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An bounded operator T: X — Y between two Banach spaces
is Strictly Singular (SS) if for every infinite dimensional
subspace E of X, the restriction of T to E does not realize an
isomorphism from E onto T(E).

Equivalently,

Luis Rodriguez-Piazza Some Finitely Strictily Singular Operators in Analysis.



An bounded operator T: X — Y between two Banach spaces
is Strictly Singular (SS) if for every infinite dimensional
subspace E of X, the restriction of T to E does not realize an
isomorphism from E onto T(E).

Equivalently, T is (SS) if and only if: for every € > 0, for every
infinite dimensional subspace E of X, there exists x in the unit
sphere of E such that || T(x)|| < e.
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An bounded operator T: X — Y between two Banach spaces
is Strictly Singular (SS) if for every infinite dimensional
subspace E of X, the restriction of T to E does not realize an
isomorphism from E onto T(E).

Equivalently, T is (SS) if and only if: for every € > 0, for every
infinite dimensional subspace E of X, there exists x in the unit
sphere of E such that || T(x)|| < e.

This version can be quantified/localized requiring a little more:
The operator T is called Finitely Strictly Singular (FSS) if: for
every ¢ > 0, there exists N. > 1 such that, for every subspace
E of X with dimension greater than N., there exists x in the unit
sphere of E such that || T(x)| <e.
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Given a bounded operator T: X — Y between two Banach
spaces, the sequence of Bernstein numbers of T is defined by
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Given a bounded operator T: X — Y between two Banach
spaces, the sequence of Bernstein numbers of T is defined by

bo(T)= sup  inf{||T(x)|: x € E,|Ix]| =1}.
EcCX,dim(E)=n
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Given a bounded operator T: X — Y between two Banach
spaces, the sequence of Bernstein numbers of T is defined by

bo(T)= sup  inf{||T(x)|: x € E,|Ix]| =1}.
EcCX,dim(E)=n

T is (FSS) if and only if limp_,e0 by(T) = 0.
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Given a bounded operator T: X — Y between two Banach
spaces, the sequence of Bernstein numbers of T is defined by

bo(T)= sup  inf{||T(x)|: x € E,|Ix]| =1}.
EcCX,dim(E)=n

T is (FSS) if and only if limp_,e0 by(T) = 0.

Observe that the Bernstein numbers are dominated by the
approximation numbers

bn(T) < an(T)
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Given a bounded operator T: X — Y between two Banach
spaces, the sequence of Bernstein numbers of T is defined by

bo(T)= sup  inf{||T(x)|: x € E,|Ix]| =1}.
EcCX,dim(E)=n

T is (FSS) if and only if limp_,e0 by(T) = 0.

Observe that the Bernstein numbers are dominated by the
approximation numbers

bo(T) < an(T) =inf{|| T — R|| : R: X — Y, rank(T) < n}.
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Finitely strictly singular operators are also called superstrictly
singular operators.
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Finitely strictly singular operators are also called superstrictly
singular operators.

Theorem (Flores, Hernandez, Raynaud)

An operator T is finitely strictly singular iff every ultrapower of T
is strictly singular iff every operator which is locally
representable in T is strictly singular.

Luis Rodriguez-Piazza Some Finitely Strictily Singular Operators in Analysis.



Finitely strictly singular operators are also called superstrictly
singular operators.

Theorem (Flores, Hernandez, Raynaud)

An operator T is finitely strictly singular iff every ultrapower of T
is strictly singular iff every operator which is locally
representable in T is strictly singular.

Moreover

bn(T) = bn(Ty), forevery nand every ultrapower Ty, of T.
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FSS versus Compactness
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FSS versus Compactness

We always have, for an operator T,

Compact = FSS = SS
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Compact = FSS = SS

When X and Y are Hilbert spaces, these notions coincide.
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FSS versus Compactness

We always have, for an operator T,
Compact = FSS = SS

When X and Y are Hilbert spaces, these notions coincide. The
sameistrueif X =Y =P (1 <p<+oc)or X =Y = ¢p.
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We always have, for an operator T,
Compact = FSS = SS

When X and Y are Hilbert spaces, these notions coincide. The
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FSS versus Compactness

We always have, for an operator T,
Compact = FSS = SS

When X and Y are Hilbert spaces, these notions coincide. The
sameistrueif X =Y =/ (1 <p<+o)or X =Y = ¢y. Butin
general

FSS <« SS

Ex. 1:

Take the inclusion map of ¢! = @, £} into the space P2 ¢}..
It is not FSS, but it is SS.
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FSS versus Compactness

We always have, for an operator T,
Compact = FSS = SS

When X and Y are Hilbert spaces, these notions coincide. The
sameistrueif X =Y =/ (1 <p<+o)or X =Y = ¢y. Butin
general

Compact <« FSS <« SS

Ex. 1:

Take the inclusion map of ¢! = @, £} into the space P2 ¢}..
It is not FSS, but it is SS.

