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AN INTRODUCTION TO NUCLEAR SPACES

by

C. Bessaga, B. Hernando Boto and E. Martin-Peinador

Seminar, February 1994.

Abstract.

These are slightly extended and revised notes of seminar
lectures delivered by the first-named author at the Universidad
Complutense in Madrid (Spain). they cover only special intro-
ductory topics on nuclear spaces, selected intentionally for the
purpose of illustrating the role of Kolmogorov diameters and

Kolmogorov numbers.

The discussion is restricted to real locally convex spaces
and their subclasses. Nevertheless all the theorems presented
are valid also in the complex case. The complex versions can
either be proved in exactly the same way, or can be derived from
the real theorems using some extra argument, {(see Remark 1.7 and

Exercise 2.4).

Many important subjects related to nuclear spaces are not
even touched. For instance: Relations to the theory of absolu-
tely summing operators; Discussion of concrete nuclear spaces
and concrete bases; T. & Y. Komuras' theorem on universal
spaces; Vogt's structure theory and in particular applications
of his "splitting theorem"; Relations to the distribution
theory; Tame structures and commections with Nash-Moser implicit

function theorem; .....
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§ 0. Preliminaries

We shall concentrate on deviations from the standard terminology and

notation of functional analysis and on the points which may cause a
confusion.

R' denotes the set of all non-negatiVe reals.

Unless stated otherwise, X,Y¥Y,,.-- denote real topological vector

spaces, and X., v'... their duals (i.e- the spaces of continuous

linear functionals). By an operator X Y we mean a continuous

linear mapping.A functional is an operatof t° the field of scalars.

Here the arrow indicates the domain and codomain of T, while the

: i =x" ; and X +—
expression "x — x"  stands for “M1iM X, T X7/ n Yor
n

denotes the mapping which sends each X to ¥,

The composition T«S of operators will also be denoted by TS.

i r
By a subspace of a topological yector space X we mean a linea

i id t
(not necessarily closed) subspace of X- A subspace Y of X is sai ©

i jecti f X with
be complemented, if there is a continuous linear projection o

the range Y. For a subset A ¢ X the symbol {a) stands for the subspace

of X generated by A.

; . . tor space X is a function
Seminorms A seminorm defined on @ vec p

+ = 11
p:X — R’ such that p(x+y) = p(x) + P(¥)’ p(tx) = Itlp(x) for a

= : = , denotes
X,yeX, and for all scalars t. The symbol U, (xeXi p(x) 1)

.
; mi X — such that
the seminorm-ball. A norm on X is a SemnoIm P X R

i i e X is a
p(x) = 0 implies x = 0. A normed space 1% a pair (X,h k) wher

h ormed space 1is
vector space and # #:X — R' is a norm; Often the n p
denoted by the single letter X.

The symbol cpl X stands for the Banach space which 1s the

completion of X in the norm.




Bx = {xXeX;lIxl = 1) and Sx= (XeXilixit = 1)
are the closed unit ball and the unit sphere of the normed space X.

To each seminorm p defined on a vector space X corresponds the
quotient space Xp = X/p_‘(O) whose elements are the cosets:

(x] = (yeXip(y-x)=0),

The space Xp will be regarded as a normed space with the norm ffx] I
= p(X), in the sequel denoted briefly by the same symbol p- '

We shall also consider the Banach space X = cpl X, and we
denote its norm again by the same symbol p. ' p

If g is a seminorm on X dominating p, i.e., P(x} s cq(x}) for some
€ > 0, then the linking operators

IP:X - Xp, Ip(x)=[x]p; qu:xq—» X, qu([x]q)=[x]p

p

and T :X X i i i
@ q—) Xp, the continuous extension of qu, are well defined.

Let X be a topological vector Space. Denote by #(X) and by U(X)
the set of all continuous seminorms and the class of all
zero-neigborhoods in the space X. We shall say that a subclass

W < U(X) is fundamental if there are constants c(W) > 0, WeW, such

that the family (c(w) ‘W:WeW} is a base of zero-neighbourhoods of X; a

subset P ¢ ¥(X) is said to be fundamental if the family (U ;peP) is
P
fundamental.
c1 . . .
early, each Up 1s a convex, symmetric with respect to zero and
closed zero-neighborhood, and to every convex centrally symmetric

U .
€ U(X) corresponds a continuous seminorm p such that U is the
P

closur i

e of U, the qauge functional of U. However it may happen that
#(X} consists of th i

€ Zero seminorm only (e.g.for the s i
.g. pace L with

0 = p <1). i

L !

ocally convex Spaces and Fréchet spaces. The space X is locally
conv i i

ex 1ff ¥(X) is fundamental. Complete-metrizable locally convex

sSp e reche Spaces. a o et s C X 1s
S are called het P ar ing f a réch pace i
ac F A d F a

10

nor-decreasing sequence § = (pn), pE f£(X) whose elements constizute a
furdamental set.
Every Fréchet space, being metrizable, admits a countable

furdamental set of seminorms (qn;ne[N), therefore it also admits

gradings, ¥ = {p), where p = sup{q; m=n) for nem.

A Fréchet space X is said to be locally radially bounded if it

adrits a base of zero-neighbourhoods each of which does not contain

any half-line, equivalently, if there exists a grading for X

consisting of norms.

The following fact is referred to as the Banach - S:zeinhaus

theorem for seminorms:

0.1 Let X be a Fréchet space. If q € ?(X), neN are such that

q(x) = sup q (x) < o, then the seminorm g is continuous.

Proof. By the assumption, the seminorm-balls A = {xeX:qg(x)=n)

covar the (complete metric) space X. Therefore there is an n, such

that W = int A is non empty. Since the set A is convex and cextrally
n

symnetric, it contains the open zero-neighbourhood U = é(— W - W).

Therefore, if X € cn:U then q(x) = €, 1i.e., the seminorm gq |is

continuous at zero and, being sublinear, is continuous everywhere. 4

0.2 Corollary. Let X be a Fréchet space and Y an arbitrary

locally convex space. If T :X — Y, neN, are continous linear
n

operators such that T(x) = lé‘.m Tn(x) exists for every xeX, then T is a
conzinuous linear operator.
Proof. Let p € ¥(Y) an arbitrary seminorm. Let qn(x) = p(Tn(x)),

continuity

and 4 = sup q. By 0.1 ¢ is continuous, which implies the
n n

of T. g

11



§1. Kolmogorou diameters

Definition. Let A,B be two nonempty subsets of a vector space X.

For every neN, the n-th Kolmogorov diameter of A with respect to B is

defined by
5 (A,B) := inf inf(t>0; ActB+L),
n
L
the first infimum taken over all linear subspaces L of X with
dim L <n. (Recall that the infimum of the empty set is o !)
It should be clear that the Kolmogorov diameters depend also on
the linear .space X. In the situation A,B c X ¢ Y the diameters
relative X may differ from those with respect to Y.
1.1 Remark. For a normed space X the Kolmogorov diameters with
respect to the unit ball Bx can be expressed by
8 (A) = inf sup dist(x,L).
" dim L<n XEA
1.2. Elementary properies of Kolmogorov diameters:
(i) 8,(A,B) = 5,(A,B) = & (A,B) = ...
(ii) 8 (A ,B) = & (A,B) whenever Ac A and B> B.
n 1 1 n 1 1

(iii) & (an,BB) = aB"an(A,B) if a2 0, 8 > 0.

(iv) 8 (A,C) =& (A,B)-8 (B,C).

(v) If X is a normed space, A ¢ X, then 61(A,Bx) = sup{lall;acA).

The proof of (iv) is similar to that of 1.8 (i). The other
properties are evident. g

Vanishing of Kolmogorov diameters of a set A is related to the
dimension of its linear span.

