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The Bartle-Dunford-Schwartz integral.

The ingredients: () set, > sigma-algebra

('R delta-ring), X Banach space and

m: > — X (v:R — X) vector measure.

The definition. A measurable function f : () — K
is said to be integrable if:

I) fc L' (|{(v,2)]) foreach z’ € X’ and

IT) For every A € R'°¢ there exists/ fdv e X

such that
</fdua7> /fdu:v v e X'
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LL(v) = {f:Q—K:I)},
L'(v) = {f:Q—K:I)+1I)}.

1flh = sup{/ﬂ Fld) )] : o] < 1}.

For 1 <p < o0
LY (v) = {f:QHK: |f‘p€L%U(V)},
LPv) = {f:Q—K:|fl"el'(v)}.

I fllp == Sup{(/Q \f|pd|<%:v’>|)5 ] < 1}.
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= .
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3) If v =p, then LP(v)=LP (v) = LP(u).
In general, L?(v) ¢ LP (v).
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Basic properties.
4) LP(v) and L? (v) can be non reflexive, even if
p > 1.
5) If 1 < p; < p2 < o0, then
Lz (m) € LE(m) C Ly, (m) C L%(m)
U U U
L>*(m) C LP2(m) C LP*(m) C L'(m)
6) In general, L>=(v) € L (v).

7) LP(m) ~~ LP[0,1] and LP(v) ~ LP (R)
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Interpolation methods.

Let (X, X1) be a (compatible) couple of Banach

spaces. An interpolation method F

XoﬂXl ‘%?(Xo,Xl) ‘%Xo—l—Xl

with the interpolation property:

X, - Y,
= F(Xo, X1) — F(Yo, V1)

X, Y,
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If 1 <pg#p <ooandv: R — X sigma-finite
Q= |])2%UN, (), <R, V|(N)=0,

n>1
we can consider the following (compatible) couples

of Banach spaces:

(LPo(v), LP* (v)) (L (v), L} (v))

(L (v), LP* (v)) - (LPe(v), L (v))

The ambient space: L°(v).
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Complex methods. [Calderon (1964)]

X0, X1]jg = Xo /X7 — [Xo, X1]", 0< 0 < 1.
1) Calderdn-Lozanowskil product: Xé_eXf.

2) If Xy or.X7has order continuous norm:

[Xo, X1]ig = XXV = [Xo, X1]”, 0< 0 < 1.
3) If Xy and X7 have the Fatou property:

[Xo, X1]jg = Xo /X7 =[X0, X1]", 0< 0 < 1.

DL (1), L7 (W)]jgy = (L7 ()7 (L7 ()
z% . 110_09 ﬂ% = (L7 (), L7 ()] = L7 (w).

1 < po,p1 < o0




Complex methods: the problem.

For v : R — X sigma-finite, and
0<0<1<py#p1 <0

describe
L), L (W), [L7(v), L7 (V)
L W), Ly W)g > [L7(v), Ly (V)
Ly (v), L2 ()] Ly (v), L7 (v)
Ly (v), L (V)] Ly (v), Ly (V)
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olg LP(m) L (m)
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[7 ]8 ] Po (m)
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Ly (m) L, (
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Complex methods (delta-ring).
cle LP(m) L (m)

LPY(m)  LF(m)

(%)

LP (m)(z)

L(m) | 27(m),, Ly

g .]9 LPo(m

)

LPO (m)
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Complex methods (delta-ring). Example.
Let P (N) be the delta-ring of finite subsets of
natural numbers, and consider the measure
v:AePy(N) —v(A) :=x4a € co.

It is not difficult to show that

LP(v)=co CLE(v)=1(,1<p< .
Then, for 1 < pg,p1 < 00,
[quo(”)aqul(V)][e] — [éooaéoo][e] =17 = L3, (v),

Lo (v), L ()] = [co, )" = o = LP(v).
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Intermediate spaces (sigma-algebra).

Ifl <pg#p <occandr < p < s, where

r:= min{pg, p1} < s := max{pg, p1},

then
L*(m) C L3, (m) € LP(m) C LE,(m) € L' (m) € L, (m).
[MayoWanjo, Saez, Sanchez-Pérez & AF 2006]

LP°(m) N LP* (m) LP°(m) + LP*(m)
Ly (m) N L2 (m)| | Ly (m) + LP' (m)
LPo(m) N Ly (m)| | L7 (m) + Ly} (m)
Ly (m) N Ly (m)| | Ly (m) + Ly} (m)




Intermediate spaces (sigma-algebra).

Ifl <pg#p <occandr < p < s, where

r = mingpo, prf < § 1= mMax{po, P1J,

then

L*(m) € L3, (m) € LP(m) C L%, (m) € L (m) C L, (m).

[MayoWanjo, Saez, Sénchez-Pére/z8wﬂ<I? 2006]
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Gain of integrability (sigma-algebra).
[Mayoral, Naranjo, Saez, Sanchez-Perez & AF 2006]
If r <s,then L; (m) C L"(m).

