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Abstract. For a topological abelian group X we topologize the group c0.X/ of all X -val-
ued null sequences in a way such that when X D R the topology of c0.R/ coincides
with the usual Banach space topology of the classical Banach space c0. If X is a non-
trivial compact connected metrizable group, we prove that c0.X/ is a non-compact Polish
locally quasi-convex group with countable dual group c0.X/^. Surprisingly, for a compact
metrizable X , countability of c0.X/^ leads to connectedness of X .

Our principal application of the above results is to the class of locally quasi-convex
Mackey groups (LQC-Mackey groups). A topological group .G;�/ from a class G of
topological abelian groups will be called a Mackey group in G or a G -Mackey group if it
has the following property: if � is a group topology in G such that .G; �/ 2 G and .G; �/
has the same character group as .G;�/, then � � �.

Based upon the results obtained for c0.X/, we provide a large family of metrizable
precompact (hence, locally quasi-convex) connected groups which are not LQC-Mackey.
Namely, we show that for a connected compact metrizable group X ¤ ¹0º, the group
c0.X/, endowed with the topology induced from the product topology onXN , is a metriz-
able precompact connected group which is not a Mackey group in LQC.

Since metrizable locally convex spaces always carry the Mackey topology – a well-
known fact from Functional Analysis –, our results prove that a Mackey theory for abelian
groups is not a simple traslation of items known to hold for locally convex spaces. This
paper is a contribution to the Mackey theory for groups, where properties of a topological
nature like compactness or connectedness have an important role.

Keywords. Mackey group, Mackey topology, precompact group, locally quasi-convex
group, groups of null sequences, c0.X/, summable sequence.
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2 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

1 Introduction

All considered groups will be abelian. For groups X; Y we denote by Hom.X; Y /
the set of all group homomorphisms fromX to Y . Note that Hom.X; Y / is a group
with respect to the pointwise addition/multiplication of homomorphisms. If X; Y
are topological groups, CHom.X; Y / stands for the subgroup of continuous ele-
ments of Hom.X; Y /. A set � � Hom.X; Y / will be called separating if for every
pair x1; x2 of distinct elements of X there exists 
 2 � with 
.x1/ ¤ 
.x2/.

The set
S WD ¹s 2 C W jsj D 1º

is an abelian group with respect to multiplication of complex numbers; it is en-
dowed with the usual topology induced from C. For a group G an element of
Hom.G;S/ is called a (multiplicative) character. If G is a topological group, we
write

G^ WD CHom.G;S/;

and we call an element of G^ a continuous character. Always 1 2 G^, where
1.x/ D 1 2 S, 8x 2 G. This is the neutral element ofG^. The groupG^ (without
any topology fixed in advance on it) is called the topological dual or the character
group of G.

A topological group G is called maximally almost periodic, for short a MAP-
group, if G^ is separating; G is called minimally almost periodic if G^ D ¹1º.
We denote by MAP the class of all MAP-groups and by MinAP the class of all
minimally almost periodic groups.

For a topological group .G; �/ the Bohr topology �C is the initial topology
for the set of all characters 
 W G ! S, 
 2 .G; �/^. Clearly �C � � and �C is
a Hausdorff topology iff .G; �/ is MAP. In such a case, .G; �/ is precompact iff
� D �C (see also Example 1.2).

Connectedness and smallness of the dual of the group of null sequences

Convergent sequences are of primary importance in topological groups. For a topo-
logical group X , denote by c0.X/ the subgroup of XN of all null sequences of X
and let u0 be the uniform topology induced from XN on c0.X/ (see Section 3
for the relevant definitions). Clearly, c0.X/ coincides with the direct sum X .N/

precisely whenX has no non-trivial convergent sequences. The passage fromX to
.c0.X/;u0/ preserves (sequential) completeness, metrizability, separability, MAP,
local quasi-convexity (see Definition 2.1), non-discreteness, and connectedness
(see Proposition 3.4).
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Group valued null sequences and metrizable non-Mackey groups 3

Surprisingly, for a compact metrizable abelian group X and

G D .c0.X/;u0/;

countability ofG^ (or even the milder condition jG^j < c) leads to connectedness
of X :

Main Theorem. Assume thatX is an infinite compact metrizable topological abel-
ian group. Then G WD .c0.X/;u0/ is a nonprecompact locally quasi-convex Pol-
ish group. Further, the following assertions are equivalent:

(i) X is connected.

(ii) G^ is isomorphic to a direct sum of countable many copies of X^.

(iii) G^ is countable.

(iv) jG^j < c.

If the above conditions hold true, then G itself is connected.

We show in Remark 3.5 that the assignment

X 7! F X WD .c0.X/;u0/ (1.1)

defines a functor F W H! H, where H is the category of Hausdorff topologi-
cal abelian groups and continuous homomorphism. This functor has the follow-
ing property: if X is a non-trivial connected compact metrizable abelian group,
then F X is a connected, non-precompact locally quasi-convex Polish group with
countable dual.

To the proof of the Main Theorem (together with other more precise results)
are dedicated Sections 3–6. The backbone of the proof is the class B of topolog-
ical groups X such that for every non-trivial � 2 X^ there exists a null sequence
.xn/ inX such that the sequence .

Qn
kD1 �.xk// is not convergent in S (see Defini-

tion 6.1). Clearly, B contains all minimally almost periodic groups. A precompact
groupX belongs to B precisely when c0.X/^ D .X^/.N/ (Theorem 6.3). It turns
out that this new class B can be described in some cases through well-known topo-
logical properties close to connectedness. For instance, in Corollary 6.13 we show
that in the class LCA of all locally compact groups, X 2 B iff X is connected.

Furthermore, a weaker form of connectedness characterizes B within the class
of metrizable groups. Namely, Enflo [17] introduced the notion of locally gener-
ated groups (see Definition 6.8; according to Lemma 6.9, these are precisely the
groups without proper open subgroups, in particular connected groups are locally
generated). We prove in Theorem 6.12 that every group in B is locally generated,
while all metrizable locally generated groups belong to the class B. In the next di-
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4 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

agram we collect the implications (denoted by solid arrows) between all the above
mentioned properties with particular emphasis on the class B (placed in the cen-
ter):

connected

++XXXX
XXXXX

XXXXX
XXXXX

XXXXX
XXXXX

XXXXX
XXXXX

X

.1/

((

connected + LCA //oo

��

locally generated + LCAoo

��
MinAP // B // locally generated

B & no conv. sequences

.2/

hhPPPPPPPPPPPPPPPPPPPPP

OO

locally generated + metrizable

OO
hhPPPPPPPPPPPPPPPPPPPPPPP

The easy implication (2) is proved in Proposition 6.5. It implies that non-trivial
precompact groups without non-trivial convergent sequences do not belong to B.
Remark 6.16 provides an example of a connected precompact group not in B,
witnessing thereby the missing implication (1). Obviously, the failure of this im-
plication shows that locally generated 6) B.

The class B has nice stability properties: it is stable under taking continuous
homomorphic images and arbitrary direct products, if H is a dense subgroup of
a group G, then H 2 B yields G 2 B. Dense subgroups of metrizable B-groups
have the property B (by the characterization of the metrizable B-groups in The-
orem 6.12), yet there exist dense connected subgroups H 62 B of a compact con-
nected group G (so G 2 B), according to Remark 6.16.

Mackey groups and metrization

The principal application of the above results is in the field of Mackey groups. The
aim of the present subsection is to introduce this fascinating topic and the specific
problem we resolve by means of our Main Theorem.

The notion of a Mackey group is inspired by the concept of a Mackey space in
the theory of topological vector spaces. Recall that for a topological vector spaceE
over R the dual spaceE� consists of all continuous linear functionals f W E ! R.
The Mackey–Arens Theorem establishes that for a topological vector spaceE over
R there always exists a finest topology in the class of locally convex vector space
topologies giving rise to the same dual space E�. This topology is named as the
Mackey topology of E. A topological vector space E over R is a Mackey space
iff its original topology coincides with the Mackey topology of E. Note that the
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Group valued null sequences and metrizable non-Mackey groups 5

concept of a Mackey space can be defined directly, i.e. without a reference to the
Mackey–Arens Theorem as follows: A topological vector space E over R is a
Mackey space iff it is locally convex and its original topology is the finest one in
the class of locally convex vector topologies giving rise to the same dual spaceE�.

The first attempts to obtain results of Mackey–Arens type for topological abel-
ian groups were done in [28] for the class of locally precompact group topologies,
and in [10] for the class of locally quasi-convex group topologies. As pointed out
in [10], the Mackey–Arens Theorem gives rise to two non-equivalent definitions
of the Mackey topology for a locally quasi-convex group. Although they are com-
pared and several important results are established, it is not explicitly fixed in [10]
which of them should be called the Mackey topology for an LQC-group. This is
done in the present paper, from a more categorical point of view, which specialized
for LQC-groups could be the “missing definition” of [10].