1.3 Let A be a subset of a normed space X and let neN. Then the

following implications hold

dim{A} < n implies § (A) = o0,

I (a)

(b) dim[A) = n implies s (A) > o.

In particular dim[A}= i
[AJ= o iff 6n(A) #* 0 for every neN.

Proof. The statement (a) is obvious.

Assume that (b) is false, i.e., that there exist n linearly

independent i i
P vectors a,...,a, in A together with s (A,Bx) = 0. By
n

Hahn-Banach theorem there are linear functionals f , £
1/t

such that

fx(aJ) = SU. the Kronecker delta. Since det(SU) =1, there

exists a
A > 0 with -
det(6U alj} # 0 for IalJI = A.

Let t:=x/max{lf I; i= i
/ { fi 1=1l,...,n). Since SH(A,BX) = 0, there is a

subspace

L ¢ X of dlmellsloll at most n-1 such that A c tB + L. T
hus

a=tx+, j=1,...,n, for i i
] iy , ,n, some xJ in B, and % in L. As det(fl(ﬂ))=0

and Itfi(xJ)l = A wWe have

0 ¢ det(f (a) - tf (x))) = det(f (£)) = o,

a contradiction. -

Now it seems natural to study bounded sets A of a normed space X

such that dim [A] = i = i
(A) « but l%m Sn(A,BX) = 0. The following proposition

characterizes these sets:

1.4 A bounded subset A of a normed space X is precompact if and

only if l%m Sn(A,BX) = 0.

Proof. We recall that A is precompact if for every e>0 there

exists a finite set i i
et F ¢ X such that A ¢ CBX+ F. Therefore, if A is

Precompact, t i = i i i
p , then 1%m an(A,BX) = 0. The converse implication follows

from the fact that every bounded subset of a finite-dimensional normed

space is precompact. -

The following theorem of Krasnoselski, Krein and Milman is the



main technical tool for computing and estimating Kolmogorov diameters,
cf (T].

1.5 Theorem. For every n-dimensional (nzl) subspace H of a normed

space X it is satisfied that Bn(BH,BX) = 1.

Proof. (following (DG]) As we have observed, the n-th Kolmogorov
diameter of an arbitrary set A with respect to the wunit ball Bx is

equal to

inf sup dist(x,L),
dim L<n X€A

and since the vector 0 belongs to every subspace L, it follows that
8 (B,,B) = sup Wx-0il = 1. So it remains to prove the following fact:
n
xX€B
(kkm) Let H and L be finite-dimensional subspaces of X. If
dim L < dim H, then there is an xe S such that dist(x,,L)

= jx Il = 1.
0

Proof. There is no loss of generality in assuming that dim H
= dim L + 1. Suppose first that the norm # H is strictly convex, i.e.,
Ix+yf < #xh + #yt whenever x, y are linearly independent. It 1is then

easily seen that each x € X, in particular, x e Sy has a unique

nearest point y = ¢(x) and that the metric projection w:si—+ L is
continuous. (Use standard Bolzano-Weierstrass argument: If X— X in s,
then every convergent subsequence of the sequence (¢(xn)) has the same

limit p(x), and every subsequence of (w(xn)) contains a convergent

sub-subsequence. Hence ¢(x ) ,— ¢(x) ). Furthermore the mapping ¢ has
the property ¢(-x) = -p(x) for all x e SH. Consequently by the Borsuk
theorem ([DG],3.5.2), there is an X, € SH such that w(xo) = 0. Clearly

x, is the required point.
In the general case choose a basis fl,fz,...,f , n=dimH, inH*

n

and define

14

ixh =V ixi® + o 2 2

o m (fl(x) +...+ fn(x) )
nxum is a new and stxictly convex norm in H For each meN there is
X € SH with distm(xn,L) = me— onm= 1. Since nxmu < Hx“%= 1, the
sequence (xm) contains a convergent subsequence relative I 1II; the

limit x, of this subsequence satisfies the requirements of the

theorem. ™

1.6 Exercise. Under the additional assumption, that the subspace

is a range of a contractive projection of X, prove the last theorem

without referring to the Borsuk theorem.

The additional assumption above is met in the applications

presented in these Notes.

1.7 Remark. Assume now that X is a complex normed space. Let
6n(A,B) be the n-th Kolmogorov diameter of A with respect to B, and
R
let an(A,B) denote the n-th real Kolmogorov diameter, i.e., with the
infimum taken over all real subspaces L of real dimension 1less than
. R
n. Obviously 82n(A,B) = an(A,B). Hence, by Theorem 1.5, if H is a
subspace of X of dimension n, (and real dimension 2n) then
, <R
8n(SH,BX) S BZH(SH,BX) = 1. That means that Theorem 1.5 implies its

complex version.

Definition. Let T:X — Y be an operator acting between normed

spaces. The n-th Xolmogorov number of T is defined by

d,(T):= 8 (T(B).B).
Obvi = > >
viously, HTH dl(T) 3 dz(T) z

1.8 Basic properties of Kolmogorov numbers

Assume that T: X—s Y and S: Y — Z. Then



(1) d (8T) = d (T)d (S), in particular, d (ST) = d (T): ISl and
n+m-1 n m n n
dm(ST) = uTn-dm(S) for every n,melN.
(ii) If T:cpl X — cpl Y is the continuous extension of the operator
T, then dn(i‘) = d (T) for all neN.
(iii) If Y is a linear subspace of Z and J:Y — Z is the canonical
inclusion then dn(JT) = dn(T) for all neN; if Y is a range of

a contractive linear projection of Z, in particular , if Z is a

Hilbert space, then dn(JT) = dn(T).

(iv) An operator T is compact, if an only if I%m d (T) = 0.
n

Proof. (i) Ignoring the trivial case when one of the right hand
side factors is infinite, assume that o > dn(T) and B8 > dm(T). By
definition of the Kolmogorov numbers there exist subspaces L and A of
Y and Z, respectively, with dim L < n and dim A < m,‘such that

T(B)c L + o«B, and 5(B)c A + BB,.
Therefore
ST(B,)c S(L)+a(h + BB,) < S(L) + A + aBB, and dim(S(L)+A)<n+m-1
The statements (ii) and (iii) are obvious and (iv) is a direct

consequence of 1.4. u

We end this section with a useful fact concerning seminorm-balls.

1.9 Let X be a vector space, p,q € ¥(X). If q dominates p then
d (I = =
n( qp) dn(qu) én(Uq,Up) for every neN.

Proof. The first equality directly follows from 1.8 (ii). The
second equality 1is a consequence of the following three easily

verifiable facts:

xeU iff [(x)e B : xeU iff ([x]e B .
p P Xp q q Xq

For every subspace L ¢ X with dim L < n and for every t > 0 the

condition Uq c tUp+ L implies B, < th+ IP(L).
q P

For every subspace H ¢ Xp with dim H = k < n and for every t > 0

the condition I (BX ) < tBX + H implies Uq C tUp+ L, L being any
qp
q P

subspace of X generated by the vectors ivooo s X, such that [XJP’

.,[xk]P are linearly independent in the space H. g

g2. Nuclear operators

We shall be concerned with the relations between the property

¥ nadn(T) < o, >0 of an operator and its nuclearity

n

Definition. Let X and Y be normed spaces. An operator T:X— Y is
said to be nuclear if there exist two sequences (fn) c X" and (yn) c Y
such that

¥ ann ly I <@ and T(x) = Y fn(x)yn for all xeX.

n

The mentioned sequences are not unique and the expression

T = Y fne Y, is called a nuclear representation of T. The set N(X,Y)
n

of all nuclear operators from X into ¥ is a 1linear space and the
function 7:N(X,Y) — R defined by

7(T) := inf { T HE W My o T = ¥ fey }
n

n

is a norm on N(X,Y).
It is convenient to assume that 7 is defined for all operators

and ¥(T) = @ 1f T is not nuclear.