! f e L(m)C L (m)

fX[f<n) € L (m)

|f = Fxir<n) Lr(m) " 0
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If 1 <pg <p<pr <oo, then

(1) L ()N L (v) € Li,(v) € Lip(v) + L (v).

(ii) LPo(v)N LP(v) C LP(v) C LPo(v) 4+ LP1 (v).

(iii) LPo(v)N LPI(v) C LP(v) C LPo(v) 4+ LP1(v).
() ()

w
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Intermediate spaces (delta-ring).

If 1 <pg <p<pr <oo, then

(i) Lp(w)nLi(v) € LY, (v) € Lip(v) + Ly (v).

(ii) LPo(v)N LP(v) C LP(v) C LPo(v) 4+ LP1 (v).

(iii) LPo(v)N LPI(v) C LP(v) C LPo(v) 4+ LP1(v).
()

(iv) LPo(v)N LPr(v) C LP(v) C LPo(v) + LP*(v).
Nevertheless,
Ly (v)n Ly (v) £ LP(v),
) ¢ D)+ M),
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Locally strongly additive measure.

v : R — X is said to be locally strongly additive if

lim ||v(An)|lx = 0 for each disjoint sequence
ano;n C ‘R such that ||v| (Un>1 An) < 00.
1) The Lebesgue measure is I.sTa.
2) v: AePr(N) — v(A) := xa € cp is not
locally strongly additive.
vli(A) = 1,9 # A€ P;(N), [[v][(2)=0

3) Every m : > — X is (locally) strongly additive.
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Intermediate spaces (delta-ring).
[del Campo, Mayoral, Naranjo & AF, 2012]
Let 1 < pg < p1 < o00. The following assertions are
equivalent:
1) v is locally strongly additive.
(B e R", xpeL,(v)=xpelL )

2) LPo(v) N LP (v) C LP(v) for every (some)

Po <P <Pp1-
3) LY (v) C LP°(v) + LP'(v) for every (some)

Po <P < P1-
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Gain of integrability (delta-ring).
[del Campo, Mayoral, Naranjo & AF, 2012]

If visl.s.a. and pg < p < p1, then

S|+

Ly,(v) € Ly (v) + Ly (v)

f Ly, (v) € L (v)

s
L' (v)
()

0

LP(v).



Gain of integrability (delta-ring).
[del Campo, Mayoral, Naranjo & AF, 2012]

If visl.s.a. and pg < p < p1, then

S|+

f
|

Ly, (v) € L (v)
Ly, (v) € Ly (v) + Ly (v)

Xt pro ) = O

LP(v).
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Complex methods: equalities (R).

[del Campo, Mayoral, Naranjo & AF, 2012]
Let 0 < 0 <1 < pg < p1 < 0. The following
assertions are equivalent:

1) v is locally strongly additive.

2) Ly (v), Ly (V)] = LP(v).

3) [LpO(V)7Lp1(V)][9] _ :LZJO(V)7LP1(V):E
= [L7(v), Ly, (v),
L_1-0 06 = LP(v).

p Po P1
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If v is not locally strongly additive, and
0<l <1l <py<p <ox.

LP(v) & Ly (v), Ly (V)1 & Lay(V)

LP(v) ¢ [LP(v), L7 ()] ¢ LE (v)
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The real method ()¢ 4- [Lions & Peetre (1964)]
Given: a couple of Banach spaces (X, X1) and
0<0<1<qg< o0, (Xo,X1)y,, is the space of
those f € Xy + X7 such that

> dt]
/ (K@ N) | a<oo
1flloq:=¢q /O :
supt™? K (t, f), q =00
- £>0
is finite.

K(t, f) :==inf {|| follx, + Il f1llx, :
foeXo,ieXi, f=fo+ fi}.



The real method: problem/classical results.



The real method: problem/classical results.
For X;. € {LP*(m), LY*(m)}, k=0,1, we want
to describe (Xg, X1), g With 0 <6 <1 < g < oc.



The real method: problem/classical results.
For Xi € {LP*(m), LP*(m)}, k= 0,1, we want
to describe (XO,Xl)Q,q, with0 <0 <1<qg<o0.
Let 1 be a positive sigma-finite measure, and

0<80<1<pgy#p; <oo.Then:



The real method: problem/classical results.
For Xi € {LP*(m), LP*(m)}, k= 0,1, we want
to describe (XO,Xl)Q,q, with0 <0 <1<qg<o0.
Let 1 be a positive sigma-finite measure, and

0< b0 <1<py+#p1 <oo.Then:
o (L'(n),L>*(n)),, = LT=7(p).



The real method: problem/classical results.
For Xi € {LP*(m), LP*(m)}, k= 0,1, we want
to describe (XO,Xl)Q,q, with0 <0 <1<qg<o0.
Let 1 be a positive sigma-finite measure, and

0< b0 <1<py+#p1 <oo.Then:
o (L'(n),L>*(n)),, = LT=7(p).

1 1—46 0
o (LPo(p), LPH(p))gq = LV U (). ===+~




The real method: problem/classical results.
For Xi € {LP*(m), LP*(m)}, k= 0,1, we want
to describe (XO,Xl)Q,q, with0 <0 <1<qg<o0.
Let 1 be a positive sigma-finite measure, and

0< b0 <1<py+#p1 <oo.Then:
o (L'(n),L>*(n)),, = LT=7(p).

