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0 Introduction

By a character of a group G we mean a homomorphism of G into the group
R/Z. If G is an abelian topological group, the set of all its continuous characters,
with addition defined pointwise and the compact-open topology, is a Hausdorff
abelian group; we call it the dual group or the character group of G and denote
it by G. We say that G is reflexive if the evaluation map is a topological
isomorphism of G onto G~ .

Let A be an open subgroup of an abelian topological group G. Venkataraman
[5] proved that if G is reflexive, then so is A (see, however, Remark 2.4 below).
Under certain additional assumptions, this result had been obtained earlier by
Noble [4, Corollary 3.4]. In Sect. 2 of the present paper we show that the
reflexivity of G is, in fact, equivalent to the reflexivity of 4. We also deal with
the relationship between the reflexivity of the groups G and G/K where K is
a compact subgroup of G.

An abelian topological group G is called strongly reflexive if all closed sub-
groups and Hausdorff quotient groups of G and G are reflexive. This notion
was introduced in [2] where countable products of lines and circles were investi-
gated (cf. Remark 3.2 below). The class of strongly reflexive groups comprises,
among other things, nuclear Fréchet spaces and countable products of locally
compact abelian groups [1, {17.3)]. More information on strong reflexivity can
be found in [1, Sect. 17].

Let G be an abelian topological group. Let 4 be an open and K a compact
subgroup of A. In Sect. 3 we prove that if A is strongly reflexive, then so is
G. Furthermore, if G/K is strongly reflexive and G admits sufficiently many
continuous characters (i.e. if continuous characters separate points of G), then
G is strongly reflexive, too. The converse statements are also true: see (3.1.d).

* Partially supported by D.G..C.Y.T. grant BE91-031
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1 Preliminaries

The group R/Z will be denoted by T. It is convenient to identify T with the
interval (— 4, 3] and, consequently, to treat characters as real-valued functions.

Let S be a subset of an abelian topological group G. By gp S we denote
the subgroup of G generated by S. Given a character y of G, we shall write

[x(S)|=sup{lx(g)l: geS}.
The set

{xeG :Ix(S)I =3

is called the polar of S; we shall denote it by S° If S is a subgroup of G,
then S° is a closed subgroup of G; it consists of all characters of G which
vanish on §.

(1.1) Lemma. The polars of compact subsets of an abelian topological group
G form a basis of neighbourhoods of zero in G .

The easy proof is left for the reader.

(1.2) Lemma. If U is a neighborhood of zero in an abelian topological group
G, then U° is a compact subset of G .

This is a standard fact; see e.g. [4, Lemma 2.2].

Let H be a closed subgroup of an abelian topological group G. We say
that H is dually closed in G if to each geG\H there corresponds a character
x€G ™ with X|H"O and x(g)=+0. Next, H is said to be dually embedded in G
if each continuous character of H can be extended to a continuous character
of G. The canonical homomorphisms G /H° - H and (G/H) — H°, defined
in the obvious way, are denoted by ¢4 and ¢*, respectively. Notice that ¢p
is a continuous injection; it is surjective if and only if H is dually embedded
in G. The mapping ¢ is a continuous isomorphism.

The evaluation map of G into G~ is denoted by «;. The verification of
the following simple fact is left to the reader:

(1.3) Lemma. If H is a dually closed subgroup of G, then ag(H)=H°® noag(G).

Let G, H be abelian topological groups and Y : G — H a continuous homomorph-
ism. The dual homomorphlsm Y H -G is defined by y (9)=yy, yeH ;
it is clear that ¥~ is continuous. A direct verification shows that the diagram

_ v . H

G

~~

Q
J‘g)
T,

is commutative.
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(14) Lemma. Let F, G, H be abelian topological groups. Let ¢p: F— G and -
G — H be continuous homomorphisms such that the sequence

0 F—?% .G6—Y¥Y sH 0

is exact. If \y is open, the sequence

Fret G Y u 0

is exact. If, in addition, ¢ is open, then ¢~ maps G~ onto F .

Proof. We have ker ¢y~ ={0} because (G)=H. We shall prove that ker ¢~
=imy . Each character y belonging to ker ¢  vanishes on ¢(F), hence on
ker . Since ¥ (G)=H, it follows that there is a unique homomorphism x: H—T
such that y=wy. As y is continuous and ¥ open, k is continuous. We have
¥ (x)=rxy = y. This proves that ker ¢ " <imy ". The opposite inclusion follows
from the equalities ¢ ¥ =y $) =0 =0.