2.1 Elementary properties of nuclear operators. Assume that

T:X— Y 1is an operator. Then

(i) ITH = y(T), whence nuclear operators are the I f-1limits of
finite rank operators, therefore they are compact.

(ii) If S:Y — Z, then 7 (ST) = min{y (S)UTHh, ¥ (T)ust}.

(iii) If Y is a Banach space and 5 X— Y are such that the series



¥ 1(Sn) < @, then T:=7¢ sn is a nuclear operator.
n n

(iv) If Y is complete then (N(X,Y),7) is a Banach space.
(v) If Ticpl X — cpl Y is the continuous extension of the operator
T, then 7(T) = #(T).

of Y and let T:X— Y be a

(vi) Let 5{1 be a subspace nuclear

operator with wvalues in Y], and let T :X— Y be the
1 1

astriction of T, i.e., Tl(x) = T(x) for xeX. If either Y is
1

dense in Y or Y 1s the

. range of a contractive

linear

projection, then T1 is nuclear.

Proof of (iii). For each neN take a nuclear represenation

= n no_. . -
S= L f ey with [ IIf':II lly:!l = 7(s) + 2"

n
m m

Then T(x) = § 7T f:(x)y: for all x € X and therefore T e N(X,Y).
L i

m

(iv) easily follows from (iii).

(v) The inequality 7(T1) = 7(T) is obvious. The other inequality
follows from the argument below.
(vi). Assume that T = ¥ fne Y, with ye Y is a nuclear
n

n

representation of T. If 5{l is dense in Y, then, for every € > 0, each

y 1s a sum of a series ¥ Y, Ssuch that 7 llymll = llynu + g-27",

whence T = - is the nuclear representation; if P:Y — Y, is

a contractive projection then T = Y fe P(y) the
1 n n' !

n

required nuclear
representation.

Routine proofs of (i) and (ii) are left to the reader. g

Let us note that the astrictions of nuclear operators need not

be nuclear;'they are called guasinuclear, see {P], sect. 3.2.

2.2, Lemma. Let Y be a normed space and Z one of its subspaces of

dimension n. Then there exists a linear operator P:Y — 3 such that

P(z) = 2z for all zeZ and 7 (P) =< n.

Proof. Let wus take an Auerbach basis for 2, i.e. vectors
2.2 € Z and functionals fl,...,fne z' such that f‘(zJ) = .S:J and
iz 0 = WE N for i,j € (1,...,n), cf. [W), 2E.11. Let g, lgW =1, be
the Hahn-Banach extension of f for i=1,...,n. Then P = [ g 2z has

the required property. 4

2.3 If T:X — Y is a rank n operator, i.e., dim T(X) =n, then

7(T) = niTu,

Proof. T = JT, where J is the operator of the previous Lemma with

Z = T(X). Hence, by 2.1 (i), #(T) = 7(I)TH. g

2.4 Exercise. Let X and Y be complex normed spaces, T:X — Y an

operator which admits a nuclear representation by means of real linear
functionals defined on X. Show that T is nuclear.

Hint. If T:X — Y is a complex linear operator, i.e., such that

Il

T(x) = -iT(ix), and T
neN, then T(x) = [ ¢ (X)y_,

T fne Y, with real 1linear functionals £,

where gon(x) = (fn(x) - ifn(ix)) are

1
2

complex linear functionals with g I = HE W,

An excursion to Hilbert spaces . We shall be concerned with real

Hilbert spaces X, Y, Z, ... and compact operators acting between them.

Inexplained terminology and the proofs which are omitted can be found

in Schatten’s book [Sch]. The reader interested in generalizations of
the stated results to the cases of noncompact operator and to complex

Hilbert spaces is also referred there.

Hilbert conjugate

Recall that for an operator T: X — Y, its
T: Y — X is the only operator such that (T(x)ly) = (xIT'(y)) for alil

Xx € X, y € Y. An operator T: X —» X is said to be hermitian if T = T.

An hermitian operator T is positive if (T(x)Ix) = 0 for every x € X.

Recall the spectral theorem for compact hermitian operators.



2.5 Every compact hermitian operator K: X — X can be expressed
in the form
K(x) = ¥ A (xIf)E
n
where An, nelN, are non-zero eigenvalues of K, repeated according to
their multiplicity and (fn) is the sequence of eigenvectors
corresponding to these eigenvalues, i.e., K(f“) = Anfn. The values A
n
are real and An — 0.

Clearly, the operator K is positive iff A =z 0 for all neNlN.

Definition. The n-th singular number of a compact operator
T:X — Y is defined by sn(T) =V An , where (An) is the sequence of
eigenvalues of the positive compact selfadjoint operator K = TT put

in the non-increasing order.

A consequence of the spectral theorem is  the following

representation theorem for compact operators:

2.6 Every compact operator T: X — Y can be represented in the
form

§ sn(xlen)fn, where s = sn(T),

where (en) and (fn) are orthonormal systems in X and Y, respectively,
for each neN, e is the eigenvector of the operator TT corresponding

to the eigenvalue si and Ten = snfn

2.7 For a compact operator T: X — Y acting between Hilbert

spaces the singular numbers are exactly the Kolmogorov numbers.

Proof Let T = )E s (xle)f , H(m) = (f,...,£ ). Then
P . 2 -
T(B) = { )E st f; )Et" = 1),

and, for every x € T(Bx),we have

dist(x,H(m)) = sup{l T st fu; ¥ t° = 1)
nzm n n n n n
. 2 . -
< sm-m-‘sup(ll ¥ tnenll,): tn = 1) s -

nZm n

Hence d (T) = s . On the other hand, T(Bx)nH(m+1) > sB

and
m hims1) '

therefore, by theorem 1.5, dn(T) =s. m

2.8 A compact operator T: X — Y acting between Hilbert spaces is

nuclear iff ¥ dn(T) < . Furthermore 7(T) = § dn(T).
n n
Proof. By 2.6, T = [ anP e, whence 7 (T) = ¥ Hsnfnn-uenu= E s,
n n

=Y d (7). Therefore the condition § dn(T) < ® implies the nuclearity
n

n n
of the operator T.
Now suppose that T admits the nuclear representation T= [ gey.
n

Let s, e, £, be those of 2.6. Fix an nelN. By Bessel’s inequality
n n n

we have

g 12 = Ti(g le )|2 ; Iy 0 o= Y I(y If )|2
n 5 noj n 5 n ]

and, by the cauchy-Schwartz inequality,
172

172
Xl(gle)ll(ylf)ls[)jl(qle)lz] [)jl(y|f)|2] = gl Ny,
5 n J n J 5 n J 3 n J n n

Thus
L a(rm) = )J: s, = )J: (Te,I£) = )J:[ L(g,le)y,lf, ] =

=L L (gtle) (yvIif) =LF I(gle)l Iy l€£)l=T Igh iyl < o. g
j n n j

Back to normed spaces. The following proposition is a link

connecting nuclear operators acting in Hilbert spaces with those 1in

Banach spaces.

2.9 Lemma. If X and Y are Banach spaces, then every nuclear

operator T:X — Y can be factored through the Hilbert space %.

