x, 0) f (%, 0) — g’ (%, 0) >4 0,50 7/(%,0) f(x,0) >g 0and n'(x, 0) >g 0. This
means f(x,0) >g 0, which is a contradiction. Consequently, f — nF + supp(8) =g 0.

Assume next y ¢ supp(B) and f — nF <g 0. Without loss of generality we suppose
y >p 0. Let R(a) be the real closure of (k, <y). By Lemma 2.12 there exist { € R(a)[[y]]
andg > 1 such that (f — nF)(¢,v9) < 0,7(¢, %) = Oand (45(f —nF) — g, v) = 0
(fory > 0). Thus, (¢, v?) = 0and g(¢, v?) = 0,50 f(z,y?) < 0. Write n = y>"’ where
m > 0and 1’ € k[[x, v]] satisfies n'(x, 0) # 0. Thus, n’ is a regular series with respect to
x and there exist a Weierstrass polynomial Q € «[[y]][x] and a unit V € «[[x, y]] such
thaty’ = QV and n = y*" QV. As y*"" Q¢ ¥/, )V ), v) = n(¢(y"/9),y) =0,
we deduce Q(¢(y'/9),y) = 0 and ¢(v'/7) € R(a)[[y'/9)]] is integral over «[[y]]. Thus,
the minimal polynomial of Z(y'/) over k((y)) is an irreducible Weierstrass polynomial
Qo € kllvllix]. As n € P(k[[x,v]]) C P(R(x)[[%, v]]), we conclude there exist u > 1
and 11 € P(k[[x, y]]) such that n = QFny and 1 (£ (y'/%). y) # 0. Asdn(f —nF) —g* €
Pe[lx, v]]) C P(R(x)[[%, v]]), we have Qg divides g, so there exists g; € «[[x, y]] such
that g = Q¢ g1. Thus, 4n1(f—FQ(2)Mn1)—gf € P(kllx, y1I). Hence, 401 (¢, v7) f (¢, y?) —
g1, v = 0,501 (6, vy f(§, v?) = 0. As71(¢, y¥) > 0, wededuce f(¢, v?) = 0, which
is a contradiction. Consequently, f — nF + supp(B8) >g 0, as claimed.

[5.ii]] We may assume: f, g € k[x, y]\{0}, f is a Weierstrass polynomial with respect to
x and there exists r > ¢ such that f —y?" 4 zg € PP(A).
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Write f(x,0) := c¢x? + --- for some ¢ € k\{0}. Let @ € Sper(x) and R(«) be the real
closure of (k, <y ). Consider the homomorphism ¢ : k[[%x, y]] = R(@)[[v]], h — h(x2,0).
Asp(F) = %0 > 0, we have f(xz, 0) = x4 +...>0,s0¢ >4 0. Thus, ¢ is non-negative
for each ordering of «, so ¢ € P(k) = Z«2. Hence, we divide f + zg by ¢ and assume in
the following ¢ = 1.

By Weierstrass preparation theorem there exist a Weierstrass polynomial P € «[[y]][x]
of degree ¢ = w(f(x,0)) and a unit U € «[[x, y]] such that U(0,0) = 1 and f = PU2.
We divide f + zg by U? and assume that f is a Weierstrass polynomial with respect
to x of degree ¢. Observe that f(x,0) = x? and f2(x,0) — F(x, 0)g%(x,0) = x> —
x3g2(x, 0) >0, so fz(x, 0) — F(x, O)gz(x, 0) # 0. As also g # 0, if n is large enough,
then f + v 4 zg € PP(A) (use Lemma 4.1(iii)). By Corollaries 2.13 and 2.14 there exists
r > max{2n, g} such that for each f,, g, € k[x, y] satisfying f — f,, ¢ — g» € m; it holds
fo + v —v¥ + 28, € PP(A). As f is a Weierstrass polynomial with respect to x, also
fn +y?" is a Weierstrass polynomial with respect to x.

If we show that each f, +y*" +zg, € © pAz, Strong Artin’s approximation guarantees
that f + zg € EPAZ. Thus, we assume in the following that [5.ii] holds.

[5.iii]. Strong Artin’s approximation implies the following: Let f, g € k[x, y]\{0}andr > ¢
be such that f is a Weierstrass polynomial with respect tox and f —y*" +zg € P®(A). There
exists ng > 1 such that if f +2x>" + zg € E],Azfor some n > ng, then f + zg € ZpAz.
[5.iv]. To prove [5.iii] it is enough by [5.1] to show: Let f, g € «[x, yI\{0} and r > ¢ be such
that f is a Weierstrass polynomial with respect to x and f —y* +zg € P®(A). Then there
existn € k[x, yINP(k[[x, y]]) andn > ng suchthat 4n(f +2x"—nF) —g2 € Plk[lx, v1]).

To find n we need some preliminary work. Write f* = f — y¥ = x? +

Y1) viu()x € kllylllx]. We have

q—1 q—1

frfxux?) =x? + quu)»j(uxq)xj =x1 (1 + ZAj(uxq)uxj) (5.4)
j=0 =0

F(x,ux?) = x3(1 4+ axt72u! + pxP173uP) (5.5)

Define W := 1 + ax¥@2ut + bxP173uP € k[x,u], which satisfies W(0,0) = 1 and
F(x,ux?) = x>W. Define A’ := k[[x, u, v]]/(v2 —x W) and consider the homomorphism

VA= A h(x,v, z)— h(x,ux?, vx).
As f*+ zg € P(A), we have
Y(f*+zg) = f*(x, ux?) + vxg(x,ux?) € P(A).

As W (0, 0) = 1, there exists by the Implicit Function Theorem ¢(u, v) € k[[u, v]] such
that x = @(u, v) is the unique solution of the equation v> —xW = 0 satisfying ¢(0, 0) = 0.
As Y (f*+ zg) € P(A), we get

h(u,v) = f*(p(u, v), up(u, v)7) + ve(u, v)glp(u, v), up(u, v)7) € Pl([u, vI1)
= B[, v,

so there exist h; € k[[u, v]] such that h = Zip:1 hl2
Using the relation vZ — xW, we find series a;, b;, ¢ € k[[x, ul] satisfying
P
R (x,ux?) + vxg(x,ux?) = Z(a,- +vbi)? — (vF — xW)c.

i=1
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Comparing coefficients with respect to v, we obtain

P
c= Z b?, (5.6)
i=1
P
freux?) = "al +xWe, (5.7)
i=1
p
xg(x,ux?) =2 " a;b;. (5.8)
i=1
As g # 0, we have ¢ # 0. If we set x = 0 in (5.7), we obtain 0 = ,'p:1 aiZ(O, u),
so a;(0,u) = 0 for each i and there exists a; € «[[x,u]] such that q; = =xa]. As

g = w(f(x,0) > 2, we deduce x? divides f*(x, ux9). Thus, x? divides f*(x, ux?) —
Y a? =xWe, sox divides c = Y 7_ b?. Hence, x divides b; for each i, so b; = xb] for
some b, € k[[x,u]l. Write ¢’ := >"_, b? € Z«|[[x, u]]%, so ¢ = x*c’. Rewrite Egs. (5.7)
and (5.8) as

p
freeuxt) =) (xa)? +x’We',

i=1
P
xg(x, ux?) = 2x° Zal(b,’-.
i=1

As ¢’ € P(k[[x, u]]) and

P
£5Geux?) +vxg(x,ux?) + (v — xW)x*c = Y (a; + vby)* € Ple([x, ull[v]),

i=1
we deduce by Lemma 5.6
432 (f*(x,ux?) — xWx>c') — (xg(x, ux?))? € Pk[[x, ul]),
p
FHxux?) — W' = Xz(xaf)2 € P(k[[x, ull).
i=1

As f* = f —vy?¥, we have f*(x, ux?) = f(x,ux?) — (ux?)%. As in addition ¢/ # 0, we
deduce

4% (f(x,ux?) — xWx>c') — (xg(x, ux?))? € Plk[[x, ul)\{0},

P
fx,ux?) —x>Wc' = (ux)? + Z:(xal{)2 € Pk [[x, u]D\{0}.

i=1

Consequently,
£ 1= 4c/(f(x, ux?) — F(x, x7u)c’) — (g(x, ux?)? € Pli[[x, ulD\{0}, (5.9
Y= f(x,ux?) — F(x, x1u)c’ € Pk[[x, u]])\{0}. (5.10)

[5.v]. One would like to construct 7 € k[x, y] N P(«[[x, y]]) from ¢’ substituting u by .
But at this point this does not work because ¢’ € «[[x, u]] and the desired substitution is not
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possible. We need to modify first both ¢’ and & to have polynomials instead of series, but
keeping both inside P(k[[x, v]1]).

Let £, m > 1 be such that x2¢ divides ¢’ but x2¢+! does not and x*” divides & but x>"+!

does not. Write ¢’ := 5 € P(k[[x, ul]) and &' := 5+ € P(x[[x. ul]), so ¢’ = ¢"x*

and & = £'x¥". Observe that ¢” (0, u) # 0 and £/(0, u) # 0. Thus, ¢’ + x?", &/ + x*" €
P (k[[x, u]]) for each n > 1. Write k := ng + £. We have

£ = A( + xRy (F (3, ux) + 23K _ P x90) (4 2K (g(x, uxd))?
= EpA(RAAm 2k Im 1) P, xT0)) +x 2K T2y ¥ () Fx, %)) (5.11)

_ X2m (é_./ + 4(X4k+2m + XZkC/(Z ~ F(x, xqu)) + x2k1// + X4k+2m(1 — F(x, Xqu)))).
As & + x¥F2m ¢ PH(i[[x, u]]) and ¥ € P(x[[x, u]]), also

EU — 2;_/ +4(X4k+2m +X2kcl(2 — F(x, xqu)) +X2kw
4xMF2m (1 F(x, x70))) € P (k[[x, ul]).