Ex. 2: (V. Milman '70)
For1 < p < g < oo, the inclusion map /P — (9 is FSS, but it is
not compact.
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More examples

Ex. 3:
For 1 < p < +o0, the inclusion map C[0, 1] — LP[0, 1] is FSS,
but it is not compact. The same for L*>°[0, 1] — LP[0, 1].
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More examples

Ex. 3:
For 1 < p < +o0, the inclusion map C[0, 1] — LP[0, 1] is FSS,
but it is not compact. The same for L*°[0, 1] — LP[0, 1].

Proposition (Mitiagin, Petczynski '68)

Every absolutely p-summing operator is FSS.
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More examples

Ex. 3:
For 1 < p < +o0, the inclusion map C[0, 1] — LP[0, 1] is FSS,
but it is not compact. The same for L*°[0, 1] — LP[0, 1].

Proposition (Mitiagin, Petczynski '68)

Every absolutely p-summing operator is FSS.

Proposition (Flores, Hernandez, Raynaud)

If E[0, 1] is a rearrangement invariant space and E # L*°; then
the inclusion map L*°[0, 1] — EJ0, 1] is FSS.
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More examples

Ex. 4: (Plichko '04)
The Fourier transform F: L'(T) — ¢o(Z) sending

f s (F(M))mez

is SS, but is not FSS.
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More examples

Ex. 4: (Plichko '04)
The Fourier transform F: L'(T) — ¢o(Z) sending

f s (F(M))mez

is SS, but is not FSS.

Given n € N consider nreal numbers 4, b, ..., t, such that =,
ti, b, ..., th are Q linearly independent. Then, by Kronecker’s
theorem the set {(e™, ez ... €Mn) . mc Z} is dense in T”
and, putting z; = e for all scalars aj, we have

DO ) SRR oI
J J J J

M(T)
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More examples

Ex. 4: (Plichko '04)
The Fourier transform F: L'(T) — ¢o(Z) sending

f s (F(M))mez

is SS, but is not FSS.

Given n € N consider nreal numbers 4, b, ..., t, such that =,
ti, b, ..., th are Q linearly independent. Then, by Kronecker’s
theorem the set {(e™, ez ... €Mn) . mc Z} is dense in T”
and, putting z; = e for all scalars aj, we have

DO ) SRR oI
J J J J

Changing ¢, by Fy * 6, where Fy is the N'th Fejér Kernel with
N large enough, we see that

M(T)

bn(F) =1, forevery n.
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Some results of structure

Theorem (V. Milman ’70)

The set FSS(X, Y) of all finitely strictly singular operators from
X to Y is a closed linear subspace of £(X, Y) with the ideal
property. Thatis, So T o R € FSS(Xj, Y1), whenever

Re L(X1,X), Te FSS(X,Y),and S € L(Y, Yq).
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Theorem (V. Milman ’70)

The set FSS(X, Y) of all finitely strictly singular operators from
X to Y is a closed linear subspace of £(X, Y) with the ideal
property. Thatis, So T o R € FSS(Xj, Y1), whenever

Re L(X1,X), Te FSS(X,Y),and S € L(Y, Yq).

This result can be obtained as a corollary to Hernandez, Flores,
Raynaud characterization and the fact that strictly singular
operators form an operator ideal.
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Some results of structure

Theorem (V. Milman ’70)

The set FSS(X, Y) of all finitely strictly singular operators from
X to Y is a closed linear subspace of £(X, Y) with the ideal
property. Thatis, So T o R € FSS(Xj, Y1), whenever

Re L(X1,X), Te FSS(X,Y),and S € L(Y, Yq).

This result can be obtained as a corollary to Hernandez, Flores,
Raynaud characterization and the fact that strictly singular
operators form an operator ideal.

Directly it is easy to prove: FSS(X, Y) is stable by multiplication
by scalars, is closed in £(X, Y) and has the ideal property.
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Some results of structure

Theorem (V. Milman ’70)

The set FSS(X, Y) of all finitely strictly singular operators from
X to Y is a closed linear subspace of £(X, Y) with the ideal
property. Thatis, So T o R € FSS(Xj, Y1), whenever

Re L(X1,X), Te FSS(X,Y),and S € L(Y, Yq).