Proof. Choose a nuclear representation T = ¥ fne e such that



WE W = lle n. Obviously T Wf 1= [ uenn2< ®. The operators T :X — ¢
n n

n n

and TZ:L2 — Y defined by Tl(x) = (fn(x)) and TZ((an)) =¥ ae are

both continuous and satisfy T = T,T - m

Now wWe are ready to prove the main results of this section,

2.10 Let X and Y be normed spaces and T:X — Y a composition of

three nuclear operators. Then } dn(T) < .
n

Proof. According to 1.8 (ii),(iii) and 2.1 (v),(vi), we may pass
to the completions of the spaces and assume that T = JRS 1is the
product of three nuclear operators: S:X — 2, R:Z2 — W and J:¥W — Y,

where X, Z, W, Y are Banach spaces. The previous lemma allows us to

write T as the composition of the following operators:‘

T: X — l)W—L)Y

S
Z
51\' /s Jx\a 'z
L 2 14 2
2 2
Hence T = JZHSI' where H = JIRS2 is a nuclear operator. Since, by 2.8,

¥ dn(H) < o, we conclude that
n

Ld(T) = [ I3,1d (H)ISH < =. g

n

2.11 Let X,Y be normed spaces. If an operator T:X — Y satisfies

) nzdn(T) < », then T is nuclear.

Proof. Take an (n-1)-dimensional subspace Ln_lc Y such that
sup (dist(y,Ln_l): yeT(Bx)) < 2dn(T). By Lemma 2.2 there exists a
projection Pn_I:Y — Ln_l such that IIPn_lll = 1(Pn_l) = n-1.

We claim now that: T(X) = lém Pn_lT(x).

This can be proved as follows: take x € Bx and let zrsLn_1 be the

nearest point to T(x). Then

HT(xX) - pn_"r(x)n = WT(x) - zk + ”Pn-lT(x) - Pn_l(z)u < 2dn(T)
+ 2(n—1)dn(T) = 2ndn(‘1‘).
By the assumption on T, 12".m 2ndn(T) = 0.

w
Let us write T(x) = P‘T(x) + ¥ (Pn- Pn_‘)T(x). We have
2

I(P- P )TN = UIT~P T - (T-PT)H =< UT-P TI + WT-P TH =
n n-1 n-1 n n-1 n
= 2nd (T) + 2(n+l)d  (T) = (4n+2)d (T).
Now, since rank(P T - PHT) = 2n-1, by Proposition 2.3 we obtain:
#(PT - P T) = (2n-1)IPT - P T = (2n-1) (4n+2)d (T)=8n°d (T).
n n-1 n n-1 n n
Since T is a sum of a series of nuclear operators such that the sum

of their nuclear norms is convergent, we conclude that T is nuclear. g

§ 3. Locally convex nuclear spaces. Mitiagin's characterization

We recall that a topological vector space X is locally convex iff
¥#(X) is fundamental.
It is clear that if X 1is 1locally convex and 1if P c #(X) |is

fundamental, then every p € ¥(X) is dominated by a seminorm q € P.

Definition. A locally convex space X is said to be nuclear if for
every pe¥(X) there exists a gef(X) such that the linking operator qu
is nuclear.

In the above definition the expression "pef(X)" can be replaced

by "peP, a fundamental set of seminorms", and the operator qu can be

replaced iqp. This is a direct consequence of 2.1 and 1.8.
Now we are ready to state the Mitiagin characterization theorem.

3.1 Theorem. For a locally convex space X the following
statements are equivalent:

(1) X is nuclear,



(i1i) there is an a > 0 such that for every p € ¥(X) there is a
g € #(X) with q > p and sup n°dn(qu) < o,

(*ii) there is an a > 0 such that for every U « U(X) there 1is a
V e U(X) with sup n"an(v,U) < o,

(iii) for every a > 0 and for every p e ¥(X) there is a gq e ¥(X)
with g > p and sup n°dn(qu) < @,

(*iii) for every a > 0 and for every U e U(X) there exists a

V e U(X) with sup n“sn(v,U) < o,

3.2 Remark. Assume that ¥ ¢ U(X) and P c ¥(X) are fundamental.
Then, by 1.2 and 1.8, in the statements (*ii), (*iii) above the U(X)
may be replaced by ¥ and in (ii), (iii) the ¥(X) may be replaced by ¥.

Also the link operators qu may be replaced by iqp.

Proof. (i) = (ii). For a fixed p € #(X) let r, s and g be three

continuous seminorms on X with psrss=q such that the corresponding
operators I , I and I are nuclear. Then, by 2.10, the operator
P sr qs

I =71 I I satisfies ¥ d (I ) < w. Hence the sequence (a8°(1 )
qp rp sr qs n n qp n qp

is bounded for a = 1.
(ii) —>(iii). Given p ¢ ¥(X) there exist a gqe ¥(X), qp>Pp and

a constant C1> 0 such that 4 (I P) = Cln'a for all neN, Next, there
n''gq
1
-a

exist q, € f(X), g, > q and C, > 0 such that d“(I“z“l) = Cn for

all n, whence > and, by 1.2,
q, p

-2a
E . = C for all n.
dzn(qup) dn(Iqul) dn(Iq‘p) c,n

Proceeding in the same way, for every keN, we can find a qkef(x),

q > p, and Dk > 0 such that

k

d (I ) = Dkn""a for all neN.

Now, given b>0, if keN is so big that k-a =z 3b, then

b
sup mclm(Iq p) <

because for every m =z x? there is an n = k such that kn s m = k(n+1)

3b k-a

A
3

Thus m’d (I ) = m°d (I ) and m’s kb(n+1)°s nb(nz)b = n
moqp kn " oqp

(iii) =>(i). Let p € ¥(X). By the hypothesis, we can pick a

gef(X) so that sup nddn(qu) < ®. Then, by 2.11, qu is nuclear.

(*#ii) > (il) & (¥iii) «—(iii). By 1.9, d (I ) =& (U ,U).

We complete the proof by applying Remark 3.2 with % = (Up; p € ¥(X)).

§ 4 Nuclear Frechet spaces with bases. Absoluteness

The aim of this paragraph 1is the Dynin Mitiagin criterion
characterizing nuclear spaces among Fréchet spaces with bases, which
implies that all bases of nuclear Fréchet spaces are absolute.

Assume that X is an infinite-dimensional Fréchet space. Recall
that ¥(X) denotes the set of all continuous seminorms defined on X.

A sedquence (xn) < X is said to be a basis [an absolute basis] of

X if every x € X has a unique representation x = ¥ t x [and moreover
nn

n

¥ p(tnxn) < o for every seminorm p € ¥(X)].
n

It is known that the coeficient functionals {f ) of the basis defined
by

fk([ tnxn) = tk, for keN,
are continuous, cf. [R], sect. 2.6. Therefore by the Banach-Steinhau
theorem the projectors P and P defined by

Pn(x) =Ytx, P =P = Pn, n,melN,

11 n,m nem
are equicontinuous, that means:
(*) VYp € #{X) 3r e #(X) such that P(P (X)) = r(x) VxeX, n,meN
In the sequel when writing "a basis (xn,fn)" we shall have in

mind that {x ) is a basis and (fn) the sequence of its coeficient



functionals.

Definition. A seminorm p € ¥(X) is said to be adjusted [resp.

ll adjusted ] to the basis (xn,fn) if llfne xn:XP — Xpll = 1 for

every neN, that is, if p(f (x)x ) = p(x) (resp. L p(f (X)x ) = p(x) ]

for all xeX, n eN. A grading ¥ is said to be adjusted [21 adijusted )

if each seminorm of the grading is adjusted [81 adjusted }.

4.2 Let X be a Fréchet space with a basis (xn). For every

seminorm p € ¥(X) there is a seminorm q € ¥(X) which is adjusted to

the basis and such that gq =z p.

Proof Given p, let
a(x) = sup {p(P _(x)); n,meN).

Then, clearly, g =z p, and since fne X = Pn_l.n, we get q(fn(x)xn) =
= p(fn(x)xn) = g(x). The continuity of g follows from q(x) = r(x),
with r selected according to the condition (*) above. g

The proof of the main result is based on a lemma concerning
operators acting between Banach spaces. Recall that a rank one
operator F:X — X is an operator of the form T = £ & x, where feX',
xeX, £ = 0, x = 0.