Definition 1.1. If .G; �/ is a topological group, a group topology � in G is said to
be compatible for .G; �/ if .G; �/^ D .G; �/^.

Example 1.2 ([11]; also [15, Theorem 2.3.4] and [28]). For a MAP-group .G; �/,
�C is a precompact compatible group topology, i.e., .G; �/^ D .G; �C/^.

The following definition is in the spirit of [5], where a categorical treatment of
Mackey groups is given.

Definition 1.3. Let G be a class of topological abelian groups.

(a) A topological group .G;�/ is called a Mackey group in G if .G;�/ 2 G and
if � is a compatible group topology for .G;�/, with .G; �/ 2 G , then � � �.

(b) Let .G; �/ 2 G . If there exists a group topology � in G compatible for .G; �/
such that .G;�/ is a Mackey group in G , then � is called the G -Mackey topol-
ogy of .G; �/.

Let LPC denote the class of Hausdorff locally precompact topological abelian
groups. If .G; �/ 2 LPC is not precompact (e.g., if G is discrete), then .G; �C/ 2
LPC is not a Mackey group in LPC. Hence, a precompact group in LPC need not
be a Mackey group in LPC in general. However, the metrizability changes the pic-
ture as the following statement shows.

Theorem 1.4 (cf. [28, Corollary 2, p. 484]). Every metrizable .G;�/ 2 LPC is a
Mackey group in LPC.

Next we consider another class of groups in which the metrizable groups are
again Mackey. Let LCS be the class of Hausdorff topological abelian groups which
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6 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

admit a structure of locally convex topological vector space over R, loosely speak-
ing LCS is the class of Hausdorff locally convex spaces considered just as additive
groups. It is an important consequence of the Hahn–Banach Theorem that

LCS � MAP:

Taking into account that the group of continuous linear forms on a groupG 2 LCS
is algebraically isomorphic to the group of its continuous characters, according to
[25, IV 3.4], it is easy to derive the following:

Theorem 1.5. Every metrizable .G;�/ 2 LCS is a Mackey group in LCS.

A natural class of groups containing LPC[ LCS is provided by LQC, the class
of locally quasi-convex Hausdorff groups (see Definition 2.1). In fact, it is known
that

LPC [ LCS � LQC � MAP (1.2)

where the inclusions are strict (cf. [2,4,10]). It was proved in [10] that every Čech-
complete .G;�/ 2 LQC is a Mackey group in LQC. In particular, every locally
compact .G;�/ 2 LQC is a Mackey group in LQC. We isolate here another par-
ticular case more relevant for the specific purposes of this paper:

Theorem 1.6 ([10]). Every complete metrizable .G;�/ 2 LQC is a Mackey group
in LQC.

Let us discuss to what extent completeness is an essential assumption in Theo-
rem 1.6.

Example 1.7. Let .G; �/ be a precompact group of finite exponent with jG^j < c.
It is proved in [7] that � is the only locally quasi-convex group topology compatible
for .G; �/. Consequently, .G; �/ is LQC-Mackey. If G is furthermore required to
be countable and metrizable (e.g., the direct sum Z.N/2 equipped with the product
topology should do), then G cannot be complete as non-discrete complete me-
trizable groups are second category, hence uncountable. This provides examples
of non-complete countable precompact metrizable Mackey groups. Since every
precompact group of finite exponent has a linear topology, all these groups are
zero-dimensional, hence totally disconnected.

A large scale of examples of non-complete metrizable LQC-groups which are
not Mackey was provided for the first time in a preliminary on-line version of the
present paper, [14]. Soon after it was shown in [3] that .Z; �/, where � is a non-
discrete linear topology, is a non-complete countable precompact metrizable group
which is not LQC-Mackey.
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Group valued null sequences and metrizable non-Mackey groups 7

The examples of metrizable non-Mackey groups provided by us in the present
paper are based upon the following result (see the end of Section 2 for its proof):

Theorem 1.8. Let .G; �/ 2 LQC be a non-precompact group with countable dual
.G; �/^. Then .G; �C/ is a metrizable precompact group which is not a Mackey
group in LQC.

Examples of groups .G; �/ satisfying the assumptions of the previous theorem
are not immediately at hand, since by Proposition 2.3 they cannot be locally pre-
compact (even if they are LQC). Moreover, they cannot be LCS either, since only
a trivial LCS can have a countable dual. The first example of such a group, namely
.c0.S/;u0/, is given in Proposition 5.2 below and the existence of a large family
of groups with this property is obtained by the general construction developed in
our Main Theorem. Composing the functor F from equation (1.1) with the functor
.G; �/ 7! .G; �C/ of the Bohr modification, one obtains a functor E from the cate-
gory C of compact connected metrizable groups to the category Pmet of metrizable
precompact abelian groups such that each E.X/ is a connected precompact metriz-
able non-Mackey group whenever X is non-trivial. By Remark 3.5 (c), for every
non-trivial Polish LQC group X , the group G D F X is Polish, LQC and non-
precompact. By our Main Theorem, G^ is countable whenever X is also compact
and connected. Let us mention also, that the connectedness of X yields as a by-
product also connectedness of both G and E.X/.

In the last section we offer some open questions and conjectures.

Notation and terminology

The symbols N, Z, Q, R and Zm are used for the set of naturals, the group of
integers, the group of rationals, the group of reals and the cyclic group of size m,
respectively. Let S denote the circle group and

SC D ¹s 2 S W Re.s/ � 0º:

The cardinality of the continuum will be denoted by c and jX j will stand for the
cardinality of a set X .

For a topological space X we denote by c.X/ the cellularity of X , this is the
smallest cardinal � such that every family of non-empty pairwise disjoint open sets
has size � �.

We denote by e the neutral element of a group. We also use the symbols 0 and 1
instead of e if the group is known to be additive or multiplicative respectively. For
a subset A of a group X denote by hAi the subgroup of X generated by A.

Let X be a set. As usual, XN will denote the set of all sequences x D .xn/n2N

of elements of X and .pn/n2N the sequence of projections XN ! X .
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8 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

For a group X , X .N/ will be the subgroup of XN consisting of all sequences
eventually equal to e. For n 2 N define an injective homomorphism

�n W X ! X .N/ by �n.x/ D .e; : : : ; e; x; e; : : : /;

where x 2 X is placed in position n.
If X is a topological group, let

c0.X/ WD ¹.xn/n2N 2 X
N
W lim
n
xn D eº:

Clearly c0.X/ is a subgroup ofXN containingX .N/; moreover, c0.X/ D X .N/

iff X has only trivial convergent sequences.
For a topological group X , N .X/ is the set of all neighborhoods of e 2 X . If

N .X/ admits a base consisting of open subgroups, we say thatX is linear (and its
topology is linear). Clearly, SC 2 N .S/. We writeX^co for the groupX^ endowed
with the compact-open topology. For a subset V of X let

V F WD ¹� 2 X^ W �.V / � SCº:

If X; Y are topological abelian groups and ' 2 CHom.X; Y /, then the mapping
'^ W Y ^ ! X^, defined by '^.�/ D �ı' for � 2 Y ^, is a group homomorphism
called the dual homomorphism.

The von Neumann’s kernel of a topological abelian group X is defined by

n.X/ D
\
¹ker � W � 2 X^º:

Clearly, n.X/ is a subgroup of X , and X is MAP iff n.X/ D ¹0º, while X is
MinAP iff n.X/ D X .

2 Locally quasi-convex groups

Let us recall the definition of a locally quasi-convex group.

Definition 2.1 ([29]). A subset A of a topological group G is called quasi-convex
if for every x 2 G n A there exists � 2 G^ such that

�.A/ � SC but �.x/ 62 SC:

A topological group G is called locally quasi-convex if N .G/ admits a basis con-
sisting of quasi-convex subsets of G.

The precompact and the locally precompact groups are prominent classes of lo-
cally quasi-convex groups. We characterize below the groupsX 2 LPC with count-
able duals.
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Group valued null sequences and metrizable non-Mackey groups 9

Proposition 2.2. Assume that X is a precompact Hausdorff topological group and
V 2 N .X/. Then V F is a finite subset of X^.

Proof. It is known that V F is a compact subset of X^co. If X is compact, then X^co
is discrete and V F is finite in this case. If X is not compact, then it is a dense sub-
group of a compact Hausdorff topological group K, namely its completion. Let U
denote the closure of V in K; clearly U 2 N .K/. Since SC is closed in S, the
density of V in U implies that

V F D ¹�jX W � 2 U
F
º:

Now, U F finite implies that V F is finite as well.

Proposition 2.3. For an infinite locally precompact Hausdorff topological abelian
group X TFAE:

(i) X is precompact metrizable.

