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Abstract

Consider the space M,'°" of square normal matrices X = (z;;) over R U
{—o0}, e, —o0 < ;; < 0and x;; = 0. Endow M*°" with the tropical
sum & and multiplication ®. Fix a real matrix A € M°" and consider the
set Q(A) of matrices in M°" which commute with A. We prove that 2(A)
is a finite union of alcoved polytopes; in particular, {2(A) is a finite union of
convex sets. The set 24(A) of X suchthat A® X = X ® A = Ais also
a finite union of alcoved polytopes. The same is true for the set '(A) of X
suchtht A X =X0A=X.

A topology is given to M°". Then, the set 24 (A) is a neighborhood of
the identity matrix . If A is strictly normal, then €'(A) is a neighborhood
of the zero matrix. In one case, {2(A) is a neighborhood of A. We give an
upper bound for the dimension of 2’ (A). We explore the relationship between
the polyhedral complexes span A, span X and span(AX), when A and X
commute. Two matrices, denoted A and A, arise from A, in connection with
Q(A). The geometric meaning of them is given in detail, for one example.
We produce examples of matrices which commute, in any dimension.

1 Introduction

Let n € N and K be a field. Fix a matrix A € M,,(K) and consider K[A], the
algebra of polynomial expressions in A. In classical mathematics, the set 2(A) of
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matrices commuting with A is well-known: Q(A) equals K [A] if and only if the
characteristic and minimal polynomials of A coincide. Otherwise, K[A] is a proper
linear subspace of Q2(A); see [27], chap. VIL

In this paper we study the analogous of 2(A) in the tropical setting. Moreover,
we restrict ourselves to square normal matrices over R := RU{—oc0c}, i.e., matrices
A = (a;j) with a;; = 0 and —oo < a;; < 0, for all ¢, j. The set of all such matrices,
endowed with the tropical operations & = max and © = 4, is denoted M°".

For any 7 € R, the half-line [—o00,7) := {z : —00 < z < r} is open in R«
with the usual interval topology. A Cartesian product of such half-lines is open in
—n2_

R;LO " with the usual product topology. The half-line (r,0] := {z : r < = < 0} is

— —m2_
open in R<q. A Cartesian product of such half-lines is open in R;LO "

The set M;°" can be identified with Efo_n and, via this identification, M "
gets a topology. Consider a matrix X € ]\4_,’}‘”" and a subset V' C M°". We say
that V' is a neighborhood of X if there exists an open subset U C M]'°" such that
X € U C V (we do not require V' to be open).

Let ©2(A) be the subset of matrices commuting with a given real matrix A, i.e.,
X € M" such that A ® X = X ® A. The tropical analog of K[A] inside M°"
is the set P(A) of tropical powers of A. In general, 2(A) is larger than P(A) (see
proposition 1).

Our new results are gathered in sections 3, 4 and 5. In section 3 we prove that
Q(4) = [ J2u(4)
w

is a finite union of alcoved polytopes, (see corollary 5). In particular, Q2(A) is a
finite union of convex sets.

Two important subsets of {2(A) are
QYA ={XeQUA): XOA=A0X =A}

and
DA ={XeQA) : X0A=40X =X}

Both are finite unions of alcoved polytopes (see theorems 9 and 12). Moreover,
QA(A) is a neighborhood (not necessarily open) of the identity matrix I. If A is
strictly normal, then Q’(A) is a neighborhood of the zero matrix 0 (see propositions
7 and 8).

The study of Q24 (A) and €’ (A) lead us to two matrices arising from A, denoted
A and A, and we prove
A<A<A,



(see proposition 17). Moreover, X < A is a necessary condition for A ©® X =
X ®A = A and A < X is a necessary condition for A® X = X © A =
X (see corollary 15). This provides an upper bound for the dimension of {)’'(A)
(see corollary 16). The matrix A is explicitly given in expression (19), while the
definition and computation of A is more involved (see definition 14).

In section 4 we study some instances of commutativity of matrices under per-
turbations. Theorem 20 is an easy way to produce two real matrices in M]°" which
commute. Another way to obtain two such matrices is given in theorem 22. The
geometry is different in both instances: in the first case, the polyhedral complexes
(i.e., tropical column spans) associated to the matrices are convex, but not so in the
second. Under certain hypothesis we prove that (2(A) is a neighborhood of A (see
corollary 21).

Section 5 has an exploratory nature. We examine the relationship among the
complexes span A, span B, span(AB) and span(BA) when commutativity is present
or absent. In addition, the geometric meaning of the matrices A, A and A is given
in full detail, for one example in the paper. We believe that classical convexity of
span A depends on the matrices A and A. We suspect that this is related to the
question of commutativity. We leave two open questions in pages p. 15 and 20.