4.3 Lemma. Let 2 and Y be normed spaces, T:Z — Y an operator
such that
(1) £ md (T) < «.

n
If Fn:z — 2, Gn:Y — Y are rank 1 operators such that:
(i) FF =8 F; GG =38 G,
(ii) IG I = 1 and the operators P = ):_, G, are equicontinuous,
1=1

(iii) the set [GI(Y) v GZ(Y) U ...) is dense in Y,

(iv) TF = GT; T(F (%)) =G (¥); IFI =1

for all n € N. Then Y IIGnTlI < .

n

Proof Denote A = WG TU, neN, and observe that, by (iv), the
image GnT(Z) = T(Fn(Z)) = Gn(Y) is one-dimensional and therefore
A= 0.

n

Further argument will proceed in five steps.

1°y = l%m Pn(y) for every y € Y.

If y e [GI(Y) v GZ(Y) v ...], say y = Gl(yl) + ...+ Gm(ym), then,

by (i), G (y) = G (y ) for n = m and G (y) = 0 for n > m. Therefore
y = l%m Pn(y) for every y € [G1(Y) v} GZ(Y) (O |

By (ii) and (iii) the same is true for every y € Y.

2° A — 0.
n
In fact, if not, there would exist a bounded sequence (z) in 2,
a subsequence (k(n)) of indices, and an €>0, such that
(2) lIGk(n)T(Zn) I = e.
Since, by (1), the operator T is compact, we may assume without loss

of generality that

Gk(n)T(zn) — y € Y.

But, by (i), G (y) = 13’\.m GmGk(n)(T(zn)) = 0 for every fixed meN,
whence, by 1°, y = 0, a contradiction with (2).
3° IT(u)K = A -llul  for every u € F (2), neN.
In fact, by (iv),
An= sup(llTFn(z)ll; zeBZ) = sup(llTFn(Fn(z))ll; zeBz)
and Fn(Bz) c Bz. Therefore An= sup(uTFn(u) ;u e an Fn(z)) = llTFn(uo) ]

for some us B Fn(z) . But since the range Fn(z) is one-dimensional,
Wwe get the equality 3°.
According to 2°, after passing to a permutation of indices, we

may assume that



(3) Az Az Az ...
1 2 3

Consider the m-dimensional subspace H(m) = GI(Y)+ ... + G (YY), for a

fixed meN. We claim that

a -1
Bmm)c m-Am T(Bz) .

Proof of 4°. Pick an arbitrary y =G (y )+ ...+ G (y) € B
144 nIn Him) *

By (i), G (y) = G (y) forn = m, i.e
Y = G1(Y) +.o..+ Gm(y).

By (iv) there are ue Fn(Z) such that Gn(y) = TFn(un) for n=m, whence

= 1 = o -1 -
y =T(z) with z =u+...+u. By 3°, Wui = ATHT(u) Il = An‘ucn(y)n s

< anl -1 -1 -
= A lyl. Hence, by (3), 1wzt < (A ...+ ayuyn s mAm‘uyn, it means
that z € ma 'B_.
m 2
0
5" Now we complete the proof of the lemma. Combining (3) with

theorem 1.2 we get
nd (T) = & = - =
(T) (RT(B,) ,B)) = A8 (mA'T(B),B) = A8 (B, ,/B) =A.
Hence the assumption (1) implies Yy A4 <o
m

m

c
Now we can state the Dynin-Mitiagin criterion

4.4 Theorem. Let X be a Fréchet space with a basis (x ,f }. Then
n n

the following statements are equivalent:

(nl) X is nuclear,
(n2) Y pe?(X) 3 qe¥(X), q=zp, such that T Ihfe x:X — X1l < .
X n n q P
(n3) Y pe#(X) 3 qe#(X), gzp, such that T p(x)/d(x) < o.
n n

Proof. (nl) = (n2). Let p € #(X). Choose r,s,q € ¥(X), so that

P =r==s=g4g, r and q are adjusted to the basis and ¥ md (I ) < m.
m sr

(This is possible because of 3.1(ii) and 4.2.), whence

(4) ¥ mdm(qu) < ,

m

Let M = (neN; r(xn) # 0) and let {k(n))} be the increasing sequence of

all the the indices belonging to M. Let Y =X, y= (X

z = [xk(n)]q for n € N, 2 = the closure of the set [(zn;nelN)] in the

Banach space f(q. Let T:2 — Y, F:Z2 —2Z, G:Y—Y, neN, be the
continuous extensions of the operators defined by the formulas:

T([X]q) = Iqr([x]q) = E fk(n)(x) [xk(n)]r = E fk(n)(x)yn'

Fn([x]q) = fk(n)(x)zn' Gn([x]r) = fk(n)(x)yn.
Since (xn,fn) is a basis in X and the seminorms r,q are adjusted, it
easily follows that the conditions (i) - (iv) of the lemma 4.3 are

met. The condition (4) is nothing else but the hypothesis (1).

Hence, applying the lemma with the specified above data, we get
the statement (n2).

(n2) =(nl). Obvious.

(n2) <= (n3). By 4.2, the two statements remain unchanged when
restricting fo p,qe¥(X), adjusted to the basis. Hence the following

observation completes the proof:

4.5 Let X be a Fréchet space with a basis (xn,fn). If p,qe¥(X),

p=q and g is adjusted to the basis then, for every neN,

Ife x:X — X1 =Dp(x)/d(x) (0/0 =0).

Proof Fix neN, denote F = fns x - Since gq is adjusted, we have
q(F(x)) = gq(x) for every xeX. Hence
P(E (X)X ) = a(f (X)X ) 'P(x)/d(X) < d(x) p(X)/a(x).

On the other hand, p(fn(xn)xn) = p(xn) = q(xn)-p(xn)/q(xn). That means:

P(F(x)) = a(x)-p(x)/a(x) and P(F(x)) = q(x ) -P(x)/a(x),

i.e., WF:X — X I =p(x)/q(X). m



4.6 Corollary. Every basis in a nuclear Fréchet space is

absolute.

Proof. Assume that (xn,QJ is a basis in a nuclear Fréchet space

X. Let pef(X). Choose q according to the condition (n2) of 4.4. Since,

for each xeX, the series [ qxx)xn is convergent, we conclude that
n

sup q(fn(x)xn) < w, whence by (n2) ¥ p(fn(x)x ) < @,

There is only one type of absolute bases of infinite-dimensional,
separable Banach spaces: the unit vector basis of the space ¢ . More
precisely:

If (xn,fnhﬁm is an absolute basis in a Banach space X with

nxnu = 1 for all neN, then the map
X3 %X — (fn(x)) € ﬂ
is an isomorphism which takes the basis {x } of X onto the unit vector

basis (e ) of the space %.

Definition. Let A = (am)knew be a Kothe matrix, i.e. a matrix

of real numbers such that, for every nen,

0 =a =<a =< .,,, i
in n and 1lim ah> 0.
k

The Kéthe space ﬂ(A) is the linear space of all numerical sequences

X = {x(n)) such that, for each keN, pk(x) =L la x(n)l < @, regarded
kn

n

as a Fréchet space with the grading § = (P e
k€

Clearly, the sequence (em) of unit vectors, i.e., e (n) = & , is
m nm
an absolute basis of the space ﬂ(A) and the grading ¥ is ¢ adjusted
1

to this basis.

The theorem 4,7 below provides the Complete description of

absolute bases in Fréchet spaces in terms of Kdthe spaces ¢ (A)
X .

4.7 Theorem. Let {xn'qJnEN be an absolute basis in a Fréchet

space X and let (pk) a grading for X, and A = (akn) = (pk(xn)). Then
the map

X3 x — (f (x)) € ¢(a)
is an isomorphism which takes the basis (x ) of X onto the unit vector

basis {e) of the space t (A).