(ii) X^ is countable.

Proof. (i)H) (ii). This implication follows easily from Proposition 2.2 (also from
[20, (24.14)]).

(ii) H) (i). Let Y be the completion of X . It is known that the groups X^ and
Y ^ are algebraically isomorphic, hence, Y ^ is countable. On the other hand, Y is a
locally compact Hausdorff topological abelian group, therefore Y ^co is LCA. Since
a second category countable Hausdorff topological group is discrete, we have that
Y ^co is a discrete countable group. Hence .Y ^co /

^
co is a compact metrizable group.

By Pontryagin’s theorem, Y and .Y ^co /
^
co are topologically isomorphic. Thus Y is

compact metrizable and its topological subgroup X is precompact metrizable.

Remark 2.4. (a) From Proposition 2.3 it follows that a compact non-metrizable
group X has a large dual, jX^j > @0.

(b) The implication (i) H) (ii) of Proposition 2.3 holds without any additional
assumption on X . However (ii)H) (i) may fail if X is a locally quasi-convex
Hausdorff group, as the Main Theorem shows.

Let us conclude this section with the proof of Theorem 1.8.

Proof of Theorem 1.8. Since .G; �/^ is countable, it follows that �C is metrizable.
The topology �C is precompact and compatible for .G; �/ by Proposition 1.2. The
group .G; �C/ 2 LQC because precompact groups are locally quasi-convex. Since
.G; �/ is not precompact, we have that �C < � being �C ¤ � . Hence .G; �C/ is a
metrizable precompact group which is not a Mackey group in LQC.
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3 Groups of sequences

The uniform topology in XN

In what follows X will be a fixed Hausdorff topological abelian group. We denote
by pX the product topology in XN and by bX the box topology in XN . It is easily
verified that the collection

¹V N
W V 2 N .X/º

is a basis at e for a group topology in XN which we denote by uX . In all three
cases we shall omit the subscriptX when no confusion is likely.

The topology u in XN is nothing else but the topology of uniform convergence
on N when the elements of XN are viewed as functions from N to X and X is
considered as a uniform space with respect to its left (D right) uniformity. So it
will be called the uniform topology. Since it plays an important role in the sequel,
we give in the next proposition an account of its main properties.

We write

p0 WD pjc0.X/; b0 WD bjc0.X/ and u0 WD ujc0.X/:

Proposition 3.1. Let .X;C/ be a Hausdorff topological abelian group.

(a) The uniform topology u is a Hausdorff group topology inXN with p � u � b.
Moreover,

(a1) pjX.N/ D ujX.N/ ” X D ¹0º.
(a2) ujX.N/ D bjX.N/ H) X is a P-group H) u D b; in particular, if X is

metrizable and ujX.N/ D bjX.N/ , then X is discrete.

(b) The passage from X to .XN ;u/ preserves (sequential) completeness, metriz-
ability, MAP and local quasi-convexity.

(c) If X ¤ ¹0º , then:

(c1) c.XN ;u/ � c, in particular .XN ;u/ is not separable.
(c2) .X .N/;ujX.N// is not precompact and hence .c0.X/;u0/ and .XN ;u/

are not precompact.

Proof. (a) The first assertion has a straightforward proof.
(a1) Suppose that X ¤ ¹0º. Take x 2 X n ¹0º. Then we have �k.x/ 2 X .N/,

k D 1; 2; : : : , and the sequence .�k.x//k2N tends to 0 in p. Since X is Hausdorff,
there is a V 2 N .X/ such that x 62 V . Then �k.x/ 62 V N , k D 1; 2; : : : . Hence,
the sequence .�k.x//k2N does not tend to 0 in u.

(a2) The second implication is straightforward. In order to verify the first one,
suppose that ujX.N/ � bjX.N/ . Take arbitrarily Un 2 N .X/, n D 1; 2; : : : . Then
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Group valued null sequences and metrizable non-Mackey groups 11

.
Q
n2N Un/ \ X

.N/ is a neighborhood of zero in bjX.N/ . As ujX.N/ � bjX.N/ ,
there is a V 2 N .X/ such that

V N
\X .N/ �

�Y
n2N

Un

�
\X .N/:

From �k.V / � V
N \X .N/, k D 1; 2; : : : , we get �k.V / � .

Q
n2N Un/ \X

.N/,
k D 1; 2; : : : . So, V � Un; n D 1; 2; : : : , therefore V �

T
n2N Un. Thus, for

each sequence Un 2 N .X/; n D 1; 2; : : : ,
T
n2N Un 2 N .X/. Consequently, X

is a P-group.
The last assertion follows from the well-known fact that a metrizable P-space is

discrete.
(b) We omit the standard proofs of the first two cases.
Assume thatX is MAP and let x D .xn/n2N 2 X

N n ¹0º. Take n 2 N such that
pn.x/ ¤ 0. Since X is MAP, there is � 2 X^ such that �.pn.x// ¤ 1. Clearly pn
is u-continuous, therefore we get ' WD � ı pn 2 .XN ; u/^ and '.x/ ¤ 1. Hence,
.XN ;u/ is MAP.

In order to prove that .XN ;u/ is locally quasi-convex provided that X has the
same property, just observe that for any quasi-convex V 2 N .X/,

V N
D

\
n2N

p�1n .V /;

and quasi-convexity is preserved under inverse images by continuous homomor-
phisms and under arbitrary intersections.

(c1) Let us fix x 2 X n ¹0º and U 2 N .X/ such that U \ ¹�x; xº D ;. Write
C D ¹0; xºN . Then

card.C / D c; y1 2 C; y2 2 C; y1 ¤ y2 H) y1 � y2 62 U
N : (3.1)

Take a symmetric open V 2 N .X/ such that V C V � U . For every y 2 C the
non-empty set Vy D yC V is open and for y1 2 C , y2 2 C , y1 ¤ y2 one can de-
duce Vy1 \ Vy2 D ; from (3.1) and V C V � U . Hence the family ¹Vy W y 2 C º
witnesses c.XN ;u/ � c.

(c2) Fix x 2 X , x ¤ 0 and a symmetric V 2 N .X/ such that x 62 V . Then

m; n 2 N; m ¤ n H) �m.x/ � �n.x/ 62 V
N : (3.2)

Now (3.2) together with the fact that �m.x/ � �n.x/ 2 X .N/, 8m; n 2 N, yield
that .X .N/;ujX.N// is not precompact.

Remark 3.2. IfX is a compact metrizable group and � is an invariant metric forX ,
then the equality

d1.x; y/ D sup
n2N

�.xn; yn/; x; y 2 XN ;
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12 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

defines an invariant metric for .XN ;u/. In particular, the topology of .SN ;u/ can
be induced by the following metric:

d1.x; y/ D sup
n2N
jxn � ynj; x; y 2 SN : (�)

According to [12, Example 4.2] the metric group .SN ; d1/ has the following
remarkable property: it is not precompact, but every uniformly continuous real-
valued function defined on it is bounded.

The group of null sequences c0.X/

In this section we study the group c0.X/ of all null sequences of a topological
abelian group X as a subgroup of .XN ;u/. It is easy to prove the following:

Lemma 3.3. Let X be a topological group. The following assertions hold:

(a) c0.X/ is closed in .XN ;u/.

(b) If x D .xn/n2N 2 c0.X/, then the sequence .
Pn
kD1 �k.xk//n2N converges to

x in the topology u; in particular, X .N/ is a u-dense subset of c0.X/.

Thus, summarizing:

X .N/
u-dense
� c0.X/

u-closed
� XN :

Since the groups of the form .c0.X/;u0/ are the main object of our future consid-
erations, we describe explicitly some of their properties, inherited from .XN ;u/,
or lifted from properties of X .N/.

Proposition 3.4. Let X be a Hausdorff topological abelian group.

(a) .c0.X/;u0/ is a Hausdorff topological group having as a basis at zero the col-
lection ¹V N \ c0.X/ W V 2 N .X/º.

(b) p0 � u0 � b0. Moreover, we have p0 D u0” X D ¹0º; ifX is metrizable
and u0 D b0, then X is discrete.

(c) The passage from X to .c0.X/;u0/ preserves (sequential) completeness, met-
rizability, separability, MAP, local quasi-convexity, non-discreteness, and con-
nectedness.

Proof. (c) AssumeX is separable. The density ofX .N/ in c0.X/ yields that c0.X/
is also separable. If .c0.X/;u0/ is discrete, for some V 2 N .X/, we have that

V N
\ c0.X/ D ¹0º:

Thus V D ¹0º and X is discrete. The rest of (c) (except connectedness) as well as
(a) and (b) follow from Proposition 3.1.
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Group valued null sequences and metrizable non-Mackey groups 13

Assume now thatX is connected. Consequently, the product spacesXn are also
connected, for all n 2 N. For n 2 N let

Gn WD ¹x 2 c0.X/ W xk D 0; k D nC 1; nC 2; : : : º:

Then Gn is a subgroup of c0.X/ and .Gn;ujGn
/ is topologically isomorphic to

.Xn;pjXn/, therefore connected. SinceX .N/D
S
n2N Gn and

T
n2N Gn ¤ ;, we

obtain that .X .N/;ujX.N// and its closure .c0.X/;u0/ are connected as well.