Wehave £* = x2"&" and ¢/ +x2k+2m =2t ¢ PF(i[[x, u]]). As f is a Weierstrass polynomial,
write

d
fluxt) = x1(14 Y% fi(w),

i=1

g, ux?) = XS(Zngj(u)),
j=0
C”(X, u) Z Xl //(u)

i>0

where fi, g; € k[ul, ¢/ € «[[ull, go. fa. g # 0 and ¢ = ¢”(0,u) # 0. Let us collect
more information concerning the structure and the properties of ¢’.
[5.vi]. Denote ¢ = 1if g is odd and ¢ = 0if ¢ is even. We claim: f(x, ux?) — F (%, x7u)c’ =
x97¢ H where H € P(k([[x, u]]) and ¢/ € k[u] fori =0,...,2m —2¢ — g — 1. Recall that
o = C//XZZ

We have

&= 4c/(f(x, ux?) — F(x, x7u)c’) — (g(x, uxq))2

= 452 ( Z x"cg’(u)) (xq (1 + i % f; (u)) — 3wy ( 3 x"c;/(u))) ( Z xig; (u)g

i=0 12)
432t (Zx’ c”(u)) (l + Zx fiw) — x3+3-4 W( Zx%”(u))) X( Z xjgj (u))zA
i>0 i>0 j=0

Although we have not yet proved it, we will also see:

20+3—-g>0 and 2m —2¢—q > 0. (5.13)
We distinguish two cases:
CASE 1.q isodd. As
d .
N (1 n Zx’fi(u)) - x”“vv( Y ”(u)) € P([[x, ul]), (5.14)
i=1 i>0
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its initial form is positive semidefinite, so it cannot have degree ¢ odd. As cj(u) # 0
and W = 1 + ax®2u’ + bxP973uP (where £ > 1, p > 3 and ¢ > 2), we deduce
x4 — x*F3¢f(w) = 0,50 ¢ = 20 + 3 and ¢ (u) = 1. Thus, f(x,ux?) — F(x, x9u)c’ =
x4tV H where H € P(c[[x, ul]).

As & e P(k[[x, ull), we deduce 2 +¢q + 1 < 2s (see (5.12)). Write W = 1 +x%2I" where
[ = axt*al + bxP175uP € k[x, u] (asq > 2,¢>2and p > 3, we have £g —4 > 0 and
pgq —5 > 1). We obtain from (5.12) (using thatg = 2¢+3,2¢0 +g+1 < 2s and cg(u) =1)

Mg = f = 4x2K+q<<1 +) xie ”(u))(1 n Zx fitw) — (14 x r)(1 +) ”(u)))

=1 i>1
Xzszzq<§xjgj (u))2) _ 4X22+q+1(<1 + ;X’ ”(u))

(Z i1 () — le el (u) — (1+Zx’ ”(u)))
P =1 i>1

— x>l ( Z x/g; (u))2)~
=0

Consequently, 2m —2¢ —g — 1 > 0 and

(l—}-Zx’ ”(u))(zx' 1(f,(u)—c”(u))—xr(l +3 ”(u)))

i>1 i>1
2s—20—q—1 j 2 2m—20—q—1g/
_XS q (ijgj(u)) =Xm q S’
Jj=0

or equivalently,

D= (5 (5 = 0) - r (1))

i>1 i>1 i>1 i>1

1
»25=20=q~1 (leg](u)> _sz—ze—q—lzg/ (5.15)

where f; = 0fori > d + 1. Observe that the coefficient of x’ on the right hand side of Eq.
(5.15)iszerofor0 <i <2m —2¢ —q — 2.

Recall that I' € «[x,u] and ¢{j = 1. If one compares coefficients with respect to x in
Eq. (5.15), one realizes that ¢; — P;(f1, ..., fa, 80,8 ¢{,-..,c/_;) = 0 for some
polynomial

P € k[X1, ..., Xd, Y05 o+ s Ves Z1s - v Zi—1]

ifi =1,...,2m —2¢ — q — 1. We conclude inductively that ¢/ € «[u] fori =0, ...,2m —
20 —q— 1.
CASE 2. g is even. As

x (14 Xd: K fiw) = 2w (D e ) € Pl ul)

i=1 i>0
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and c(’)’(u) # 0, we have ¢ < 20 + 3, 50 f(x,ux?) — F(x,x9u)c’ = x9H where H €
Pz, ulD.

As & € P(k[[x,u]]) and & = xz’"&", we deduce 2¢ + g < 2s and 2¢ + g < 2m (see
(5.12)). Thus,

<Zx’ ”(u))(1+zxf,(u) 25+3*4W(Zx' ”(u)))
i=1

i>0 i>0

S 25=2—q _ (ijg](u)) _x2m—2é—q%g’, (5.16)

Observe that the coefficient of x’ on the right hand side of Eq. (5.16) is zero for 0 < i <
2m —20 —q — 1.
Recall that W € «[x, u]. If one compares coefficients with respect to x in Eq. (5.16), one

realizes that ¢/ — Q; (f1, ..., fa. g0, -, &> ¢{,...,c/_;) = 0 for some polynomial
Qi €k[x1,.... X4, Y05 -2 Yer Z15 - -5 Zi—1]
ifi =0,...,2m—2¢ — g — 1. We conclude inductively that ¢;' € «[u] fori =0,...,2m —

20 — g — 1, as claimed.

[5.vii]. We are ready to modify ¢/, & in order to obtain polynomials c®, £°* € «[x,u] N
Pk [[x, u]]) (from which we will construct n € «[x,y] N P(K[[x, v]]) and n > ng in the
statement of [5.iv]) instead of the positive semidefinite series ¢’, &.

As &", ¢ 4 x2KF2m=2t ¢ PH([[x, u]]) there exists by Corollary 2.14 r' > 1 such that
if¢, 0 € k[[x, u]] satisfy ¢ —£”,6 —c” € mj, then ¢, 6 +x2k+2m=2t ¢ PF(c[[x, ul]). We
may assume r’ is strictly greater than the maximum of the degrees of the polynomials x’ "
fori =0,...,2m —2¢ —q — 1.

Let ¢®° € k[x,u] be a polynomial such that w(c® — ¢”) > r’ + 2m. Then ¢° =
2m0 2=~ ”x’+x2m —2=qp forsomepolynornlalh € k[x,ul,s0c° = ¢ Fx¥2-ay

for some h' € K[[x, u]] and x2¢¢c® = ¢/ + x*"~9}’. Observe that

w(c® + xR (o PRIy — (e — ) = 4 2m > 1.

Thus, ¢ + x2KT2m=28 ¢ [x u]l NP (k[[x, ul]) and ¢® := x2c® 4+ xH+2m ¢ 4 [x, u] N
P(k[[x, u]]). Consider the polynomial

£% :=4c®(f (x, ux?) + 2x2K2" _ F(x, x%u)c®) — (g(x, ux?))?. (5.17)

We claim: £* — & = x*™E for some E € «[[x, u]].
By (5.9) and [5.vi] we have:

4¢’ (f (x,ux?) — F(x, x1u)c) — (g(x, ux?))* = &,

f(x,ux?) — F(x,xu)c =xIT°H.
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As F(x,x9u) = 3W, x26c° = ¢/ + x¥"~9h and ¢® = x2c0 4 x2k+2m — ¢/ 4 x2m—ap’ 4
x2k+2m e conclude

E® = 4c(f(x, ux?) + 2x* 2" — F(x, xTu)c®) — (g(x, ux?))?
= 4(c' 4+ xP" R 4+ P (F(x, ux?) 4 2x2K 2
— F(x, x70)(c' 4+ x>~ h 4 x2k+2m)) — (g(x, ux?))?
= 4¢/(f (x, ux?) — F(x, x1u)c’) — (g(x, ux?))? + 4" "0
+ 32Ky (f (%, ux?) — F(x, x7u)c’)
A 4 X2 4 PRIy 0x 2k By dmq gy 2k
=&+ 4T 4 PRI AT 4 A + xR
4 k2 (0 2kt Sy 2mma ) 2kt2my)
Thus, to justify that
£ — £ = 42 () 32RO [ g 4o 2k 2m (9 2k2m By (o 2m—q s | k42my
+4(C/ + X2m—qh/)(2X2k+2m — 3 WX2k+2m) + 4(6/ + X2m—qh/)(_x3 szm_qh/)
is divisible by x*", we only have to clarify why the product
A+ (=W TUR)) =463+ xR (WS T))
4 2mR23=q g AmA3=2q 2
is divisible by x*". The first addend on the right hand side is divisible by x*" because g <

20+3 (see (5.13)), whereas the second addend is divisible by x2" because, as 2m — 24 —q >0
and 2¢ + 3 — g > 0 (see (5.13)),

dm+3—-2g=2m+ C2m =20 —q)+ (2L +3—gq) > 2m.

We conclude £® — & = x2"E for some E € k[[x, u]].
As x2" divides &, also x2" divides &°, so there exists a polynomial £° € «[x, u] such
that £* = x2"£°, By (5.11) and (5.17)

S. _ g* — 4X2£(f(x, qu) + 2X2k+2m _ F(X, Xqu)X2k+2m)(Co _ c//)
_4X2k+2m+ZZ F(x, Xqu) (c® — C”) _ 4X4[F(X, Xqu) (c® + C”)(CO _ CN),

SO W(E® — E%) > w(c® — ). As £° — £F = x¥"(£° — £), we have w(£° — £) =
w(E®*—E%)—2m. Asw(c®—c") > r'+2m, itholds w(€° —&") > r/,s0 £° € P (k[[x, ull).
This means that £® = xz’"éo € Pk [[x, ul]).