Proof. Obviously the linear mapping T:X — A(A) defined by the
formula T(x) = (fn(x)) is bijective. Since, for, for every keN, pk(x)s

= T pk(f (x)xn), the operator T! is continuous. And since
n
n

T(x) = ¥ fn(x)en for xeX,

n

the operator T is the limit of continuous linear mappings (the partial

sums of the series) and, by 0.2, is continuous. g

An immediate corollary of the last theorem is the following:

4.8 A basis (%) of a Fréchet space X is absolute if and only if

B

X admits a grading g adjusted to the basis.

§ 5. The unigqueness prablem. Regular bases

In this section we consider only infinite-dimensional Fréchet
spaces.
corollary 4.6 together with the observation concerning absolute

bases of Banach spaces, motivates the study of unigeness of bases in

nuclear Fréchet spaces. We precise the sense of the word "unique":

Definition. Let (xn,QJ be a basis of a Fréchet space X. The
coordinate range of the basis is the set of coeficients:

cr (x) = ((t); Y t x converges) = {{£ (%)) xeX}.

n

Bases (x ) and (y ) of Fréchet spaces X and Y, respectively, are said

to be equivalent 1if Cr (&J = Cr (y&; are said to be diagonally



equivalent if there exists a sequence of non-zero scalars (tn) such
that the (x ) is equivalent to the basis {(ty): finally {x ) and (v,
are called guasi-equivalent if there is a permutation n:N — N such
that (yn(m) is a basis diagonally equivalent to (xny

We have

5.1 If {xn,fn) and {y .9 ) are bases of Fréchet spaces X and Y,
respectively, and if Cr {x) =cCr (y}, then the mapping X — vy,

n n

nelN, uniquely extends to an isomorphism T:X — Y.

Proof. Let T(x) = I f (x)y, whence Ty) = T g (x)x . The

n n

continuity of T and T’ follows from 0.2. g

Let us note that the theorem 4.7 together with corollary 4.6 say

that every basis of an infinite-dimensional nuclear Fréchet space is

equivalent to the unit vector basis of a space H(A) with a suitable

matrix A.

Except the case where X is isomorphic to the space RN of all

numerical sequences, if {x ) is a basis in X one can always find a

sequence (tn) of positive scalars such that (xn) and (tnxn) are not

equivalent; also it can be proved that a permutation can change the
diagonal-equivalence type of the basis. Hence, the most convenient is

the concept of the quasi-equivalence. The general question of whether

in every nuclear Fréchet space with a basis all the bases are
quasi-equivalent is still open. One of the partial solutions is the
theorem, established independently by Kondakov and by Crone and
Robinson, related to the concept of a regular basis.

Definition. Assume that X is a locally radially bounded Freéchet
space and ¥(X) the fundamental set of seminorms consisting of all

continuous norms. A basis (x ) of the space X is said to be reqular if
n
for every p € #(X) there is a q € #(X) such that

p(x)/a(x) = p(x )/d(x ) for all neN.

5.2 Theorem. Any two reqular absolute bases (xn) and (yn) of an

arbitrary Fréchet space are diagonally equivalent.

the

based on Kolmogorov

Proof. The arqument presented here,

diameters, is due to Djakov ([Dj].

We can take gradings ¥ = {p,) < ¥(X) and H = (qk) c N(X) which
are £ adjusted to the bases (x } and (yn), respectively, and such
1 n
that
(1) the sequences {p, (X )/P, (X))} and la (v )/9,,(Y)) o 2T®
non-increasing for all keN.
Without loss of generality we may assume that
P, =Q =Py =y = -y
for otherwise, we pass to suitable subsequences of the norms and

replace them by their positive multiples.

Let W = U and V. = U , the unit balls of the normed spaces
'3 p X q

k k
(X,p,} and (X,q) respectively. The respective Kolmogorov diameters
k

are expressed by

a (W W) = pk(xn)/phh(xn), a (v V)= qk(yn)/qk'h(yn),

for k,h,neN. This follows from the results of § 1 and.the inclusions:

wkthc PR * Z(n), PB, wkoh’
wvhere p = pk(xn)/pkm(xn), Z(n) = [xl,...,xml], Bz“”= wkn Z(n),
and from the corresponding inclusions for V . and V .
Therefore
(2y if k=3 then W>V > Vo> W, and 4 (W W) = dn(VJ,VkL

whence p (X )/p (X} = q (v )/q,(y).



(3) if Xk » j then VJ: W oW >V and dn(Y,VJ) = dn(wk,wh ).

J41 1

whence q (y)/q(Y,) = P, (X)/P (X)-

J+1
By (2) and (3)
P (x)/q,(y) = p,  (x)/q(y) for all k,j,n < N.

(x“) for

Let r = sup (p (x)/q (Y )ikeN}). Then p (x) = rq/(y) =P,

all x,n € N.

Hence Cr (x ) = £ ((P(x))) = ¢ ({rq (y))) =Cr (ry)- m

5.3 Theorem. Let X be a nuclear Fréchet space with a regular
basis (xn,fn). Then, for every basis (yn,gn) of the space X there is a

permutation m:N — N such that (y } is a regular basis.

M(n)

Consequently all the bases in X are quasi-equivalent.

For the proof we need two lemmas concerning rank one projections.

5.4 Lemma. Let X be a Fréchet space with an absolute basis

(xn,fn) and let ¥ = (pk) be a grading ﬂ adjusted to the basis and
such that
(1) P, = kak for every keN.

Assume that F = g @ y:X — X is a rank one projection, i.e.,
(i1)  g(y) =1,
such that

(iii) p,° F = P for all keN.

Then there exist an index m € Supp y := (nelN; f (y) # 0) and a vector
n

ty 1in the range of F such that

p(x) =p, (ty) sp

k+l

l“z(xm) for all keN.

Proof. Let velN be the first integer such that pvﬂ(y) * 0. Then,

by (i) and the fact that the grading ¢ is ﬁ adjusted, we get

i _
P, (V)L £ (¥)Ip(x) = p (¥)/p,, (¥) = 27° for every k > v

n

whence

(2) L If (y)! sup p (x)/P (y) =

n k=zvV

(v) =L I£(y)I L p(x)/p

kzV

k+1 kel

= TP, Lp () (s L

k=V

By (iii), Ig(xn)l <p (&J/pk(y) for every neN and k>v. Hence,

k+1

tg(x )1 = inf p  (x)/p (y)
k>V

K+l
Therefore, by (ii),

(B) 1 =T £(y)g(x) = LIf (v)1lg(x)| = T I£ (y)! inf p_ (x)/p(¥)

k>V

Comparing (A) and (B), we conclude that there is an m e Supp y such

that

sup p (x)/p, (y) = inf p (x)/p (y) > O.
kZV k>V

Taking t = inf pk‘l(xm)/Pk(Y) we get
K>V

p %) = tp (¥} = P,,, (%), for every k =z v,

If X < v then pk(y) = p . (y) = 0 and, since m € Supp y and (p,)

k+1

is & adjusted, also pk(x ) = 0. Therefore the assertion is proved. g
1 m
We shall need the following concept

Definition Let X be a Fréchet space and let (x 1}, (Y} be
two arbitrary sequences of elements of X. We say that (yn) is

pseudodominated by (x ) if there exist a sequence of indices (m(n)}
n

with m(n) — », a sequence (t } of positive numbers and a grading

g = (pn) for the space X such that

= < N.
) = p,(ty) = P, (Xom!  fOT all k,n €

(pd}) p, (x

k' m(n) m{n)

5.5 Lemma. Let X be a Fréchet space and Y a closed subspace with

dim Y = o such that there exists a continuous linear projection P of X

onto Y. Let (x ) and (y ) be bases of X and Y, respectively. If X does
n n

not contain any subspace isomorphic to the Banach space %, in

particular if X is nuclear, then (yn) is pseudodominated by (xn).