This result can be obtained as a corollary to Hernandez, Flores,
Raynaud characterization and the fact that strictly singular
operators form an operator ideal.

Directly it is easy to prove: FSS(X, Y) is stable by multiplication
by scalars, is closed in £(X, Y) and has the ideal property.

It is not so obvious:
T,S€ FSS(X,Y) = T+SeFSSX,Y)
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Some results of structure

Theorem (Plichko '04)

Let T € L(X,Y). Then T is FSS if and only if for every
sequence {E,} of subspaces of X with dim(E,) — oo, there
exist subspaces F, C E, such that:
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Theorem (Plichko '04)

Let T € L(X,Y). Then T is FSS if and only if for every
sequence {E,} of subspaces of X with dim(E,) — oo, there
exist subspaces F, C E, such that:

@ |[T|g|l — 0, and
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Some results of structure

Theorem (Plichko '04)

Let T € L(X,Y). Then T is FSS if and only if for every
sequence {E,} of subspaces of X with dim(E,) — oo, there
exist subspaces F, C E, such that:

@ |[T|g|l — 0, and
@ dim(Fp) — oo.
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Some results of structure

Theorem (Plichko '04)

Let T € L(X,Y). Then T is FSS if and only if for every
sequence {E,} of subspaces of X with dim(E,) — oo, there
exist subspaces F, C E, such that:

@ |[T|g|l — 0, and
@ dim(Fp) — oo.

Equivalent to the problem of the sum is the following fact:

T, € ]:SS(X1, Y1), 1> E]:SS(XQ, Yg) -
Ti @ T, € FSS(X1 x Xo, Y1 X Yao),

where

T1 @ Ta(x1,x2) = (Tx1, Tx2), (X1, X%2) € X1 x Xo.
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The diagonal Theorem

Suppose {Tp}n is a uniformly bounded sequence of operators
Th: Xn — Yn. Let 1 < p < g < co. Then the diagonal operator

X=PXs, Y=EYa, T:X-Y,
P 09

defined by T((Xn)n) = (TnXn)n is bounded.
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The diagonal Theorem

Suppose {Tp}n is a uniformly bounded sequence of operators
Th: Xn — Yn. Let 1 < p < g < co. Then the diagonal operator

X=PXs, Y=EYa, T:X-Y,
P 09

defined by T((Xn)n) = (TnXn)n is bounded.
Is it T an FSS operator?
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The diagonal Theorem

Suppose {Tp}n is a uniformly bounded sequence of operators
Th: Xn — Yn. Let 1 < p < g < co. Then the diagonal operator

X=PXs, Y=EYa, T:X-Y,
P 09

defined by T((Xn)n) = (TnXn)n is bounded.
Is it T an FSS operator?

We say that a sequence { T}, of operators T,: X, — Yy is
uniformly finitely strictly singular if for every € > 0, there exists
N: such that for every n € N, and every subspace E of X, with
dim(E) > N, there exists x € Sg, such that || Tpox| < e.
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The diagonal Theorem

Theorem (Lefevre, R-P)

The diagonal operator T is finitely strictly singular if and only if
the sequence {T,}, is uniformly finitely strictly singular.
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The diagonal Theorem

Theorem (Lefevre, R-P)

The diagonal operator T is finitely strictly singular if and only if
the sequence {T,}, is uniformly finitely strictly singular.

About the proof:
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The diagonal Theorem

Theorem (Lefevre, R-P)

The diagonal operator T is finitely strictly singular if and only if
the sequence {T,}, is uniformly finitely strictly singular.

About the proof:

e One implication is easy. The other one is very technical.
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The diagonal Theorem

Theorem (Lefévre, R-P)

The diagonal operator T is finitely strictly singular if and only if
the sequence { Ty}, is uniformly finitely strictly singular.

About the proof:
e One implication is easy. The other one is very technical.

e It can be reduced to the case q = .
use: |yllq < [¥I%I¥llp %, for1<p<qg<oc
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The diagonal Theorem

Theorem (Lefevre, R-P)

The diagonal operator T is finitely strictly singular if and only if
the sequence {T,}, is uniformly finitely strictly singular.

About the proof:
e One implication is easy. The other one is very technical.
e It can be reduced to the case q = ~.

e If E C Xiis finite dimensional, and ||TX||cc > 6||X||p, VX € E.
Then there exists N € N and ¢ > 0, only depending on 4, such
that there is A ¢ N with card(A) < N and

max{|| Toxn|| : n € A} > ¢||x|[p, VxeE.
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Fourier Transform again

We have seen F: L'(T) — co(Z) is SS, but not FSS.
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Fourier Transform again

We have seen F: L'(T) — co(Z) is SS, but not FSS.
Of course F: L2(T) — ¢2(Z) is not SS.
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Fourier Transform again

We have seen F: L'(T) — co(Z) is SS, but not FSS.
Of course F: L2(T) — ¢2(Z) is not SS.

