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Abstract

In this work we approach the problem of approximating uniformly continuous semi-
algebraic maps f : S — T from a compact semialgebraic set S to an arbitrary
semialgebraic set 7' by semialgebraic maps g : S — T that are differentiable of
class C" for a fixed integer v > 1. As the reader can expect, the difficulty arises mainly
when one tries to keep the same target space after approximation. For v = 1 we give a
complete affirmative solution to the problem: such a uniform approximation is always
possible. For v > 2 we obtain density results in the following two relevant situations:
either T is compact and locally C” semialgebraically equivalent to a polyhedron, for
instance when T is a compact polyhedron; or T is an open semialgebraic subset of a
Nash set, for instance when 7 is a Nash set. Our density results are based on a recent
C!-triangulation theorem for semialgebraic sets due to Ohmoto and Shiota, and on
new approximation techniques we develop in the present paper. Our results are sharp
in a sense we specify by explicit examples.
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1 Introduction and main results

The importance of approximation of continuous functions is a natural question that
arises from Stone—Weierstrass result of uniform approximation of continuous func-
tions over compact sets by polynomial functions. This result provides naturally a
polynomial approximation result for R -valued continuous maps f : K — R defined
on a compact set K. Difficulties arise when trying to restrict the image of the approxi-
mating map. One way to proceed is to be more flexible with the type of approximating
maps but also by considering domains of definition and target spaces in suitable tame
categories.

This paper deals with the approximation problem in the semialgebraic category.
Recall thataset S C R" is semialgebraic if it is a Boolean combination of sets defined
by polynomial equalities and inequalities. Let S C R™ and T C R" be (non-empty)
semialgebraic sets. Amap f : S — T is semialgebraic if its graph is a semialgebraic
subset of R™*". Continuous semialgebraic maps are called S° maps and we denote
s° (S, T) the set of continuous semialgebraic maps from S to 7. We endow s (S, 7)
with its Whitney’s S° topology, which has as a basis of neighborhoods of an S° map
f:8S — TthesetsU(f) :={g € S%S., T) : If(x) — g, < elx) Vx € S},
where ||v||,, denotes the Euclidean norm of a vector v € R" and ¢ : § — Ris astrictly
positive S function. In the following when we say that f, g € S°(S, T) are close,
we mean that there exists a small strictly positive S° function & : § — R such that
lf(x)—gx)|l, < e(x)foreachx € S.

Fix an integer v > 1 or v = o0. A semialgebraic map f := (f1,..., fu) : S —
T C R"issaidtobe S” (or Nash if v = 00) if there exist an open semialgebraic neigh-
borhood €2 of S in R” and real-valued semialgebraic functions F1, ..., F, defined on

Q that are differentiable of class C¥ such that f(x) = (Fi(x), ..., F,(x)) for each
x € S. We denote S§(S, T) the set of these maps (or N(S, T) if v = 00). To lighten
notations we use respectively the symbols S¥(S) and NV(S) in place of §"(S, R) and
N(S, R).

A semialgebraic set M C R™ is called an (affine) S manifold (or a Nash manifold if
v = oo) ifitis in addition a C* submanifold of (an open subset of) R™. As in this paper
all manifolds are affine we often drop the adjective affine. Amap f : M — N between
S” manifolds is S” in the sense of the above paragraph if and only if it is semialgebraic
and differentiable of class C* in the usual sense for C¥ manifolds involving charts. For
more details concerning the spaces of S” maps, we refer the reader to [4, 2.C & 2.D].
We recall also that if U is an open semialgebraic subset of R”, a set Y C U is called
Nash subset of U if there exists a Nash function g € N(U) such that Y is the zero
locus of g. A Nash set is a Nash subset of an open semialgebraic subset of some R".
Naturally, a Nash subset Z of a Nash set Y is a Nash set Z that is closed in Y. A Nash
set is semialgebraic and a Nash manifold is a (non-singular) Nash set.
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1.1 Some relevant known approximation results

In the literature there are many approximation results of algebraic/semialgebraic nature
and we recall here some of them.

&Y maps by Nash maps

Efroymson’s approximation theorem [16, §1] ensures that continuous semialgebraic
functions can be approximated by Nash functions on a Nash manifold. This statement
was improved by Shiota in many directions [42], for instance, providing a similar
approximation result for §” functions using Whitney’s S¥ topology and proving rela-
tive versions of such an S” approximation result. The previous results can be extended
to approximate S” maps f : § — N from alocally compact semialgebraic set § C R™
to a Nash manifold N C R"” by Nash maps g : S — N in the " topology, making
use of a suitable Nash tubular neighborhood of N in R” (see [42, Lem.I. 3.2]). We
can even go further and obtain approximation results for S” maps between Nash sets
with monomial singularities (see [4, Thm. 1.7]). For further applications of this type
of approximation results we refer the reader to [4,17,19].

Nash maps by regular maps

The problem of approximating (smooth or) Nash maps between real algebraic mani-
folds by regular maps is an old and deep question in real algebraic geometry. Let X
and Y be real algebraic manifolds of positive dimension such that X is compact. The
set R(X, Y) of regular maps from X to Y turns out to be dense in the corresponding
space N(X, Y) of Nash maps endowed with the C> compact-open topology only in
exceptional cases. Besides the Stone—Weierstrass theorem (quoted above) for which
Y is an Euclidean space, the density of R(X,Y) in M(X, Y) is known only when
the target space Y is one of the spheres S', S?, S* or a grassmannian. For a general
rational real algebraic manifold Y, we must restrict hardly the possible domains of
definition X to some special types. A remarkable example is the density of R(S™, S™)
in M(S™, §") for each pair (m,n) whenn = 1,2,4. If n # 1, 2,4, the density of
R(S™,S") in N(S™, S") remains a fascinating mystery. For further details, we refer
the reader to [5, Ch. 12 & §13.3] and the quoted references there, to the survey [11]
and to the articles [6-10,12,22,30]. If Y is ‘generic’ in a suitable way, R(X, Y) is an
‘extremely small’ closed subset of AV(X, Y), see [20,21]. This lack of regular maps
between real algebraic manifolds seems to be the main obstruction for an extension
of the Nash-Tognoli algebraization techniques from smooth manifolds to singular
polyhedral spaces and, in particular, to compact Nash sets, see [2,23].

Continuous maps by continuous rational maps

Kucharz has studied deeply approximation results of continuous maps between a
compact algebraic manifold X and a sphere S” by continuous rational maps. As X is
compact the author considers on the space C(X, S") of continuous maps from X to S”
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the compact-open topology. In case X has dimension n, the space R (X, S™) of (nice)
continuous rational maps from X to S” is dense in C(X, S") (see [31, Thm. 1.2, Cor.
1.3]). In addition, for any pair (;m, n) of non-negative integers, the set Ro(S™, S") is
dense in C(S™, S") (see [31, Thm. 1.5]). In general Ry(X, S"*) needs not to be dense in
C(X, S"). Simple obstructions can be expressed in terms of homology or cohomology
classes representable by algebraic subsets. We refer the reader to [29,31] for further
details.

Homeomorphisms between smooth manifolds by diffeomorphisms

There are many and celebrated approximation results concerning homeomorphisms
between smooth manifolds by diffeomorphisms in the literature. The obstruction the-
ory originated from the problem of smoothing a continuous map with good properties
or smoothing a combinatorial manifold M deserves special attention because it is
in the core of differential topology. Such a theory was mainly developed by Milnor,
Thom, Munkres and Hirsch. They found that the obstructions concentrate in certain
homology classes belonging to the homology groups of the combinatorial manifold M
relative to its boundary d M with coefficients in the quotient groups of the orientation-
preserving diffeomorphisms of the unit spheres S” modulo the orientation-preserving
diffeomorphisms of the unit balls B? +1 We refer the reader to [26,27,32,36-38,47]
for further details concerning the mentioned foundational obstruction results and to
[14,24,28,34,35] for some recent developments.

In addition, Milnor [33] discovered two compact polyhedra which are homeomor-
phic but not piecewise linearly homeomorphic (a counterexample to the Hauptver-
mutung). In the case in which the homeomorphism is semialgebraic the situation is
completely different. In fact, Shiota and Yokoi [45] proved, using approximation tech-
niques, that two semialgebraically homeomorphic compact polyhedra in R" are also
piecewise linearly homeomorphic. Shiota [44] improved the previous result and he
obtained a PL homeomorphism by a constructive procedure, involving more sophis-
ticated approximation techniques, that starts from the original homeomorphism. He
proved that, for any ordered field R equipped with any o-minimal structure, two defin-
ably homeomorphic compact polyhedra in R are PL homeomorphic (the o-minimal
Hauptvermutung). Together with the fact that any compact definable set is definably
homeomorphic to a compact polyhedron, he concludes that o-minimal topology is
‘tame’.

1.2 Our approximation results in the semialgebraic setting

Let S ¢ R™ and T C R”" be semialgebraic sets such that S is compact. In this
case Whitney’s S0 topology of the space S(S, T) coincides with its compact-open
topology. In fact, S°(S, T) is a metrizable space with respect to the distance d( f, g) :=
max{|| f(x) —gx)|l, : x € S}. We will use freely this fact along this work.

Problem 1.1 Given an integer v > 1 or v = o0, is S'(S, T) dense in 8%, T)?