Proof. Since all the rank one projections F=gey are equi-

continuous (see (*) in § 4}, there is a grading ¥ = (pn) satisfying
the condition (i) of lemma 5.4 and such that each F, neN, fulfills
(ii) and (iii). Hence, for each neN, we can select an m(n) and t to
satisfy the condition (pd). It remains to show that m(n) — o.
Otherwise there would exist an m with m(n) = m for infinitely many
indices n, and the corresponding subsequence of the basis (tnxﬁ would

be equivalent to the unit vector basis of ﬂ. Finally 1let wus remark

that, if X is nuclear, then so is Y and Y cannot be isomorphic to the

the infinite-dimensional Banach space ﬂ. -

Now to complete the proof of the theorem 5.3 it is enough to make

the following trivial observation

S5.6. If (xn) and (yn) are absolute bases in the spaces X and Y
respectively, {(x ) is regular and (v} is pseudodominated by {x} and
if m:N — N is a permutation which makes the sequence {m(n)) appearing
in the condition (pd) to tend non-decreasingly to infinity, then
) is a regular basis. g

(YT((n)

Another consequence of lemma 5.5 is the following fact (stated

already in [B] in terms of infinite systems of equations):
5.7 Theorem. Every basis (xn) of the space Rm is equivalent to
the unit vector basis.

Proof. By 5.5, Crix } = { (c}i L cte is convergent)} = RN,
n

n n m(n)

the set of all numerical sequences. g

§ 6 Nuclear Fréchet spaces without bases

Recall that, by the theorem 4.4, to each basis of a nuclear

Fréchet space corresponds a sequence of rank one operators (fn@ x }
n

such that

(npi) V pef(X) 3 gef(X), g=p, such that } nf e xn:xq—a Xp“ < .

n

Such a sequence of operators will be called an npi, the abbreviation

for nuclear partition of the identity.

We shall present a nuclear Fréchet space E without any npi, which
is a sleight modification of Djakov - Mitiagin example [DjM], cf. also
[Be] and [BeDu]. The construction is based on a geometrical property
of the 2-dimensional space Re.

Let (el,ez) be the canonical basis of R® and let e:,e; € (Rﬂ'

. L ] .
its coeficient functionals. Denote w o =e+e, W = el+ e, and
. . .
W =e-e
2 2 1

6.1 Lemma. For every u € R{ v e (Rﬂ. the rank (=) one operator
T = veu: R° — R° satisfies the inequality

Ie:T(el)I s Ie;T(el)I + le:T(ez)I + Iw;T(wl)l.

Proof. Assume that the left-hand side of the inequality is not
zero. The substitution s = le;(u)/e:(u)l, t = Iv'(ez)/v (el)l reduces

the inequality to the elementary fact: 1 = s+t+(l-s)(1l-t) for s,tz0. g

For a fixed nelN define on the space R® the three norms:
. n, .
[xl,= Iel(x)l + 2 Iez(x)l,
x| = 4"1e (x)1 + 2"te (x)|
x1,= y (%) 2 '
_ N . n o
lxlj— 4 le(x)l + 8 Iwz(x)I.
For an operator T:R® — R° and i e {1,2,3) we denote
ITIH = sup (lT(x)li; le‘ = 1}.
It is straightforward to check that
2
IxI1 = IxI2 = lxlJ for all x € R

and

- -
e ®e = e oe =
‘ 1 1‘11 | 1 2‘22



6.2, Lemma. Let Tm:IRz—> IRZ, meN, be rank one operators and let

Y T (x) = x for every xeR. If there exists a constant C < ® such

that

¥ Iv'Tm(u)I < Clv'@uln for every u € R%(,V' € (IRZ)., je(1,2,3)

then c = 2%/4.

Proof. Taking v'@u = e;@el, next e:@ez, and next w;ew1 we get
. < -n . < -n . < 1-n
¥ lesz(el)I =2 C, ¥ Iele(ez)l =2 cC, ¥ Iszm(w’)I =2 C
1=e =T erT =¥ leT < 402"
= el(el) = E e m(el) = ¥ e _(el)l = 4C2 .

m

Hence by lemma 6.1,

Therefore C = 27/4. g

Let K

((i,j) € NxN; i+l < j) and let o:N — K be a surjective
mapping such that, for every (i,j) € K, the set o '(i,j) is infinite.
With the same fixed neN we denote by )(n the space R’ equipped

with the sequence of norms (- defined by

1A

lxl1 for k

Ixil, = i
xi le2 for i +
>

T
1A
x

s

Ixl, for 3

where (i,j) = o(n).

Till this moment we have considered a fixed n € N and a fixed
space Xn, from now on we shall be dealing with the sequence (Xn)neIN
Of course, if n,meN with o(n) # o(m), then the norms (I 1) on the
space Xn are not the same as the norms on the space X... denoted by

the same symbol. This should not create confusions !

Here is the promissed example:

6.3 Example. The space

E= (x = (xn); X € Xn and pk(x):= T nkllxnllk< o for every kelN}
n

equipped with the grading § = {p,) is a nuclear Fréchet space which

does not admit any npi; therefore E has no basis in.

We omit the routine verification that E is complete. The
nuclearity of E follows from the fact that, for each keN, the 1linking

operator T = I is a sum of a series [ T of rank two operators
P 1P

k3 "k n

-3

such. that |ITn|| =n and therefore, by 2.3, the nuclear norms

7(T) = n'z, whence [ 7(Tn) <o, Thus T 1is a nuclear operator.
n
n

Suppose that E has an npi (Fm), Fll = y;c-) Y, for meN. Then

(1) T F...(Y) =y for all y € E,

and acording to the condition (npi) we have:
(2) for p = p, there is q = P, (i > 1) such that

L p,(F(¥)) =p(y) L lyey:E —E I
m L) 1 1

(3) forp=0p there is ¢q = pJ (j > i+l) such that

i+l
L P, (F(¥) =p(y) Llyey:E —E
m m i+l 3

(4) for p = pyl there is q = P, (k > j+1) such that

g P, (F (¥)) = p(y)- ?..: lye y:E — Epku,

Let i, j be those appearing in the 1last estimates. Take an
arbitrary fixed n e tr"(i,j) and 1let Ln:Xn—)E be the canonical

embedding and Pn:E—>Xn the canonical projection: Pn(y) = y.

n

Finally let Tm = F'nFmr.n regarded as an operator acting on R, Then,
from the definition of the norms (pn) together with the statements

(1), (2), (3) we conclude that every x € R® is the sum

x =Y T (x) and
n m
and

1+1 J+1

1 3
Y nITm(x)IISCn lel, rn le(x) |35Cn lea.
m

J
[T (x} 1 =Cn’ixl,, E n

Hence, with s = max (i-1,j-i-1,k-j-1}, we have

< S
¥ ITm(x)la- cn lea for @« € (1,2,3),

and by lemma 6.2, C = 2"%n°, and the last estimate must hold for all

n in the infinite set o-'l(i,j), a contradiction. g



§ 7. Notes and comments

Ad § O

Locally convex spaces have been distinguished by Tychonoff ([T].
Fréchet spaces (called BO) spaces have been defined by S. Mazur and
W. Orlicz in the context of summability theory and later re-discovered
by French mathematicians from the Bourbaki circle. On the best of my
knowledge the first published paper in which the term "Bo space"
appears is Eidelheit’s [E], 1936; the treatise [MO] of Mazur and
Orlicz devoted to a systematic study of these spaces appeared only
after the Second World War. The French School, in contrast to Mazur
and Orlicz, put the emphasis on infinite-dimensional 1locally convex
spaces with such properties which are shared by Banach spaces of a
finite dimension only, rather than 1looking for analogies with the
general (infinite-dimensional) Banach space theory. In this context

the classes of Montel, Schwartz and nuclear spaces have been defined.