Alcoved polytopes play a crucial role in this paper. By definition, a polytope P
in R" 1 is alcoved if it can be described by inequalities ¢; < x; < b; and ¢;; <
x;—xp < by, forsome i,k € [n—1],i # k, and ¢;, b, cix, bir, € RU{£o0}. They
are classically convex sets. Alcoved polytopes have been studied in [22, 23]. In
connection with tropical mathematics, they appeared in [17, 18, 19, 29, 36]. Kleene
stars are matrices A such that A = A*, where * is the so—called Kleene operator.
Alcoved polytopes and Kleene stars are closely related notions; see [29, 32, 33].
See also [10] for tropical convexity issues.

By definition, a matrix A = (a;;) over R is normal if a;; = 0 and —oo < a;j <
0, for all 4, j. It is strictly normal if, in addition, —oco < a;; < 0, for all i # j.
There are FOUR REASONS for us to restrict to normal matrices. First, it is not
all too restrictive. Indeed, by the Hungarian Method (see [5, 6, 21, 26]), for every
matrix A there exist a (not unique) similar matrix N which is normal. In practice,
this means that by a relabeling of the columns of A and a translation, any A can be
assumed to be normal. Second, normality of A has a clear geometric meaning in
R"™~!. Consider the alcoved polytope

Qi < Tp < —0py

CA::{xGR”_lz ;lgi#k‘gn—l}. (1)

Qi < Tj — T < —ag;
Then, A is normal if and only if the zero vector belongs to C'4 and the columns of
the matrix Ag (see definition in p. 5), viewed as points in R™~1, lie around the zero
vector and are listed in a predetermined order (and this order is a kind of orientation



in R"‘l); see [29] and also [14, 15, 16]. Third, when computing examples, normal
matrices are easy to handle, due to inequalities (2). Fourth and last, normal matrices
satisfy many max—plus properties (e.g., they are strongly definite; see [6, 7]).

Some aspects of commutativity in tropical algebra (also called max—plus alge-
bra or max—algebra) have been addressed earlier. It is known that two commuting
matrices have a common eigenvector; see [7], sections 4.7, 5.3.5 and 9.2.2. In [20]
it is proved that the critical digraphs of two commuting irreducible matrices have a
common node.

2 Background and notations

For n € N, set [n] := {1,2,...,n}. Let R<, R>q, R<p, etc. have the obvious
meaning. On R, i.e., on the closed unbounded half-line [—o0, 0], we consider the
interval topology: an open set in [—00, 0] is either a finite intersection or an arbitrary
union of sets of the form [—o0, a) or (b, 0], with —oco < a,b < 0.

@ = max is the tropical sum and © = + is the tropical product. For instance,
3@ (—7) =3and 3® (—7) = —4. Define tropical sum and product of matrices
following the same rules of classical linear algebra, but replacing addition (multi-
plication) by tropical addition (multiplication). Consider order n square matrices.
The tropical multiplicative identity is I = (o), with a;;; = 0 and a; = —oo0, for
i # j. The zero matrix is denoted O (every entry of it is null). We will never use
classical multiplication of matrices; thus A ® X will be written AX, for matrices
A, X, for simplicity.

If A= (a;;) and B = (b;;) are matrices of the same order, then A < B means
a;; < b, forall 7, j.

By definition, a square matrix A = (a;;) over R is normal if a;; = 0 and
—00 < a5 <0, forall ¢, 5. Thus, A is normal if and only if I < A < 0. Let us
define A° to be the identity matrix I. So we have

I=A"<A<A <A< <0 )

since tropical multiplication by any matrix is monotonic (because it amounts to
computing certain sums and maxima). By a theorem of Yoeli’s (see [37]), we have
A=l = A" = An*! = ... and we denote this matrix by A* and call it the Kleene
star of A. A matrix A is a Kleene star if A = A*.

A normal matrix A is strictly normal if a;; < 0, whenever i # j.

Let M[°" denote the family of order n normal matrices over R. It is in bijective
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correspondence with RZO " We consider the product interval topology on RZO "



The bijection carries this topology onto M;°". The border of M]°" is the set of
matrices A such that a;; = 0 or —oo, for some 7 # j.

We will write the coordinates of points in R” in columns. Let A € R™*™ and

denote by a1, ..., a, € R" the columns of A. The (tropical column) span of A is,
by definition,

spanAd: ={(11 ©a1))® D (pm ©am) ER™ : pu1,...,um €R}  (3)
=max{1u + a1, ..., U+ Gyt [,y .., iy € R}

where v = (1, ..., 1)! and maxima are computed coordinatewise. We will never use
classical linear spans in this paper. Clearly, the set span A is closed under classical
addition of the vector pu, for p € R, since ©® = +. Therefore, the hyperplane
section {z,, = 0} N span A determines span A completely. The set {z,, = 0} N
span A is a connected polyhedral complex of impure dimension < n — 1 and it is
not convex, in general. Let A be normal. Then span A = C4 in (1) (and so it is
convex) if and only if A is a Kleene—star; see [29, 32]. Throughout the paper, we
will identify the hyperplane {z,, = 0} inside R™ with R"~!. In particular, columns
of order n matrices having zero last row are considered as points in R,

For any d € R", diagd denotes the square matrix whose diagonal is d and is
—o0 elsewhere.