It is well-known that the answer is affirmative if the target space is an S manifold.
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Known Result 1.2 For each integer v > 1 or for v = oo, if T is an 8 manifold, then
8Y(S, T) is dense in S°(S, T).

The reason why the latter result works is that each S® map f : § — T C R"
can be uniformly approximated by a polynomial map g : § — R” (recall that S is
compact) and then one can use an S” (bent) tubular neighborhood p : U — T of T in
R” (see [42,1.3.5 & 11.6.1]) to obtain the desired approximating map p o g. However,
an arbitrary semialgebraic set T C R" does not have S” tubular neighborhoods in
R" if v > 1 (see Example 1.10 below). It has only S” tubular neighborhoods in R”,
provided it is locally compact [15].

First main result

Our first result gives a complete affirmative solution to Problem 1.1 for v = 1.

Theorem 1.3 Let S C R™ be a compact semialgebraic set and let T C R" be a
semialgebraic set. Then S' (S, T) is dense in S°(S, T). More precisely, given any
n € N, the following assertion holds: for each f € S°(S, R") and each ¢ > 0, there
exists g € S! (S, R") suchthat g(S) C f(S)and || g(x)— f(x)|l, < eforeveryx € S.

For an arbitrary positive integer v > 2 we obtain density results in two very signif-
icant situations we are going to present.

Second main result

Let us recall the definition of locally S” polyhedral semialgebraic set, which represents
a polyhedral counterpart of the concept of S” manifold. Let v be an integer > 1.
A semialgebraic set T C R" is called locally S8* equivalent to a polyhedron, or locally
S"polyhedral for short, if for each point x € T there exist two open semialgebraic
neighborhoods U, and V of x in R”, an " diffeomorphism ¢, : Uy — V, and a
compact polyhedron Q of R” such that ¢,(Uy N T) = V, N Q. The term compact
polyhedron of R" means the realization of a finite simplicial complex of R" (see [39,
§2]). The importance of locally S” polyhedral semialgebraic sets is that if they are in
addition compact, they admit S” triangulations (see Sect. 2.1 below).

Our second main result asserts that Known Result 1.2 extends to the case in which
the target space T is an arbitrary locally S” polyhedral compact semialgebraic set.

Theorem 1.4 Let S C R™ and T C R" be compact semialgebraic sets. If T is locally
S polyhedral for some integer v > 1, then 8" (S, T) is dense in SO(S, T).

As an immediate consequence we obtain:

Corollary 1.5 Let S C R™ be a compact semialgebraic set and let T C R" be a
compact polyhedron. Then 8" (S, T) is dense in S°(S, T) for each integer v > 1.

Theorem 1.4 and Corollary 1.5 are sharp in the sense that they are false if the
approximating maps are Nash, that is, if v = oco.
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Example 1.6 Let S := [—1,1]and T := {(x,y) € [-2,2] x R : xZ — y2 = 0}.
Observe that T is a compact polyhedron and 7’ := T N ((—=2,2) x R) is a Nash
set whose irreducible components are T, := {(x,y) € (=2,2) x R: x £y = 0}.
Consider the S®map f : S — T’ C T, t — (¢, |t]) and suppose there exists a Nash
map g : S — T close to f in S°(S, T). Since giscloseto f and f(S) C T’, we may
assume g(S8) C T'. As S is an irreducible semialgebraic set in the sense of [18, §3],
the image g(S) C T’ must be an irreducible semialgebraic set [18, 3.1(iv)], so g(S)
must be contained either in 7' or in 7/, which is impossible because g is close to f
and dim(f(S) N Tp) = 1. This proves that N(S, T) is not dense in SO(S, T). O

A by-product of the argument we will use to prove Theorem 1.4 is the following.

Corollary 1.7 Let K be a finite simplicial complex of RP and let P C R? be the
corresponding compact polyhedron |K|. Then, for each integer v > 1, there exists a
sequence {1}, N in 8" (P, P) with the following universal property: if f is a real-
valued function in SO(P) such that |, € 8" (o) for each o € K, then the sequence
{f o1}},eN is contained in S"(P) and converges to f in SO(P). In particular, the
sequence {1}, .\ converges to the identity map in s, P).

Third main result

Consider the compact algebraic curve 7' := (-x31-x)=0}C R%. Ithasa cusp
at the origin, so it is not locally S' polyhedral. Thus, Theorem 1.4 does not apply if
T is the target space. However, Problem 1.1 continues to have an affirmative solution,
because T is a Nash set. More precisely, we are able to prove the following result.

Theorem 1.8 Let S C R™ be a compact semialgebraic set and let T be an open
semialgebraic subset of a Nash set Y C R". Then §"(S, T) is dense in SO(S, T) for
each integer v > 1.

Theorem 1.8 is again sharp in the sense that it is false if the approximating maps
are Nash, that is, if v = o0o: consider the S0 map S — T',t — (¢, ]|t]) of Example
1.6 and observe that it cannot be approximated by Nash maps between S and T".

Remarks 1.9 (1) In the statements of Theorems 1.3, 1.4 and 1.8 and of Corollary 1.5,
we may assume that the S approximating maps are S° homotopic to the original S°
maps. This holds because in Theorem 1.3 f () is compact and in the remaining results
T is locally compact. Hence f(S) and T admit by [15] S° tubular neighborhoods in
R".

(2) Our results are also sharp in the following sense. Let £, v be integers such that
1 < ¢ < v, let S be a compact S” manifold and let T C R” be a semialgebraic
set. If T is not an S8 manifold, then one cannot expect that S"(S, T) is dense in
SY(S, T) (equipped with its Whitney’s S* topology defined in the obvious way). An
easy example is the following. Let § := S' be the circumference of R? with center
the origin and radius 1 and let 7 := {(x,y,2) € S xR : 23 — y3+1 = 0). The
S'map f: S — T defined by f(x,y) := (x, y, y*T1/3) cannot be S* approximated
by amap g := (g1, £2,g3) : S — T in §"(S, T). Otherwise, by the inverse function
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theorem, the map G := (g1, g2) : S — S would be an S"-diffeomorphism and
(g30 G*I)(x, y) = y”m’ would belong to 8" (S), which is a contradiction. O

Involved tools

The proofs of Theorems 1.3 and 1.4 are based on the use of S' triangulations of
arbitrary compact semialgebraic sets [40, Thm. 1.1] and S triangulations of locally "
polyhedral compact semialgebraic sets [43, Prop.I. 3.13 & Rmk.I. 3.22] combined with
simplicial approximation of continuous maps between compact polyhedra [39, Ch.2]
and with a ‘shrink-widen’ approximation technique introduced in Sect. 3. Corollary
1.7 is a consequence of such techniques. The proof of Theorem 1.8 involves the
use of 8 weak retractions that are developed in Sect. 4. Let M C R™ be a Nash
manifold and let X C M be a Nash normal-crossings divisor. Let W C M be an open
semialgebraic neighborhood of X. An S8 weak retractionis an S" map p : W — X
whose restriction to X is arbitrary close to the identity map on X. In Proposition 4.2
we prove the existence of S weak retractions. We combine this tool with a strategy
employed in [3, Lem. 2.2] that involves resolution of singularities. The use of S” weak
retractions instead of usual retractions is justified by the following example.

Example 1.10 There exists no S! retraction from a semialgebraic neighborhood U of
T :={xy=0}C R?onto T. Suppose that p : U — T issuchan S! retraction. As p|7
is equal to the identity map id7 on 7', we deduce that dpp = idRz. Consequently, there

exist open semialgebraic neighborhoods U and Us of the origin in R? such that the
restriction p|y, : Uy — U C T isan St diffeomorphism, which is a contradiction. O

Structure of the article

All basic notions and preliminary results used in this paper are presented in Sect. 2.
The reader can proceed directly to Sect. 3 and refer to Sect. 2 when needed. In Sect. 3
we describe our ‘shrink-widen’ approximation technique and we prove Theorems 1.3
and 1.4, and Corollary 1.7. Section 4 is devoted to the proof of the existence of S”
weak retractions, that we use in Sect. 5 to prove Theorem 1.8.

2 Preliminaries

In this section we introduce many concepts and notations needed in the article. Let
us recall some general properties of semialgebraic sets. Semialgebraic sets are closed
under Boolean combinations and, by means of quantifier elimination, they are also
closed under projections. Any set S C R™ defined by a first order formula in the
language of ordered fields is a semialgebraic set [5, pp. 28, 29]. Thus, the basic
topological constructions as the closure of S, the interior of S and the boundary of
S in R™ (denoted by CI(S), Int(S) and 9§ respectively) are semialgebraic if S is.
Also images and preimages of semialgebraic sets by semialgebraic maps are again
semialgebraic. The dimension dim(S) of a semialgebraic set S is the dimension of its
Zariski closure in R™ [5, §2.8]. The local dimension dim(Sy) of S at a point x € CI1(S)
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is the dimension of U N S for a small enough open semialgebraic neighborhood U of
x in R™. The dimension of S coincides with the maximum of these local dimensions.
For any fixed integer k the set of points x € § such thatdim(Sy) = k is a semialgebraic
subset of S. If the function S — N, x — dim(Sy) is constant, then S is said to be
pure dimensional.