Theorem 0.1 expresses the well-known fact that Fréchet spaces are
barrelled.

Ad § 1

More about Kolmogorov diameters and their applications 1in the
approximation theory can be found in V. Tikhomirov'’s paper ([Ti). For
relations of Kolmogorov diameters and numbers with similar parameters,

e.g. Gelfand diameters and numbers, see A. Pietsch [Pi}].

Ad §§ 2 & 3

Nuclear spaces and nuclear operators were introduced in early
fifties by A. Grothendieck in, see [G]). The attempts to understand the
so called Red Book [G] stimulated the study of nuclear spaces and
related topics of the operator theory in Eastern Europe, 1in G.D.R.,
Poland and the Soviet Union. The appearance of the beautiful monograph
{P) of Albrecht Pietsch, helped to clarify the general notion of an
operator ideal (Pietsch [Pi]) and was a beginning of the intensive

research on absolutely summing operators (Kwapienn, Lindenstrauss,
Pelczynski, Pietsch and others).

Ad § 4

According to corollary 4.5 every basis in a nuclear Fréchet space
is absolute. This property characterizes nuclear Fréchet spaces among
Fréchet spaces [Wo].

Every absolute basis is unconditional, i.e., the expansions with
respect to the basis are unconditionally convergent. For a discussion
on unconditional bases in Banach spaces and the existence and
uniqueness problems for them see [D].

Pelczynski and Singer [PS] found that every infinite-dimensional
Banach space with basis admits two bases which are not diagonally
equivalent and, at least, one of them is not unconditional.

* * *

For a Kéthe matrix A = (a_ ) one can also define the spaces

kn
la(A) = (X = (&n); (amgn) € Ea for every kelN); pk(x) = "(amgn)%a'
for 1 = ¢ = », and similarly co(A). These spaces are nuclear, if and

only if the matrix A satisfies the additional condition
(Kn) YjeN 3JkeN such that ¥ ajn/ak < .
n
n

Under this condition the unit vectors (en) constitute an absolute
basis in each of the spaces and therefore co(A) = la(A) = Q(A) for

every 1 = p = wo; the spaces are isomorphic under the identity mapping.

Ad § 5

We do not know any "natural" example of a nuclear Fréchet space
without a basis. In this context it is important to be able to
represent a given functional nuclear Fréchet as a Kdéthe spaces A(A)
with a relatively simple structure.

Specially interesting are the spaces Q(A) which are generated by
a single sequence, among them power series spaces of types o and 0.

Let (an) and (bn) be sequences of reals such that

(1) 1 = a=a, =... ; 1= b‘z bzz...z 0.

Consider the Kéthe matrices A = (a:) and B = (b:m). The spaces A(A)
and el(B) are called power series spaces of type o and 0
respectively.

The nuclearity of power series spaces is characterized by the
conditions

JkeN with ¥ a: < o, and Vs>0 ¥ bf < o, respectively.
n

n
Observe that the unit vectors (en) of a power series space



constitute an absolute and regular basis. Using 5.2 it is not

difficult to show that a power series space of type o is never
isomorphic to the one of type 0. We also have
7-1 Povwer series spaces X and Y of the same type are isomorphic

if and only if they are equal as sets of numerical sequences.

Proof (Sketch). Recall that wk= (x:pk(x)<1) for kelN. By (1), if
i < j, then

= i Kk
dn(wj,wl) =a for the space ll((an)),

and

= Rwl/i-1/) 1/k
d"(wj,w’) b"

for the space ll((bn }) .

Hence

tl((a:)) ({t): 3i Vj with ¢ e 1/d (W ,H) < o) =

(e ): 3Uu Vv with § It [/d (V,U) < o),

n

and similarly

ll((b:"k)) ((t}: Vi 3j with [ It 1+d (W,¥) <o) =

n
E ltnl-dn(v,U) < o},
where V and U run over all zero-neighbourhoods. That means

{{t }: YU 3V with

that the
two classes of numerical sequences can be described invariantly. g

The products X x Y of power series spaces of different types have
bases but no regular bases.

Standard examples of power series spaces are:

LUn Y, @y,
They isomorphically represent the functional spaces: Cm(T) of periodic
infinitely differentiable line,v H(C) of entire
functions, H(D) of holomorphic functions on the open disk. To get the
representation we use the trigonometric system as the

functions on the

basis for the

first space and the sequence (zm‘) for the second and third.

that the spaces H(C") of entire functions of r
variables and H(D") of holomorphic functions on the r-dimensional open

¢ (A) and ll(B),

We notice

polydisk are represented by the power series spaces

A = {2kn1/r} B = {Zk—lnllr}

The dimension r of the domain is an isomorphic invariant of the spaces
of holomorphic functions, while every space Cm(M) of all infinitely
differentiable functions on a smooth compact manifold, regardless of
the dimension of M, is isomorphic to Cm(T).
More information on the isomorphical classification of Banach and
Fréchet spaces of functions can be found in the survey article [Pe].
* * *

The concept of the quasi-equivalence of bases as well as the

first result relating this concept to nuclearity (all

H(C) and H(D) are quasi-equivalent) are due to Dragilev [Dr].
* * *

bases 1in each

Let X be an infinite-dimensional Fréchet space with a basis. We
X has the OQE property if all the
quasi-equivalent to each other; X has the CS property if
complemented subspace of X has a basis; the basis (xn) of X has the
CBS property if every basis (yJ of a complemented subspace of X is
quasi-equivalent to a subsequence of (x )i X has the CBS property if

say that: bases of X are

every

every basis of X does it.

The labels QE, CS and CBS stand for

"complemented basic sequence".

"quasi-equivalence",
"complemented subspace'" and
There are three fundamental problems concerning the uniqueness of

bases:

QE. Does every nuclear Fréchet space with a basis have the QE
property ?

CS. Does every nuclear Fréchet space with a basis have the
CS property ?

CBS. Does every basis of a nuclear Fréchet space have the CBS
property ?

One can also ask these questions for concrete spaces, concrete

bases or for complemented subspaces with certain special properties.
Mitiagin and Djakov have observed that using the Cantor-Bernstein
mapping to the sets of indices of the bases one gets:

7.2 If the two base (xn) and (yn) of the space X have the CBS

property then they are quasi-equivalent.

Hence it is natural to ask:



CBS1. Assume that X has a basis with the CBS.

X have this property ?

The problems are rather difficult. During the last 25 years
partial answers have been obtained. In particular, Mitiagin has proved
that power series spaces of type 0 have the CS property. Any new
partial result, as well as inventing a new technique of handling the
problems would be valuable.

, For detailed information on these and other problems and an
extensive bibliography we refer to the survey [A-Z].

Ad § 6.

The first example of a nuclear Fréchet space without basis,

apparently under a psychological influence of Enflo’s negative
to the basis problem for Banach spaces, was given
Zobin [MZ] in 1974.

answer
by Mitiagin and

The space E presented here, although without bases, is

obviously
the direct sum of its two-dimensional subspaces,

in particular it has
the bounded approximation property (i.e., the identity operator is the
point-wise sum of a series

of finite rank operators). The first

example of a nuclear Fréchet space without the b.a.p. was given by

Dubinsky [Du], and his construction was essentially simplified by Vogt
[V]. The Vogt's

example 1is approximately on the same

complexity as our space E. Another interesting technique

level of

of getting
nuclear spaces without bases is given by Moscatelli [M].
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