For any real matrix A, the matrix Ay is defined as the tropical product
Adiag(—row(A,n)). 4)

Thus, the j—th column of Ajg is a tropical multiple of the corresponding column of
A (i.e., the j—th column of Ay is the sum of the vector —a,,;ju and the j—th column
of A). The last row of Ag is zero. Therefore, the matrix A is used to draw the
complex {z,, = 0} Nspan A inside R"~!. The sets span A and {x,, = 0} Nspan A
determine each other.

The simplest objects in the tropical plane R’ are lines. Given a tropical linear
form
P1OXSp©Y @ p3 =max{ps + X,p2 +Y,p3}

a tropical line consists of the points (z,y)* where this maximum is attained, at
least, twice. Such twice—attained—maximum condition is the tropical analog of the
classical vanishing point set. Denote this line by L,, where p = (p1,p2,p3) € R3.
Lines in the tropical plane are tripods. Indeed, L, is the union of three rays meeting
at point (p3 — p1,p3 — p2)’, in the directions west, south and north—east. The point
is called the vertex of L.

Take p = 0. The line Ly splits the plane R” into three closed sectors Sy i={x>
0, z >y}, Se:={x <y, y>0}and S3 := {z <0, y <0}. An order 3 real



matrix A is normal if and only if (omitting the last row in Ay, which is zero) each
column of Ay lies in the corresponding sector i.e., col(Ayg, j) € Sj, for j = 1,2,3.
For instance, consider the normal matrix B and take By in example 11, figure 3 top
centre, p. 20. Notice that (5,1)" € Sy, (—3,0)! € Sy and (—1,—6)" € S3. An
analogous statement holds for @n_l and order n matrices. See [3, 4, 11, 12, 13, 24,
25, 30, 34] for an introduction to tropical geometry. See [1, 2, 5, 7, 8, 9, 35, 38] for
an introduction to tropical (or max—plus) algebra.

3 Normal matrices which commute with A

The set M3°" is commutative, since AB = BA = A® B, forany A, B € M3°".
Thus, we will study the set

QA) == {X € M™ : AX = XA}, )

for a real matrix A € M]°" and n > 3.

If A e M isreal and A € R, then A ©® A = Au + A is normal if and only if
A = 0, where u denotes the order n one matrix. Together with (2), this means that
the tropical analog of K[A] inside M,'°" is the set of powers of A together with the

Zero matrix
P(A):={I=A%A A% ... A"t = A* 0}. (6)

For A € M)}°" real, set

m(A) := min a;; = min a;; € Reg, M(A) := max a;; € Reg. (7
(A= iy oo = Jilgy o € R0 (A):= o) o € R (D

Foreach r € R, and 4,5 € [n], i # j, let E;;(r) € M?°" denote the matrix
whose (i, j) entry equals 7, being zero everywhere else. For a generic A € M,)°"
the matrix E;;(r) is not a power of A.

The following proposition shows that, in general, (2(A) is larger than P(A).

Proposition 1. For any real A € M]}°" there exist e > 0 and i,j € [n] withi # j
such that E;j(—e) € Q(A).

Proof. Fix i, j and e. We have AE;j(—e€) = Ejj(a) and E;;(—€)A = E;;(5),
where

a = max{a;i, ..., i—1,—€ Qjit1,--.,0pn} and

ﬁ = max{alj, ey @15, € Q541 5, - anj}.

If Qij = 0,thena = = Qjj = 0, whence AEZ'j(—ﬁ) = Ei'(—E)A =0.

Assume now that A is strictly normal. Then M(A) < 0. For any € with
M(A) < —e < O and any ¢ # j, we have o = 3 = —¢, whence AE;;(—¢) =
E;ij(—e)A = E;j(—e). O



Let W, be the set of empty—diagonal order n matrices with entries in [n]? (the
diagonal is irrelevant in these matrices). Each w € W, is called a winning position

or a winner. Set

Qu(A) = {X € UA) :(AX)ij = @,w(ij), T Tw(ij)y =

(X A)ij = Tiw(ij)s T Qw(i)e,j» fOri,j € [n],i#j}.

Example 2. Consider

0 -4 -6 -3 0 -4 —4 -6
—6 0 —4 -3 -2 0 -3 —4
A= -3 —6 0 -3 |’ B= -5 —6 0 -5
-6 -3 -3 0 -6 -5 =2 0
Then
0 -4 —4 -3
-2 0 -3 -3
AB = BA = -3 —6 0 -3
-5 -3 -2 0

so that B € Q,,(A) with

(1,1) (1,3) (4,1)

_ | &1 (2,3) (4,2)

(13 (22 (4,3)
(2,3) (2,4) (4,3)

Example 3. For any real A € M]°",

e iftr denotes the transposition operator, then I € Q,(A),

e ifid denotes the identity operator, then 0, A* € Q;q(A).
Proposition 4. For any real A € M]°", Q,,(A) is an alcoved polytope.
Proof. Fix i,j € [n],i # j. Then (8) means that

Wi T Twligig = Tiw(igz T Wiz
and the following 2n — 2 inequalities hold

@is + Tgj < (i), T Tu(ig),g fors # w(i, j,

Tit + tj < Tiw(ig)e T Guw(ig)s,jr TOTt 7 w(i, J)2.