Theorem (Lefevre, R-P)

If1 < p<2,and p* is its conjugate exponent, then the Fourier
Transform
F: LP(T) — ¢F (2)

is finitely strictly singular.
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Fourier Transform again

We have seen F: L'(T) — co(Z) is SS, but not FSS.
Of course F: L2(T) — ¢2(Z) is not SS.

Theorem (Lefevre, R-P)

If1 < p<2,and p* is its conjugate exponent, then the Fourier
Transform
F: LP(T) — ¢F (2)

is finitely strictly singular.

In fact this result is valid for the Fourier transform in every
locally compact abelian group; in particular, for the Fourier
transform in RY. Moreover this is a direct consequence of a
more general result.
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An interpolation result

Suppose (22, 1) and (A, v) are two measure spaces and T is an
operator such that

T:1%(u) — L3(v), and
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An interpolation result

Suppose (22, 1) and (A, v) are two measure spaces and T is an
operator such that

T:12(u) — L3(v), and T:L'(u)— L®W).
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An interpolation result

Suppose (22, 1) and (A, v) are two measure spaces and T is an
operator such that

T:L%(p) = L3(v), and T:L'(u)— L>®(@).
Then, for 1 < p <2, we have
Tp=T: LP(u) — LP (v) is bounded
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An interpolation result

Suppose (22, 1) and (A, v) are two measure spaces and T is an
operator such that

T:L%(p) = L3(v), and T:L'(u)— L>®(@).
Then, for 1 < p <2, we have
Tp=T: LP(u) — LP (v) is bounded

For 1 < p < 2, the operator T, is FSS.
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An interpolation result

Suppose (22, 1) and (A, v) are two measure spaces and T is an
operator such that

T:L%(p) = L3(v), and T:L'(u)— L>®(@).
Then, for 1 < p <2, we have

To=T: LP(u) = LP(v) isbounded

Theorem

For 1 < p < 2, the operator T, is FSS.
Moreover, for every p € (1,2), there exists K, > 0 such that, if
|T1]] < 1 and || T2|| < 1, then

bn(Tp) < kpn™ /", for every n,
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A lemma

Suppose T is like in the theorem, and 1 =

Luis Rodriguez-Piazza Some Finitely Strictily Singular Operators in Analysis.



A lemma

Suppose T is like in the theorem, and 1 =

Take g € L'(n), u € L"(v) and define

Tou: L2(n) — L3(v), Tguf =u-T(g-f).
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A lemma

Suppose T is like in the theorem, and 1 =

Take g € L'(n), u € L"(v) and define
Tou: L2(n) = LB(v),  Tguf=u-T(g-f).

That |S Tg’u = MU (¢] T [¢] Mg
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A lemma

Suppose T is like in the theorem, and 1 =
Take g € L'(n), u € L"(v) and define

Tou: L2(p) — L2(v),  Tyuf=u-T(g-f).
Thatis Tgyu = Myo T o My
We have

Lemma

The operator Ty is in the Schatten class Sy (L?(u), L2(v)).
Moreover, if ||g||r < 1, and ||ul|, < 1, we have

> a(Tgn)' <1 and an(Tgp)<n /" ,¥neN
k=1
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:

¢: L'(p) x L'(v) — E(Lz(u), L2(1/))
(g.u) — Tgu
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:

¢: L'(p) x L'(v) — E(L2(u), L2(1/))
(g.u) — Tgu

e Forr =2, Ty, is an order bounded operator. Indeed

[ Tg.uf| = ul - [T(GN] < [IT(9N) L=y lul < llgll2lIfll2]ul,
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:

¢: L'(p) x L'(v) — E(L2(u), L2(1/))
(g.u) — Tgu

e Forr =2, Ty, is an order bounded operator. Indeed
[ Tg.ufl = [ul - |T(IN] < IT(G)l e wylul < lIgll2]Ill2]ul,

Then Ty, is in the Schatten class Sz, and || Tg,ulls, < ||gll2]|u]|2-
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:

¢: L'(p) x L'(v) — E(L2(u), L2(1/))
(g.u) — Tgu

e Forr =2, Ty, is an order bounded operator. Indeed
[ Tg.ufl = [ul - |T(IN] < IT(G)l e wylul < lIgll2]Ill2]ul,