2.1 Simplicial approximation and S" triangulations

Let K be a finite simplicial complex of R”. Given any simplex o € K, we denote
Bd(o) the relative boundary of o defined as the union of proper faces of o and
o9 := o\Bd(0) the relative interior of o, which is equal to the set of points of
o whose barycentric coordinates are all strictly positive. The sets 0¥ are called open
simplexes of K.Weindicate | K| the subset | J, . x o of R? equipped with the topology
inherited from the Euclidean one of R”. Let K, be the set of vertices of K and for
each v € K, let Star(v, K) be the star of v in K, that is, the open neighborhood
Usek veo o9 of v in |K|. For each positive integer k denote K® the k™M-iterated
barycentric subdivision of K. If we fix ¢ > 0 and pick k large enough, then every
simplex t € K® has diameter diam,(7) := max, ye{llx —yllp} < & (see [35, Thm.
15.4]).

Let L be a finite simplicial complex of some R? and let g : K, — L, be a map
between the sets of vertices of K and L satisfying the following condition: if vy, ..., v,
are vertices of K that span a simplex of K, then g(vy), ..., g(v,) are vertices of L
that span a simplex of L. Then, g extends uniquely to a continuous map from | K| to
|L| whose restriction to each simplex o of K is the restriction to o of an affine map
R? — R?. We denote this extension again g : |K| — |L| and we say that g is a
simplicial map. Let f : |K| — |L| be a continuous map. A simplicial map g : |K| —
|L| is called a simplicial approximation of f if f(Star(v, K)) C Star(g(v), L) for
each vertex v € K. If g is a simplicial approximation of f, then for each x € |K|
there exists £, € L suchthat {g(x), f(x)} C &x,s0[lg(x)— f(x)|ly < diam,(§x) (see
[35, Cor.14.2]). The finite simplicial approximation theorem [35, Thm. 16.1] assures
that: given a continuous map f : |K| — |L|, there exists a positive integer k and a
simplicial approximation g - |[K®| — |L| of f.

Theorem 2.1 ([35, §14, 15 & 16]) Let K and L be two finite simplicial complexes and
let f : |K| — |L| be a continuous map. Suppose |L| C RY. Then, for each ¢ > 0,
there exist two positive integers k, £ and a simplicial map g : |[K®| — |L©| such
that ||g(x) — f(x)lly < & foreachx € |[K®| = K|

Proof Choose an integer £ > 1 such that diam, (£§) < ¢ foreach £ ¢ L® Now, apply
the finite simplicial approximation theorem to the continuous function f : |K| —
|L®| = |L| and the proof is concluded. O

In the semialgebraic setting we have the following triangulation result, see [5, Thm.
9.2.1 & Rmk. 9.2.3.a)].

Theorem 2.2 Given any compact semialgebraic set S C R™, there exist a finite
simplicial complex K and a semialgebraic homeomorphism ® : |K| — S. In addi-
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tion, for each o € K the set ®(c®) C R™ is a Nash manifold and the restriction
®|0: 00 — (09 is a Nash diffeomorphism.

Recently Ohmoto and Shiota proved a remarkable global S! version of the latter
theorem. We state their result in the compact case only, see [40, Thm. 1.1].

Theorem 2.3 Given any compact semialgebraic set T C R", there exist a finite sim-
plicial complex L and a semialgebraic homeomorphism V : |L| — T such that
v e SY(L|, T).

It is not known if the semialgebraic homeomorphism W can be chosen of class C
(see [40, Sect.1]). However, for a locally " polyhedral semialgebraic set we have in
addition the following result, see [43, Prop.I. 3.13 & Rmk.I. 3.22].

Theorem 2.4 Let T C R”" be a compact semialgebraic set. If T is locally S poly-
hedral for some integer v > 1, then there exist a finite simplicial complex L and
a semialgebraic homeomorphism V : |L| — T such that the restriction of ¥V to &
belongs to S (&, T) for each & € L.

2.2 Sets of regular and singular points of a semialgebraic set

Let Z C C" be a complex algebraic set and let /(>(Z) be the ideal of all polynomi-
als F € C[x] such that F(z) = 0 for each z € Z. A point z € Z is regular if the
localization of the polynomial ring C[x]/I=(Z) at the maximal ideal 91, associated
to z is a regular local ring. In this complex setting the Jacobian criterion and Hilbert’s
Nullstellensatz imply that z € Z is regular if and only if there exists an open neigh-
borhood U C C" of z such that U N Z is an analytic manifold. We denote Reg(Z)
the set of regular points of Z and it is an open dense subset of Z. If Z is irreducible,
it is pure dimensional and Reg(Z) is a connected analytic manifold. In case Z is
not irreducible, then the connected components of Reg(Z) are finitely many analytic
manifolds (possibly of different dimensions).

Let X C R" be a (real) algebraic set and let Iy (X) be the ideal of all polynomials
f € R[x] such that f(x) = 0 for each x € X. A point x € X is regular if the
localization of R[x]/ I (X) at the maximal ideal m, associated to x is a regular local
ring [5, §3.3]. In addition, x € X is smooth if there exists an open neighborhood
U C R" such that U N X is a Nash manifold. It holds that each regular point is
a smooth point, but in the real case the converse is not always true as it shows the
following example.

Example 2.5 Let X := {(x*> + y*)xz — y* =0} C R3. The set of regular points of X
is Reg(X) = X\{x = 0, y = 0}. However, the set of smooth points of X is X\{0}. To
prove this fact it suffices to observe that the maps ¢, : {(¢, s) € R?: ¢ > 0} —> R3for
& = %1 defined by ¢, (s, 1) := e((s2 + 1t2)s2, (s2 + 12)st, t*) are Nash embeddings,
whose images cover X \{z = 0}. It follows that each point (0, 0,a) € X witha # 0
is smooth. m|

Let X C C" be the > complex algebraic set that is the zero set of the extended ideal
IR (X)C[x]. We call X the complexification of X . The ideal I (X ) coincides with the
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tensored ideal Iy (X) ®p C, so X is the smallest complex algebraic subset of C" that
contains X and

Clxl/Ic(X) = (R[x]/IR(X)) @R C.

It holds that the localization (R[x]/I (X))m, is a regular local ring if and only if so
is its complexification

(RIx]/IR (X)m, ®r C = (CIx1/Ic(X)gn. .

Consequently, the set of regular points of X is Reg(X) = Reg()? )N X and its set of sin-
gular points is Sing(X) := X\ Reg(X). The connected components of the open subset
Reg(X) of X is a finite union of Nash manifolds (possibly of different dimensions).

We turn out next to Nash sets. Let X C R" be a Nash set. A point x € X is regular if
the localization V(X )n, at the maximal ideal n, of N(X) associated to x is a regular
local ring. Denote Reg(X) the set of regular points of X. Again a point x € X is
smooth if there exists an open neighborhood U C R" of x such that U N X is a Nash
manifold. As before each regular point is a smooth point but Example 2.5 shows that
the converse is not true in general. The Nash set X € R” is said to be non-singular
if X = Reg(X). Assume that X is irreducible. It holds that X is a non-singular Nash
set if and only if it is a connected Nash manifold [42, Def.Il. 1.12 and Prop.IL. 5.6].
Alternatively, this can be shown as an application of Artin-Mazur’s Theorem [5, Thm.
8.4.4].

A natural question arises when confronting the definitions of regular point of a real
algebraic set X C R" from the algebraic and Nash viewpoints. Using the properties
of completions and henselization [1, Prop.VII. 2.2 and Prop.VII. 3.1] one shows that
a point x € X is regular from the algebraic point of view if and only if it is regular
from the Nash point of view.

Note in addition that if the irreducible components of a Nash set X are non-singular,
then a point x € X is regular if and only if it is smooth.

2.3 Desingularization of algebraic sets

Let X C Y C R”" be algebraic sets such that Y is non-singular. Recall that X is
a normal-crossings divisor of Y if for each point x € X there exists a regular sys-
tem of parameters xi, ..., x4 such that X is given in a Zariski neighborhood of x
in Y by the equation xy ---x; = 0 for some k = 1,...,d. In particular, the irre-
ducible components of X are non-singular and have codimension 1 in Y. A map
f:=(U1,..., fn): Z — R" on a (non-empty) subset Z of R” is said to be regular
if its components are quotients of polynomials fj := ﬁ—i such that ZN{h, =0} = @.

The following is a version of Hironaka’s desingularization theorems [25] we will
use fruitfully in the sequel.

Theorem 2.6 (Desingularization) Let X C R" be an algebraic set. Then there exist a
non-singular algebraic set X' C R™ and a proper regular map ¢ : X' — X such that
qb_l (Sing(X)) is a normal-crossings divisor of X' and
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Bl xnp-1singxy + X'\@ 7 (Sing(X)) — X\ Sing(X)
is a Nash diffeomorphism whose inverse map is regular.

Remark 2.7 If X is pure dimensional, X\ Sing(X) = Reg(X) is dense in X. Conse-
quently, as ¢ is proper, ¢ is also surjective. Furthermore X’ is a real algebraic manifold,
that is, it is non-singular and pure dimensional. O

3 Proof of Theorems 1.3 and 1.4

The purpose of this section is to prove Theorems 1.3 and 1.4, and Corollary 1.7. We
begin developing our tools to approach those proofs.

3.1 The‘shrink-widen’ covering and approximation lemmas

Let o be a simplex of R”, let o0 be the simplicial interior of o and let b, be the
barycenter of 0. Given ¢ € (0, 1) denote h, : R? — RP, x > by + (1 —&)(x — by)
the homothety of R? of center b, and ratio 1 — ¢. We define the (1 — &)-shrinking
%0 of o by 080 = hy(c9). Observe that Cl(a?) = he(o) C oV for every ¢ € (0, 1)
and o0 tends to op when ¢ — 0. In addition, 0° = Uee.1y 00 and %02 - 0801 if
O<e <& <.