[5.viii]. Write u := % in £°(x, &) € k[x, ul:

£°(x =) =4t (3 25 ) (£ ) + 232 — Pyt (. ) = (sGe )

x4

where ¢® € k[x, u]. After clearing denominators, by Lemma 2.8 we find an integer © > 1
and a polynomial B € k[x, y] N P(k[[x, y]]) such that

4B(xPH f 4 2x2KF2m2 _ FRY — x*g? € k[x, v] N Plk[[x, v]]).

Thus, there exist series A; € «[[x, y]] satisfying

p
AB(PH f 4 2K T2mI2 _ FR) — Mg = " A7 (5.18)
i=1
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Setting x = 0 in (5.18), we deduce
14
—4F(0,y)B*(0,y) = —4by” B*(0,y) = Y A7(0,y).
i=1

As p is either odd or it is even and b ¢ —Y«?2, we deduce B(0,y) = 0 and A4;(0,y) = 0,
so there exist B, A} € «[[x, y]] such that B = x% B’ (recall that B € P(k[[x, v]])) and
A; = xA]. We deduce

p
4X4B/(X2/J-—2f + 2X2k+2m+2M—2 _ FB/) _ X4M«g2 — X2 Z A:2 (519)
i=1

Dividing (5.19) by x% and setting x = 0 next, we deduce A;(O, y) = 0, so there exists
A! € k[[%, y]] such that A; = xA7. Consequently,

p
4B’(x2“_2f 4 232k 2m+2u=2 _ FB') — x4“_4g2 _ Z A2
[
i=1
Proceeding recursively with u we find the sought polynomial n € «[x, y] N P(x[[x, yv]])
such that

An(f + 25T — F) — g% € k[x, y]1 N Plk[[x, y1])
and n := k +m > ng + £, as required. O

We are ready to prove Theorem 1.8 for the rings A = «[[x, v, z]]/(z2 — F) where
F € k[[x, y]] is one of the series of order three quoted in its statement.

Theorem 5.9 (Order three) Let k be a (formally) real field such that T (k) < 400. Denote
A= «k|[[x,v, z]]/(z2 — F) where F € k[[x, y]] is one of the following series:

(iv) x%y + (—=Dkay* wherea ¢ —X«? and k > 3,
) %%y,
Vi) x> 4 axy? + by> irreducible,
(vil) %3 4 ay® where a ¢ —Tk?,
(viil) =3 + xy°,
(ix) x> +y°.
Then P(A) = A2 and p(A) < 4t (k).

Proof The general strategy to prove this result (except for case (v)) is to show that (maybe
after a suitable change of coordinates when needed) there exists no positive semidefinite
element f + zg € P(A) such that f(x,0) has order 1, whereas F(x,0) has order 3 and
F satisfies the remaining hypotheses in the statement of Theorem 5.5. Once this is done,
Theorem 5.5 applies and we conclude P(A) = > A% and p(A) <4t (k).

We use Lemma 2.7 freely along the proof. We do not have to care about positive semidef-
inite units of A, because they can be written as cU 2 for some ¢ € k\{0} and some unit
U € AwithU(0,0,0) = 1. Thus, ¢ € P(A), so ¢ >, 0 for each « € Sper(A) such that
supp(er) = m. Such prime cones are in bijection with the orderings of «, so ¢ € k2.

(iv) This case is somehow special because with the current coordinates F(x, 0) = 0, so a
suitable change of coordinates is needed to apply Theorem 5.5. We prove first: if f + zg €
P(A), then w(f) > 2.
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Suppose that f + zg € P(A) and w(f) = 1. Observe that f € P{F > 0}). If
w(f(x,0)) = 1, there exist ¢ € k[[y]] of order > 1, b € «\{0} and a unit U € «[[x%, y]]
such that U(0,0) = 1 and f = (x — ¢(y))bU 2. Consider the homomorphism

¢ 1 illx, vIl = kl[t]], > h(c(£}) —bt?, £3).

We have o(F) = (£(£3) —bt2)2t3 + (= DFat¥* and o(f) = —b2*t29(U)? € —Z«[[t]]%.
As b # 0 and k > 3, we deduce w(¢(F)) = 7 and ¢(F) = b*>t” + ---. Fix an ordering
a € Sper(x) and let By € Sper(k[[t]]) be a prime cone that extends « such that £ >g 0.
Thus, ¢(F) >g, 0, whereas ¢(f) = —172t2<p(U)2 <g, 0, which is a contradiction because
f € P{F = 0}). Consequently, w(f(x,0)) > 2.

Assume next w(f(x,0)) > 2 and w(f(0,y)) = 1. There exist & := Y ,., ngz €
k[[x]] of order > 2, ¢ € «\{0} and a unit V € «[[x,y]] such that V (0, 0) = 1 and
f=k— E(x))cVz. Leta € Sper(k) and M := 522 + 1. Consider the homomorphism

& : kllx, vl = «l[t]l, h — h(t, Mt?).

Wehave ¢ (F) = Mt*—a(—1)*t2 > Obecausek > 3,509 (f) = c(Mt2—£(t)p(V)? >
0. As M > &, we deduce ¢ >, 0. As this holds for each @ € Sper(x), we conclude
¢ € Tk2\{0}.

Thus, we may assume f = y — £(x). As the coefficient a ¢ — X2, there exists o €
Sper(k) such that a >, 0. Consider the homomorphism

Vs kllx, v]] = kllt]l, h— h(ck, —t?).

We have ¢ (F) = —£2k+2 4 g% = 0 and Y(f)=—t%— é(tk) < 0 because k > 3. Thus,
there exists a prime cone 81 € Sper(«[[t]]) extending o such that ¥/ (F) >g, 0, whereas
¥ (f) <p, 0, which is a contradiction because f € P({F > 0}).

Consequently, o (f) > 2. By Example 2.6(ii) we know that F is k-determined. After a
linear change of coordinates v — Ax +y (for some A € k) the series F becomes F(x,y) =
x2(Ax +v) + (=D¥a(Ax + y)¥ and satisfies F(x, 0) = Ax> + (—=1)*arkxK and F(0,v) =
(—l)kayk. In case k > 4, we choose A = 1, whereas in case k = 3, we choose A such that
A(1 —aX?) # 0 (in such a way that in both cases w(F(x,0)) = 3). As we have already
proved, there exist no elements f + zg € P(A) such that w(f) = 1.

(v) For this case we use a ‘limit argument’. Let f 4+ zg € P(A). We may assume g # 0
(Lemma 4.1(iv)). Then by Corollary 3.5

[ €PUx*y = 0h) C P({y = 0}),
f? = x*vg? e Pellx, v1D.
By Lemma 4.1 if n is large enough, then f 4 (x> +y?)" + zg € PP(A), that is, by Sect. 4.1
[+ +y)" e PH({x’y = 0}) C P(fy > 0)),
(f + & + v —xPyg® € PH(kIlx, vID).
By Corollary 2.14 we deduce that if » > 1 is large enough, then
(f + &+ v = &y +v7)g* € PHkllx, v

Let us check: if r > 2n + 2 is large enough, then [ + (x2+ v e PH({x3y +v¥ > 0)).

As f 4+ X2+ vH)" € PH({x*y = 0)), the series f + (x> + y?)" is positive for each
y € Sper(k[[x, y]]) such that supp(y) = (x). This means that there exist 1 < s < n,
c € Exz\{O} and a unit u € «[[y]] such that u(0) = 1 and f(0,y) + v = y®cu?. Let
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B € Sper(k[[x, y]]) be such that y(x*> +y* 1) >4 0.If y >4 0, then x>y >4 0,50 f >4 0
and f + (x2 + yz)” >p 0.If y <g 0, then x2 + yzr_1 <pg 0 and y ¢ supp(B). Thus, as
2r—1>4n+3,

XZ <g _y2r—l <g y4n+2 <p y4s+2.
Asy <g 0, then |x|g <g —y**! where
hoifh >0,
|hlp = .
—h ifh <g0

for each i € «[[x, v]]. Write
FHE+Y)" = F0.9) +v" +xE =y*cu® +x£
where & € «[[x, y]]. We have
f4+GE+yD)" =y¥au? +xE 2g v eu® — |x|glélp
> y¥eu? +y* (1 +£2(0,0)) >4 0.

Thus, f + (x* +y*)" € PT({x*y + y* = 0}, s0 f + (x> +v*)" + zg € P®(A,) where
Ay = «llx, v, 211/ (22 —x*y—y*). AsP(A,) = ,A,?, there existdin, bin, qn € k[[%, v1]
such that:

2 2 2
- xy =y .

FA Gy 4 28 = a1y + 2bin)? + - + (@pn + 2bpn)’ — (2
Consequently,
f+28= (@i +2bin)* + - + @pn + 2bpn)” — (2" = X*y)g,  mod m3"
By Strong Artin’s approximation there exist a;, b;, g € k[[x, y]] such that
f+zg=(ar+zb))* + -+ (ap + zbp)* — (z° — x’y)q.

thatis, f +zg € £,A%

(vi) In this case F(x, 0) = x>, F(0,y) = by> and F is 3-determined (Example 2.6(iii)).
We have to prove: if f + zg € P(A) and f(x,0) # 0, then o(f(x,0)) > 2.