Then Ty, is in the Schatten class Sz, and || Tg,ulls, < ||gll2]|u]|2-

e Forr=o0, || Tg,ull < 119]lscllt]loo
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A lemma

Proof of the lemma. Assume ||T1||, || T2|| < 1. For r € 2, +o¢],
consider the following bilinear operator:

¢: L'(p) x L'(v) — E(L2(u), L2(1/))
(g.u) — Tgu

e Forr =2, Ty, is an order bounded operator. Indeed
[ Tg.ufl = [ul - |T(IN] < IT(G)l e wylul < lIgll2]Ill2]ul,

Then Ty, is in the Schatten class Sz, and || Tg,ulls, < ||gll2]|u]|2-

e Forr=o0, || Tg,ull < 119]lscllt]loo

From an interpolation argument the lemma follows: ® sends
L"(n) x L"(v) into S;.
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Proof of the theorem
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Proof of the theorem

Suppose dimE = n, § > 0, and || Tf||p~ > 6||f||p, for every f € E
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Proof of the theorem

Suppose dimE = n, § > 0, and || Tf||p~ > 6||f||p, for every f € E

1P(u) 2 E L L T(E)c1r ()

71

1T < 1/9,
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Proof of the theorem

Suppose dimE = n, § > 0, and || Tf||p~ > 6||f||p, for every f € E

1P(u) 2 E L L T(E) 1P ()

T-1

|T-1|| < 1/6, and we can apply Kwapien’s Theorem
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Proof of the theorem

Suppose dim E = n, § > 0, and || Tf||p~ > 4||f||p, for every f € E

~T(E) < 17 (v)

IT=1|| <1/8, and we can apply Kwapien’s Theorem

dmH=n, |g8]|=1, l|afs1/6
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Proof of the theorem

Suppose dimE = n, § > 0, and || Tf||p~ > 6||f||p, for every f € E

LP(n) 2 E L 7(E) c1r ()
\/
T—1
I} Q
H

| T="|| < 1/6, and we can apply Kwapien’s Theorem
dmH=n, [Bl=1, |all£1/s

Observe that ldy = o To 8
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Proof of the theorem

Wehave dmH=n, |5]=1, |a|<1/0, ldy=aoTofp.

LP(u) 2 E ~ T(E)  LP"(v)
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Proof of the theorem

Wehave dmH=n, |5]=1, |a|<1/0, ldy=aoTofp.

LP(n) > E (D)
\_/
T71
Iv] @
H

We apply Maurey’s Factorization Theorem to
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Proof of the theorem

Wehave dmH=n, |5]=1, |a|<1/0, ldy=aoTofp.

LP(n) > E (D)
\_/
T71
M, p 4
[2(n) 2 E = H
(1) %

We apply Maurey’s Factorization Theorem to

Jgeli(n), lgl-=1, E={f/g:feE},
1 1

1Boll S 1181 = 1
-1_1
r— p 2
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Proof of the theorem

Wehave dmH=n, |5]=1, |a|<1/0, ldy=aoTofp.

LP(n) > E LB (R0
\_/
T71
M, p /
[2(u) D E = H
()2 E &

We apply Maurey’s Factorization Theorem to g and to «:

Ggel'(u), lgll-=1, E={f/g:TcE}, Bl £ IBl=1
1 1

-1_1
r—p 2
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Proof of the theorem

Wehave dmH=n, |5]=1, |a|<1/0, ldy=aoTofp.
LP(n) > E (0
\_/
T71
M, p 4 M,
) - ) _
L*(u) 2 E - % H - o T(E) C [2(v)

We apply Maurey’s Factorization Theorem to 5 and to a:

Ggeli(n), lgl-=1, E={f/g:feE}, 6l <Al =1
r=pzt g Wwel'w), |ull=1,

N[ —

—~

T(E)={h-u:heT(E)}, ol 3 llall = 1/d.
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Proof of the theorem

Then dimH=n, |[BollS1, llaoll S1/5, Idy=aoTop.

) C LP (v)

/\/\

(v)
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Proof of the theorem

Then dimH=n, |[BollS1, llaoll S1/5, Idy=aoTop.

) C LP (v)

/\/\

We have ldy = aoTof=agoMyoT oMo 5y, and then

(v)
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Proof of the theorem

Then dimH=n, |[BollS1, llaoll S1/5, Idy=aoTop.