Remark 3.5. As already anticipated in the introduction, the assignment (1.1) de-
fines a functor F W H! H, where H is the category of Hausdorff topological abel-
ian groups and continuous homomorphisms. A more precise definition is given in
item (a) below.

(a) F X WD .c0.X/;u0/ for every X 2 H. For every morphism f W X ! Y in H

and every .xn/ 2 c0.X/, the sequence .f .xn// is a null sequence in Y , there-
fore it defines a group homomorphism F.f / W c0.X/! c0.Y /. It is easy to
check that F.f / is u0-continuous, thus F.f / W FX ! FY is a morphism
in H.

(b) According to item (c) of the above proposition, the endofunctor F W H ! H

preserves the full subcategories LQC and MAP, as well as all other full sub-
categories determined by the properties listed there. In particular, F defines an
endofunctor of the full subcategory of all (connected) Polish LQC groups.

(c) According to Proposition 3.1 (c2), FX is precompact only when X 2 H is the
trivial group.

Example 3.6 (The metric group .c0.S/; d1/). For the particular case X D S, the
metric d1 (defined as in Remark 3.2) generates the topology u0. This meaningful
example was introduced by Rolewicz in [24], where he observed that a complete
metrizable monothetic group need not be compact nor discrete. It is well known the
dichotomy existing in the class of LCA-groups: namely, a monothetic LCA-group
must be either compact or discrete ([30, Lemme 26.2]; see also [1, Remark 5],
where a construction of a different example of a complete metrizable monothetic
non-locally compact group is indicated).

A proof of the fact that .c0.S/;u0/ is monothetic is contained in [15, pp. 20–21]
(cf. also [18], where it is shown further that .c0.S/;u0/ is Pontryagin reflexive).

Remark 3.7. Let X be the group R with the usual topology.

(a) By Proposition 3.1 above, .RN ;u/ is a complete metrizable topological abel-
ian group. The group .RN ; u/ is not connected; the connected component of
the null element coincides with l1 and the topology ujl1 is the usual Banach-
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14 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

space topology of l1. It follows that although RN is a vector space over R,
the topological group .RN ;u/ is not a topological vector space over R.

(b) By Proposition 3.4 (c), .c0.R/;u0/ is a complete separable metrizable con-
nected topological abelian group. Note that c0.R/ is a vector space over R
and .c0.R/;u0/ is a topological vector space over R. The topology u0 is the
usual Banach-space topology of c0.

(c) It is easy to see that Z.N/ is a closed subgroup of .c0.R/;u0/ and the quotient
group

.c0.R/;u0/=Z
.N/

is topologically isomorphic with .c0.S/;u0/.

For an additive topological abelian group X we introduce the following three
subgroups of XN placed between X .N/ and c0.X/:

cs.X/ D

´
x D .xn/n2N 2 X

N
W

 
nX
kD1

xk

!
n2N

is a Cauchy sequence in X

µ
;

ss.X/ D

´
x D .xn/n2N 2 X

N
W

 
nX
kD1

xk

!
n2N

is a convergent sequence in X

µ
and

l.X/ D ¹x D .xn/n2N 2 X
N
W .x�.n//n2N 2 ss.X/

for every bijection � W N ! Nº:

The same notation will be used if X is a multiplicative topological abelian group.
Clearly,

X .N/ � l.X/ � ss.X/ � cs.X/ � c0.X/:

It is easy to observe that for a Hausdorff topological abelian group X the equality
ss.X/ D cs.X/ holds iff X is sequentially complete.

The symbols cs.X/ and ss.X/ are not standard, while l.X/ can be justified as
follows: usually l stands for the set of all real absolutely summable sequences and
by the Riemann–Dirichlet Theorem,

l.R/ D ¹x D .xn/n2N 2 RN
W .jxnj/n2N 2 ss.R/º D l: (3.3)

Observe that we also have the following analogue of (3.3) for S (cf. [9, Chap-
ter VIII.2, Theorem 1, p. 116]):

l.S/ D ¹x D .xn/n2N 2 SN
W .j1 � xnj/n2N 2 ss.R/º: (3.4)

It is well known that l.R/ ¤ ss.R/ ¤ c0.R/.
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Group valued null sequences and metrizable non-Mackey groups 15

Let us consider now the situation in the general case. First of all we note that if
X has only trivial convergent sequences, then

X .N/ D l.X/ D ss.X/ D cs.X/ D c0.X/:

However, for a group X the equality cs.X/ D c0.X/ need not imply the equality
X .N/ D c0.X/ as the following proposition shows.

Proposition 3.8. Let X be a topological abelian group.

(a) If X has a linear topology, then cs.X/ D c0.X/.

(b) IfX is sequentially complete and N .X/ admits a base consisting of subgroups
of X , then l.X/ D ss.X/ D c0.X/.

(c) IfX is totally disconnected and locally compact, then l.X/ D ss.X/ D c0.X/.

Proof. Statement (a) is easy to verify and (b) follows from (a). Finally, statement
(c) follows from (b), since our hypotheses imply that X has a linear topology
([20, Theorem II.7.7, p. 62]).

We shall see (Remark 6.16) that if a non-trivial groupX is either connected and
metrizable or connected and locally compact, then ss.X/ ¤ c0.X/. It is not clear
whether for a complete metrizable abelian group X the equality l.X/ D ss.X/
implies the equality ss.X/ D c0.X/.

4 The ˇ-dual of a group of sequences

For topological abelian groups X; Y and a non-empty A � XN we write

Aˇ .Y / D ¹h D .�n/n2N 2 .CHom.X; Y //N W
.�n.xn//n2N 2 ss.Y /; 8x D .xn/n2N 2 Aº:

The notation Aˇ .Y / is taken from the theory of sequence spaces, where it is used
for X D Y D R (see, e.g., [6]).

Instead of Aˇ .S/ we will use the shorter notation Aˇ . In other words,

Aˇ D ¹h D .�n/n2N 2 .X
^/N W .�n.xn//n2N 2 ss.S/; 8x D .xn/n2N 2 Aº:

Clearly, Aˇ is a subgroup of .X^/N containing .X^/.N/. If A is a subgroup, we
will call Aˇ the ˇ-dual of A.

Remark 4.1. (a) The definition of the ˇ-dual of a subgroup A of XN makes no
recourse to a specific topology on A. The topology ofX plays some role since
the elements of Aˇ are in .X^/N .
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16 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

(b) Suppose now that A � XN is a subgroup and � a group topology in A. The
main motivation to introduce the ˇ-dual Aˇ comes from the fact that, under
appropriate hypotheses, .A; �/^ is canonically isomorphic with Aˇ . We de-
scribe several cases when this occurs, being A WD c0.X/ the most important
of them (see Proposition 4.4).

We calculate now the ˇ-duals of the most natural groups of sequences, X .N/

and XN .

Lemma 4.2. Let X be a topological abelian group. Then�
X .N/

�ˇ
D .X^/N and

�
XN

�ˇ
D .X^/.N/: (4.1)

Proof. The first equality in (4.1) is trivial. To prove the second one, it is sufficient
to show that .XN/ˇ � .X^/.N/. Take

h D .�n/n2N 2 .X
N/ˇ (4.2)

and let us see that the assumption

h D .�n/n2N 62 .X
^/.N/ (4.3)

leads to a contradiction with (4.2).
From (4.3) we get the existence of a strictly increasing sequence .kn/n2N of

natural numbers such that

�kn
.X/ ¤ ¹1º; n D 1; 2; : : : : (4.4)

Since SC does not contain nontrivial subgroups of S, (4.4) provides a sequence
.xkn

/n2N of elements of X such that

�kn
.xkn

/ 62 SC; n D 1; 2; : : : : (4.5)

Putting xj D 0 for all j 2 Nn¹k1; k2; : : : º, we get a sequence x D .xn/n2N 2 X
N

such that .
Qn
kD1 �k.xk//n2N converges in S by virtue of (4.2). Then

lim
n
�n.xn/ D 1;

so limn �kn
.xkn

/ D 1. This contradicts (4.5), as SC 2 N .S/.

Aiming to calculate the ˇ-dual of the more complicated group of sequences
c0.X/, we need the following:

Lemma 4.3. Let X be a topological abelian group. Then c0.X/ˇ is stable under
taking subsequences.