We fix the following notations for the rest of the subsection. Let S C R™ be a
compact semialgebraic set, let K be a finite simplicial complex of R” and let & :
|K| — S be a semialgebraic homeomorphism such that for each open simplex ' of
K the set ®(0”) C R™ is a Nash manifold and the restriction ®| 0 : 0 — ®(0°)isa
Nash diffeomorphism. Define K° := {®(6%)}5ex and K := {®(0)}sek. To lighten
the notation the elements of K will be denoted with the letters s, t, ... while those
of K° with the letters s°, t%, ... in such a way that Cl(so) = s and s is the interior
of s as a semialgebraic manifold-with-boundary. In other words, if s = ® (o), then
s0 = @ (09). Moreover, we indicate sg the shrinking of s = & () corresponding to
o via @, that is, s¥ := ® ().

Consider a Nash tubular neighborhood p : Ty — s” of s” in R” and the family
of open semialgebraic sets Ty 5 = {x € Too : [[x — poo(X)|lm < 8} where § > 0.
We write sg’ s to denote the §-widening of sg with respect to ps, which is the open
neighborhood 58’5 = (/OSO)_I(SS) N Ty 4 of sg in R™. If C is a closed subset of R™
such that C N Cl(sg) = @, there exists § > 0 such that C N Cl(sg, s) = . Denote

PO g5 = 'Osolsog : sg sNS — s the Nash retraction obtained restricting peo from
1Cy e, £ -
0 0
Ses NS tos,.
Lemma 3.1 Fix § > 0. Then, for each s° € K° there exist a non-empty open semi-
algebraic subset Vy of sO (a ‘shrinking’ of s°), an open semialgebraic neighborhood

U of Vo in S (a ‘widening’ of Vi) satisfying Vo = Uy N s° and a Nash retraction
ro : Uo — Vo such that:

(1) {Us}soeqco is an open covering of S.
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(i) Cl(Uyp) Nt = & for each pair (9, t) € X0 x K satisfying s Nt = &
(iii) sup,ey, (X = ro()llm} < 8 for each s0 e KO,

Proof Write d := dim(S) and X9 := {s* ¢ X : dlm(SO) <elfore=0,...,d. Let
us prove by inductionon e € {0, 1, ..., d} that for each O e HCS there exist an open
semialgebraic subset Ug, of S and a Nash retractionrg, : Uy — VG :== U4y N O£ o
such that:

(1) Uspexo 8 € Usoesco Ugy-

2) Cl(U ) Nt = @ for each pair (%, 1) € fKO x XK satisfying s9Nt=

3) supereo{Hx — rso(x)||m} < S foreachs’ e ng.

Obviously, the sets Uy := Us‘f, and the maps ry := rﬁ) with s% € 9{2 = X9 will be
the desired open semialgebraic sets and Nash retractions.

Consider first the case e = 0. Choose 8’ € (0, §) such that the open ball B(v, 28")
of R” of center v and radius 28" does not meet (Uycgc ¢t for each {v} € K.

Take U{%} = B, 8) NS, V{?)} := {v} and r{ov} : U{%} — V{%}, x — v the con-
stant map for each {v} € 5(8.
Fixe € {0, ...,d — 1} and suppose that the assertion is true for such an e. As

Co =0\ U Usuo
7eK,tCBd(0)

is a compact subset of o0 = Use(O Ho 0 there exists & € (0, 1) such that Cy; C a
for each 0 € K of dimension e + 1. We have

0 e 0
LJsOeiKS+l sTC USOEng Ugo U USOEJCS+1\3<2 Se-

If s91) e (JCO+1\IJC0) x K satisfies s’ Nt = @, then Cl(sg) Nt = < because
Cl(so) c s°. Pick 8’ € (0, 8) such that C1(s? ., N S) Nt = @ for each pair (s9, 1) €

e,/
(fKOH\iKO) x K satisfying s Nt = &. For each s” € fKO | define:
° VeJ“1 = Ve, Ut .= U and r&t! =1 0 if s9 € K9, and
S S S S
o Ve‘H =5 U:O'H =Y es (NS and r:H = pg oy if s € K _H\fKO (recall that
the retractlon Ps ¢ 5 Was defined above the statement of this lemmay).
The open semialgebraic sets U el the non-empty semialgebraic sets verl and
s0 s0
the retractions re‘H U:OH — VS%‘H for ¥ € IKS 1 satisfy conditions (1) to (3), as
required. O

As a consequence of the previous result we obtain the following approximation
lemma.

Lemma3.2 Let L be a finite simplicial complex of RY, let g € S°(S, |L|) and let
v > 1 be a positive integer. Suppose that for each t € X the restriction gl belongs
0 S¥ (1Y, |L|) and there exists & € L such that g(t) C &. Fixn > 0. Then there exists
h € 8¥(S, |L|) with the following properties:
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(i) For each t € X, there exists an open semialgebraic neighborhood Wy of tin S
such that h(Wy) C &.
(ii) [[h(x) — g(xX)ly < nforeachx € S.

Proof As g is uniformly continuous, there exists § > 0 such that
lg(x) — g(x")ll; <n for each pair x, x" € Ssatisfying ||x — x|, <8. (3.1)

By Lemma 3.1 for each s® € X there exist an open semialgebraic subset Uy of S
with Vg := Uo Ns® # @ and a Nash retraction o : Ugp — Vo such that {Ug}0cqc0
is a covering of § satisfying:

Cl(Uy) Nt = @ for each pair (50, 1) e K0 x K satisfying sNt=oand 3.2)

supyey o {I1X = 70 (X)[lm} < & for each s e K. (3.3)

Let {00 : S — [0, 1]}s0eqc0 be an S¥ partition of unity subordinated to the finite
open semialgebraic covering {Ug}s0qc0 of S. For each O € KO, the semialgebraic
map

gore:Up — Vo Cs' Cs— &, x> ro) — gro(x))
is 8", so also the semialgebraic map Hy : S — R? defined by

Hoo(r) !Oso(x) - g(ro(x)) %fx € Uy,
0 if x € S\Uy,
belongs to S”(S, R?). Consider the S" map H := ) 40 Hy : § — R,
Fix t € K and define W; := S\ USOGKO’ ont=g Cl(Ug), which is by (3.2) an open
semialgebraic neighborhood of tin S. We claim: H(W;) C &;.
Pick x € W;. If s% € K% and s Nt = @, then 0 (x) = 0 because the support of
00 is contained in Uy and x ¢ Cl(Uy). If s Nt # &, then s° C t, so we conclude

> o) =1and (3.4)
s0ek0, s0ct,
XEUS()
Hx) = ) 60()glre(). (3.5)
s0ek0, s0ct,
xEUS()

If s¥ € X0 satisfies s° c tand x € Uy, then ryo(x) € Vo C s, so g(ro(x)) € &.
As & is a convex set and each g(ro(x)) € & if sO ctand x € Uy, we conclude by
means of (3.4) and (3.5) that H (x) € &. Consequently, H(W;) C & as claimed.

As S = Uiex t = Urex Wi, we deduce H (S) is contained in [L| and b : § —
|L|, x — H(x) is an S” map that satisfies property (i).



46  Page 14 of 30 J.F. Fernando, R. Ghiloni

It remains to show that property (ii) holds for /. Pick x € S and observe that

Y be) =1

soe.’KO,erso

Using inequalities (3.1) and (3.3) we deduce

) @iy = Y B (et ~ @),

s0eX0, xely

< Y Gemlglre() —gWlly <,

s0eKO0, xeU, 0
as required. O

3.2 Proof of Theorem 1.4

Let f : S — T be an s map between compact semialgebraic sets § C R™ and
T C R". Suppose T is locally §” polyhedral for some integer v > 1. By Theorem
2.2 there exist a finite simplicial complex K and a semialgebraic homeomorphism
® : |K| — S such that the restriction ®| o : 0% = ®(09) is a Nash diffeomorphism
for each open simplex ¢® of K. Define K := {®(0)}yex and K := {®(0)}ek.
Similarly, Theorem 2.4 implies the existence of a finite simplicial complex L and a
semialgebraic homeomorphism W : |L| — T such that W[z € S"(§, T) for each
& € L. Suppose the realization |L| of L belongs to R?.

Choose an arbitrary ¢ > 0. We will prove the existence of a map H € S"(S,T)
such that ||H(x) — f(x)|l, < € foreachx € S.

By the uniform continuity of W, there exists § > 0 such that

[W(z) — W (), < e foreach pair z, z’ € |L| satisfying ||z — /||, < 8. (3.6)

Consider the S° map F = U lofod:|K| - |L| By Theorem 2.1 we know
that after replacing K and L by suitable iterated barycentric subdivisions there exists
a simplicial map F* : |K| — |L| such that

I|F*(y) — F(y)llq < 8/2 foreachy € |K]. 3.7
DeﬁnetheSOmapsg =V lof=Fodl:§— |Llandg*:= F*o® ! :5 —
|L|. For each t € K the restriction &' o : t — &~ 1(t%) is a Nash diffeomorphism.