The last assertion of the lemma follows, for instance, from the fact that
open subgroups are dually embedded (cf. (2.2.b)). O

(1.5) Lemma. Suppose we are given a commutative diagram

of abelian groups and their homomorphisms. Suppose further that o and y are
isomorphisms. If imy =H and ker ' =im ¢', then im f=G'. If ker ¢'={0} and
ker y =im ¢, then ker f={0}.

The proof consists in a direct verification.

(1.6) Lemma. Let G, H be Hausdorff groups (abelian or not) and let y: G- H
be a continuous homomorphism. Suppose that \y is open and its kernel is compact.
Then the following statements are true:

(@) Let (g;) be a net in G; if the net (Y(g)) has a cluster point in H, then (g))
has a cluster point in G.

(b) ¥ is a closed mapping.

(¢) The inverse images of compact subsets of H are compact subsets of G.

Proof. Statements (b) and (c) are standard. Besides, they follow easily from (a).
We shall prove (a).

Let e; and e, denote the neutral elements of G and H, respectively. We
Mmay assume that ey is a cluster point of (¥(g;). We shall prove that (g,) has
a cluster point in K:=ker y. Suppose the contrary. Then to each peK there
correspond an index i, and an open neighbourhood U, of p in G, such that
8:¢U, for i2i,. As K is compact, the open covering {U,},.x of K has a finite
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subcovering {U,},.s. Then U={) U, is an open subset of G containing K,
peS

and g;¢U for all sufficiently large i, say, for i=i,. As K is compact, there

is a neighbourhood V of ¢; with KV<U. Then (V) is a neighbourhood of

ey, and Y(g)¢y (V) for iz i,, contrary to our assumption that ey is a cluster

point of ((g). [J

2 Open subgroups and duality

(2.1) Lemma. Let G, H be abelian topological groups and \y: G — H a continuous
homomorphism. Suppose that y is open, maps G onto H, and that ker y is compact.
Then the dual homomorphismy - H — G is open.

The assumption that y/(G)= H may be dropped; cf. Lemma 2.5 below.

Proof. Take an arbltrary compact subset X of H. In view of (1.1), it is enough
to show that ¥ (X°) is a nelghbourhood of zero in G . Denote K =ker .
It follows from (1.6.c) that KU~ '(X) is compact. Now, it is not hard to see
that (Kuy ™ '(X)° <y (X%, [

(2.2) Lemma. Let A be an open subgroup of an abelian topological group G.
Consider the canonical commutative diagram

0 A4 —* % 6 — % G4 — 0
(*) aq G 2G/A
0 AT, 6T (Gl T —— 0.

Then the following assertions are true:
(a) A is dually closed in G;

(b) A is dually embedded in G,

(c) AO is a compact subgroup of G~;
d) pu_ G — A is open and surjective;

(e) u 2 A" "= G "is open and injective;

) o4 GA/AO — A" is a topological isomorphism;
(8) ¢*:(G/A) "= A° is a topological isomorphism;
(h) both rows in diagram (*) are exact;

(i) A°is dually embeded in G ;

(G) A°is dually closed in G .

Proof. The discrete group G/A admits sufficiently many continuous ‘characters,
which proves (a). For (b), see [4, Lemma 3.3]. Statement (c) follows from (1.2).

Now, (b) says that u : G~ > A" is surjectlve To prove that u is open,
take an arbitrary compact subset X of G. In view of (1.1), we only have to
show that 1 (X°) is a neighbourhood of zero in A . As v(X) is finite, the group
C=gpv(X) is a direct sum of some cyclic subgroups C,, ... C For each k
=1,...,n, choose a generator ¢, of C, and then some g,ev” (ck) let s, bc
the order of C,.
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Let us denote D=gp{g,}i-,, [={k: s, <o} and
O={pi g+ - +Pu8P1,....Pu€ZLand 0< p, <s, for kel}.
It is not hard to see that we can find a compact subset Yof 4 such that
(1) XcY+Q.

The set
- \ 1
U=<yed :{x(Yu{s, gk}kel)lé%

is a neighbourhood of zero in A™; we shall prove that U < u " (X°).