Proof. Let .�n/n2N 2 c0.X/
ˇ and .kn/n2N be a strictly increasing sequence of

natural numbers. We have to check that .�kn
/n2N 2 c0.X/

ˇ . To this end, take an
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Group valued null sequences and metrizable non-Mackey groups 17

arbitrary sequence x D .xn/n2N 2 c0.X/ and define y D .yn/n2N 2 X
N as fol-

lows: ykn
D xn, n D 1; 2; : : : , and yj D 0, 8j 2 N n ¹k1; k2; : : : º. Then obvi-

ously y D .yn/n2N 2 c0.X/. Since .�n/n2N 2 c0.X/
ˇ , the sequence 

nY
kD1

�k.yk/

!
n2N

converges in S. Observe that

knY
jD1

�j .yj / D

nY
jD1

�kj
.xj /; n D 1; 2; : : : : (4.6)

From (4.6) we conclude that the sequence 
nY

jD1

�kj
.xj /

!
n2N

converges in S too. Since this is true for an arbitrary x D .xn/n2N 2 c0.X/, we
conclude that .�kn

/n2N 2 c0.X/
ˇ .

The following statement is a bit more delicate than Lemma 4.2.

Proposition 4.4. For c0.S/ we have

c0.S/
ˇ
D .S^/.N/: (4.7)

Proof. For a fixed m 2 Z let 'm W S ! S be the mapping t 7! tm. It is known
that

S^ D ¹'m W m 2 Zº:

So, fix a sequence .mn/n2N 2 ZN such that .'mn
/n2N 2 c0.S/

ˇ and let us see
that in fact .mn/n2N 2 Z.N/.

Suppose that we have .mn/n2N 62 Z.N/. Then for some strictly increasing se-
quence .kn/n2N of natural numbers we shall have mkn

¤ 0, n D 1; 2; : : : . Since
.'mn

/n2N 2 c0.S/
ˇ , by Lemma 4.3 we have

.'mkn
/n2N 2 c0.S/

ˇ : (4.8)

Let x1 D x2 D 1; then for a natural number j > 2 find the unique natural number
n with 2n < j � 2nC1 and write

xj D exp
�
2�i

1

mkj
2nC1

�
:
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18 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

Clearly, x D .xj /j2N 2 c0.S/ and

2nC1Y
jD2nC1

'mkj
.xj / D exp

 
2�i

2nC1X
kD2nC1

1

2nC1

!
D �1; n D 1; 2; : : : : (4.9)

It follows from (4.9) that  
nY

jD1

'mkj
.xj /

!
n2N

is not a Cauchy sequence in S, hence it is not convergent in S in contradiction with
equation (4.8).

The ˇ-dual related to the algebraic dual

For a topological abelian group X , a subgroup A � XN and for a fixed sequence
h D .�n/n2N 2 A

ˇ we define a mapping �h W A! S by the equality

�h.x/ D
1Y
nD1

�n.xn/ WD lim
n

nY
kD1

�k.xk/; x D .xn/n2N 2 A:

It is easy to observe that

(1) if h D .�n/n2N 2 .X
^/.N/, then �h is defined on the whole XN ,

(2) for every subgroup A of XN ,

�h 2 Hom.A;S/; 8h 2 Aˇ :

Notation 4.5. For a subgroup A � XN , the letter � will denote in the sequel the
mapping

� W Aˇ ! Hom.A;S/

defined by the equality

�.h/ D �h; 8h D .�n/n2N 2 A
ˇ :

Although the mapping � depends on A, in order to simplify notation we do not
indicate this dependence.

The following lemma relates the algebraic dual and the ˇ-dual of a subgroup A
of XN .

Lemma 4.6. Let X be a topological abelian group and A � XN a subgroup such
thatX .N/ � A. Then, the mapping � W Aˇ ! Hom.A;S/ is an injective group ho-
momorphism.
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Group valued null sequences and metrizable non-Mackey groups 19

Proof. It is easy to see that the considered mapping � is a group homomorphism.
Let h D .�n/n2N 2 ker.�/. Then

�h.x/ D 1; 8x D .xn/n2N 2 A:

Fix n 2 N and x 2 X . As �n.x/ 2 X .N/ � A, we get �n.x/ D �h.�n.x// D 1.
Since x 2 X is arbitrary, it follows that �n must be the null character. Therefore,
h D 1 WD .1; 1; : : : / and ker.�/ D ¹1º. Hence, � is injective.

The next example illustrates the usefulness of the topology-free Lemma 4.2.

Example 4.7. If X is a topological abelian group, it is well known that

�h 2 .X
N ;p/^; 8h D .�n/n2N 2 .X

^/.N/ D .XN/ˇ ; (4.10)

and the mapping � W .X^/.N/ ! .XN ;p/^ is a group isomorphism.
Indeed, (4.10) is easy to verify. The injectivity of � derives from Lemma 4.6. It

remains to show that � is surjective too.
Write G D .XN ;p/ and fix an arbitrary � 2 G^. We need to find a sequence

h D .�n/n2N 2 .X
^/.N/ such that � D �h. For every n 2 N the homomorphism

�n W X ! G is continuous. Hence we obtain that �n WD � ı �n 2 X^. Let us see
that h WD .�n/n2N meets the requirements.

Fix x D .xn/n2N 2 X
N . Evidently, the sequence .

Pn
kD1 �k.xk//n2N conver-

ges in G to x D .xn/n2N . Hence

�.x/ D lim
n
�

 
nX
kD1

�k.xk/

!
D lim

n

nY
kD1

�k.xk/: (4.11)

Since x D .xn/n2N 2 X
N is arbitrary, (4.11) implies that h D .�n/n2N 2 .X

N/ˇ

and � D �h. By Lemma 4.2, we have .XN/ˇ D .X^/.N/. Consequently we have
found h D .�n/n2N 2 .X

^/.N/ such that � D �h, and the surjectivity of � is thus
proved.

Remark 4.8. Let X be a topological abelian group.

(a) Example 4.7 asserts only that the group .XN ;p/^ can be algebraically iden-
tified with the group .X^/.N/ by means of the group isomorphism �. In fact
more is known: the mapping � is also a homeomorphism between .XN ;p/^co
and ..X^/.N/; Ob/, where Ob stands for the topology induced from the box prod-
uct ..X^co/

N ;b/ in .X^/.N/.

(b) An application of (a) for X D Z gives that .S.N/;bjS.N// is a complete non-
metrizable group. In particular, we obtain that S.N/ is a closed subgroup of
.SN ;b/.
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20 D. Dikranjan, E. Martín-Peinador and V. Tarieladze

(c) It is also known that the group .X .N/;bjX.N//^co is topologically isomorphic
with ..X^co/

N ;p/.

(d) An application of (c) for X D S gives that the group .S.N/;bjS.N//^ has car-
dinality c. It follows that bjS.N/ is not a compatible topology for .S.N/;pjS.N//

(cf. Proposition 5.2).

A good reference for the topological isomorphisms from (a) and (c) is [21], where
the topological duality between sums and product is thoroughly studied.

5 The case when A � XN is endowed with a group topology: ˇ-dual
versus topological dual.

So far we have seen that the ˇ-dual of a group of sequences A can be mapped
isomorphically into the algebraic dual Hom.A;S/. If A is further endowed with a
topology, then Aˇ could be related with the topological dual A^ D CHom.A;S/.
We are specially interested in the groups of the form c0.X/with the uniform topol-
ogy and more precisely under which conditions on X the topological dual can be
identified with the ˇ-dual.

In this section we will prove that for a complete metrizable groupX , the dual of
the topological group .c0.X/;u0/ algebraically coincides with the ˇ-dual. We al-
ready calculated the ˇ-dual for the particular group c0.S/ (Proposition 4.4), which
has interest in itself: in fact, from it we derive the first example of a metrizable lo-
cally quasi-convex group which is not LQC-Mackey (see Proposition 5.2).

The next proposition, playing a pivotal role in the computation of the dual of
.c0.X/;u0/, clarifies the properties of the injective group homomorphism

� W c0.X/
ˇ
! Hom.c0.X/;S/;

defined in Lemma 4.6 in a more general setting.

Proposition 5.1. LetX be a topological abelian group andG WD .c0.X/;u0/. The
following assertions hold:

(a) �..X^/.N//�G^, i.e., �h 2G
^ for any hD .�n/n2N 2 .X

^/.N/ � c0.X/
ˇ .

(b) G^ � Im� D ¹�h W h D .�n/n2N 2 c0.X/
ˇ º.

(c) IfX is complete metrizable (or, more generally, .c0.X/;u0/ is a Baire space),
then we have

G^ D Im� D ¹�h W h D .�n/n2N 2 c0.X/
ˇ
º

and the mapping � W c0.X/ˇ ! G^ is a group isomorphism.
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Group valued null sequences and metrizable non-Mackey groups 21

Proof. (a) As u0 � p0, we have �h 2 G
^, 8h D .�n/n2N 2 .X

^/.N/. The rest
follows from Lemma 4.6.