) C LP (v)

/\/\

We have ldy = aoTof=agoMyoT oMo 5y, and then

(v)

= ap(ldy) < ||50”an(Mu oTo Mg)HOéoH
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Proof of the theorem

Then dimH=n, |[BollS1, llaoll S1/5, Idy=aoTop.

) C LP (v)

/\/\

We have ldy = aoTof=agoMyoT oMo 5y, and then

(v)

K
= an(loh) < lBollan(My o T o M)l < “2 n~"/7.
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Proof of the theorem

Then dimH=n, |[BollS1, llaoll S1/5, Idy=aoTop.

) C LP (v)

/\/\

We have ldy = aoTof=agoMyoT oMo 5y, and then

(v)

K
1= an(ldh) < | follan(My o T o My) aol] < -2 n~'/".

Therefore § < Kpn—”’, and we have, for the Bernstein
numbers,
bn(Tp) < Kpon='/7, for every n.
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Fourier Transform again

Remark: The estimate by(Tp) < n~'/" is sharp. This can be
shown with the Fourier transform Fy: LP(T) — ¢P"(Z).
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Fourier Transform again

Remark: The estimate by(Tp) < n~'/" is sharp. This can be
shown with the Fourier transform Fy: LP(T) — ¢P"(Z).

Let us denote, for m € Z, by e the exponential
em(t) = ™.

and consider the subspace E of LP(T), generated by
{em:1<m< n}.
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Fourier Transform again

Remark: The estimate by(Tp) < n~'/" is sharp. This can be
shown with the Fourier transform Fy: LP(T) — ¢P"(Z).

Let us denote, for m € Z, by e the exponential
em(t) = ™.

and consider the subspace E of LP(T), generated by
{em :A1 < m < n}. Thendim E = n, and for every f € E we
have f is supported by {1,2,...,n} and

N Hp = 1Fll2 = Ifll2 = £l
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Fourier Transform again

Remark: The estimate by(Tp) < n~'/" is sharp. This can be
shown with the Fourier transform Fy: LP(T) — ¢P"(Z).

Let us denote, for m € Z, by e the exponential
em(t) = ™.

and consider the subspace E of LP(T), generated by
{em :A1 < m < n}. Thendim E = n, and for every f € E we
have f is supported by {1,2,...,n} and

N Hp = 1Fll2 = Ifll2 = £l

This yields b(Fp) > n~1/".
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Hardy spaces
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Hardy spaces

LetD={ze€ C:|z| < 1} the open unit disk, and 1 < p < +oc.
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Hardy spaces

LetD={ze€ C:|z| < 1} the open unit disk, and 1 < p < +oc.
The Hardy space HP = HP(D) is formed by the holomorphic
functions f: D — C such that

1 27 ] 1/p
e = sup (- [ itCetPet) < oo,
0

0<r<i1
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Hardy spaces

LetD = {z € C: |z|] < 1} the open unit disk, and 1 < p < +oc.
The Hardy space HP = HP(D) is formed by the holomorphic
functions f: D — C such that

1 27 ] 1/p
e = sup (- [ itCetPet) < oo,
0

0<r<i1

LetT =90D = {z € C: |z| = 1}. On the torus T we consider the
normalized arc-length measure m. Every f € HP(D) has almost
everywhere radial limit f*

f(e') = Jlim. f(re'y.

It is known that f* € LP(T) = LP(m) and ||f||ne = ||F*||1p-
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Bergman spaces

Let us denote by A the normalized area measure on the unit
disk D; thatis dA = ¥ Let1 < g < .

™
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Bergman spaces

Let us denote by A the normalized area measure on the unit
disk D; thatis dA = ¥ Let1 < g < .

™

The Bergman space B9(D) is BY(D) = LP(.A) N H(D); that is
B9(D) is formed by the holomorphic functions f: D — C such
that

Ifler = ([ @17 dA@) " <+,
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Bergman spaces

Let us denote by A the normalized area measure on the unit
disk D; thatis dA = ¥ Let1 < g < .

™

The Bergman space B9(D) is BY(D) = LP(.A) N H(D); that is
B9(D) is formed by the holomorphic functions f: D — C such
that

Ifler = ([ @17 dA@) " <+,

Observe that, putting f;(z) = f(rz). We have

1
\wazéuwmmw.
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Hardy and Bergman spaces

It is known that HP c B9 if and only if g < 2p.
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Hardy and Bergman spaces

It is known that HP c B9 if and only if g < 2p.
For g > 2p,if f(z) = (1 —2)"%/9,f¢ BYand f € HP.
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Hardy and Bergman spaces

It is known that HP c B9 if and only if g < 2p.
For g > 2p,if f(z) = (1 —2)"%/9,f¢ BYand f € HP.