®)

(©))

(10)
ey

Equalities and inequalities (9), (10) and (11) show that X € Q,,(A) if and only if

—m2_
X = (x;;) belongs to certain alcoved polytope in RZO "~ e,

7
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Remark 1: Given a winner w, if there exist i, j, s,t € [n] with ¢ # j and s # ¢
such that

(Zvj) # (S,t) 7& (]72)7 w(,l7j) = (S7t)7 w(s,t) - (%])7 ais+asi 7é ajt+atj7
(12)
then Q,,(A) is empty. Indeed, by (9), the following two parallel hyperplanes

Qis + Tsj = Tig + Qtj,  Qsi + Tig = Tsj + Qjt,

take part in the description of €2,,(A).
For instance, back to A in example 2, if 7 € W, is such that 7(1,3) = (2,4)
and 7(2,4) = (1, 3), then Q,(A) = 0, because ajo+as = —10 # asg+aq3 = —6.
Remark 2: Given a winner w and i, j € [n],i # j, if

w(i, j) = (i,5) orw(i, j) = (4, 1), (13)
then equality (9) is tautological. In particular,
dim Q,,(A) < n? — n — card P, (14)

where Py, := {(¢,7): 1 <i < j <nwith w(i,j) = (i,j) orw(i,j) = (j, i)} and
¢ denotes complementary.

Example 2. (Continued) For w, the pairs which do not satisfy (13) are w(1,2) =
(1,1), w(3,2) = (2,2) and w(4,1) = (2,3), so that PS = {(1,2),(3,2),(4,1)}.
It follows that x12 = —4, x3y = —6 and x21 = w43 are some of the equations
describing Q,,(A). Besides, condition (12) is satisfied for no pairs, whence

0<dimQ,(A)<16—-4-3=9. O

Clearly,
Q4 = |J 2u(4) (15)

we Wn

and the set W), is finite, whence the following corollary is a straightforward conse-
quence of proposition 4.

Corollary 5. For any real A € M]°", Q(A) is a finite union of alcoved polytopes.
O

The sets ,,(A) are not too natural. On the contrary, the sets Q%(A) described
below are more natural but harder to study. For any S € M°", let

Q%(A):={X € Q(A): XA = AX = S}, (16)



so that
o4 = |J 0%« (17)

SeMpor

is a disjoint union. For instance, B € Q(A), for S := BA in example 2. We also
consider the set

Q’(A) ={XeQ4): XA=AX = X} (18)
It is immediate to see that

1. A=Y € Q¥ (A), for j € [n]. In particular, I = A° € Q4(A), ie., Al =
TA = A.

2. A* e Q/(A),ie., AA* = A*A = A*.
3.0 Q(A),ie, A0 =0A=0.
Proposition 6. For any real A, B € M]°", if that A2 < B < A* then B €

A" (A).

Proof. A" = A" = A"t! = ... = A* by Yoeli’s theorem, and left or right
multiplication by A is monotonic, so that A2 < B < A* implies A* < AB < A*
and A* < BA < A*. O

Recall m(A) and M (A) defined in (7). Recall the topology in M°", defined in
p- 2.

For r € R, denote by K (r) = (w;) the constant matrix such that a;; = 0 and
a;j = r, forall i # j. For instance, I = K (—o00) and 0 = K (0).

Proposition 7. For any real A € M, if I < B < K(m(A)), then B € Q4(A).
In particular, Q4 (A) is a neighborhood of the identity matrix I.

Proof. The hypothesis I < B < K(m(A)) means that B is normal and b;; <
m(A), forall i # j.

If i # j, we have (AB);j = maXyc[n) @ik + brj = aij, since g + by < ag, +
m(A) < m(A) < Qij, when k 7’5 7, and aij + bjj = ajj. Similarly, (BA)U = Qij.
This shows AB = BA = A, so that B € Q4 (A).

The value m(A) defined in (7) isreal. Theset U = {B : I < B < K(m(A))}

is in bijective correspondence with the Cartesian product of half-lines [—oo, m(A))
which is open. Moreover, I € U C Q4(A), proving the neighborhood condi-
tion. O

Notice that m(A) equals —|||Al||, as defined in [29]. There, it is proved that
|| A]|| is the (tropical) radius of the section {z,, = 0} N span A, i.e., the maximal
tropical distance to the zero vector, from any point on {z,, = 0} N span A. This
conveys a geometrical meaning to proposition 7.

TL2—YL
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Proposition 8. Suppose that A € M]°" is real and strictly normal. If B is such
that K(M(A)) < B <0, then B € Q/(A). In particular, V' (A) is a neighborhood
of the zero matrix 0.