(b) Fix � 2 G^. We need to find h D .�n/n2N 2 c0.X/
ˇ such that � D �h. For

every n 2N the homomorphism �n WX !G is continuous, so �n WD � ı�n 2X^.
Let us see that h WD .�n/n2N meets the requirements.

Fix x D .xn/n2N 2 c0.X/. By Lemma 3.3 the sequence .
Pn
kD1 �k.xk//n2N

converges in G to x D .xn/n2N . Hence

�.x/ D lim
n
�

 
nX
kD1

�k.xk/

!
D lim

n

nY
kD1

�k.xk/: (5.1)

As x D .xn/n2N 2 c0.X/ is arbitrary, (5.1) implies that h D .�n/n2N 2 c0.X/
ˇ

and � D �h.
(c) Taking into account (b), we only need to see that G^ � Im�. To this end,

fix h D .�n/n2N 2 c0.X/
ˇ . As already noted, �h W c0.X/! S is a group homo-

morphism. For n 2 N, set hn D .�1; : : : ; �n; 1; 1; : : : /. Then hn 2 .X^/.N/ and
hence

�hn
2 G^; n D 1; 2; : : : : (5.2)

Clearly,
lim
n
�hn

.x/ D �h.x/; 8x D .xn/n2N 2 c0.X/: (5.3)

SinceX is complete metrizable, by Proposition 3.4 (c), the groupG D .c0.X/;u0/
is complete metrizable too. In particular, G D .c0.X/;u0/ is a Baire space. This
and relations (5.2) and (5.3), according to Osgood’s theorem [22, Theorem 9.5]
imply that the function �h has a u0-continuity point x D .xn/n2N 2 c0.X/. Since
�h is a group homomorphism, we get that �h is u0-continuous. Therefore, we ob-
tain �h 2 G

^.

Now we are ready to give the first example of a precompact metrizable group
which is not a Mackey group in LQC:

Proposition 5.2. For X D S the following assertions hold:

(a) (cf. [23, Lemma]) .c0.S/;p0/^ D .c0.S/;u0/^. In particular, .c0.S/;u0/^ is
countable.

(b) u0 is a compatible locally quasi-convex Polish group topology for .c0.S/;p0/.
Further, .c0.S/; u0/ is connected and monothetic.

(c) .c0.S/;p0/ is a precompact metrizable group which is not a Mackey group in
LQC.

Proof. (a) Since p0 � u, we have .c0.S/;p0/^ � .c0.S/;u0/^. To prove the con-
verse inclusion, fix an arbitrary � 2 .c0.S/;u0/^. By Proposition 5.1 (b), there is
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a sequence h D .�n/n2N 2 .c0.S//
ˇ such that � D �h. By Proposition 4.4,

c0.S/
ˇ
D .S^/.N/:

Therefore we have � D �h, where h D .�n/n2N 2 .S
^/.N/. Consequently, we get

� 2 .c0.S/;p0/^ and the first part of (a) is proved. The second part of (a) follows
from the first one because .c0.S/;p0/^ is algebraically isomorphic to .SN ;p/^.

(b) By Proposition 3.4, u0 is a locally quasi-convex Polish group topology. It
is compatible for .c0.S/;p0/ by (a). The last two assertions are respectively con-
tained in Proposition 3.4 (c) and Example 3.6.

(c) Observe that .c0.S/;p0/ is a topological subgroup of the compact metrizable
group .SN ;p/. Therefore it is metrizable and precompact. By (b), u0 is a locally
quasi-convex group topology compatible for .c0.S/;p0/ and strictly finer than p0
(by Proposition 3.4). This finally proves that .c0.S/;p0/ is not a Mackey group in
LQC.

Remark 5.3. It follows from Propositions 3.4 and 5.2 (a) that .c0.S/;u0/ is a non-
precompact locally quasi-convex group with countable dual .c0.S/;u0/^; conse-
quently by Theorem 1.8 .c0.S/; .u0/C/ is a metrizable precompact group which is
not a Mackey group in LQC. Observe that (again by Proposition 5.2 (a)) we have
.u0/

C D p0 and we get a second proof of Proposition 5.2 (c).

We shall see below that the group S in Proposition 5.2 can be replaced by an
arbitrary non-trivial compact connected metrizable group (see Theorem 7.3). How-
ever the proof of this fact will require a careful preparation, to which the rest of
the paper is devoted.

6 The class B

In this section we introduce a large class of compact metrizable groups X that can
be used as input in Proposition 5.2.

Definition 6.1. For a topological abelian group X , let

�abs.X/ WD ¹� 2 X
^
W .�.xn//n2N 2 ss.S/; 8x D .xn/n2N 2 c0.X/º:

Clearly, �abs.X/ is a subgroup of X^. Denote by B the class of groups X such
that �abs.X/ D ¹1º.

Remark 6.2. Let X be a topological abelian group.

(a) The notation �abs.X/ is justified by the following facts easy to prove:

�abs.X/ D ¹� 2 X
^
W .�.xn//n2N 2 l.S/; 8x D .xn/n2N 2 c0.X/º:
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Taking into account the equality (3.4), for any character � 2 X^, we have

� 2 �abs.X/ iff
1X
kD1

j1 � �.xk/j <1; 8x D .xn/n2N 2 c0.X/:

(b) �abs.X/ can be described also by means of the diagonal homomorphism

� W X^ �! .X^/N :

Clearly, if � 2 X^, then � 2 �abs.X/ iff .�; �; : : : ; �; : : : / 2 c0.X/ˇ . There-
fore

�abs.X/ D �
�1.c0.X/

ˇ /:

Whenever c0.X/ˇ D .X^/.N/, �abs.X/ D ¹1º, and X 2 B. In particular, by
Proposition 4.4, S 2 B.

(c) The introduction of the class B is motivated by our ultimate aim to have the
equality c0.X/^ D .X^/.N/. More precisely, we show below (Theorem 6.3)
that X 2 B for a precompact group iff .c0.X/;u0/^ can be canonically iden-
tified with .X^/.N/. Thus, summarizing:

c0.X/
ˇ
D .X^/.N/ H) X 2 B;

whilst
X 2 B & X is precompact H) c0.X/

^
D .X^/.N/:

(d) If X admits a structure of a topological vector space over R, then it is easy to
see that X 2 B.

In what follows assume that c0.X/ is endowed with the topology u0. The dual
c0.X/

^ is a subgroup of the group Hom.c0.X/;S/, and the density of X .N/ in
c0.X/ allows the algebraic identification of c0.X/^ with a subgroup of .X^/N

contained in c0.X/ˇ (see also the assignment � 7! .�n/ from the proof of item (b)
of Proposition 5.1). In the sequel we denote by j W G^ ! .X^/N the assignment
� 7! .�n/, which actually is the inverse of � defined in the previous section. Then
j.G^/ � c0.X/

ˇ .

Theorem 6.3. If X 2 B is precompact and G WD .c0.X/;u0/, then

j.G^/ D .X^/.N/:

Hence the mapping � W .X^/.N/ ! G^ is a group isomorphism.

Proof. By Proposition 5.1.a/, we only need to see that � is surjective. To this end,
fix

h D .�n/n2N 2 j.G
^/ � c0.X/

ˇ
� .X^/N :

We have to see that, in fact, h 2 .X^/.N/.
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By using the u0-continuity of �h, we can find some V 2 N .X/ such that

�h.V
N
\ c0.X// � SC:

This implies
�n 2 V

F; 8n 2 N: (6.1)

By Proposition 2.2, the precompactness of X implies that the set V F is finite. For
� 2 V F let

N� WD ¹n 2 N W � D �nº:

Let us prove that if N� is finite for every � 2 V F, we have � ¤ 1. Indeed, assume
that N� is infinite for some � 2 V F. Write N� as a strictly increasing sequence:
N� D ¹k1; k2; : : : º. From the fact that .�n/n2N 2 c0.X/

ˇ by Lemma 4.3 we con-
clude that .�kn

/n2N 2 c0.X/
ˇ . Hence we have .�; �; : : : ; �; : : : / 2 c0.X/ˇ , and so

� 2 �abs.X/. As X 2 B, we obtain that � D 1. This proves our claim.
As the set V F is finite and since the above claim implies that each 1 ¤ � 2 V F

may appear only finitely many times as a coordinate �n D � of h, we deduce that
for some n0 2 N we have �n D 1, 8n � n0. Consequently,

h D .�n/n2N 2 .X
^/.N/

and the surjectivity of � is proved.

Corollary 6.4. IfX 2 B is a non-trivial precompact group andG WD .c0.X/;u0/,
then jG^j D jX^j.