Assume o (f(x,0)) = 1. There exist { € «[[y]] of order > 1, ¢ € «\{0} and a unit
U € «[[%, y]]suchthat U(0,0) = land f = (x— {(y))cU2. Consider the homomorphism

¢ kllx vl = [[E]], h > h(E(t) —ct?, ©).
We have ¢(F) = (£(t) — ct?)3 +at2(¢(t) — ct?) + bt3 and o(f) = —c2£2U%(¢(t) —
ct?, t). As b # 0, we deduce
w(Fd, N> 4--) =3 ifw@) =1,

233 2 2 3y _
o((¢(t) —ct?)” +at (¢(t) —ct®) +bt7) {a)(bt3+~-~):3 @) > 2.

for some d € «\{0}. We only have to explain the first row. As ¢ € k[[t]] and w(¢) = 1, then
=dt+---,s0
P(F) = (£(t) —ct® +at?@(t) —etH) + b3 =@ +ad + )2 + - = Fd, D> + -+ - .

As F(x, 1) € k[x] is an irreducible polynomial, F'(d, 1) # 0 and ¢ (F') has order 3.
Fix an ordering « of k and let 8 € Sper(k[[t]]) be a prime cone that extends « such that
F(d, 1)t > 01in the first case and bt > 0 in the second case. Thus, ¢(F) >g 0, whereas
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o(f) = —c2t2U%(z (k) — ct2, t) <p 0. This is a contradiction because f € P({F > 0}).
Consequently, o ( f(x, 0)) > 2.

(vii) In this case F(x, 0) = x>, F(0,y) = ay* and F is 4-determined (Example 2.6(v)).
We have to prove: if f + zg € P(A) and f(x,0) # 0, then o (f(x,0)) > 2.

Assume w(f(x,0)) = 1. There exists ¢ € k[[y]] of order > 1, b € «\{0} and a unit
U € «[[x, y]] such that U(0,0) = 0 and f = (x — £(y))bU?%. As a ¢ —k2, there exists
an ordering o € Sper(x) such that a >, 0. Consider the homomorphism

¢ 1 kllx, vIl = kl[t]], h > h(c(t) — bt?, v).
We have p(F) = (¢(t)—bt2)3+at*and p(f) = —b2t2p(U)? € —=k[[t]]?. In addition,

23 4 3 fw(@)=1,
o((¢(t) —bt7)’ +at”) = 4 ifo@) > 2.
Let B € Sper(k[[t]]) be a prime cone that extends « and satisfies (£ (t) — bt2)3 at? >p 0.
Observe that ¢(f) = —b*t2p(U)? <p 0. This is a contradiction because f € P({F > 0}).
Consequently, o (f(x,0)) > 2.

(viii) We prove first: if f + zg € P(A), then o (f(x,0)) > 2.

Suppose that f + zg € P(A) and w(f(x,0)) = 1. There exist { € «[[y]] of order > 1,
a € k\{0} and a unit U € «[[x, y]] such that U(0,0) = 1 and f = (x + C(y))aUz. Let
a € Sper(x) and consider the homomorphism

@ @ k[[x, yI1 = «[[t]], h = h(t%,0).

We have ¢(F) = t% > 0, so o(f) = at2¢>(U)2 > (. This means that ¢ >, 0 and as this
holds for each o« € Sper(x), we conclude a € ZKZ\{O}. Thus, we may assume f = x+¢(y).
Consider the homomorphism

¢ k[[x,yv]l = «[[t]], h — h(O, t).

We have ¢(F) = 0 and ¢(f) = ¢(t). As f € P{F > 0}) and ¢(F) = 0, we deduce
() € Pkllt]lD) = EK[[t]]z. In particular, w(¢(t)) > 2 and we choose M := §22 +1
where ¢(t) = Zk22 Lk tk. Consider the homomorphism

¢ kllx, vIl = «[[E]l, h — h(—=Mt?, —t).

Choose B € Sper(«[[t]]) suchthat t >g 0. Then ¢(F) = —M3to M >g 0and @(f) =
—Mt? 4 (v) <p 0 because M >g ¢>. This is a contradiction because f € P({F > 0}).
Consequently, o (f(x,0)) > 2.

By Example 2.6(iv) F is 5-determined. After the change of coordinates x +— x + v2
the series F becomes F(x,v) = (x + v2)? + (x + y2)y° and satisfies F(x, 0) = x> and
F(0,v) = v° + v°. As we have already proved, there exists no element f + zg € P(A)
such that w(f(x,0)) = 1 (and this enough in our situation, because the performed change
of coordinates was x > x + y?2).

(ix) In this case F(x, 0) = x3, F(0,y) = y° and F is 5-determined (Example 2.6(v)).
We have to prove: if f + zg € P(A) and f(x,0) # 0, then o (f(x,0)) > 2.

Assume w(f(x,0)) = 1. There exists ¢ € k[[y]] of order > 1, b € k\{0} and a unit
U € «[[%,y]]suchthat U(0,0) = land f = (x— {(y))bU2. Consider the homomorphism

¢ kllx, vIl = «l[[t]], h > h(z(t) —bt?, v).
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We have o(F) = (£(t) —bt?)3 +t2 and ¢(f) = —b*t2p(U)* € —Z«[[t]]*. In addition,

3 ifw(@) =1,

23 415y —
w((¢(t) —=bt7)” 4+ t7) {5 ifw() > 2.

Fix an ordering @ € Sper(x) and let 8 € Sper(k[[t]]) be a prime cone that extends o« such
that (¢(t) — bt2)3 + > > 0. Thus, p(F) >4 0, whereas ¢(f) = —b*t%p(U)?* <g 0. This
is a contradiction because f € P({F > 0}). Consequently, o (f(x,0)) > 2, as required. O

Remark 5.10 (i) Although Theorem 5.5 has been thought as a main tool to prove Theorem 5.9,
it provides further information. If A = «[[x, v, z]]/( z2 — F) where

e « is a (formally) real field such that 7 (k) < 400,

e F(0,y)) = by”v where v € «[[y]] is a unit such that v(0) = 1,5 # 0 and p > 3 is
either odd or p is even and b ¢ —>K2,

e w(F(x,0)) =3and F is p-quasidetermined,

then the possible elements belonging to the difference P(A)\ X A? are series of order 1. Thus,
for this type of rings there exist either none or ‘few’ series that are positive semidefinite but
they are not sums of squares.

(i1) In the statement of Theorem 5.5(ii) we have required that the series F' € «[[x, y]] is
p-quasidetermined where p = w(F (0, y)). In fact, it is enough that it is k-quasidetermined
for some k > 1. The reason for our assumption is that under such hypotheses the proof has a
simpler presentation and all the cases to which we apply Theorem 5.5(ii) to prove Theorem 5.9
are included. However, the alternative formulation provides further singularities to which we
can apply the previous remark, see Examples 2.6(iii)-(vii).

(iii) In [40] Scheiderer gives a negative answer (if n > 2) to the following question
raised by Sturmfels: Let f € Q[x1, ..., x,] be a polynomial, which is a sum of squares in
R[x1, ..., xu]. Is f necessarily a sum of squares in Q[x1, ..., x,]?

We can formulate a similar question for the rings A = «[[x, vy, z]l/ (zZ — F) where
k admits a unique ordering, t(k) < 400 and F € «[[x,y]] satisfies the hypotheses of
Theorem 5.5(ii) (even the relaxed ones quoted in the previous remark). Let R be the real
closure of x (endowed with its unique ordering) and B := R[[x,y, z]]/(z> — F). By
Lemma 2.7, an adapted version of Lemma 2.12 and [1, Prop.VIL5.1] one deduces that
P(A) =P(B)NA.Let f +zg € ANTB? C ANP(B) = P(A). By Theorem 5.5(i) there
exists £ > 0 and f; + zg; € P(A) such that fi(x,0) # 0and f + zg = v**(f1 + zg1). As
f + zg € X B2, there exist a;, b;, ¢ € R[[x, y]] such that

p

v (fi +z81) = Y _(ai + zbi)* — (2> — F)g, (5.20)
i=1
14 p
v¥fi=> al+F) b (5.21)
i=1 i=1
P
ver =2 aib;. (5.22)
i=1

Observe that g = Zipzl bl.z. If¢ > 1, wesety = 0in (5.21) and deduce

p 14
0= a0 +x Y bl (x0),

i=1 i=1
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$0 a;(x,0) = 0 and b;(x,0) = 0 for each i. There exist a;, b, ¢’ € R[[x,y]] satisfying
a; = yaj, b =yb! and g = Zle bi2 = y?¢’. This means that we can divide (5.20) by y?.
Proceeding recursively we conclude f; 4+ zg; € A N X B2. Thus, either f; + zg; is a unit
in A and f; + zg; € £ A? (see the beginning of the proof of Theorem 5.9) or there exist
series ¢;, d; € R[[x]] such that fi(x,0) = >0 2+ 337 d* (sety =0,z =0ina
representation of fi 4 zg; as a sum of squares in B). Consequently, o (f1(x, 0)) > 2 and by
Theorem 5.5(ii) f; + zg1 € £A%, so f + zg € L A%. Thus, the answer to the corresponding

Sturmfels question for this family of rings is positive!

6 Applications: Principal saturated preorderings of low order

In this section we generalize some results of [38,39] concerning the characterization of the
principal saturated preorderings T := PO(F) := {s1 + 2 F : 51,5 € 5 A2} of low order in
a 2-dimensional excellent henselian regular local ring (A, m) whose residue field x := A/m
is (formally) real and has (k) < +oo. If we denote X(T) := {o € Sper(A) : f >4
0Vf € T}, the saturation of T is Sat(T) := {f € A: f >, 0Va € X(T)}. As one
can expect, T is saturated if T = Sat(T). If F € A\m?2, then T is always saturated [37,
Lem.3.1], so we focus our attention on elements F € m?. A general strategy in [38,39] to
prove that a principal preordering 7' := PO(F) of «[[x, y]] is saturated is to consider the
extendedring B := «[[x, v, z]]/(zz—F) and to observe that Sat(7) = P({F > 0}) C P(B)
(Corollary 3.5). If f € Sat(T) and P(B) = > B2, then there exist a;, b;, q € k[[x,y]] for
i =1,..., psuchthat

P 14 14
f=Y@+bz2?~(2~F)q ~ f=Y al+FYy bleT.

i=1 i=1 i=1
The previous implication is used in the sketches of proofs of the following results.