1 1—46 0
o (LPo(p), LPH(p))gq = LV U (). ===+~

o LPP(u)=LP(p), 1 <p<oo.




The real method: problem/classical results.
For Xi € {LP*(m), LP*(m)}, k= 0,1, we want
to describe (XO,Xl)Q,q, with0 <0 <1<qg<o0.
Let 1 be a positive sigma-finite measure, and

0< b0 <1<py+#p1 <oo.Then:

o (LY(p),L=(w)),, = LT n).
o (LP0(p). L7 (1))gq = LP 9 (). o=t
o LPP(u)=LP(p), 1<p< oo

o K(t,f,L'(n),L>®(n) = [, f*
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Lorentz spaces of a vector measure.

let ¥ 5 X L/ R, 2’ € X', and consider
(m,z") (A) := (m(A),z"), AeX.

If 1 <p,q <oo,wesay that f € LP:9(m) if:

i) f: ¢ — R measurable and

i) f € L”? (|(m,2")]), 2’ € X'.

| fllp,q = sup {”f”mq<|<m,x'>|> 12l < 1} |

L% (m)

(L (m), L®(m)),, < 8(%) "  L(m).

w
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Distribution and decreasing rearrangement.
Distribution function. f : {2 — R measurable:
Imll; -t €0,00) — [|m]| (t) € [0, 00)
Imll; () = |lm| ({w € Q:[f(w)| >1})

_ sup{|<m,x’>\f (1) : ||2'] < 1}.
Decreasing rearrangement function.
fi(s) == nf{t > 0:||mls(t) < s}
= Apmy; ()
= sup{fy(s): ||| <1}
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For 1 < p,q < oo, the Lorentz space LP9(||m]||)
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Lorentz spaces of the semivariation.
For 1 < p,q < oo, the Lorentz space LP9(||m]||)

consists of all measurable functions f : {2 — R

such that || f|| Lr.a(|m|)) < 00, Where

1 <p,g<oc

flamon = | [ (s3°6) 2]

1 <p<oo,qg=0x
| fllze.oo (jm))) := sup {ng*(s) L5 > O} .

Q|
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U
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I <p1 <ps <0
LP22(|lm|))  LP2=2(|lm]]) LY (||m]])

.
L] .
L} .

U U -
o Ul LU
LpQ’pQ(HmH) Lplapl(HmH) le,l(HmH)

Ul Ul
, : LP(m
: o (m)

L®(m)C L7 (|m)))  “LP(||ml)



Lorentz spaces of the semivariation.
1) LP9(||m||) is a quasi-Banach lattice.
If +gllzeaqmp < C, @) (Nflleaqmpy + gl zeam)
2) LP9(||m||) has separating dual:
ayp=qg=1, b)p>1landl1l <q < 0.
LPA([m|) € LP*(p), 1< p,q <0
3) Inclusions.

4) For 1 < p < o0,

LPE(|Im]l) & LF(m) & Ly, (m) & L2 ([lml]]).
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Estimates for the K—functional.
If f € L} (m)andt > 0, then

a)tf*(t) < K (t, f, Ly,(m), L=(m)) .
b) K (t, f, L. (m /f

c) feL'(m) # /f )ds < oo,

> /0 f*(s)ds < oo.

ds.
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The real method. [Mayoral, Naranjo & AF, 2011]
1) For0 <8 <1 <q< o0,

(LM m), L=(m),, = (L}(m),L>(m))

0,q 0,q

1
= L=o"%([|m]),
with equivalence of norm—quasinorm.

2) For 1 <py #p1 <o0; 0<0 <1< q< oo,
(LP(m), LP*(m))g , = (L3 (m), Ly (m))g

o o= LP(m),

1
P Po P1 |




The real method: consequences.



The real method: consequences.
Consequence 1. If p > 1, the space L?9(||m]|) is

normable.



The real method: consequences.
Consequence 1. If p > 1, the space L?9(||m]|) is
normable.

Concequence 2. If 1 < p,q < oo, the space

LP9(||m]|) is reflexive.



The real method: consequences.
Consequence 1. If p > 1, the space L?9(||m]|) is
normable.

Concequence 2. If 1 < p,q < oo, the space
LP9(||m]|) is reflexive.

[Beauzamy 1978] If 0 < 0 < 1 < g < oo and the
inclusion Xy N X, C Xy + X, is weakly compact,
then (Xo, X1), , is reflexive.




The real method: consequences.
Consequence 1. If p > 1, the space L?9(||m]|) is
normable.

Concequence 2. If 1 < p,q < oo, the space
LP9(||m]|) is reflexive.

[Beauzamy 1978] If 0 < 0 < 1 < g < oo and the
inclusion Xy N X7 € Xy + X, is weakly compact,
then (Xo, X1), , is reflexive.

[Mayoral, Naranjo, Saez, Sanchez-Pérez & AF 2006]
If1 < pg < pr <oo,then LP(m) C LP°(m)is

weakly compact.
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