Thus, as F*|g-1(1) is an affine map, g*[0 € S” (t°, |L|). Moreover, there exists & € L
such that g*(t) C &. By (3.7) we have:

lg*(x) — g(x)lly < 8/2 foreachx € S. (3.8)
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The following commutative diagram summarizes the situation we have achieved until
the moment.

Now, we approximate g* by a suitable S” map h™* between S and |L| that will provide,
after composing with W, the required approximating S” map H := Vo h*: S — T.

Indeed, by Lemma 3.2 there exist 2* € S(S, |L|) and for each t € X an open
semialgebraic neighborhood W; of tin § satisfying:

h*(Wy) C & foreacht € X and (3.9)
A% (x) — g"(x)|ly < 8/2foreachx € S. (3.10)

We define H := W oh*:S§ — T and claim: H € §"(S, T).

Recall that {Wi}tegc is an open semialgebraic covering of S. Thanks to (3.9) the
restriction h*|y, : Wy — & is a well-defined S” map for each t € XK. In addition,
Hlw, = Vlg o h*|w,. As both W|g, and h*|w, are S” maps, H |w, is also an S map.
Consequently, H € §"(S, T), as claimed.

Next, by (3.8) and (3.10) we havel||h* (x) — g(x)|l; < é foreach x € S. Combining
the latter inequality with (3.6), we conclude

IH () = fO)lla = IW(R*(x) = V(). <& foreachx €S,
as required. O

3.3 Proof of Theorem 1.3

Let S and ® : |K| — S be as above. Consider an s map f : § — R"” and
define T := f(S). By Theorem 2.3 there exist a finite simplicial complex L and a
semialgebraic homeomorphism W : |L| — T such that ¥ € SY(IL|, T). Repeating
the preceding argument with v = 1, we obtain that for every ¢ > 0 there exists
HeSl(S, T) suchthat |[H(x) — f(X)|l, < e. O

3.4 Proof of Corollary 1.7

Let K and P C RP? satisfy the conditions in the statement. Apply Lemma 3.2 to
S:=P,0:=idp, L := K, g := idp and n := 27" for each n € N. We obtain a
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map ¢}, € §"(P, P) and an open semialgebraic neighborhood W, of ¢ in P for each
o € K such that:

e /(W) C o foreacho € K and
o [lx —¢(x)|lm <27 foreachx € S.

Thus, the sequence {¢}}, converges to the identity map in S'(P, P). Consequently,
if f € S%(P), the sequence {f o}, [y converges to f in S°(P). In addition, if
fle € 8 (o) foreach o € K, each function f o), is an S” function because so is the
restriction (f o)) |lw, = flo o, lw, foreach o € K, as required. O

4 S¥ weak retractions

In this section we construct S” weak retractions p : W — X of open semialge-
braic neighborhoods W of a Nash normal-crossings divisor X of a Nash manifold M
(Proposition 4.2). Recall that S” weak retractions p : W — X are 8" maps whose
restrictions to X are close to the identity map on X. Their construction requires a
preliminary result concerning compatible Nash retractions (Proposition 4.1), which
is of independent interest. The S” weak retractions will be used in Sect. 5 to prove
Theorem 1.8.

4.1 Compatible Nash retractions

Let M C R™ be a d-dimensional Nash manifold and let X be a Nash subset of M. We
say that X is a Nash normal-crossings divisor of M (see [19]) if:

e for each point x € X there exists an open semialgebraic neighborhood U C M of
x and a Nash diffeomorphism ¢ := (x1,...,%4) : U — R such that ox)=0
andp(XNU) ={x1---x, =0} forsomer =1,...,d, and

o the (Nash) irreducible components of X are Nash manifolds (of dimension d — 1).

Assume in the following that X is a Nash normal-crossings divisor of M. For each
£ > 2 define inductively Sing,(X) := Sing(Sing,_; (X)) and Sing; (X) := Sing(X).
The irreducible components of Sing, (X) are Nash manifolds for each £ > 1 such that
Sing,(X) # @. Infact,if Yy 1, ..., Yy 5, are the irreducible components of Sing, (X),
then Sing,, (X) = Ui#j(Yg,,- N Yy, ;). For simplicity we write Singy(X) = X and
Sing_ (X)) = M.

The reader checks directly: If Sing,(X) # &, then dim(Sing, (X)) =d — £ — 1.

We assume that M is irreducible, that is, it is a connected Nash manifold. Let
r > 0 be such that Sing, (X) # & but Sing, .| (X) = &. Let Z be an irreducible
component of Sing,(X) # & for some 0 < ¢ < r. A Nash retraction p : W — Z,
where W C M is an open semialgebraic neighborhood of Z, is compatible with X if
p(X; NW) = X; N Z for each irreducible component X; of X such that X; N Z # &.

Proposition 4.1 (Compatible Nash retractions) There exist an open semialgebraic
neighborhood W C M of Z and a Nash retraction p : W — Z that is compati-
ble with X. In addition, p(Y N W) = Y N Z for each irreducible component Y of
Sing,(X) where £ > 1.
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Proof Fix ¢ > 0 such that Sing,(X) # & and let ¥ be one of its irreducible compo-
nents. As X is a Nash normal-crossings divisor of M, the intersection ¥ N Z is a Nash
manifold. If ¥ N Z # &, we consider an open tubular semialgebraic neighborhood
Ny C R™ of Y N Z endowed with a Nash retraction py : Ny — Y N Z, see[5, 8.9.5].
Assume Ny N Ny» = @ if Y’ is an irreducible component of Sing,(X) such that
Y'NZ#@andYNY NZ =@ Denote Yy 1, ..., Y5 the irreducible components
of Sing,(X) for each —1 < £ < r.In particular, M = Sing_{(X) = Y_1 1.

CLAIM: There exist open semialgebraic neighborhoods

WaoCcWyC---CcWeC Wy C---CW,

of Z in M such that Y, ; N Wy = @ if Yo j N Z = & and Nash retractions pgj :
Yo j MWy — Yo j N Z whenever Yy j N Z # @ satisfying the following compatibility
conditions:

Pe, jy |Yg,jlﬁY(1j2ﬁW[ = pe,j2|Y[_jlﬂYg,jzﬂW[ if 1 = jlv j2 =S¢, (41)

pl,j|Yg/,kae = pf’,k|YukﬂW£ for each ¢/, k, j suchthat Yy, C Ye ;. “4.2)

Assume the CLAIM proved for a while. Define W := W_; C M, which is an open
semialgebraic neighborhood of Z,and p := p_11: W =Y_11NW — Z, whichisa
Nash retraction such that p (X; "W) = X; N Z for each irreducible component X; of X
satisfying X; NZ # &, that s, p is compatible with X. In addition, p(Y "W) =Y NZ
for each irreducible component Y of Sing,(X) where £ > 1. Thus, we are reduced to
prove the CLAIM above by inverse induction on £.

STEP 1:1If £ = r, then Sing, ;| (X) = &, so Sing,(X) is a Nash manifold and its
irreducible components Y, ; are its connected components.

Define W, := M\ UY, nzZ=o Y, j. Weclaim: if Y, ; N Z # @, it holds Y, j C Z.

Pick a point x € Y, ; NZ.Let U C M be an open semialgebraic neighborhood
of x endowed with a Nash diffeomorphism ¢ = (x1,...,%xq) : U — R4 such that
¢(x)=0andp(UNX) = {x1---x4 =0} forsomeo =1, ...,d.Bothp(UNZ) and
(U N'Y, ;) are linear coordinate varieties contained in {x - - - x, = 0} that contain
the linear coordinate variety {x; =0, ..., x4 = 0}. As Sing, , ; (X) = &, we deduce
a=r+1land p(UNY,;) ={x; =0,...,%, = 0} C oU N Z). Therefore,
UNY, ; C UNZ andby the identity principle Y, ; C Z, because Y, ; is irreducible.

Consequently, we define in this case p,,j :=idy, ;.

STEP 2: Assume the CLAIM true for £ + 1, ..., r and let us check that it is also
true for £. We have Sing(Sing, (X)) = Sing,,;(X). The irreducible components of
Sing,, | (X) are denoted Y¢y1,1, ..., Yoi1,5,,,- By induction hypothesis there exist an
open semialgebraic neighborhood W11 C M of Z such that Yy 11 N Wey) = @
if Yor1 4 N Z = & and Nash retractions pp4+1% : Yer1.6 N Wet1 = Yer1 46 N Z if
Yor1.6 N Z # O satisfying:

Pe+1,k |Yz+1.klﬂYe+|,k2ﬂWz+1 = /O@Jrl,kz|Yz+1.klﬂYe+1,kzﬂWz+1 if1 < ki, k2 < seq1,
“4.3)

Pe+1kly, 0wy = peily, ,nw,,, foreach £'i, ksuchthat Yy ; C Yerix. (4.4)
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Pick j =1,...,s¢suchthatY, ;NZ # @.1f Yy ; C Z, wetake pg,j = idym and
we are done,solet Jy :={j=1,...,50: Yy ;NZ # S and Y, ; ¢ Z} and assume
j € Jp.

We claim: Yy ;NZ is a Nashmanifold of dimensiond—£* —1 for some £+1 < £* <r
and it is a union of irreducible components of Sing,«(X) C Sing,, | (X).