Proof. Any nontrivial precompact group X 2 B is infinite. Indeed, if X were fi-
nite, then c0.X/ would coincide with X .N/. But then �abs.X/ ¤ 1, which contra-
dicts the fact that X 2 B. Thus, X^ is infinite as well. According to Theorem 6.3,
.X^/.N/ Š G^. Hence, jG^j D j.X^/.N/j D jX^j.

Properties of the class B

Proposition 6.5. Let X be a topological abelian group.

(a) If either cs.X/ D c0.X/ or X has no non-trivial convergent sequences, then
�abs.X/ D X

^.

(b) If cs.X/ D c0.X/ and X^ ¤ ¹1º, then X 62 B.

(c) If X has a linear topology, then X 2 B if and only if X is indiscrete.

(d) If X ¤ ¹0º is locally compact and totally disconnected, then X 62 B.

(e) IfX has no non-trivial convergent sequences andX 2 B, thenX is minimally
almost periodic.
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Proof. Statement (a) is easy to verify and (b) follows from (a).
(c) By Proposition 3.8 (a), cs.X/ D c0.X/, so item (b), along with X 2 B, im-

plies X^ D ¹1º. Since the topology of X is linear, from X^ D ¹1º we deduce
that X is indiscrete whenever X 2 B. Viceversa, indiscrete groups are minimally
almost periodic, so X 2 B in such a case.

Finally, (d) follows from (c) since our hypotheses imply that X has a linear
topology ([20, Theorem II.7.7, p. 62]).

(e) According to item (a), �abs.X/ D X
^. HenceX 2 B yieldsX^ D ¹1º.

Obviously, to the equivalent conditions of item (c) of the above proposition one
can add also “X is minimally almost periodic”.

It follows from item (b) of the next lemma that the class B is stable under taking
continuous homomorphic images and under taking completions.

Lemma 6.6. For topological abelian groups X; Y and ' 2 CHom.X; Y / one has:

(a) '^.�abs.Y // � �abs.X/.

(b) If X 2 B and '.X/ is dense in Y , then Y 2 B.

(c) If n.X/ is the von-Neumann’s kernel of X , then X 2 B iff X=n.X/ 2 B.

Proof. Statement (a) is easy to verify.
(b) By the assumption �abs.X/ D ¹1º and from (a) we get '^.�abs.Y // D ¹1º.

Now it remains to note that '^ is injective by the density of '.X/ in Y .
(c) The implication X 2 B H) X=n.X/ 2 B follows from (b). The implica-

tion X=n.X/ 2 B H) X 2 B follows from the fact that the canonical homomor-
phism ' W X ! X=n.X/ induces an isomorphism '^ W .X=n.X//^ ! X^.

Now we prove that the class B is stable also under arbitrary direct products.

Proposition 6.7. Let I be a non-empty index set and let .Xi /i2I be a family of
topological groups. Then the cartesian product

Q
i2I Xi belongs to B iff Xi 2 B

for every i 2 I .

Proof. Assume that Xi 2 B for every i 2 I . Fix ' 2 .
Q
i2I Xi /

^. It is known
(see, e.g., [4] or [15, Exercise 2.10.4 (g, h)]) that there is a family

.�i /i2I 2
Y
i2I

X^i

such that j¹i 2 I W �i ¤ 1ºj <1 and

'.x/ D
Y
i2I

�i .xi /; 8x D .xi /i2I 2
Y
i2I

Xi :

Suppose now that ' 2 �abs.
Q
i2I Xi /. It is easy to see that �i 2 �abs.Xi /; 8i 2 I .
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From the assumption �abs.Xi / D ¹1º; 8i 2 I , we get that �i D 1; 8i 2 I . Hence
' D 1 and so �abs.

Q
i2I Xi / D ¹1º.

The converse follows from Lemma 6.6 (b).

Description of the class B

Here we offer a complete description of the metrizable groups and the LCA group
in B (see Theorem 6.12 and Corollary 6.13). The following notion due to En-
flo [17] is a cornerstone in the sequel.

Definition 6.8 ([17, p. 236]). A topological group X is called locally generated if

hV i D X; 8V 2 N .X/:

It is easy to observe that a topological group X is locally generated iff

X D

1[
kD1

.V C � � � k summands
C V /; 8V 2 N .X/:

Lemma 6.9. A topological group X is locally generated iff X has no proper open
subgroups.

Proof. IfX has a proper open subgroup, then obviously it is not locally generated.
Conversely, if X it is not locally generated, then for a symmetric open V 2 N .X/

the open subgroup H WD hV i is proper.

Corollary 6.10. If H is a dense subgroup of a topological group G, then H is lo-
cally generated iff G is locally generated.

Proof. If A is a proper open subgroup of H , then its closure is a proper open sub-
group of G. On the other hand, if C is a proper open subgroup of G, then C \H
is a proper open subgroup of H . Now Lemma 6.9 applies.

Further easy properties and known facts of the locally generated groups are
collected in the next remark.

Remark 6.11. (a) By Lemma 6.9, all connected topological groups are locally ge-
nerated (see also ([20, Theorem II.7.4]). On the other hand, every locally gene-
rated locally compact group is connected ([20, Corollary II.7.9]).

(b) From (a) and Corollary 6.10 one can deduce that a locally precompact group
is locally generated iff its completion is connected (i.e., the locally generated
locally precompact groups are precisely the dense subgroups of the connected
locally compact groups).
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(c) By Corollary 6.10, the additive group of rational numbers Q with the usual
topology is a metrizable locally generated group which is totally disconnected.
A complete metrizable locally generated topological abelian group may also
be totally disconnected ([17, Example 2.2.1]).

Theorem 6.12. Let X be a topological abelian group.

(a) If X 2 B, then X is locally generated.

(b) If X is locally generated and metrizable, then X 2 B.

Proof. (a) Take an open subgroup H of X . Then the quotient X=H is discrete, so
X=H 2 B by Lemma 6.6 (b). This implies that X=H is a singleton by item (c) of
Proposition 6.5. Hence, H D X and by Lemma 6.9 X is locally generated.

(b) Take a character � 2 X^ n ¹1º. In order to prove that � … �abs.X/, we must
find a sequence .xn/n2N 2 c0.X/ such that 

nY
kD1

�.xk/

!
n2N

is not convergent in S.
As � 2 X^ n ¹1º, there is x 2 X such that �.x/ ¤ 1. Let ¹V1; V2; :::º be a basis

for N .X/ such that Vn � VnC1, n D 1; 2; : : : . Since X is locally generated,

X D

1[
kD1

.Vn C � � �
k summands

C Vn/; 8n 2 N:

Thus, for a given n 2 N we can find kn 2 N such that

x 2 Vn C � � �
kn summands

C Vn:

Therefore, we can also find a finite sequence xn;1; : : : ; xn;kn
such that

x D

knX
iD1

xn;i and xn;i 2 Vn for i D 1; : : : ; kn:

Let

m0 D 0 and mn WD

nX
iD1

ki ; n D 1; 2; : : : :

Define now a sequence .xj /j2N as follows: find for j 2 N the unique n 2 N with
mn�1 < j � mn and put

xj WD xn;j�mn�1
:
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Clearly,
x1 D x1;1; : : : ; xm1

D x1;m1
;

xm1C1 D x2;1; : : : ; xm2
D x2;k2

;

xm2C1 D x3;1; : : : ; xm3
D x3;k3

;
:::

and
xj 2 Vn; j > mn�1; n D 1; 2; 3; : : : :

The last relation, since mn !1 and .Vn/n2N is a decreasing basis for N .X/,
implies that the sequence .xj /j2N converges to zero in X . Now,

mnY
jDmn�1C1

�.xj / D

knY
iD1

�.xn;i / D �

 
knX
iD1

xn;i

!
D �.x/ ¤ 1; n D 1; 2; 3; : : : :

Consequently, .
Qn
jD1 �.xj //n2N is not a Cauchy sequence in S and hence it is

not convergent.

Since connected groups are locally generated, we obtain:

Corollary 6.13. A metrizable abelian group X 2 B iff X is locally generated. In
particular, B contains all connected metrizable groups.

Remark 6.14. (a) As B contains all minimally almost periodic groups (see Lem-
ma 6.6 (c)), from Theorem 6.12 (a) we conclude that a minimally almost pe-
riodic group is necessarily locally generated. In [15, p. 21] this observation is
used for producing a Hausdorff group topology � in Z.N/ such that .Z.N/; �/
is minimally almost periodic.

(b) According to the above corollary and to Corollary 6.10, if X is a dense sub-
group of a metrizable group Y , then X 2 B iff Y 2 B. Metrizability cannot
be removed here, since there exist even compact groups Y 2 B, with a dense
and sequentially closed connected subgroup X 62 B (see Remark 6.16 (a)).