Let us take an arbitrary yeU. We shall treat characters as functions with
values in the interval (—1,4]. Given a real number x, by (x> we shall denote
the number ye(—1,4] for which x—yeZ. For each kel, let us write r,=

sy ! (s, 2,). Then the formula

(2) K<a+ > D gk>=<x(a)+ Y rk> (acA;py,...,pu€Z)
k=1

kel

defines a character k of A+ D; the verification of this simple fact is left to
the reader. One has k| ,=y. Since A4 is open, k is continuous. Now, by (b),
we can extend x to some ReG (A + D is an open subgroup of G). Then p (%)
=K 4=y Finally, it follows easily {from (1), (2) and the definition of U that
[R(X)|=x(X)| <4, i.e. that e X°. This completes the proof of (d).

Statement (e) follows from (c), (d) and (2.1), because ker i~ = A4°. Next, (f)
is a direct consequence of (d), while (g) follows from the compactness of (G/A) .

As the upper row in () is exact, (1.4) implies that the sequence

0 A"t G (G/A) "0

is exact, too. Applying (1.4) once again and using (d), we see that the lower
row in (*) is exact (v is surjective because such are v and ag,,). This proves
(h).

To prove (i), consider the identity embedding 1: A° - G~ and the commuta-
tive diagram

G (G4

. (@4~

(40) s (A0

As v is surjective, and (g) implies that (¢4 " is a topological isomorphism,

it follows that 1 maps G onto (A%, ie. that (i) is satisfied. Finally, (j) is
a direct consequence of (f). [
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(2.3) Theorem. Let A be an open subgroup of an abelian topological group G.
Then A if reflexive if and only if G is reflexive.

(2.4) Remark. The “if” part was obtained by Venkataraman [5, Corollary 6.3].
However, the proof presented in [5] includes serious inaccuracies and we give
another proof below.

Proof of (2.3) Consider the diagram (*) of (2.2). We may write

(1) Lo, =o0g

Suppose that A is reflexive. Then it follows from (1.5) and (2.2.h) that a; is
an algebraic isomorphism (x4 is an isomorphism because G/A is discrete).
Moreover, (1) and (2.2.¢) imply that og 4 is continuous and open. As A is an
open subgroup of G, it follows that ag is a topological isomorphism.
Conversely, suppose that G is reflexive. A direct verification shows that
ag(A)cpu (4" 7)< A°°. From (1.3) and (2.2.a) we get o (A)=A; thus og(A4)=
p (A4 )=A°°. This allows us to draw the commutative diagram

A —94 5 4

1

x4 ags

o~ I’y

A AOO

where p'(()=u" () for {eA™ ", and ay(a)=0g(a) for aeA. As G is reflexive,
% is a topological isomorphism. Next, (2.2.¢) implies that g’ is a topological
isomorphism, too. Then we may write a,=(u')"'a, which means that o, is
a topological isomorphism. []

(2.5) Lemma. Let G, H be Hausdor{f abelian groups and y: G — H a continuous
homomorphism. Suppose that \y is open and its kernel is compact. Then the dual
homomorphism " H™ — G is open, its kernel being compact, too.

Proof. The compactness of ker ¥~ =y(G)° follows from (1.2). To prove that
Y is open, consider the canonical factorization

]

G ——

L

G/K —¥— y(G)

where K =ker y, and ¢, is the identity mapping. Naturally, vy, is a topological
isomorphism of G/K onto ¥(G), so that Y, is a topological isomorphism of
¥(G) ~ onto (G/K) Now, (2.1) and (2.2.d) imply that ¥, and y are open,
and therefore so is l// =y Yovs. O

(2.6) Theorem. Let K be a compact subgroup of a Hausdorff abelian group G.
If G admits sufficiently many continuous characters and G/K is reflexive, then
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G is reflexive. Conversely, if G is reflexive and K dually closed in G, then G/K
is reflexive.