Corollary 6.1 (Order two) Let (A, m) be an excellent henselian regular local ring of dimen-
sion 2 such that its residue field k :== A/m admits a unique ordering and has t (k) < +00.
Let F € m>\m?> and T be the principal preordering of A generated by F. Then T is saturated
in A if and only if there exists ¢ € k\O such that ¢*F is right equivalent in Az k[[x, vl] to
one of the following series:

() ax® + by* suchthata > 0, b # 0and k > 1,
() ax* 4+ yv**t! wherea > 0 and k > 1,
(ili) ax?* where a > 0.

Sketch of proof The result follows straightforwardly from Corollary 1.11, the proof of The-
orem 3.7 and Theorem 5.4. A key fact for our purposes is that in the proof of Theorem 3.7
if the difference P(A)\X A2 # @, then P({F > 0})\ZA? # @. As a guideline, the reader
can have a look at [38, Sect. 5.7]. ]

In the case of order 3 the result is even more satisfactory, because we do not need to
impose that « admits a unique ordering, but only that « is a (formally) real field.

Corollary 6.2 (Order three) Let (A, m) be an excellent henselian regular local ring of dimen-
sion 2 such that its residue field k := A/m is a (formally) real field and has t (k) < +o00. Let
F e m3\m* and T be the principal preordering of A generated by F. Then T is saturated
in A if and only if there exists ¢ € k\O such that ¢*F is right equivalent in Az k[[x, yl] to
one of the following series:
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(iv) 2y + (=D*ay* where a > 0 and k > 3,
v) x%y,
(Vi) %3 4 axy? + by irreducible,
(vil) x> + ay®* where a > 0,
(viii) x> + xy°,
(ix) =3 +v°.

Sketch of proof The result follows straightforwardly from Corollary 1.11, the proof of The-
orem 3.8 and Theorem 5.9. A key fact for our purposes is that in the proof of Theorem 3.8 if
the difference ’P(A)\EAz # &, then P({F > 0})\2A2 # . As a guideline the reader can
have a look at [39, Sect. 6.5]. ]

In [39, Rem.6.8] Scheiderer explains that going beyond order three seems difficult because
we do not even know whether the saturatedness of PO(F') depends only on the pair (Z , F).
In [39, Thm.6.3 and Thm.6.6] Scheiderer extends the analogous results to Corollaries 6.1 and
6.2 when « is a real closed field to the setting of excellent regular local rings of dimension
2, that is, he erases the ‘henselian condition’. The strategy proposed there uses strongly
the fact that the residue field is real closed. It seems to us that the extension of our results
(Corollaries 6.1 and 6.2 ) to the setting of an excellent regular local ring of dimension 2 when
the residue field « is (formally) real and has 7 (k) < 400 needs a new strategy, even if we
impose that « admits a unique ordering.
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Appendix A. Examples

We revisit case (3.vi) of Theorem 1.8. Recall that « is a (formally) real field such that
(k) < +00. We follow similar ideas to those proposed in Lemma 5.3.
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Example A.1 We prove alternatively the property P(A) = X A? for the ring
A=«k[x v, z11/(z* — F)

where F := x> + axy? + by? is an irreducible polynomial in x[x, y] under the additional
assumption —a, —4a> — 27b* € Tk?\{0}.
A Sturm’s sequence for the polynomial F(x, 1) is

F(x,1),3%x% 4+ a, —2ax — 3b, —4a> — 27b* ifa # 0,
F(x, 1), %%, —b ifa=0.

As F is irreducible, —4a® — 276%, b # 0. If —a, —4a® — 27b> € =k?\{0}, then F has
three roots in each real closure of ¥ endowed with the corresponding ordering (use Sturm’s
Theorem [3, Cor.1.2.10]). Let &1, &2, {3 € k be the roots of F(x, 1) in the algebraic closure
« of k. For each o € Sper(x) let us denote the real closure of (k, <y) with R(«). By Sturm’s
Theorem [3, Cor.1.2.10] ¢1, &2, {3 € R(w) for each o € Sper(x). Consider the extension
k(¢1)|k and the polynomial

P(x,y) i= (x — Oy)(x — &3y) = x> — (2 + &)xy + 08y
€ k(DX v] ~ &2+ 3,080 € k(&1).

We claim: (¢, — 4“3)2 € 2/{({1)2.
Observe that (& — £3)2 = (& + £3)% — 4083 € k(¢1) C R(w) for each a € Sper(x).
Thus, (&> — £3)? is positive in all the orderings of the field « (¢1), so ({2 — )% e 2/{({1)2.
Denoteu:=x—¢1y,c: =8 —8,d =8 — 83, vi=y+ (% + ﬁ)u. We have

cd = (81— 8)(61 — &) = P(¢1, 1) € k(¢1),

L 1 etd 20 -5H-& 34
207207 2 T 2P n 2Py SKEO

1 1\2  sd—c\2  (L—5)° 5

(%_g> _(26d> _4P2(Clyl) EEK@‘I) .

Note that u, v € k(¢1)[x, v] and

F=x-ay)x-0oy)(x—-Gy) =ulu+ 1 —)y)u+ @ —B3)y)
=ulu+cy)(u+dy) = cdu(y + %u) (y + éu)
= ca(v+ (50 +9)0) + (oo =2 (0 (5 + 500 = (= 50))
= cdu(v2 - 92112) € «k(¢)[u, v]

where 6 = i - i and 6% € ZK(Q)Z. Using the additional change of coordinates

(u, v, z) > (cdu, cdv, (cd)?z), we deduce
A= B:=«x(@)Ix v, z]l/(z* = F) = B' := k(¢)I[u, v. 2]1/(z* — ux? — 6*u?)).
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By Theorem 1.8 P(B') = EB’Z, so P(A) C P(B) = B2 If y € P(A), there exist
aj, bi,ci,dj € k[[x,y, z]] satisfying

)4
Y=Y (@ + b + ) + (di + (da + £7d3) (2" — F)
i=1

P
=Y (@} + &b} + &} + 2aibi 01 + 2aici8f + 2biciEy)
i=1

+ (d1 + Q1da + ¢ d3) (2% — F).

Letoj : k(¢1) — k(&) be the k-isomorphism such that o (¢1) = ¢;. We apply o to the
previous equality and obtain

v = Z(a + b7+ Cfef + 2aibigj + 2aicit} + 2bicig})

+(d1 + ¢jdy + £jd3) (2 — F)

for j = 2, 3. We add the three equations:

P
39 =) Ga] + G+ G+ + @+ + D

i=1
+2a;bi (51 + 2 + 83) + 2ai¢i (G + &5+ 85) + 2bici (G + 85 +53))
+Bd1 + (1 + & + &3)da + (&} + 6F + ¢Dd3) (22 — F). (A.1)

After elementary computations, we obtain

O+8o+85=0,

48+ =2a,
048+ =-3b,
ot + o+ =240

We substitute these values in (A.1) and deduce

3y = Z(Sa — 2ab? 4 2a*c? — 4aa;c; — 6bbic;) + (3d) — 2ad3)(z* — F)
i=1

_Z( (a —75) —Za(b,'-i-%ci)z o 2( a)(—4a? 27b2)ci2>
+ 3dy — 2ad3)(z* — F).

As —a, —4a® — 27b* € Zk?, we conclude (after multiplying the previous equation by %)
that ¢ € » A2, 50 P(A) = A2, as required.

In the following, we approach an example of a different nature. We prove P(A) = X, A2
for the case (3.iii) of the list of Theorem 1.5 in a more general situation than the one we are
able to solve in Theorem 5.4 (we do not require that the coefficient a € «?). The proof
is inspired by some constructions of Ruiz developed in [34, Sect. 3, pages 6—7] related to
Whitney’s umbrella singularity.
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Example A.2 Let k be a (formally) real field with 7 (k) = 1 and A := « ((£))[[%, v, z]]/(z2 —
¥x2) where ¥ € k((t)) is a series of odd order. Then P(A) = T A2.

Proof As v has odd order, there exists a series ¢ € «((t)) such that v = t¢2. After the
change of coordinates (x, v, z) > (%x, v, z)weassume A = «((t))[[x, v, z]]/(zz—txz).
Now, consider the ring homomorphism

@ k()% y, 2]l = k(()IIx, V11, f(t, %y, 2) > f(s%, %, v, 5%).

The kernel of the previous homomorphism is the ideal generated by z> — tx2. Thus, ®
induces an inclusion ® : A < x((s))[[x, v]].

Let o = f+zg € P(A) and ¥ = ®(p) = f(s’ xy) + sxg(s?.x,y) €
Pk ((s)[[x, v1]). By (1.1) and Theorem 5.1 v is a sum of two squares in « ((s))[[x, v1],
that is, there exist a, b € « ((s))[[x, y]] such that ¢ = a? + b>. To prove that ¢ € T A2, itis
enough to show 1 € S, ®(A)%. We will find below a’, b’ € ®(A) such that 2y = a’> + b’
Once this is done,

I / 2 ! 2
v = %(a’2+b’2) - (a ;b ) + (a . b ) € $,B(4)2.

Each h € k((s))[[x, y]] can be written uniquely as h = ho + sh; where hg, h| €
k((s)[[x,v]] and h € D(A) if and only if x divides & or, equivalently, if (s, 0,y) €
k((s®)[[y]]. Thus, let us find a’, b € «k((s))[[x,y]] such that 2yy = a’> 4+ »> and
d'(s,0,v),b/'(s,0,y) € c((sH)Ilyll.