As X is a Nash normal-crossings divisor of M, the intersection Y, ; N Z is a
Nash manifold. Pick a point x € Y, ; N Z. Let U C M be an open semialgebraic
neighborhood of x endowed with a Nash diffeomorphism ¢ : U — R? such that
p(x) =0and p(UNX) = {x1---xq = 0} as above. Both (U NZ) and o(U NYy ;)
are linear coordinate varieties contained in {x; ---x, = 0} that contain the linear
coordinate variety {x; =0, ..., x4 = 0}.

Assume p(UNZ) = {x1 =0,...,xg =0}andp(UNY, ;) = {x1 =0,...,x, =
0,41 =0,...,%_y4¢41 =0} forsome y < f <aand -y +L+1 =< a.
Define £* := B —y + €. Wehave y < Bbecause Yy ; ¢ Z,s0 L+ 1 < £*. As

eUNY,;NZ)y=1{x1=0,...,xp41 =0},

we deduce Y, ; N Z is a union of irreducible components of Sing,«(X), as claimed.

Let Iy j :=={i = 1,...,8¢ : Yp; C Yp; N Z} and observe that Y, ; N Z =
Ul.e,“ Yy« ;. As Yy ;N Z is aNash manifold, the Yy« ; are pairwise disjoint fori € Iy ;,
so the tubular neighborhoods Ny,. , are pairwise disjoint for i € Iy j. Thus, the Nash
map

N U Nyp, > Yy jNZ= U Yo i, X > py,. (x) ifx € Ny, (4.5)

i€l j i€l j

is well-defined and satisfies p; j ly, Nz = idy, Nz, SO it is a Nash retraction.
Define K¢ j :=1{k =1,...,8041 : Yeq1x C Ye j}. Observe that Ukesz Yeiik
is a Nash normal-crossings divisor of the Nash manifold Y, ;. We claim:

Sing, 1 (X)NYej = | Yerrx (4.6)
keKy,j

Pick a point x € Sing,,;(X) N Y, ;. Let U C M be an open semialgebraic
neighborhood of x endowed with a Nash diffeomorphism ¢ : U — R such
that ¢(x) = 0 and (U N X) = {x1---%4 = 0}. Both ¢(Sing,,;(X) N U) and
(U N'Yy, ;) are linear coordinate varieties contained in {x1 - - - x, = 0} that contain
the linear coordinate variety {x; = 0,...,x%, = 0}. As x € Sing,,(X), it holds
a > £+ 2. We may assume (U NYy ;) = {x1 =0,...,x¢r1 = 0}. Observe that
{x1=0,...,%x¢42 =0} C (Sing,, (X)NU),sothereexistsk =1, ..., s¢41 such
that

Y1, NU)=1{x1=0,...,x42=01 C{x1=0,..., %041 =0} = (U NYy;).
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As Yoy x is irreducible, Yeq1x C Ye j,s0k € K¢ ;. Thus, x € UkeKLj Yey1k The
converse inclusion Ukng_j Yei16 C Singyy 1 (X) N Yy jis clear.

Fix v > dim(M) = d. Combining (4.3), (4.6) and [4, Thm. 1.6 & Prop. 7.6],
we deduce the existence of a Nash extension f¢ ; : Y ; N Wey1 — R” such that

Je 1o xnWepr = Pe1,kl Yo xnwey, foreach k € Ko j.
As pg+],k|yz+hknz = 1dy[+11kmz for each k € Ky j and

Yo NZ= | Yei CSingyyX)NYe;NZ= ] Yey1xN2).

l‘EIgy_/‘ kEKg_J'

. . . —1
we deduce fy, ; |y“mz = ldYL_,ﬂZ- The semialgebraic set Uy, j := ij (Uie]m NY@*,;)
is an open semialgebraic subset of Yy ; that contains Yy ; N Z = U; el Yo i.

The semialgebraic set C¢ := |, (Ye,j\Ue,;) is a closed semialgebraic subset of
M and Z N Cy = &, because Y, ; N Z C Uy, j for each j € Jy and

znCo=J (Yo ;N 2\ULj) = @.
=

Define

W = We+1\(Cz U U Ye,k) C Weqr.
Yo xNZ=2

Observe that Z C Wy and Yy ; N W, C Yy j\Ce C Yy j\(Yy, j\Uy, ;) C Uy, for each
j € Jp.
Consider the composition

. fejlug op
pej = pgjo fejlynwe s Yo, j N We CUj —> Ny,., — Y jNZ,

Sy

where p; j is the Nash retraction defined in (4.5) for each j € J,.

Note that pg,j : Y, jNWe — Y, ;N Z isaNashretraction such that o¢, |y, ,nw, =
Pe+1.kl Yo ,nw, foreach k € Ky j, because

S ilYorowe = Pes1klvenwes fojYer1 e N We) = Yok N Z
and pg ;ly, ;nz =idy, ;nz .

Let ¢/, i, j be such that Y, ; C Yy jand ¢’ > £ + 1. Then

Yp i C Singy(X) N Y j CSingp 1 (X)NYej = U Yerik-
kEK('j
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As Yy ; isirreducible, there exists k € K j suchthat Yy ; C Y11 1. We have by (4.4)

pejlyy owe = (0,1 Yes 0w Yy ;0w = Pes 1,k Yes 0w Y, 0w,

= peilyy ;nw;-

If¢/ =¢and Yy; C Yy, j, we deduce Yy ; =Yy ;, thatis, i = j and there is nothing to
prove. Consequently, the Nash retractions pg_ ; satisfy condition (4.2).

Letl < ji, jo < s¢besuchthatY, ;; NYy j, "W, # @. Proceeding analogously to
4.1, one shows that the intersection Y, ;, N Yy ;, is a Nash manifold whose connected
components are (pairwise disjoint) irreducible components Y ; of Sing, (X) for some
¢ > £ + 1, which are obviously contained in Yo j fork =1,2.As pg j, |Y4r_lﬂWz =
pe.ily, ;nw, for each ¢, i, ¢suchthat Yy ; C Y j,, we conclude

Pe, jy |Yg,jl NYy, j, "W = pe,jzlYg_jl NYy, j, NWes

so the Nash retractions pg, ; satisfy condition (4.1). This finishes the induction step
and we are done. O

4.2 S¥ weak retractions

Fix a Nash manifold M C R™ of dimension d, a Nash normal-crossings divisor X
of M and an integer v > 1. The purpose of this subsection is to prove the existence
of 8" weak retractions, that is, S” maps p : W — X, where W C M is an open
semialgebraic neighborhood of X, whose restrictions to X are arbitrarily close to the
identity map idx on X. Namely,

Proposition 4.2 (S” weak retractions) There exist S© weak retractions p : W — X
that are arbitrarily close to the identity map on X. More explicitly, there exists an
open semialgebraic neighborhood W C M of X with the following property: for each
neighborhood U of idy in S%(X, X), there exists a map p € 8" (W, X) such that
plx €U

Before proving this proposition we state a preliminary result, whose proof is similar
to the one of [17, Lem. 4.2] but easier.

Lemma 4.3 (S” double collar) Let Y C M be a Nash submanifold of dimension
d — 1 that is closed in M. Let V. C M be an open semialgebraic neighborhood
of Yand w : V — Y an 8" retraction. Let h : V — R be an 8" function such
that Y C {h = 0} and dvh : T:M — R is surjective for each x € Y. Consider
the 8" map ¢ = (m,h) : V — Y x R. Then there exist an open semialgebraic
neighborhood W C V of Y and a strictly positive S8* function ¢ : Y — R such
that (W) = {(x,1) € Y xR : |t]| < e(x)} and ¢lw : W — @(W) is an S
diffeomorphism.

Proof of Proposition 4.2 Let X1, ..., X be the irreducible components of X and fix
J =1,...,5. By [42, 11.6.2] there exists a Nash vector subbundle (&},6;, X;) of
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the trivial Nash vector bundle (X; x R™, 9;, X ;), a (strictly) positive Nash function
§;j on X and a Nash diffeomorphism x; : V; — &5, from a semialgebraic open
neighborhood V; C M of X ; onto

iy =00, ) €& Iyl < 8;(0))

such that x;|x;, = (idx,,0). The tuple (V;, x;, &}, 0;, X, 3;) is a Nash tubular
neighborhood of X ; in M and the composition ®; := 9j|(g}.‘5j oxj:Vi—> Xjisa
Nash retraction. As X ; is a Nash hypersurface of M, the Nash subbundle (&7, 6;, X ;)
has rank 1, that is, it is a line bundle. Shrinking V; if necessary, we may assume in
addition V; N Xy = & whenever X; N X; = @. We refer the reader to [41, §1I1.10]
for the orientability of vector bundles. We distinguish two cases.

CASE 1. Assume first that &; is a trivial Nash line bundle (or equivalently, it is an
orientable Nash line bundle [41, Def. 111.10.4]). Then, (&}, 0;, X ;) is a Nash diffeo-
morphic to the trivial bundle (X; x R, r;, X ;). This means that there exists a Nash
diffeomorphism

mj=Qh):Vi=>{x,y)eX; xR: |yl <d;x)}, 2z~ (A;(2), h;(2)

such that Mj|X.,~ = (idxj, 0). Thus, X; = h;l(O), dihj: TyM — R is surjective for
eachx € X; and ker(dyhj) = T, X ;. Consequently, if x € X; N X for some k # j,
then dy(hjlx,) : TxXx — R is also surjective because ker(dxh;) = T, X; and X;
and X are transverse at x in M.