Proof. We have M(A) < 0, by strict normality. The hypothesis on B = (b;;)
means that M (A) < b;j, for every i, j € [n] with i # j.

Fori # j, we get (AB);j = maxXyc[y) @ik +br; = bij, since a;jp+by; < M(A)+
bkj < M(A) < bij, when k 7& i, and a;; + bij = bz’j- Similarly, (BA)ZJ = bij- This
shows AB = BA = B, sothat B € {Y/(A).

ThesetU = {B: K(M(A)) < B< O; is in bijective correspondence with the
Cartesian product of half-lines (M (A), 0] ~", which is open. Moreover, 0 € U C
Y/ (A), proving the neighborhood condition. O

Note that the former proposition is analogous to proposition 7, with the zero
matrix playing the role of the identity matrix.

Below we describe the sets Q4(A) and €'(A) as finite union of alcoved poly-
topes. In order to do so, for ¢ € [n], consider the matrices

o Ry = (r};), with r}; = a;; — a; (difference in i~th row; subscripts k, j get
inverted),

o O = (b ;), with ch ; = ki — ag; (difference in i~th column; subscripts k, j
don’t get inverted).

Let @' denote min. Write R := P Y and C = @) ] C"y and consider

zE[n i€[n

A=Ra'C=Ad R C, (19)

the last equality being true since rfj = a;; and c,ij = ay;j, by normality of A.

Clearly, A < A and A is real and normal, if A is.
Notation: (+—, A] := {X € M : X < A}. This is an alcoved polytope of
dimension n? — n.

Theorem 9. For any real A € M"°", Q4 (A) is a finite union of alcoved polytopes.
Moreover,

Qi (4) COA(A) C («, Al
Proof. AX = XA = Aif and only if

max a; + Tj = Gij, MAX Tk + agj = agj, fori, j € [n],i # j. (20)
ke[n] ke[n]

Now, for each X = (7;;) € Q4(A) there exists some winner wx such that, for
each pair (4, 7) with ¢ # j, the maxima in (20) are attained at wx (4, 7). Since W,
is finite, then (20) describe a finite union of alcoved polytopes in the variables x;;.
Moreover, X < A follows from (19) and (20). In addition, the maxima in (20) are
attained, at least, for the transposition operator. Therefore, 2, (A) C QA(A). O

10



Algorithm 10. To compute A, we proceed as follows: for 1 < i < j < n,

e compute the minimum and maximum of row(A, i) —row(A, j), denoted mr;;
and MR;;, respectively,

o compute the minimum and maximum of col(A, 1) — col(A4, j), denoted mc;;
and MC;;, respectively,

e A;; = min{a;;, mr;;, — MCy;},

° Aji = min{aﬁ, — MRZ‘J‘, mcij}.

A sorting algorithm is needed to compute mr;;, mc;;, MR;;, MC;;. For instance,
Mergesort has O(n logn) complexity, whence the complexity of the computation of
Ais O(nlogn).

Example 11. For

0 -3 —1 0 -3 -3
B=| -4 0 —6| weget B=| -5 0 —6|. Q1)
-5 0 0 -5 =2 0
On the other hand, for A in example 2, we get A = A. O

Notation: [4, —) := {X € M]°" : A < X}. Itis an alcoved polytope, since
the definition of X involves differences x;; — xj; of two entries.

The proof of the theorem below is similar to the proof of theorem 9. Alterna-
tively, theorem 12 is a corollary of theorem 9, using that X € Q4 (A) if and only if
Ae Y(X).

Theorem 12. For any real A € M}°", Q' (A) is a finite union of alcoved polytopes.
Moreover,

Qa(4) C(4) C[4,—). O

The sets (+—, A] and [A, —) are alcoved polytopes, but [A, —) is trickier than
(+—, A]. We can compute a tight description of any of them, as explained in [29].
It goes as follows. For any m € N, any real matrix I € M°" yields the alcoved
polytope Crr (see (1)), and it turns out that Cy; = C'i7«. Moreover, the description
of this convex set given by H™ is tight.

Example 11. (Continued) Let us compute a tight description of |B,—), for B in
(21). The matrix X is defined in (19) and we have B < X if and only if

11



—3 <z —6 < 723

—3 < 32— 31 —6 < 13 — 212
—3 <113 — 223 —6 < w91 — x31
-1 <3 =5 <3

—1<z93— 2z =5 < x91 — T3
—1 < x12 — x32 =5 < x32 — T12
—4 <z 0 < x32

—4 < 231 — T39 0<z12—m13
—4 < x93 — x13 0 < w3z — wo1.