Proof. Suppose first that G admits sufficiently many characters and G/K is reflex-
ive. Consider the canonical commutative diagram

0 K £ G * G/IK ——0

K™t 67— (G/K)

Its upper row is exact. Hence, by (1.4) the sequence

K «* G« (G/K) ——0

is exact, too. Lemma 2.1 says that v " is open. Set F=u (G") and let 6: G~ — F
be the homomorphism given by o(y)=p (x) for ye G . Then the sequence

PN

0 Fe? G > (G/K) «—0

is exact, and ¢ 1s open because F is discrete. So, by (1.4), the sequence

0— > F — % G 25 (G/K) ——0

is exact. As K~ is discrete, F is dually embedded in K. Hence imo =impu
so that imu~ =kerv . Now, (1.5) shows that a; maps G onto G . That o
is injective follows from our assumption that continuous characters separate
points of G.

If o; were not open, there would exist a neighbourhood U of zero in G
and a net (g;) in G, such that g;¢ U and a;(g;) » 0. Hence a4 v(g) =V Tog(g) -0
and, consequently, v(g;) =0 because ag;x is a topologlcal isomorphism. Then,
by (1.6.a), we could find a finer net (g}) converging to some geG. As gi¢U,
we would have g =0 and, therefore, x(g)+0 for some ye G~ because G~ separates
points of G. On the other hand, we would have

x(g)=x(im gj)=lim y(g})=lim o (g})(x) =0,

which is a contradiction. Thus « is open.

The proof of continuity is similar. Let {(g;) be a net converging to zero in
G and V a neighbourhood of zero in G, such that ag(g)¢V for every i. Then
v oag(g)=agkv(g) — 0. Applying (2.5) twice, we see that v is open, and its
kernel is compact. So, according to (1.6.a), we can find a finer net (g such



202 W. Banaszczyk et al.

that o;(g}) converges to some LeG™" As xg(g)¢V, we have {40 and hence
{(x)#0 for some yeG . On the other hand

{0 =1lim a(g5) () =1lim y(g5) =0,

which is impossible. This proves that « is continuous.

Conversely, let G be reflexive and K dually closed in G. According to (1.3),
we have ag(K)=K°° and we may identify G/K with G~ /K°°. But H==K? is
an open subgroup of the reflexive group G~ and (2.2.f) says that ¢y: G~ /K
— H' is a topological isomorphism. Furthermore, (2.3) implies that H is reflexive.
Thus, G/K is topologically isomorphic to the reflexive group H . []]

3 Strong reflexivity

(3.1) Proposition. Let H be a closed subgroup of a strongly reflexive group G.
Then

(a) H is dually closed in G;

(b) H is dually embedded in G;

(©) ¢y: G /H® > H and $": (G/H) "= H° are topological isomorphisms;
(d) H and G/H are strongly reflexive.

Proof. (a) As G is strongly reflexive, G/H is reflexive. In particular, G/H admits
sufficiently many continuous characters, which means that H is dually closed
in G.

(b) Since G is reflexive, it follows from (a) and (1.3) that ag,y is a topological
isomorphism of H onto H°?; let y: H°® — H be the inverse isomorphism. Let
us write P=G~ and Q=H°.

Choose any ye H . Then the sequence

(P/Q) " —*5 Q°=H® — > H—2 T

shows that yy¢2e(P/Q) ~. By assumption, P/Q is reflexive, so that we may
write xy ¢ =ap,(£) for some e P/Q. Let y: P— P/Q be the canonical projec-
tion. Then &=y (k) for a certain ke G and a direct verification shows that
Kig=X-

Having proved (a) and (b), we can derive (c) and (d) from Propositions 12
and 13 of [2] (cf. Remark 3.2 below). [

(3.2) Remark. Strong reflexivity is closely connected with the notion of strong
duality, introduced in [2]. Statements (a) and (b) of (3.1) show that assumption
(1) in Proposition 12 from [2] is dispensable. This means that a duality between
abelian topological groups G and H is strong if and only if both G and H
are strongly reflexive. Thus, an abelian topological group G is strongly reflexive
if and only if the natural homomorphism G~ x G — T is a strong duality.

(3.3) Theorem. Let A be an open subgroup of an abelian topological group G.
Then A is strongly reflexive if and only if G is strongly reflexive.
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Proof. The “if” part is a consequence of (3.1.d). So, suppose that A4 is strongly
reflexive. Let H be a closed subgroup of G and F a closed subgroup of E:=G .
We have to show that the groups H, G/H, F and E/F are reflexive.