By Proposition 4.1 there exist an open semialgebraic neighborhood W; C V; of
X j together with a Nash retraction p; : W; — X; compatible with X. Observe that
W;N X, CV;N X, =& whenever X; N X; = @. After shrinking W; there exists
by Lemma 4.3 a strictly positive S” function €; : X; — R such that the S” map

¢)j = (,Oj,hj) : Wj — Qj ={(x,1) EXj x R : |t <sj(x)}

is an §” diffeomorphism. As p;(W; N X;) = X; N X, we can also assume by
Lemma 4.3 ¢;(W; N X;) =Q; N((X; NXg) xR) foreachk =1, ..., s (recall that
di(hjlx,) : Ty Xx — Rissurjectiveateachx € X;NX;fork # j).Letn; : X; — R
be a strictly positive S” function such that n; < &; on X; and let f : R — [0, 1] be
an 8" function such that f(¢) = 0 for |¢]| < % and f(t) = 1 for |¢t| > % Consider the
S map

(7 Qj — Qj, (x,1) = (x, f(t/nj(x))t)-

Define ¢ := (<1>j_1 ogpjo¢p;): W; — W; and observe that v ; (W; N Xy) C W; N Xy
foreachk =1,...,s. We extend /; by the identity to the whole M and obtain an S”
map W; : M — M such that:

o W;(W¥) =X, for W := ¢;1({(x, NeX;xR: |t <njx)/3)).

o Wi(y)=yifye M\, ((x,0) € X; xR: |t] <nj(x)/2}).
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o W;(Xy) C Xy foreachk=1,...,s

e W; is arbitrarily close to the identity map on X if n; is small enough.
Only the last assertion requires a further comment. As W; is the identity map on the
difference M\¢j_l({(x, t)e X; xR: |t] < n;(x)/2}) and ¢; is a Nash diffeomor-
phism (in particular a proper map), it is enough to prove by [42, Rem.II.1.5] that ¢; is
close to the identity map on U := {(x,1) € X; x R: [t| < n;(x)/2}.If (x,1) € U,
we have | f(t/n;(x)) — 1] < 1 and

llojCe, ) = o, Ollmyr = [f(¢/n;x0)) = 1] < [t] < n;j(x)/2 < n;j(x),

so W is arbitrarily close to the identity map on X if 7; is small enough.

CASE 2. Assume next that &; is not orientable. Let 7 X — X be a Nash double
cover such that the pull- back (n*é”,, 9 X; ;) is an onentable Nash line bundle [41,
Cor.I11.10.6], hence n*éa = X x R is a trivial Nash line bundle over X . We can take
)N(.i ={(x,y) e ||y||m = 1} (which is the unit sphere bundle in &} with respect
to the metric induced by that of X; x R™) and ; := 0| 5,0 Xj— X ;. Consider
the Nash morphism of Nash line bundles y; : n;‘ &j — &; that makes the following
diagram commutative

niE —— &

e:-l |’
~ T[
X

Notice that y; : 776 — & is a Nash doble cover. Denote ‘7j = yj_l(éoj,(;j),
consider the Nash double cover 77; := Xj_l o yj|‘7j : VJ- — V; and identify X j with
X ix{0} C 711*5] Define X := 7’?]._1 (XNV;), whichis aNash normal-crossings divisor
of the Nash manifold Vj, and Xk =7 ~_I(Xk N V]) fork =1,...,s. Each Xk isa
finite union of disjoint irreducible components of X . Denote the regular involution that
generate the Z deck transformation group of the Nash double cover y; : n;.* & — &
witho; : nj*é“’ P — nj*é“’ ;. Recall that o; has no fixed points, it invNerts the~ orientation
and y; o 0; = y;. Consequently, the same happens with o j|‘7j : Vi — V;, thatis, it
has no fixed points, it inverts the orientation and 7; o o; |V, = 7;. For simplicity we
denote o |‘7j with ;.

By Proposition 4.1 there exists a Nash retraction p; : W; — X compatible with
X where W; C V; is an open semialgebraic neighborhood of X ;. Define W; :=
~_1 (W;), which is invariant under o - We claim: The Nash retraction pj : W; —
X lifts to a Nash retraction p] : W — X compatible with X for some open
semialgebraic neighborhood W - W of X

As 7T I, Wj — Wjisa local Nash diffeomorphism, there exists by [5, 9.3.9]

a finite open semialgebraic covering Wj = Ui:l Ay such that 7] 4, : Ay — By =
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7~tj(Ak) isa Ijash diffeomorphism. If we consider the covering {Ag, 0 (Ay) : k =
1,..., £} of W; we may assume in addition 0 (Ax) = A; ), Bx = Bix) and %j|Ak =
J?j|A,.(k) o0ojl|a, foreachk = 1,...,£ and for some i(k) = 1,...,£. Observe that
W; = U1€=1 By is afinite open semialgebraic covering. Let Ey := B;NX ; and observe
that X; = Ui | Ex is an open semialgebraic covering. Define B,’< = BN ,oj_l(Ek),
Wi = Uiz Bi» A} = Ac N T (B, W)= Uiy A and Dy = A, N X,
Observe that X/ = Uk:l Dy, the restriction map 7;|p, : Dy — Ej is a Nash
diffeomorphism, E; = B,Q nX;, p.,~|3,/€ : B,i — Ej is a Nash retraction, Ex = E;),

B, = B

i) O (A = A;(k) and aj(vﬁlv/j’,) = VT/J’ Consider the commutative diagram

ﬁ}j QW]/ H-pj gj

| ] o]

A QA;( — Dy

ﬁjAkl ”j|A;(l lﬁjluk
i !
P./|Bk

Wj >Bk )Bli Ek

where 5; : W, — X, x > (FIp) " ((0j 0 7j)(x) if x € A

The map pj is well- deﬁned it is a Nash retraction (because p; is a Nash retraction)
and pj oTj = Tjopj on W In addition, p; is compatible with X (because p; is
compatible with X) and pj ooj = 0j o pj on Wj/.

To prove that g is well-defined pick x € A} NA]. Then7;(x) € ;(A,)NT;(A]) =
B, N B,50 pj(Fj(x)) € ExNE; = BN B/NX;.As Dy N D; = A, NA/N X, and
?'Ej Ipinp; © Dk N D; — Ex N E; is a Nash diffeomorphism, there exists a unique y €
DyND; suchthat (pjof;)(x) = 7;(y),50 (Fj1p,) ™" (007 ))(x)) = (;Ip,) " (0o
7;)(x)) and p; is well-defined.

Let us check that o; j©00j = 0j0 pj on W It is enough to prove this property
locally. As 7 o 0j = 7j and 0} is an 1nv01ut10n we have Jrlek °0j|D4 = JT]|Dl(k)

and GJ|D,-<k) =0jlp,800j|p, © (71,|Dk) = (7T]|D,.(k)) I Thus,

(@) 0 Bpla, = 0jlp, o (@jlp) ™" o (pj 07 )lar)
= (Fjlp,w) " 0 il 0 Fjla
= @jlpip) " o PilBy, o (Tilay, ©0ilay)
= (@Ejlpi) " o (p) Oﬂ/)IA'(k)) oajla = (Pjoojla

for each k. The fact that p; is compatible with X is clear by construction.
After shrinking W’ we may assume (as in CASE 1) that there exists an S” function

h : V — R such that.
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@) X i C {hj = 0}.
(i1) dy h : Ty V — R is surjective for each x € X

Substituting h j by h h h o0, we may assume in addition h oo =—hj.

Let us check that such change keeps properties (i) and (ii). As o; (X ) = X; j» We
have X - {h = 0} (so property (i) holds for h/ ). Pick x € X The 1somorphlsm

deoj @ Ty V - Ty, (X)V inverts the onentatlon and in fact if v € Ty V \T X

satisfies d, h i(v) > 0, then dyo;(v) € To (X)V satisfies dg (x)h (dyoj(v)) < 0.
Consequently,

el (v) = dihj(v) = do; D j(doj (v) > 0

and d,ﬁ/j 2 Ty Vj — IR is surjective (so property (ii) holds for E/j).
After shrinking VT/; there exists by Lemma 4.3 a strictly positive S” function ¢; :
X ; — R such that the S map

¢j =By hp) W= Q)= {(x.0) e X x R: |1] <e;(x)}

is an S” diffeomorphism and ¢ 00 = £j,80 aj(VV/) = VT// In addition, as ajlg =
(1dx ,0), we haveX = h (0) dx Ty V — R is surjective for each x € X and
ker(d h; i) =T X . Thus, 1fx € X ﬂkaorsomek # j,thendy (h %) T Xk — R

is also surjective because ker(d . i) =T X and X and X k are transverse at x in V
Consequently, by Lemma 4.3 we may assume gb] (W N Xk) = Q N ((X N Xk) X ]R)

foreachk =1,...,s. Letn; : X — Rbea stnctly positive S” function such that

~

nj <ejandn;oo; =n;on Xj. Let f : R — [0, 1] be an even S” function such
that f(zr) = O for |¢| < % and f(r) = 1 for |¢t| > % Consider the S” map

§i Q) —> Q. (x.) > (x, (/).