Now, in order to write down the matrix H, we perform a relabeling of the unknowns;
for instance:

Y1 = 12, Y2 = T13, Y3 = T21, Y4 = T23, Y5 = X31, Y6 = T32,

so that,
-3<uy 0<y1—y2<6
—1 <y 1<y -y <5
—4<ys —3<y2—ys <4
—6 <y —5<ys—ys <1
-5<ys —6<y3s—ys <0
0<wys —4<ys—ys <3

and we get [B, —) = Cy, with

0 0 -0 —c0 —00 -1 -3
—6 0 -0 -3 —o0 —o0o -1
—00 —00 0 -5 —6 —o0o —4
H=| —c0 -4 -1 0 —oc0 —o0 —6
—00 —0Q 0 —o0 0 -4 -5
-5 —00 —o00o —oo -3 0 0
i 0 0 0 0 0 0 0 |

12



Then H? = H* = H*, with

0 0 -1 -1 -1 -1 -1
-1 0 -1 -1 -1 -1 -1

4 —4 0 -4 —4 -4 —4
H'=|-5 -4 -1 0 -5 -5 —5
—4 -4 0 -4 0 -4 —4

O 0 0 0 0 0 0

.0 0 0 0 0 0 0|

so that [B, —)

Ch = Cg~, by [29], and this set is described tightly as follows:

—1<y1 <0 —1<y1—y1<5
—1<y2<0 —1<y1—ys <4
—4<y3<0 —1<ys—ys<4
—5<ys <0 —1<ys—ys <4
—4<y; <0 —1<ys—ys <4
0=ys —4<ys—wys <1

0<y1—y2<1
1<y —y3s<4

In particular, dim [B, —) = dim Cy+ = 9 — 3 — 1 = 5. Undoing the relabeling,

—4<y3s—ys <0
—5<ys—ys < 4

we get
—-1<212<0 —1 <210 —223<5
—1<213<0 —1< 210 —231 <4
—4<1z91 <0 —1<mg—x21<4
—5<we3 <0 —1<x13 — 723 <4
-4 <231 <0 —1<m3—231 <4
0 =132 —4 < 1wy —w23<1
0<z12—x13<1 —4<z91—x31 <0
—1< 112 —7291 <4 —5 < o3 — 131 < 4.
Write
0o -1 -1
B=| -4 0 -5 (22)
—4 0 0

and notice that B < X follows from the first six inequalities above.

Computations as in the former example can be done for any real matrix A €
M, as follows.
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Definition 13. For n € N, a relabeling is a bijection between two sets of variables:
{zij: (i,5) € [n)%, i # j} and {y : k € [n* —n]}. By abuse of notation, we write
Yk = Ty, for corresponding y. and x;;.

Definition 14. Given A € M,°" real, suppose that [A, —) equals Cr=, for some
idempotent matrix H* = (h;"j) e M}3" ., and some relabeling y, = xij. Then

A= (auj) € MO, with oy = h};’nQ_nH, i.e., the entries of A are obtained form
the last column of H*.

The matrix A does not depend on the relabeling. The arithmetical complexity of
computing A is that of H*, which is O((n? —n)?) = O(n5), by the Floyd—Warshall
algorithm.

Corollary 15. For any A, X € M°" with A real, A < X implies A< X. In
particular, Q' (A) C [A, —).

Proof. We proceed as in example above and we use theorem 12. O

Corollary 16. Given A € M]°" real, suppose that [A,—) equals C~, for some
idempotent matrix H* = (h};) € M}'s" . Then

dim Q' (A) < n? —n — card Q,
where Q = {(i,n?> —n + 1) : Bio i1 = Ppo_ g = 0, with 1 < i <
n? —n+1yU{(i,k) : hl, = h}, =0, with 1 <i <k <n®>-—n+1}.

Proof. The description of [A, —) via H* is tight, by proposition 2.6 in [29]. Thus,
the dimension of [A, —) drops by one unit each time that a chain of two inequalities
in expression (1) (for H* instead of A), turns into two equalities, which occurs
whenever 1}, = h}, = 0, by normality of H*. Thus, dim [A, —) = n?—n—card Q
and this is an upper bound for dim ' (A). O

Proposition 17. For any A € M real, we have A < A < A.

Proof. The inequality A < A was explained in p. 10. Now consider X such that
A < X. Then,

A<X <X,
by the same reason, so that A < X. By definition 14, the matrix A is obtained from
the last column of H* and, by [29], the description of the alcoved polytope [A, —)
as O+ is tight. Part of this description is A < X. Therefore, A < A < X, by
tightness. O

Some questions arise, such as:
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1. We know that A < A < A. Does every X with A < X < A commute with
A? The answer is NO. Example: take B in (21) and

0 -2 -2 0 -2 -1
X=|-4 0 -5 |,BX=B#XB=| -4 0 -5
-4 0 O -4 0 O

2. We know that A* and 0 belong to Q'(A). Does every X with A* < X <0
commute with A? The answer is NO. Example: for B in (21), we have
B* = Bin (22) and

0 -1 -1 0 -1 -1
X=|0 0 -1|=XB#£BX=| 0 0 -1
0 0 0 -1 0 0

4 Perturbations

Definition 18. Assume a,b € R>o with a < b. Then a,b are of the same size if
b < 2a. Otherwise, 2a < b and we say that a is small with respect to b.

