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Two geometr¡cconstantsfor operators acting
on a separableBanachspace

E. MARTIN, E. INDURAIN, A. PLANS and A. RODES

ABSTRACT.Ibe main resulí of this paperis the following: A separableBanachspace
Xis reflexive if andonlyit the infimum of tIte Gelfandnumberaof anyboundedlinear
operatordefinedon X can be computedby meansof just onesequenceof nested,
closed,finite codimensionalsubspaceswith nulí intersection.

INTRODUCTION

Let A be an operatorfrom a separableBanachspace IV into another
Banach spaceY For every Markushevichbasis of IV, (at,), we define two
numbers hÁ.(a,), HÁ,(a.), which gixte sorne geometrical insight about die
spaceX and also the operatorA. In fact reflexivity of X is characterizedby
stability of HA,<,,,) through changesof the M-basis, for every operator A, as
theorem 1 states.

In the framework of reflexive Banachspacesthese constantswill be
denotedsimply H4 anditA andthey coinciderespectivelywith the infimum of
the Oelfand numbersof A, and with a preciselower bound of the Bernstein
numbersof A defrnedby Zemanekin [11]. So we cometo the conclusion
stated in theorem 2, that the inf,mum of the Gelfand numberscan be
computed by means of a nestedsequenceof closed finite codimensional
subspacesof nulí intersection.

In the third part we relatethesenumbersalso with the spectralproperties
of A. Finally we seethat for theparticularcaseof a1-{ilbert spaeeIV, they are
exactlythe maximumand.theminimum of the limit points of thespectrumof
(A*A)l/

2.
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NOTATTONS, DEFINITiONS AND REMARKS

We denotea Banachspaceby letters such as X, Y The symbol [] will
standbr closedlinear span,audthe symbol ~‘4for weak convergence.An M-
basis wiJl be the short nameof a Markushevich basis, i.e. a fundamental
sequence(a,,) in a separableBanachspaceX, br which thereexistsanother
sequence(a~) in the dual IV’t, called theconjugatesequence,with a~,(a,,)=¿m.
and such thata~(x)=OVncN, implies x=0. It isa well known resulí that M-
basesalwaysexist in a separableBanachspace.

An M-basis (a,,) of X is called shrinking if for everyf of X’t

¡lilia ]
a — o,

Jameshas proven that this condition is equivalentto completenessof (afl in
IV’t, that is [(a’t)] — X *

Ihe set of alí boundedlinear operatorsfrom X into Y will be called
B(X, 19, añd ~L+(X, 1) will stand for the set of semi-Fredholm+ oper-
aíors, i.e. tbose bounded linear operators with closed range and finite
dimensíonalkernel.

1. Let X be a separableBanachspace,A eB(X, 19 and let (a,,) be an M-
basis of X. We define the two nurnbers:

HA (a,) =infllA¡
1a ~lI

and
JIA.(ajsup rn(¡4¡1~

where rn stands for minirnum modulus, je.

rn(A)= infilAxil
ll~II =

The firsí of thesenumbersleadsus to a charaeterizationof reflexivity of
IV, as can be seenin

Theorem 1. Tite Jbllowing staternentsare equivalent:
1. X is reflexive.
2. [‘or euery baundedlinear operator frorn X into an arbftrary Banadi

space Y HA. <,,> Es independent of tite M-basis (a,,).
3. For every feX’t, Hg (a,> is independent of tite M-basis (a,,).

Before giving die proof of the theoremwe state threelemmas,which are
easy to prove.
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Lemnia 1. If X is reflexive ant) separable,(a,,) cm M-basis of X ant)
X,,E[a,,, ...] with Ilx,,Il= 1, then x,,W.0.

Lemnia 2. Let (x,,) be a normalizedsequencein a Banacit spaceIV. Titen
x,,~40 ¿f ami only ~jffor every finite codirnensional,closed subspace E, there

It is a well known result, due to Zippin, that a BanachspaceX with a
basis is reflexive, if and only ib every basis of IV is shrinking. The following
lemmais a slight modification of this, not requiringthe spaceto havea basis.

Lemnia3. A separableBanachspaceIV is reflexive~f ant) only ~ every41-
basisof IV in shrinking.

Proof. If IV is reflexive a closedsubspaceF of X * which is total on X
must be the whole of X*. Thus, for every M-basis (a,,), [(a~fl]=~X’t and
equivalently (a,,) is shrinking.

Conversely, if X is non reflexive two casesarise. First, ib IV * is non
separable,no M-basis can be shrinking. Second,if X * is separable,by the
resultob GaposkinandKadets,(see [4] p. 120), for every total subspaceF of
X” there exists an M-basis (a,,) of X such that [(a’t)] —F Thus (a,,) is a
non shrinking M-basis.