Define Jj = (5 o oq)J) W/ — W/ andobservethatiﬁj(W/ NXp) C W/ N Xk
foreachk =1,...,s. We extend 1// j by the identity to the whole V] and obtaln an §”
map ¥; : V; — V, such that:

. EJ,(VT/;‘) = X for W;f = 5;1({@, neX;xR: |t] <njx)/3).
o Vi(y)=yifyeV; \¢_1({(x e X;xR: |t] <nj(x)/2}).
° \IJ (Xk) C Xk foreachk =1,

° \If is arbitrarily close to the 1dent1ty map on X if n; is small enough.
® 0jo0 \I/ = ‘-IJ 00j.

Only the latter equality o o U, j= \I/ o 0 requires some comment. It is enough
to prove that 1/f] =o0jo0 1//] OUJ|W’ Cons1der the involution 7 : Q — Q], (x,1) —~
(0j(x), —t) and observe that ¢J o U]|W; =To ¢] and T o ¢; o T = §; (because
njoo; =n;and f is an even function). Consequently,
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O‘jo;b/joo‘ﬂﬁ}} =O‘jo($j_lo$j Oaj)oaj|ﬁ/;
= (5j00j|v7;)_105j0($j °ajli)
:a;j_loroajoroajzaflogjoajzaj.
Thus, o o\TJ.,' = qu 00j.
We conclude that there exists an S” map W; : M — M such that:
Wi(W3) = X, for Wi := ﬁj(WZ).
W;(y) =yforeachy e M\ﬁj(Wl’.).

Wi(Xp) C Xfork=1,...,5.
e W; is arbitrarily close to the identity map on X if n; is small enough.

FINAL CONSTRUCTION. The composition p := Wjo---o W is an S’ map close to the
identity map on X and maps the closed semialgebraic neighborhood

)
W= J(Wjpi0 0w ' (WH M
j=1

of X onto X, where W; 1 o---0o W, denotesidpys if j = 5. Thus,p : W — Xisan S”
weak retraction that is arbitrarily close to the identity map on X, as required. O

5 Proof of Theorem 1.8

We begin this section with a semialgebraic version of a well-known result for contin-
uous maps. For the sake of completeness we include a short proof that only involves
standard arguments.

Proposition 5.1 Let S C R, T C R" and T’ C R? be semialgebraic sets, and let
[T — T' C R? be a continuous semialgebraic map. Assume S is compact and T is
locally compact. Then the map f : S°(S, T) — S°(S, T'), g — f og is continuous.

Proof Let gg € S%(S,T) and let & > 0. As g0(S) C T is compact and T is locally
compact, there exists a compact neighborhood L of go(S) in 7. The restriction of f
to L is uniformly continuous, so there exists § > 0 such that || f(y) — f(Y), < ¢
for each y, y' € L satisfying ||y — y'||l, < 8. If g is close enough to go in S°(S, T),
then g(S) C Int(L) and ||g — goll» < don S.Thus, | fog— fogoll, <eonsS,as
required. O

We are ready to present the proof of Theorem 1.8, which is inspired by some
techniques developed in [3].

Proof of Theorem 1.8 First, by [5, 2.7.5] we may assume 7 is closed in R”. Thus, by
[13], T is a Nash subset of R” (see also [46]). Let F € N(R") be a Nash equation of
T. By Artin-Mazur description of Nash functions [5, 8.4.4] there exists a non-singular
irreducible algebraic subset V of some R**? of dimension 1, a connected component
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M’ of V, a Nash diffeomorphism o : R” — M’ (whose inverse is the restriction to
M’ of the projection IT : R"*? — R" onto the first n coordinates) and a polynomial
function G : V — R such that G(o(x)) = F(x) for each x € R". In particular,

(G=0)NM ={Foll|y =0} =0o(T).

Thus, the Zariski closure mw of o (T) satisfies mzar NM' = o(T). Conse-
quently, we may assume from the beginning that 7 is a finite union of connected
components of an algebraic set ¥ C R”".

Denote 7 : R"T2 — R™*! the projection onto the first n + 1 coordinates. By [3,
Lem. 2.2] there exists an irreducible algebraic set Z C R"*2 such that Sing(Z) =
Y x {(0,0)} C {xp+1 = 0, x,42 = 0} and the restriction  := 7|z : Z — R**isa
semialgebraic homeomorphism.

By Theorem 2.6 there exists a non-singular real algebraic set Z' C R? and a proper
regular map ¢ : Z' — Z such that the restriction

Dl zng-1(sing(zy) : Z'\¢~ ' (Sing(Z)) — Z\Sing(Z)

is a Nash diffeomorphism whose inverse map is also regular and Y’ := ¢~ (Sing(Z))
is an (algebraic) normal-crossings divisor of Z’. As T’ := d)‘l(T x {(0,0)}) is an
open and closed subset of Y’, it is a union of connected components of Y, so it is a
Nash normal-crossings divisor of Z'.

Let f € SO(S, T), fix a real number ¢ > 0 and let Ko := f(S), which is a
compact semialgebraic subset of R”. Let Vi € V, C R"! be open semialgebraic
neighborhoods of Ky x {0} whose closures K; := CI(V;) are compact and K1 C V>.
Asy : Z — R"isa semialgebraic homeomorphism and ¢ : Z' — Z is a proper
regular map, we deduce K; := (¢ o )~ (K;) is a compact semialgebraic subset
of Z'and K| C V) := (Y o )~ (V»). The restriction (¥ o ¢)|K§ Ky — RF1
is a uniformly continuous map, so there exists n > 0 such that if z, 7’ € Ké and
llz—2'll4 <n,then

(¥ 0 @) (@) = (¥ 0o p) (@) lns1 < g
By Proposition 4.2 there exists a small open semialgebraic neighborhood W C Z’ of
T’ and an 8" weak retraction p : W — T that is arbitrarily close to the identity map
on T’. Shrinking the Nash manifold W, we may assume in addition W N Y' = T’,
lo(y) — ylly < n foreach y € W and p(C(W N K})) C V; C Kj. Thus, if
yeWNKj,

(W 0pop)(y) — (W 0 DM llns1 < § .1

Denote V| := (¢ o ®) "N (V). As ¥ o ¢ is proper and T’ C W, the semialgebraic
set

C:= Y op)(Z\(WNV]) = od)Z\W)U (Y 0 dp)(Z'\V/)
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is a closed semialgebraic subset of R™*! that does not meet (7' x {0}) N V.

Suppose by contradiction that y € CN(T x {0})NV;. There exists z € Z'\(WNV/)
such that (¥ 0 ¢)(z) = y,50z € (Y o) (T x {OHN W o) (V) =T'NV| C
W N V|, which is a contradiction.

Consider the distance function § : R"t! — [0, +00), ¥ + dist(y, C) and
observe that 8| (7 x {opnv, is strictly positive. The homomorphism § : &S0 (S, R”“) —
S°(S,R), g +> 8o gis by Proposition 5.1 continuous. The continuous semialgebraic
function § o (f, 0) is strictly positive on S and attains a minimum 8o > 0 over S. Let
¢’ € (0, &) be such that if g € S°(S, R"™*) and ||g — (f, 0)[ln41 < & on S then

P
|50g—80(f,0)|<30 on S,

so in particular 8 o g is strictly positive and Im(g) C R"*'\C. Consider the continuous
semialgebraic function f" := (f, %,) : S — R"!. We have

1CF.0) = £/ = % <2 ons (5.2)

and Im(f") N {xy41 = 0} = &, so Im(f") N ({x,.1 = 0} U C) = &. The following
commutative diagram summarizes the situation we have achieved until the moment.

w
I
T'C Y/C 7
¢ i¢ l¢
T x {(0,0)}——= Y x {(0, 0)} = Sing(Z)C VAL R"+2
' lw \ l”
T x {0}c———= Y x {0}C ’ R+
(f,0)
S RN\ ({xn1 = 0} U C)

=)

The S° map ! o f/ satisfies Im(y ' o /) N (Sing(Z) U ¥~ 1(C)) = @ (recall
that ¥ (Sing(Z)) = ¥ x {0} C {x,41 = 0}), whereas the S° map f” := (¢|Z/\y/)_l o
V1o 1§ — Z'is well-defined and Im(f”) N (¥ 0 ¢)~1(C) = @. Thus, Im(f”) N
(Z\WnV)) =@,soIm(f”") c WN V. Write f” : S — W N V] and note that
f'=vog¢o f'.By(5.1)

Iy ogopof’— fllat
=|Yopopof —vodo fl < % on S. (5.3)
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By [15, Thm. 1] there exists an open semialgebraic neighborhood U C R™ of S
such that f” extends to a continuous semialgebraic map F” : U — W N V| between
the Nash manifolds U and W N V{. Let Hy : U — W N V| be a Nash map close to
F” (use [42, Thm.IL. 4.1]). The restriction ho := Hols : S — W N V] is a Nash map
close to f”. By Proposition 5.1 the homomorphism

Wopop):SES, WnV)— SES. R, g> (Yopopog

is continuous, so (,0) ;=Y opopohy:S — T x {O}isclosetoy opopo f”:
S — R™! Thus, we may assume

&

IIW0¢0,0°h0—1//0¢0p0f”||n+1<§- (5.4

By (5.2), (5.3) and (5.4) we deduce

I = flln =12, 0) = (f,0)llat1 < Y opopohg—popopo flut

e & ¢
Higopopo f'— fllnt1 +I1f = (f, 0lnt <ztzt3z=¢

In addition, (&, 0) = ¥ o ¢ o p o hg is an S” map, because it is a composition of S”
maps. Thus, we have found an S” map i : S — T that is close to f, as required. O
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