Write a := ag + sa; and b := by + sb; where a;,b; € K((sz))[[x, v]]. Denote
Ai(s%,y) :=ai(s?,0,y) and B;(s2,v) := bi(s%,0,y). If we set x = 0, we get

9(s%,0,v,0) = ¥(s,0,v) = (Ag + sA1)> + (Bo + s B))?
= A} + Bf + s*(A} + B}) + 2s(AoA; + BoBy).

We deduce

e ¢(s%,0,y,0) = AJ(s? y) + Bi (s, y) + s?(A(s?, v) + B (s%, v)).
e AgA; + BoB; = 0.

Ifu,v € k((8))[[x, y]], we have
(u2 + vz)(a2 + bz) = (ua — vb)2 + (va + ub)z.
Letus find u(s, y), v(s,y) € «((s))[[y]] such that
ua — vb,va +ub € ®(A), u*+v? € k((sH)[[yl] C D(A),
W? +v)(s?,0) € k[[s*]], (u? +09)(0,0) =k

where k is either 1 or 2. The latter condition implies that u? + v? is a unit of « ((s2))[[y]]
and

2 2
L :” e 1 (E)Iyl.

Write u =: uo + su;j and v := vy + sv;, where u;, v; € k((s2)[[y]]. It holds
ua — vb = (ugag + 82u1a1 — vobg — szvlbl) + s(ugay + ujag — voby — vibg),

va + ub = (vgag + szvlal + ugbg + szulbl) + s(voa; + viao + ugb1 + uibg).
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Recall that ua — vb, va + ub € A if and only if
ugAy +ui1Ao —voBy — vi By = (upay + uap — voby — v1bp)(s,0,y) =0,
voA1 +v1Ag +ugBy + u1 By = (voar + viag + uoby +u1bp)(s,0,y) =0.

Let us write the equalities above as the system of linear equations

Aouy — Bovy = —Ajup + By,
Boui + Agvy = —Biug — Aqvg.

Using that AgA; + BpB1 =0

(A2 4+ B2) <M1> _ (_(AOAI + ByoBy) A¢B1 — A1By > <M0>
0 07\ vy —(AoB1 — A1By) —(AgA1 + BoBy) Vo

0 AoB] — A1 By uo
= . A2
<—(A031 —AB) 0 ) (vo) (A2
As ¢ € P(A), also

o(t,0,v,0) = AJ(t,y) + BZ(t,y) + t(A3(t,y) + B (t,v)) € Pl ((£)[y]).(A.3)

If A+ B3 = 0,theng(t, 0, v, 0) = t(AT(t, )+ Bi(t.v)) € Plc((£)[lylD.s0 A}, B| =
0. If we take u = 1, v = 0, we choose @’ := a, b’ := b, which are both elements of ®(A),
soy =a’+b% e 226(14)2 and ¢ € $,A%.

Suppose next A% + Bg # 0. As AgA1 + BpB1 = 0, we have

B Ay
AoBy — A1By = — (A} + B}) = —— (A} + BY)
Ag By

(whenever the previous expressions make sense, that is, Ag # 0 or By # 0). Denote A :=
A=~ € k((s)((v)) and rewrite (A.2) as

N AAN 0 MAZ + BH [ uo
a5 (5)= (Lm0 ™) (0)

= (A} + BD) (_%g) (Zg)

Consequently, u; = Avg, v; = —Aug. We claim: A € k((s?))[[y]] and A(s?, 0) € «[[s?]].
Denote the order of a series with respect to the variable y with o, (.). By (A.3) we deduce

wy(A3(t,y) + B2 (t,v)) < wy(A}(t,y) + Bi(t,y)).

We distinguish two cases:
() If wy(A3(t,y) + B3(t,y)) < woy(Al(t,y) + B(t,vy)). then wy,(Ao(t,v)) <
wy(B1(t,y)) or wy(Bo(t,y)) < wy(A1(t,y)). Consequently,

wy (L) = a)y(%) = wy( — %{1}) > 0,

s0 A € k((s®)[[y]] and A(s2,0) = 0 € «[[s?]].

) If wy (A3(t,y) + B3(t,v) = oy (A3(t,y) + B(t,y)) = 2r, then w, (1) > 0. If
wy (L) > 0,wehave A € k((s)[[ylland A(s2, 0) = 0 € «[[s2]], so we assume wy (L) =0,
hence A € k((s2)[[v]]. By (A.3)

9(£,0,0,0) = (A3(t, 0) + B3(t, 0)) + t(A(t, 0) + Bi(t, 0)) € P(k((£))),
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sow(A3(t, 0)+ B2 (t, 0)) < w(A3(t, 0)+ B3 (t, 0)). Thus,w(A(s?, 0)) > Oand A(s?, 0) €
r[[s2]].
If we take ug = vg = 1, we obtain u; = A(sz, v) and v| = —(s2, V), SO
u:=1-— sk(sz,y) and v:=1+ s)»(sz,y).
Note that u2 402 = 2+42521(s2, v)? € k (S2)[[y]], @2 +v?)(s2,0) = 2+2524(s2,0) €
k[[s2]] and (12 + v?)(0, 0) = 2. Define

, au—>bv
a =

av + bu

€ ®(A) and b := e d(A)

where w = ,/ # € k ((s2)[[y]]. We obtain
(au — bv)? + (av + bu)? _ 2(a? + b u? +v?) _
w2 = w2+ 02 =

as required. O

a? 4+ = 2a® +b*) =2y,

Appendix B. Finite determinacy

The purpose of this appendix is to present an elementary explicit proof of Theorem 2.5 (see
also [11,22]). Beforehand, we need some preliminary results:

ExampleB.1 Let A be a ring containing Q and let u € A[[t]]. Then for each a € A the
differential equation Z% = uy has a unique solution y € A[[t]] such that y(0) = a.

We write u 1= Y, qujt/ andy := Y, v t*. In order to obtain a solution of the
differential equation %’ = wy such that y(0) = a, it is enough to find a solution (yx)x>0 of
the recursive family of equations:

Yo = a, ®B.1)
Yk = %Zj+g=k_1UJYe € Qug, ..., Ww-1,v0, Y1, ..., Yk—1] fork>1.

Proceeding by induction one can check that for each & > 1 there exists a polynomial Fj €
Qluo, - .., ug—1, yol such that (yx)x>o is a solution of the family of equations (B.1) if and
only if yy = Fy(ug, ..., ur—1,a) foreach k > 1. Thus, for each a € A there exists a unique
solution y € A[[t]] of the previous differential equation such that y(0) = yp = a. m]

In the same way we reach the following result.

LemmaB.2 Let A be a ring containing Q and denote x := (x1, ...,%y,). Letayg, . .., a0 €
Al[x]landby, ..., b, € Al[x, t]]besuchthata;jo(0) = 0andb;(0,0) =0fori =1,...,n.
Then there exist unique series ¢1, ..., ¢, € Al[x1, ..., Xn, t]] such that

0¢;

Tg:bi(¢l,---7¢n»t) (B.2)

and ¢i (x,0) = ajofori =1,...,n.

Proof Write ¢ := Y ;- a;ptk and % =D o1 ka;; £*~1 where the a;; are undetermined

fori =1,...,nand k > 1. Observe that ¢1, .. ., ¢, satisfy the equalities (B.2) if and only
if
1 9%y 1 k1 g 1 9k!
i = 55t O = 5o (55) 0 = S B 0 £DO).
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Denote v := (v1,...,v,) € N" and © € N. Using the chain rule recursively, we find
polynomials

Pir1€Qlzyu,vje: 0 +u<k—-1,0<L=<k—-1,1=<j=<n]

such that

okt alviHp, 3,
ST b @1 B0 ©) = P (a1 b0 ), 5

where 0 < v|+u <k—-1,0=<{¢ <k—-1,1<j < nand z,,,yj¢ are variables.
Consequently,

1 glvitip,
Aik = i.k 1(

—_Pp -7
k! axVotH

We find recursively polynomials

(aIOa MR an07 0)5 a il )-
J

Qik€Qzyu,yj:0<v[+pu<k—-11=<j<n]

such that

8“’|+"bi
ajx = Qi,k(m(mo, ..., a0, 0), ajo)
where 0 < |[v| 4+ <k —1land 1 < j < n. Thus, each a;; is completely determined by
bi,...,bpandayg, ..., a0 € A.This means that Eq. (B.2) has a unique solution ¢y, ..., ¢,
such that ¢; (x,0) = aq;o fori =1, ...,n. O

LemmaB.3 Let F € k[[x,vy]] where x :== (X1, ...,%X3), Y := (Y1, ..., ¥Ym) and let ¢ > 0
be an integer. The following conditions are equivalent:

N - E(X)C(ax,""’ax )+ (F) foreach j =1,...,m.
2) There exist 91, ..., Pn, U € k[[x,y]] such that:

o u(x,0) =1,

° ¢;(x,0) =x;,

o ¢ —x; € (X)«k[[x, vl

e F(x,v) =uF(p,0)where ¢ := (¢1,...,¢n).

Ifin addmOn € (X)‘(aXl . 3X Yfor j =1,..., m, we can choose u = 1.

Proof of the implication (2) = (1)
As ¢; (%, 0) = x;, the homomorphism

@ :kllx, Il = «llx,vIl, f fle,v)

is by the Inverse Function Theorem an automorphism of «[[x, v]]. Let ¢ := (Y1, ..., ¥,) €
«[[x, y]11" be such that

V(= vl = k[[x, 1], g = (¥, v)

is the inverse automorphlsm of . Asx; —¢; € (x)°k[[x, v]],itholds ¥, —x; = V(x;—¢;) €
(x)¢k[[x, v1l, so € ()=, yll.