—n2_
In the topological space M°" ~ R;O " the following is expected to hold true,
for any real matrix A € M

1. for j € [n] and each sufficiently small perturbation X of A’~!, we have
AX = XA, and this is a perturbation of A7, (including the case that X is a
perturbation of I = A° or of A* = A" 1)

2. for each sufficiently small perturbation X of 0, we have AX = X A, and this
is a perturbation of 0.

The point here is, of course, to give a precise meaning of sufficiently small
perturbation. Although we are not able to do it yet, we believe that the statement
will be about linear inequalities in terms of the non—zero entries a;; of A and some
perturbing constants +eq, ..., +e,, witheg, > 0fork =1,...,s, and some s > 0.
We further believe that the perturbing constants must be small with respect to every
non—zero absolute value |a;;|, according to definition 18. Recall that Q(A) is larger
than P(A) (see p. 2). An intriguing related QUESTION is the following: is every
X € Q(A) a small perturbation of some member of P(A)?

Below we present some partial results.
For brevity, write A ® B := M = (my;).

Proposition 19. Assume A, B € M]'°" are such that a;;, + by; < myj, for all
i,4,k € [n]. Then AB = BA = M. In particular, B € QM (A).
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Proof. By normality, ] < A <0and I < B <0, whence A < AB <0and B <
AB < 0, since (tropical) left or right multiplication by any matrix is monotonic.
Thus, M < AB and, similarly, M < BA and, by hypothesis, AB < M and
BA < M. Therefore AB = BA = M. ]

Theorem 20. For each n € N and each non positive real number r, any two order
n matrices A, B having zero diagonal and all off-diagonal entries in the closed
interval [2r, 7] satisfy AB = BA = M. In particular, B € QM (A).

Proof. Let a; = by = 0and 2r < a;5,b;; < r < 0, fori,j € [n]. Fixi,j € [n]
with 7 # j. For each k € [n], we have a;;, + byj < 2r < a;j, b;j, and we can apply
the previous proposition to conclude. 0

That is an easy way to produce two real matrices which commute! Moreover,
the matrices A, B and M are idempotent. Indeed, A < A? by normality and, since
a;; + ajr < 2r < ag, we get A? < A, whence A = A?; similarly B = B? and
M = M?. Here B € Q(A) is a perturbation of A and AB = BA = M is a
perturbation of A2 = A, so this is an example of item 1 in p. 15, for j = 2.

In the former theorem, notice that the absolute value of the entries |a;;| and |b;;|
of A and B are of the same size, taken by pairs, as in definition 18. The reader
should compare theorem 20 with example 2, where M? = AB = BA # M, these
matrices being different only at entry (4, 1). There A, B and AB are idempotent,
but M is not.

Corollary 21. For each n € N and each negative real number r, take a;j in the
open interval (2r,r), whenever i # j and a; = 0, all i, j € [n]. Then A = (a;;) is
strictly normal and Q(A) is a neighborhood of A.

2
Proof. The Cartesian product of intervals U = (2, r)"Q*” is open in R;LO " The
image U’ of U in M]'°" satisfies A € U’ C Q(A), by theorem 20, proving the
neighborhood condition. O

Corollary 21 is an instance of item 1 in p. 15. Below we present another one.

For n > 3, consider p = (p1,...,pn) € R">p and € > 0 and set

[ 0 —e .- —€ —pn |
_pl 0 _6 .« .. _6
P(—p, —¢€) := —€ —py O D e M (23)
. .
G —€ —Dn—1 0
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and for n > 4, set

0 0 0 —€ —pn
_pl O ... O —6
—€ —P2 0 0
Q(_p’ _6) = 0 —€ —p3 0 S MTTLZOT' (24)
0 - 0 — —pp1 O

The matrices P(—p, —¢) and Q(—p, —e¢) are perturbations of P(—p,0) = Q(—p, 0).

Theorem 22. Let p € R">q and let §, ¢ > 0 be such that 6 + € < min,c |, p;. Write
m = min{d, e}. Then

L. P(—p, _6)P(_pv _6) - P(—p, _E)P(_p7 _5) - P(_(6+67 s 75+6)7 _m)'
2. Q(_p) _5)Q(_p’ _6) = Q(_p7 _E)Q(_pa _5) = Q(_(m) LR m)u 0)
Proof. Straightforward computations. O

Example 23. Take p = (4,3,5), e =1land 6 =2,

0 —2 -5 0 -1 -5
P(-p,—2)= | —4 0 -2 |, P(-p,-1)=| —4 0 —-11]. (25
-2 -3 0 -1 -3 0

By theorem 22, we have

0 -1 -3
P(—p,—2)P(—p7 _1) = P(_p7 _1)P(_p7 _2) = P(_(373’3)7 _1) = -3 0 -1
-1 -3 0

(26)