For g < 2p, the inclusion HP — B9 is a compact operator.
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Hardy and Bergman spaces

It is known that HP c B9 if and only if g < 2p.
For g > 2p,if f(z) = (1 —2)"%/9,f¢ BYand f € HP.

For g < 2p, the inclusion HP — B9 is a compact operator.

The inclusion HP — B?P is not compact.
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Hardy and Bergman spaces

It is known that HP c B9 if and only if g < 2p.
For g > 2p,if f(z) = (1 —2)"%/9,f¢ BYand f € HP.

For g < 2p, the inclusion HP — B9 is a compact operator.
The inclusion HP — B?P is not compact.

Theorem (Lefévre, R-P)
The natural inclusion HP — B?P is FSS, for every p € [1, +00).
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Proof for p = 1

For p = 1 we can use Hardy inequality. We denote by f(n) the
n'th Taylor coefficient in 0 of f € H(ID). Then

f(z)=> Hn)z", forallzeD.

n>0
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Proof for p = 1

For p = 1 we can use Hardy inequality. We denote by f(n) the
n'th Taylor coefficient in 0 of f € H(ID). Then

f(z)=> Hn)z", forallzeD.

n>0

Hardy inequality

For every f € H'(D), we have » ’,:(:)1' < ||| 1.
n>0
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Proof for p = 1

For p = 1 we can use Hardy inequality. We denote by f(n) the
n'th Taylor coefficient in 0 of f € H(ID). Then

f(z)=> Hn)z", forallzeD.

n>0

Hardy inequality

For every f € H'(D), we have » ’,:(:)1' < ||| 1.
n>0

It is not difficult to see that
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Proof for p = 1

This allows us to factorize the inclusion H' — B? through the
inclusion L'(u) N L>(u) < L?(u), for i the measure defined on
N by
1
B => BCN.

ned
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Proof for p = 1

This allows us to factorize the inclusion H' — B? through the
inclusion L'(u) N L>(u) < L?(u), for i the measure defined on
N by

We conclude thanks to

Proposition (Lefévre, R-P)

For every positive measure u, the natural inclusion
LV(p) N L°(p) < L2(p) is FSS.
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Proof for p = 1

Proof of the Proposition.
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, ]f,-|2)1/2.

Luis Rodriguez-Piazza Some Finitely Strictily Singular Operators in Analysis.



Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, ]f,-|2)1/2.

From || - [eo < (1/9)]| - ||2, we deduce ||S]|oo < 1/9.
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, 1£[2) /2.
From || - [« < (1/8)]| - |2, we deduce || S| < 1/4.

If {r;} are Rademacher functions, we have

ISl < Ki [ Jo |0y ri(t)f| dt dps
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, 1£[2) /2.
From || - [« < (1/8)]| - |2, we deduce || S| < 1/4.

If {r;} are Rademacher functions, we have

ISt < Ki [ fy |y ri(t)f] dt du= Ky [y |2y r(0)f]|, o
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, ]f,-|2)1/2.
From || - ||c < (1/0)]] - [|2, we deduce || S| < 1/0.
If {r;} are Rademacher functions, we have

ISl < K1 [ Jo |y (0| dt du= Ki Jg |35y ri(0)6]],: o

1/2
<K (oIS (Of[Fdt) =2
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, ]f,-|2)1/2.
From || - [|eo < (1/6)]| - |2, we deduce [|S]ls < 1/5.
If {r;} are Rademacher functions, we have
ISl < K [ Jo I ri(0F | ot = K Jo || S5 ri(t)6] .t
< K (RIS )% o) = K2

In consequence  n= [ S%du < ||S]|1]|S|| < K7,
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Proof for p = 1

Proof of the Proposition. Suppose E is an n-dimensional
subspace such that ||f||2 > 06 max{||f||1, ||f||}, for every f € E,

{fi}]_4 an orthonormal basis of £,and S = (37, ]f,-|2)1/2.
From || - [|eo < (1/6)]| - |2, we deduce [|S]ls < 1/5.
If {r;} are Rademacher functions, we have
ISl < K [ Jo I ri(0F | ot = K Jo || S5 ri(t)6] .t
< K (RIS )% o) = K2

In consequence n= [ S2du < |S][1]S]le < Kkﬁ, and
n< K2/5*.
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Somes ingredients in the proof for p > 1

We use here Littlewood-Paley decomposiiton. For j > 0,

A= (@27 -1,2)nz.
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Somes ingredients in the proof for p > 1

We use here Littlewood-Paley decomposiiton. For j > 0,
N =@ -1,2)nz
For f € HP let us define P;f by

Pf(z)= > fm)z", zeD.

men;

Littewood-Paley decomposition

For 1 < p < +o0, we have:

Luis Rodriguez-Piazza Some Finitely Strictily Singular Operators in Analysis.