() y
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By hypothesisu F'(¢, 0) = F(x, y)and applying W, we obtain F'(x, 0) = u YW, v F, y)
(resp. F(x,0) = F(y,y) if u = 1). The derivative of the series u N, v)F(y, y) with
respect to y; is zero for j = 1, ..., m, thatis,

3%

u*(w,y)(Z—(w Vgt —(w v)+ —(u‘l(vf YDF(W,y) =0,
i=1

We apply the automorphism & to the previous equality and obtain

oF "\ OF oy 0
u”(— + Z W. (¢, y)) + —'(zfl(lﬂ, Y) (@, v)F =0.
‘ J

oy = 0x; 0y Iy
Thus, gTF IS (x)‘(dXI, . 3X £y 4+ (F) (resp. —_ e (x)¢ (3X1,..., e Fyifu = 1), as
required. s
Proof of the implication (1) = (2)
Write vy := (v1,...,Yk). Assume that we have series ¥y, ..., ¥, € «[[x, y]] such

that

(D ¥i(x,y@),0 =x;fori =1,...,n,
2) ¥i — % € X)k[[x,yllfori=1,...,n

We rewrite the previous conditions as follows

() Vi =% + > peyrq dieye Where ajp € k[[x,y]] fori =1,...,n,
Q) ¥ —x; = Zv vl=c X Yby i € (x)°k[[x, y]] where b, ; € k[[x,y]]fori =1,...,n.

[B.i]. Define G := F(¥, y),0). We claim: % € (x )‘(6X1 G + (G) for each

"’8x
j=1,...,m. Inaddition, U‘a—e()c(am,...,ﬁx)then 6()(3xw ..,axn)
Observethat
Y,
7_2 (lﬁ Y(k),O)f
d%p i Xp
G _ N OF Wi a0 Yw 0 i =1k
Ivj o 0 ifj=k+1,....m

In addition,

A 2. daie
l :Sip‘l‘ Z ' Y,

0xp Pt 0xp
Vi Z v ab, ¢

= x = € (¥)«llx, vl
3y]‘ v, |v|=c e J

where §;), is the Kronecker-6. As G := F (Y, y), 0), we get

G

& 0 (Ve Y0. O s 510, 0)) + (6)
3 Y(k)> 9%y s Y(k)» .

In the additional case we can erase the addend (G) above. Thus, for our purposes it is enough
to check

LECICE)

<8F W 0) oF W 0)) B (8G 8G)
o Y, 0),nn, 9%, s Yk)» = .

0X1 a '
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But this follows from the fact that

det ( 0vi ) = det <8,-p + z’": 201‘[ W) € «[[x, vl

X X
9xp t=k+1 P

is a unit (set yx+1 =0, ..., yim = 0 to check this).
[B.ii]. Let ¢q, ..., ¢, € k[[x, y]] be such that

(1) ¢i(x, yE-1y,0) =x; fori =1,...,n,
Q) ¢i —x; € (xX)k[[x,yllfori=1,...,n.

Denote ¢ := (¢1, ..., ¢n) and wi’ = Y (¢, vy). It is straightforward to check:

D) Y, Ya-1),0) = ¥i (@, Ya—1), 0), Yk—1), 0) = x; fori = 1,...,n,
Q) ¥ —xi =vi(@,y) —x € ) %k[[x, yllfori =1,...,n
[B.iii]. Recall that yo,—1) = (¥1,...,Ym—1). We claim: There exist u,¢1,...,¢, €

k[[x, y1] such that
. u=1if% €GB forj=1,...,m,
o u(X, yim—1,0) =1,
o ¢;(x, y(m_1),0) =xjfori=1,...,n,
e i —x; € X)k[[x, yllfori=1,...,n,
o F(¢,vm-1),0) = uF(x,y) where ¢ := (¢1, ..., dm).

Leté&, ..., & € (x)k[[x,y]] and ¢ € k[[x, y]] be such that
aF ", OF
— =—CF | — B.3
o = ¢ +§s,aXi (B.3)
(the case ¢ = 0 is included). Consider the formal differential system of equations
99 _ g (0 ® £)
FYSERL Iy ooos Py Y(m—1) Ym s
and ®;(x,vy,0) = x; fori = 1,...,n. By Lemma B.2 the previous formal differential
system has a unique solution @1, ..., ®, € k[[x, v, t]]. As & € (x)°k[[x, v]], we deduce
i e G0kl v, t]
at b 9 .
Write 3;;" = Zkzo air tF with aj € x[[x, y]]. We have a;o = x; and
k+1 ;
Qik = HW(O) € () kllx, vl

for each k > 1. Consequently, ®; — x; € (x)°k[[x, v, t]]fori =1, ..

If®:=(dyq,..., d,), we deduce by the chain rule and (B.3)
0d; oF

ot 0Vm

OF(®, vin—1), Ym —
ot

£)  ~— OF
=y foi(q’, Y(m—1)sYm — t)
i=1

., n.

(@, yn—1), ym — t)

“\/OF aF
= Z (7&)(@7 Y(m—1) Ym — t) — — (P, Y(m—1)Ym — t)
iz 0x%; 0ym

= (F)(D, Y(m—1)s Ym — t).

(B.4)
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By Example B.1 there exists a series U € «[[x, y]][[t]] such that

oU
T (P, yin—1), ym — DU (B.5)
and U(0) = 1 (note that U = 1 if ¢ = 0).
By (B.4) and (B.5) both U F (%, y) and F(®, y(u—1), ym — t) are solutions of the differ-
ential equation

0z
5= (@, ym-1), ym — )z and z(0) = F(x,y).

By Example B.1

F(®,ym-1),ym — ) =UF(x,y). (B.6)

Substitute t = vy,, and define

¢ =P, Y, Ym),
u:=U(xy,ym)-

We have:

° u_11f e(x)‘(3X],... L) for j = m because in this case ¢ = 0,

* 9%,
o u(X,Yim— 1) 0) = 1 because U (x,y,0) =1,

o ¢ (X, Y(m-1),0) = ®;(x,v,0) =x,

o ¢ —x; € (¥)k|[[x, y]] because ®; — x; € (x)k[[x, v, t]],

o F(¢,ym-1,0) = F(P, Y, Ym) Yin-1),0) = U, vy, ym) F(x,y) = uF(x,y).

[B.iv]. Let us show how we can construct the series ¢1, ..., ¢, € k[[x, y]] recursively
using [B.i], [B.ii] and [B.iii] . For k = m we take u™ := 1 and 1//i(m) =x;fori=1,....n
Assume there exist u®, w(k) = (1//(k) w,(Lk)) € k[[x, y]] such that

o u® =1if I “ e(x)‘(8X1 8x Pyforj=1,...,m,

. M(k)(X»Y(k)aO) =1,
¥, vy, 0) = xi fori = 1,...,n,
° wi(k) —x; € X)[[x,y]lfori =1,...,n,

F®, v, 0 =u®Fx, ).
Denote G := F(y® v, 0) € k[[x,v]] and ¥/ := (Yk+1, -, Ym). By [B.iii] there
exist u, ¢ := (¢>1, .o On) € k[[x, y]] such that

o u=1if % e (I, .

o u(xX, V- 1),0 v)=1,

° $i(x,yk-1),0,y)=x;fori=1,...,n,
e i —x; € X)k[[x,yllfori=1,...,n,
e G(¢,v4-1),0,Y) =uG(x,y).

Observe that

Cyforj=1,...,m,

"’Bx

FO® @, va-1,0,Y), vi-1),0) = G, v—1),0,v)
=uG(x,y) = uF(l/f(k), Y, 0) = W(k)F(X’ v).

k—1 k—1
If we take 4D == uu® and p*~ = @V, ol V) = v O (g, vy, 0.v)),
the reader can check using [B.i] and [B.ii] that uk=b <p(k 1) e, go,(,k b satisfy the desired
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properties in this step. The series in the statement u, ¢, . .., ¢, € k[[X1, ..., X,]] correspond
to the final step k = 0 when we have got rid of all the variables y1, ..., vy, as required. O
Now we are ready to prove Theorem 2.5.

Proof of the Theorem 2.5 We approach the case mf c mJ(f) + (f) (and we indicate in
the precise points the differences to the case m¥ C mJ(f)). Let us prove that f is k-
quasidetermined (resp. k-determined). Let ¢ € «[[x]] be such that h := g — f € mkt

Then there exist series A, ..., h, € m¥ such that & = x1h; + - - - + x,h,. We introduce
new variables v := (v, ..., v,) and consider the series
n
F(x,y) = f+ ) (i +vdhi € cllx, v1], (B.7)

i=1
which satisfies F(x,0) = f + h = g Denote the maximal ideal of K[[X v]] with n.
We claim: BF € m(aXl e 3X ) + (F) (resp 17 € m(aXI cey ax,,))
We differentlate F with respect to x; in (B.7) and obtain

oF  df k-1
—_— = —— = h —_— . B.8
i + ;m +y,) € nm (B.8)

Consequently, by (B.7) and (B.8) we deduce

mJ (ellx, y1l + (Sxllx, y]] C mJ (F) + (F) + nm*
CmJ(F) + (F) +nmJ ()= vy + (Hrllx vID

(resp. mJ (f)k[[x. y]] € mJ(F) +nmé € mJ(F) +n(mJ (f)k[[x, y1]) if m* € mJ ().
By Nakayama’s Lemma (for inclusions) [4, Lem.6.13, p.25] we conclude

mJ(ellx, yII + (Hrllx, y]] € mJ(F) + (F)

(resp. mJ (f)k[[x, vyl C mJ(F)). Thus,

oF
3y, =hj em' cmJ(f)+ (f) CmJ(Hrllx vl + (Hellx. vl € mJ (F) + (F)
J

(resp.%:hj emJ(F))forj=1,...,n

By Lemma B.3 there exist ¢1, ..., ¢, u € k[[x, y]] such that
e u(x,0)=1,
o ¢i(%x,0) =x,
° ¢ —x; € mk[[x, vl
o F(x,y) =uF(p,0), Wherw =(@1,.-» Pn)

In addition, if z?y- IS m(aXl ax £ for j =1,...,n (thatis, if mf C mJ(f)), we can
J
choose u = 1. As ¢;(x,0) = x; and ¢; — x; € mK[[x, v1], we write

n

gi=xi+ Y Xviljexy)
j.e=1

where ;¢ € «[[x, y]]. Thus, the map

@ : k[[x]] = «[[x]], h = h(p(x, —x))
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is an automorphism of « [x]. We obtain

f=F(x,—x) = u(x, —x) F(p(x, —x), 0)
=u(x, —x)(f + D (px, —x)) = ux, =x)O(f + h) = u(x, —x)d(g),

where u = 1ifm* C mJ(f). Thus, f is k-quasidetermined (resp. k-determined), as required.