Pictures for this example are shown in figure 1. Write A = P(—p,—2), B =
P(—p,—1), C = AB = BA. In R? we have sketched the intersection of the
classical hyperplane {x3 = 0} with span A, span P(—p,0) and span B on top,
and with span C' bottom. To do so, we have used the matrices Ay, P(—p,0)o, By
and Cy as defined in p. 5:

2 1 =5 0 3 -5 1 2 -5
A= -2 3 -2 | ,P(—p,0)p=| 4 3 0 |,Bo=| -3 3 —1 1|,
00 O 00 O 00 O
1 2 -3
Co=1| -2 3 -1
00 O
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@3 / 3.3)

——

(-5,0) ‘

(-5-1)
-5-2" (-2 .
(0.-4)

2.3)

. (-3-1)' @ (1,-2)
Figure 1: Top: {z3 = 0} N span A (left), {x3 = 0} N span }3(—p, O)) (center) and
{zs = 0} N span B (right), for p = (4, 3,5). Bottom: {x3 = 0} N span C, with
C = AB = BA. In each case, the zero vector is marked in white and generators
are represented in blue. The matrices A, B and C' are perturbations of P(—p,0).

S Geometry

Let A, B € M]°" be real. Here we study the role played by the geometry of the
complexes span A and span B in order to have AB = BA. To do so, we bear in
mind how the maps f4 and fz act, where f4 : R — R transforms a column
vector X into the product AX. For n = 3, f4 is described in detail in see [28]; see
also [31].

Before, we have met two instances where the geometry explains why AB =
BA. Namely, in remarks after propositions 7 and 8. In the first (resp. second) case
we have AB = BA = A (resp. AB = BA = B) because span B is much larger
(resp. smaller) than span A.

More generally, we explore the relationship among the sets span A, span B,
span(AB) and span(BA) when commutativity is present or absent. In general, we
have span(AB) C span A and span(BA) C span B. In particular, if AB = BA
then span(AB) C span A N span B.

Proposition 24. Let A, B € M"°". If A < B = B? and Ais real, then A € QP (B)
and span A D span B.

Proof. By normality, we have I < A < B < 0 and left or right tropical mul-
tiplication by any matrix is monotonic. Therefore, B < AB < B? = B and
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B < BA < B? = B, whence AB = BA = B and A € QP(B). Moreover,
whatever the matrices A and B may be, we have span A O span(AB) and, in our
case, span(AB) = span B. O

The hypothesis B = B? cannot be removed in the previous proposition, as the
following example shows.

Example 25. Consider

[0 -1 -3 ] 0 -1 -2
A=|0 0 4 |(<B=|0 0 -4 ],
0 0 0| 0 0 O
then ) )
0 -1 -2 0 -1 -2
AB=|0 0 -2 |#BA=|0 0 -3/,
|0 0 0 0 0 O

and span A 2 span B; see figure 2.

0,0)"

(-1,0)! 0,0)" (-1,0)! 0,0

Figure 2: Top: {x3 = 0} Nspan A (left), $x6-2=20} N span B (right). Bottom:
{zs = 0} Nspan(AB) (left), {x3 = 0} Nspan(BA) (right). In this c e(_ap_%pA N
span B = span(AB). Generators are represented in blue. '

Below we explore the properties of the matrices A, A and A and of the corre-
sponding polyhedral complexes.
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Example 11. (Continued) By proposition 17, we have

0 -3 -3 0 -3 -1 0 -1 -1
B=|-5 0 —6|<B=|-4 0 -6 |<B=|-4 0 -5
-5 =2 0 -5 0 0 -4 0 0

and we can easily check, in this case, that
span B D span B D span B.

See figure 3, where we are using the matrices

5 -1 =3 5 =3 -1 | 4 -1 -1
By=|0 2 -6 |,Bg=|1 0 =6 |,Bp=|0 0 =5 [,
0 0 O 0 0 0 0 0 0

as defined in p. 5. Notice that {x3 = 0} N span B is the union of one closed 2—
dimensional cell (called soma) and three closed 1-dimensional cells (called anten-
nas); see [28] for the definition of soma, antennas and co—antennas (with a slightly
different notation and language). In figure 3, bottom, we can see {x3 = 0}Nspan B
together with its co—antennas.

In this example,
B = B*

and the matrix B is idempotent. Therefore, the sets span B and span B are classi-
cally convex, and so are the sections {x3 = 0} Nspan B and {x3 = 0} N span B.
Consider H, the classical convex hull of {x3 = 0} N span B: its the ver-
tices are (5,0)%, (5,1)!, (=2,1)%,(=3,0)t, (=3, —6)" and (—1,—6), going coun-
terclockwise. Notice that {x3 = 0} N span B is strictly larger than H. Actually,
{z3 = 0} N span B is the convex hull of the union of {x3 = 0} N span B and
the co—antennas of it. On the other hand, {x3 = 0} N span B is the soma of
{x3 = 0} Nspan B, i.e., it is the maximal convex set contained there. ]

We wonder whether the statements in the former example are true for any real
B € M°". This is an open QUESTION.
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