Somes ingredients in the proof for p > 1

We use here Littlewood-Paley decomposiiton. For j > 0,
N =@ -1,2)nz
For f € HP let us define P;f by

Pf(z)= > fm)z", zeD.

men;

Littewood-Paley decomposition

For 1 < p < +o0, we have:

o ||l ~ H(Z\sz)ﬂz
j>o0

Lp(T)
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Somes ingredients in the proof for p > 1

We use here Littlewood-Paley decomposiiton. For j > 0,
N =@ -1,2)nz
For f € HP let us define P;f by

Pf(z)= > fm)z", zeD.

men;

Littewood-Paley decomposition

For 1 < p < +o0, we have:

o ||l ~ H(Z\sz)ﬂz
® |f]lg = H(Z|Pf| )"

LP(T)

Lr(A)
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Somes ingredients in the proof for p > 1

As a consequence we have, for 1 < p < 2,

(S0P 2 1fle = (S 1PA1) 7

j=0 j>0
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Somes ingredients in the proof for p > 1

As a consequence we have, for 1 < p < 2,

(S0P 2 1fle = (S 1PA1) 7

j=0 j=0
and, for p > 2,
)
(S 1A1%) 7 2 18l 5 (S 1PIS)
j=0 j=0
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Somes ingredients in the proof for p > 1

If f € HP, and f(m) = 0, for m < N; Then ||f||, < 2|2,
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Somes ingredients in the proof for p > 1

If f € HP, and f(m) = 0, for m < N; Then ||f||, < 2|2,

Define HY = {f € HP : ¥(m) = 0, for all m ¢ Ax}
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Somes ingredients in the proof for p > 1

If f € HP, and f(m) = 0, for m < N; Then ||f||, < 2|2,

Define HY = {f € HP : f(m) = 0, for all m ¢ Ax}

For f € H, we have ||f||5, ~ 27||f||F,
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Somes ingredients in the proof for p > 1

If f € HP, and f(m) = 0, for m < N; Then ||f||, < 2|2,

Define HY = {f € HP : ¥(m) = 0, for all m ¢ Ax}

For f € H, we have ||f||5, ~ 27||f||F,

Let Jx be the inclusion Jx: Hf — B2?P. Then the sequence
{Jk} k>0 is uniformly finitely strictly singular.
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:

1/2p
(1) Ifllgzs < Mok I1PKrIER) " when p < 2, and
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:

1/2p
(1) Ifllgzs < Mok I1PKrIER) " when p < 2, and

>1/2p

1/2
(2) 1fllgze < Mp(supk 1Pefln) "2 (S 1P ), when

p>2.
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:

1/2p
(1) Ifllgzs < Mok I1PKrIER) " when p < 2, and

1/2 1/2p
(2) |1fllezs < Mo(supy | Pfllie) /(S I1Pfllp ), when
p> 2.

Proof of (1) for p = 2.
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:

1/2p
1) 1|fll gee < Mp(zk ||Pkf||'i,€,) , when p < 2, and

1/2 1/2p
) Ifllgee < Mp(supk 1Pfllie) /(S I1Puf) s when
p>2.

Proof of (1) for p = 2. Put fy = P,f. By Littlewood—Paley

1155 [(CI6R7da= S [ i oA =3 ekl
k k,l k,l
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Somes ingredients in the proof for p > 1

For 1 < p < 400, there exists M, > 0 such that:

1/2p
(1) Ifllgzs < Mok I1PKrIER) " when p < 2, and

>1/2p

1/2
(2) 1fllgze < Mp(supk 1Pefln) "2 (S 1P ), when

p>2.

Proof of (1) for p = 2. Put fy = P,f. By Littlewood—Paley
2
I £ [ (1607 dA =Y [ KP4 dA = 3 Iefi
Dy k1 /D k.l

If k < 1, we have ||fcfi|3 £ 27 IfifillZz < 2 IIflZe 1 fllZe-
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Somes ingredients in the proof for p > 1

Therefore

15 2 il < 2222 fclZefies 11

k<l k=0 j=0
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Somes ingredients in the proof for p > 1

Therefore

15 2 il < 2222 fclZefies 11

k<l k=0 j=0

by Cauchy-Schwartz

. 1/2
171 2 32 (S dde) " (S ki) & S Ielite
) k k P
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