O
References

1. Andradas, C., Brocker, L., Ruiz, J.M.: Constructible Sets in Real Geometry. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), vol. 33. Springer, Berlin (1996)

2. Becher, K.-J., Grimm, D., Van Geel, J.: Sums of squares in algebraic function fields over a complete
discretely valued field. Pac. J. Math. 267(2), 257-276 (2014)

3. Bochnak, J., Coste, M., Roy, M.E.: Real Algebraic Geometry. Ergebnisse der Mathematik, vol. 36.
Springer, Berlin (1998)

4. Bruce, J.W.: Classifications in singularity theory and their applications (p.3-33). New developments in
singularity theory. Proceedings of the NATO Advanced Study Institute held in Cambridge, July 31-August
11, (2000). Edited by D. Siersma, C. T. C. Wall and V. Zakalyukin. NATO Science Series II: Mathematics,
Physics and Chemistry, 21. Kluwer Academic Publishers, Dordrecht (2001)

5. Cassels, J.W.S.: On the representation of rational functions as sums of squares. Acta Arith. 9, 79-82
(1964)

6. Chenciner, A.: Courbes Algébriques Planes, [Plane algebraic curves] Publications Mathématiques de
I’Université Paris VII [Mathematical Publications of the University of Paris VII], vol. 4. Université de
Paris VII, U.E.R. de Mathématiques, Paris (1978)

7. Choi, M.D., Dai, Z.D., Lam, T.Y., Reznick, B.: The Pythagoras number of some affine algebras and local
algebras. J. Reine Angew. Math. 336, 45-82 (1982)

8. Choi, M.D., Lam, T.Y., Reznick, B., Rosenberg, A.: Sums of squares in some integral domains. J. Algebra
65(1), 234-256 (1980)

9. Choi, S.: The divisor class group of surfaces of embedding dimension 3. J. Algebra 119(1), 162-169
(1988)

10. Cutkosky, S.-D., Kashcheyeva, O.: Algebraic series and valuation rings over nonclosed fields. J. Pure
Appl. Algebra 212(8), 1996-2010 (2008)

11. Cutkosky, S.-D., Srinivasan, H.: Equivalence and finite determinacy of mappings. J. Algebra 188(1),
16-57 (1997)

12. Dickmann, M., Schwartz, N., Tressl, M.: Spectral Spaces. New Mathematical Monographs, vol. 35.
Cambridge University Press, Cambridge (2019)

13. Eisenbud, D.: Commutative algebra. With a view toward algebraic geometry. Graduate Texts in Mathe-
matics, 150. Springer-Verlag, New York, (1995)

14. Fernando, J.E.: On the Pythagoras numbers of real analytic rings. J. Algebra 243, 321-338 (2001)

15. Fernando, J.F.: Positive semidefinite germs in real analytic surfaces. Math. Ann. 322(1), 49-67 (2002)

16. Fernando, J.F.: Sums of squares in real analytic rings. Trans. Am. Math. Soc. 354(5), 1909-1919 (2002)

17. Fernando, J.E.: Analytic germs of minimal Pythagoras number. Math. Z. 244(4), 725-752 (2003)

18. Fernando, J.E.: Erratum: Analytic germs of minimal Pythagoras number. Math. Z. 250(4), 967-969 (2005)

19. Fernando, J.F.: Sums of squares in excellent Henselian local rings. In: Gabriel, O. (ed.) Advances in
Mathematics Research, vol. 7, pp. 75-100. Nova Science Publishers Inc, Hauppauge (2007) . (ISBN:
1-59454-458-1)

20. Fernando, J.F.: On the positive extension property and Hilbert’s 17th problem for real analytic sets. J.
Reine Angew. Math. 618, 1-49 (2008)

21. Fernando, J.F., Ruiz, J.M.: Positive semidefinite germs on the cone. Pac. J. Math. 205(1), 109-118 (2002)

22. Fernando, J.F., Ruiz, J.M. Finite determinacy in rings of power series (Spanish) Mathematical contribu-
tions in honor of Professor Enrique Outerelo Dominguez (Spanish), Homen. Univ. Complut., Editorial
Complutense, Madrid, pp 183-199 (2004)

23. Fernando, J.F., Ruiz, J.M.: On the Pythagoras numbers of real analytic set germs. Bull. Soc. Math. France
133(3), 349-362 (2005)

24. Fernando, J.F., Ruiz, .M., Scheiderer, C.: Sums of squares in real rings. Trans. Am. Math. Soc. 356(7),

2663-2684 (2004)

@ Springer



Representation of positive semidefinite elements... Page650f65 59

25.

26.

27.
28.

29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

39.

Fernando, J.F., Ruiz, J.M., Scheiderer, C.: Sums of squares of linear forms. Math. Res. Lett. 13(6),
945-954 (2006)

Greuel, G.-M., Lossen, C., Shustin, E.: Introduction to Singularities and Deformations. Springer Mono-
graphs in Mathematics. Springer, Berlin (2007)

Hoffmann, D.W.: Pythagoras numbers of fields. J. Am. Math. Soc. 12(3), 839-848 (1999)

Hu, Y.: The Pythagoras number and the u-invariant of Laurent series fields in several variables. J. Algebra
426, 243-258 (2015)

de Jong, T., Pfister, G.: Local Analytic Geometry. Basic Theory and Applications. Advanced Lectures in
Mathematics. Friedr. Vieweg & Sohn, Braunschweig (2000)

Lam, T.Y.: Introduction to Quadratic Forms Over Fields. Graduate Studies in Mathematics, vol. 67.
American Mathematical Society, Providence (2005)

Pfister, A.: Zur Darstellung definiter Funktionen als Summe von Quadraten. Invent. Math. 4, 229-237
(1967)

Pourchet, Y.: Sur la représentation en somme de carrés des polyndmes a une indéterminée sur un corps
de nombres algébriques. Acta Arith. 19, 89-104 (1971)

Rotthaus, C.: On the approximation property of excellent rings. Invent. Math. 88(1), 39-63 (1987)
Ruiz, J.M.: Sums of two squares in analytic rings. Math. Z. 230(2), 317-328 (1999)

Scheiderer, C.: Sums of squares of regular functions on real algebraic varieties. Trans. Am. Math. Soc.
352(3), 1039-1069 (1999)

Scheiderer, C.: On sums of squares in local rings. J. Reine Angew. Math. 540, 205-227 (2001)
Scheiderer, C.: Sums of squares on real algebraic surfaces. Manuscr. Math. 119, 395-410 (2006)
Scheiderer, C.: Weighted sums of squares in local rings and their completions. I. Math. Z. 266(1), 1-19
(2010)

Scheiderer, C.: Weighted sums of squares in local rings and their completions. II. Math. Z. 266(1), 21-42
(2010)

Scheiderer, C.: Sums of squares of polynomials with rational coefficients. J. Eur. Math. Soc. 18(7),
1495-1513 (2016)

. Scheja, G.: Einige Beispiele faktorieller lokaler Ringe. Math. Ann. 172, 124-134 (1967)
. Siegel, C.: Darstellung total positiver Zahlen durch Quadrate. Math. Z. 11(3—4), 246-275 (1921)
. Zariski, O., Samuel, P.: Commutative Algebra. Vol II. Graduate Texts in Mathematics, vol. 29. Springer,

New York (1975)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Representation of positive semidefinite elements as sum of squares in 2-dimensional local rings
	Abstract
	1 Introduction
	Background
	Main results
	Pythagoras numbers and τ-invariant.
	Formally real fields with a unique ordering

	Applications: Principal saturated preorderings of low order.
	Structure of the article

	2 Basic tools when dealing with formal rings
	2.1 Formal rings
	2.2 Equivalence of series and finite determinacy tools
	2.3 Exchanging positiveness
	2.4 Applications of Weierstrass polynomials and Puiseux series
	2.5 Applications of curve selection lemma and Puiseux series

	3 List of candidates
	3.1 Characterization of positive semidefinite elements.
	3.2 Proof of Theorem 1.5
	3.2.1 The non-principal case


	4 Polynomial density and polynomial reduction
	4.1 Positive definite elements.
	4.2 Polynomial density
	4.2.1 Strong Artin's approximation and bounded Pythagoras numbers.


	5 Proof of Theorem 1.8
	5.1 Order two cases
	5.2 Order three cases

	6 Applications: Principal saturated preorderings of low order
	Acknowledgements
	Appendix A. Examples
	Appendix B. Finite determinacy
	References