The following theorem implies, in particular, that the metrizability assumption
can be removed from Theorem 6.12 (b) in the locally compact case (however this
cannot be done in general, see Remark 6.16).

Theorem 6.15. For a locally compact abelian group X TFAE:

(i) X 2 B.

(ii) X is locally generated.

(iii) X is connected.
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Proof. (i) H) (ii) By Theorem 6.12 (a), (i) implies that X is locally generated.
The implication (ii) H) (iii) follows from [20, Corollary 7.9].
(iii)H) (i) Take � 2 �abs.X/ and let us verify that � D 1. To this end, consider

the set
A D

[
'2CHom.R;X/

'.R/:

Let us see first that
�jA D 1: (6.2)

Fix ' 2 CHom.R; X/ and set H D '.R/. Clearly,

�jH 2 �abs.H/:

By Theorem 6.12 (b), R 2 B. By Lemma 6.6 (b),

H D '.R/ 2 B

too. Therefore,
�jH 2 �abs.H/ D ¹1º and �jH D 1:

Consequently (6.2) is proved.
Clearly, (6.2) implies

�jhAi D 1: (6.3)

Now, according to [20, Theorem 25.20, p. 410] the connectedness of X implies
that hAi is a dense subgroup of X . From this and (6.3) we obtain that � D 1.

Remark 6.16. (a) Local compactness is essential for the implication (iii) H) (i)
of Theorem 6.15. Indeed, that implication may fail in general even for a pseu-
docompact group X . In fact, according to [19, Corollary 2.10] (see also [27,
Remark 3.4]) there exists an infinite connected pseudocompact abelian group
X without non-trivial convergent sequences. By Proposition 6.5 (e), X 62 B

for such a group is MAP. Consistent examples of connected countably com-
pact groups without infinite compact subsets can be found in [16, Corol-
lary 2.21] (note that in both cases the groups are sequentially complete). In
connection with item (b) of Remark 6.14, we note that the completion Y of X
is a compact connected group, so Y 2 B according to Theorem 6.15.

(b) From the proof of Theorem 6.12 (b) and (ii) H) (i) of Theorem 6.15 it fol-
lows that if a locally generated Hausdorff topological abelian group X is ei-
ther complete metrizable or locally compact, then c0.X/¤ ss.X/.

Another class of non-metrizable groups in B can be obtained from Proposi-
tion 6.7.
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7 Applications of the class B

Groups with countable dual

Proposition 7.1. LetX ¤ ¹0º be a compact abelian group andG WD .c0.X/;u0/.

(a) If X is connected, then jG^j D jX^j.

(b) If X is connected and metrizable, then jG^j D @0.

(c) If X a metrizable and disconnected, then jG^j D c.

Proof. Statement (a) follows from Corollary 6.4 via implication (iii) H) (i) of
Theorem 6.15.

Statement (b) follows from Theorem 6.12 (b) and the equality jX^j D @0 (Pro-
position 2.3).

(c) It is easy to verify that

� 2 �abs.X/ H) ¹1; �º
N
� c0.X/

ˇ : (7.1)

Since X is compact metrizable, by Proposition 5.1 (c) we get

� 2 �abs.X/; h 2 ¹1; �ºN H) �h 2 G
^: (7.2)

Now by Theorem 6.15, X 62 B and consequently there exists � 2 �abs.X/, with
� ¤ 1. Then j¹1; �ºN j D c. Therefore

¹�h W h 2 ¹1; �ºNº � G^

and since the correspondence h 7! �h is injective, we get that jG^j � c.

The following statement shows that Proposition 7.1 (b) is the best possible in
the class of locally compact groups.

Proposition 7.2. For an infinite locally compact Hausdorff topological abelian
group X TFAE:

(i) X is compact connected and metrizable.

(ii) j.c0.X/;u0/^j D @0.

Proof. The implication (i) H) (ii) is a consequence of Proposition 7.1 (b).
(ii) H) (i) Let us see first that X is compact and metrizable. To this end, write

G WD .c0.X/;u0/. Let ' W G ! X be the first projection, i.e., the mapping which
sends .xn/n2N to x1. Then '^ W X^ ! G^ is injective. So jG^j D @0 implies
that jX^j � @0 and by Proposition 2.3 we get that the group X is compact metriz-
able. The fact thatX is connected derives from Proposition 7.1 (c) and the equality
j.c0.X/;u0/

^j D @0 .
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Now we are in a position to prove our Main Theorem. Let us note that it provides
a characterization of the connected groups in the class of all compact metrizable
abelian groups.

Proof of the Main Theorem. We have to prove that for an infinite compact metriz-
able abelian group X TFAE:

(i) X is connected.

(ii) .c0.X/;u0/^ D .X^/.N/.

(iii) j.c0.X/;u0/^j D @0.

(iv) j.c0.X/;u0/^j < c.

The implication (iii)H) (iv) is trivial, the implications (i)H) (ii)H) (iii) fol-
low from Proposition 7.1 (a) and the implication (iv) H) (i) follows from Propo-
sition 7.1 (c).

In order to prove the last assertion, assume that X is connected. Then, by Pro-
position 3.4, .c0.X/;u0/ is connected.

The following theorem provides a wide class of precompact metrizable groups
which are not Mackey in LQC, extending thus the result of Proposition 5.2 and
Theorem 1.8.

Theorem 7.3. Let X be a non-trivial compact connected metrizable group. Then
we have:

(a) .c0.X/;p0/^ D .c0.X/;u0/^.

(b) u0 is a locally quasi-convex connected Polish group topology compatible for
.c0.X/;p0/.

(c) .c0.X/;p0/ is a precompact metrizable connected non-Mackey group.

Proof. (a) Since p0 � u0, we have

.c0.X/;p0/
^
� .c0.X/;u0/

^:

To prove the converse inclusions, fix an arbitrary � 2 .c0.X/;u0/^. By the Main
Theorem, there exists hD .�n/n2N 2 .X

^/.N/ such that � D �h. Consequently,

� 2 .c0.X/;p0/
^

and (a) is proved.
(b) By Proposition 3.4, u0 is a locally quasi-convex Polish group topology,

and by (a) it is compatible for .c0.X/;p0/. Connectedness follows from Proposi-
tion 3.4 (c).
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(c) .c0.X/;p0/ is a precompact metrizable group because it is a topological
subgroup of the compact metrizable group .XN ;p/. It is not a Mackey group in
LQC because by (b) u0 is a locally quasi-convex group topology, compatible for
.c0.X/;p0/ and strictly finer than p0 (Proposition 3.1 (a1)). Connectedness fol-
lows from item (b), as p0 � u0.

Remark 7.4. (a) Using the ideas from the above proofs it can be established that
for every non-trivial compact connected metrizable group X the group c0.X/
carries exactly c many connected separable metrizable locally quasi-convex
non-Mackey topologies compatible with p0. A detailed proof will be given
elsewhere.

(b) One cannot use the groupG D .XN ;u/ instead of .c0.X/;u0/ in Theorem 7.3
since

jG^j D 2c:

This follows from the following more general fact that we mention without
proof: if X ¤ ¹0º is a compact group and G D .XN ;u/, then

jCHom.G;X/j � 2c:

8 Open questions

The problem of existence of G -Mackey topologies is not discussed in this paper.
It was raised in [10, Question 1, p. 275] for G D LQC, and it still remains open
even for that case.

It follows from [10, Proposition 5.4] that every non-meager .G;�/ 2 LCS is a
Mackey group in LQC.

Conjecture 8.1. Every metrizable .G;�/ 2 LCS is a Mackey group in LQC.

We do not even know if R.N/ with the topology induced from the product space
RN is a Mackey group in LQC.

Conjecture 8.2. Proposition 5.1 (c) remains true for a (not necessarily complete
metrizable) topological abelian group.

It is clear that if G is a discrete group, then G is a Mackey group in MAP.

Conjecture 8.3. If G 2 MAP is a Mackey group in MAP, then G is a discrete
group.

Conjecture 8.3 in terms of the Mackey topology can be reformulated as follows.
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Conjecture 8.4. If for a given precompact topological group .G; �/ there exists
the MAP-Mackey topology inG associated with �, then � is the finest precompact
group topology in G.

Finally, we reformulate Conjecture 8.3 for LCA groups:

Conjecture 8.5. If G 2 LCA is a Mackey group in MAP, then G is a discrete
group. In particular, R is not a Mackey group in MAP.

Remark 8.6. According to Example 1.7, a non-complete precompact metrizable
.G;�/ can be a Mackey group in LQC. It is also known that every locally pseu-
docompact .G;�/ is a Mackey group in LQC (cf. [13]). An internal description of
groups .G; �/ 2LQC which are Mackey in LQC is unknown.

Acknowledgments. We thank the referee for the careful reading of our manus-
cript, pointing out some errors and giving good hints of how to improve the text.
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