The group H n A is reflexive, being a closed subgroup of the strongly reflexive
group A. On the other hand, Hn A4 is an open subgroup of H, and (2.3) implies
that H is reflexive.

Next, consider the canonical commutative diagram

A —_— G

L

AHAA)—L— G/H.

It is clear that f is open; then it is a topological isomorphism of A/(H n A)
onto its image in G/H. Now, A/(H n A) is reflexive, being a Hausdorff quotient
of the strongly reflexive group 4. Consequently, im f is a reflexive open subgroup
of G/H, and (2.3) implies that G/H is reflexive.

1t follows from (2.2.c) that K:=A° is a compact subgroup of E. Next, (2.2.f)
implies that
{*} E/K is strongly reflexive.

Consider the canonical commutative diagram

F —— F+K —— E

]

FAF nK)—2— (F+K)/K —2— E/K.

It is clear that p is a continuous isomorphism. Naturally, 1 is closed, and ¢

is closed due to (1.6.b). Therefore p is closed, which means that p is a topological

isomorphism of (F+ K)/K onto its image in E/K. Consequently, F/(FnK) is

topologically isomorphic to a closed subgroup of E/K. Now () implies that

FAF ~K) is reflexive and then F is reflexive owing to (2.6} (being a dual group,

E admits sufficiently many continuous characters and, therefore, so does F).
Next, consider the canonical commutative diagram

E/K - E —Y— EJF

L

(E/K)/u(F) «—~— E/(K + F) —Y— (E/F)/v(K).

h_ is clear that u’ and v are topological isomorphisms (all mappings in the
diagram are continuous and open). It follows from (*) that (E/K)/u(F) is reflexive.
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Consequently, so is (E/F)/v{K) and, in view of (2.6), to prove that E/F is reflexive
we only need to verify that F is dually closed in E.

Take any ecEN\F. If e¢ F+ K, then u(e)¢ u(F). By (*) and (1.6.b), there is
some ye(E/K) ~with ey =0 and y(u(e))#+0; then yp is a continuous character
of E which takes F, but not e, to zero.

So, suppose that ee F + K ; then e=f 4+ k for some fe F and ke K\ F. Consider
the canonical sequence

K—— F+K—2— (F+K)/F.

It is clear that 6y maps K onto (F + K)/F, and §y(k)%0. So, (F + K)/F is compact
and there is a character y' of (F+ K)/F with y'(dy(k))30. Then y=y'd is a
continuous character of F+K with xy=0, and y(e)=yx(f+k)=x(f)+ (k)
=y (k)=yx (k)= (6y(k))*0.

Now, (2.2.1) says that K is dually embedded in E. Therefore we can find
some k€ E_ with Kix = yk- Let &’ =xp,x. Then y —x" is a continuous character
of F+ K vanishing on K, so there is a continuous character ¢ of (F+ K)/K
with £¢=y—x'. Since o is a topological embedding, (*) implies that there is
some ne(E/K) with no=¢. A direct verification shows that the character nu+ x
of E is equal to y on F+K; thus (nu+x) =0 and (np -+ x)(e) +0, which proves
that F is dually closed in E. [J
(3.4) Corollary. Let K be a compact subgroup of a Hausdorff abelian group G.
If G admits sufficiently many continuous characters and G/K is strongly reflexive,
then G is strongly reflexive.

Proof. Let y: G— G/K be the canonical projection. Then (2.1) says that ¢ :
(G/K) "= G is open. Hence ¢*: (G/K) —K° is a topological isomorphism.
Now, K° is an open subgroup of G, and (3.3) implies that G~ is strongly
reflexive. Then G~ is strongly reflexive, too, but, by (2.6), we may identify G~
with G. [

(3.5) Remark. Kaplan [3] proved that the product of an arbitrary family of
reflexive groups is reflexive. It follows from (3.3) and (3.4) that the product
of a strongly reflexive group and a discrete or compact one is strongly reflexive.
It is not known whether the product of a strongly reflexive group and the
real line (or an arbitrary locally compact abelian group, which is the same
in the given case) has to be strongly reflexive. The product R, of countably
many real lines is strongly reflexive, but R, x R is not [1, (17.7)].
Acknowledgement. The authors wish to thank the referee from the bottom of their hearts

for his endurance in the correcting of errors and inaccuracies in the successive versions of
the paper. ’
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