Proof of theorem1

1) —.2) Let (a,,), (b,,) be two differentnormalized,M-basesof X. Denoteby
g,,#IAIía>~a ~¡¡. Clearly y,,~p72±~=.. ~0 and analogously!4=IIAkb iii-

Let (e,,) beadecreasingsequenceof real numberswith et,—~O. Choosefor
every n, x,,E[a,,, ...] such that lIx»II = 1 and Iw~ — IIAx,,lI j.c e,,. Uy lernma 1,
x,,~h0. For a fixed psN, take into account the descompositionIV = [b,
b~1] e [be, ...] and choose (4) in [br, ...], such tbat 11411 = 1 and

Clearly ¡ ¡Ax,,¡¡ — 11A4111=¡jA(x,,— xt)lj—.0 and 11A411 *HA, la.). For every
n~N, 1A411=IIAkb ]¡j=p~, and thus HÁ,ta.)=P’p(VpeN). Therefore

HA, (a.) =inbp’~ = HA, Ib.)
p

Changingthe rolesof (a,,) and(b,,), the conversemequalityis obtained,so
HA, í,,,~ = HA. (U, which we will calI HA.

2—+3 is obvious.
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3—4 AssumeX non reflexive. By lemma 3 thereLs a non shrinking 41-

basis (a,,) in X. Takeg«[(afl] and take a biorthogonal system(c,,, 4) with

= Ker g and(4) total on Ker g. Choosethen b1 eX such that

q(bí)=1 andb,,=C,,1 for n=2.Now (b,,) is an 41 basis of X with conjugate
system (b~) given by b?=g and b~±i=4—4(b1)g,n~2. Since ge[(b~fl],
Hg. ea.> = 0. On the other hand g ~[(4)], which implies Hg la.>½0. Thus

Remark 1. A parailelto the theorem,setting itA, (a.) insteadof HA, (,,,), does
not hold. Although 1)—*2) could be provedwith the sameargument,in 3)—*1)
we would obtain itj (a,) = O for every (a,,), nol dependingon reflexivity of X.

Reniark2. Recalí 4w following result of Milman andTumarkin: «For a
separableBanachspaceIV anda Sequence(E,,) of closedsubspacesof X such
thaI codirn E,,=n, E,,DE~+I VncN,andfl,,E,,={0}, thereexisís a bioríhogo-
nal systern (a,,, 4) such that [a,,+j, O,,+2, ...]=E,,». (see [4], thm 1.6).
According to it, theorem1 could be stated without referenceto an 41-basis,
only with a sequenceof nested subspacesof Imite codimensionand nuJí
intersection.

From now Ofl we abreviatehA and HA for hÁ4a.) and HA, (a.> respectively,
taking for granted that we are dealing with a separable,reflexive, Banach
spaceX.

2. We relatenow hA and HA with s-numbersand sornecharacteristics
given by Zernanek in [11]. First recalí that the Gelfand numbersof an
operator A are c,,(A)=inf{IIAIwII, codim W<n}, and that the Bernstein
nurnbersareut,(A)=sup{rn (A[w), dim W~n}.

ihe sequences4(A) and u,,(A) aredecreasing,boundedfrom below by

c(A)=inf{IIAIwII, codim W<ce}
and

u(A»zsup{rn(Alw),dirn W= ce>

respectively.Also note that

G(A)=inf{IlAIwIj, dim W=09}Cc(A)
and

B(A)=sup{rn(AIw), codirn W<cc}=u(A)

In the quoted paper Zemanek obtains fice results concerningIhese
numbers,andKolmogorofnumbers,Mityagin nurnbers,andIheir infima; he
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comparesthem with eachotherandwith geometricalconceptssuch as Semi-
Fredholmradius,reducedminimummodulus,etc. in the frameof separable
reflexive Banachspaceswe relate them with itA and HA as follows:

Proposition 1. Let IV be a separablereflexive Banatúh spaceant) A an
operatorfrorn IV into any Banachspace Y Titen HA = c(A) ant) itA = fi(A).

Proof. Fix an M-basis (a,,) anddefineas beforey,, = 1141ra ~¡¡.Since c,,(A)
=inf{j¡AIw¡j, codim W.cn}, it bollows that c,,(A)=pt,,VneN. Iherefore

c(A)=inf c,,(A)Cinf p,,=HA
72

For the converseinequality,lix a real numberc>0. TakeKeN such that
CK(Afr.IC(A)+S and take also a subspace W with codim W<k and
11A11411 .cc(A)+s.Any M-basisof Wcanbe extendedin orderto obtainan
basis of IV (see[4] thm. 1.8). Ihus, assume(a,,)~k is an M-basis of 1V and
extendit toanM-basisof X, (a,,)~s.We haveHACIIAIcas,...jj¡ <c(A)+c. This
implies HA cc(A), andso HA =c(A).

A similar argumentproveshA = B(A). -

Now we can rewrite theorem 1 as follows:

Tbeorem 2. A separableBanadispa’ze IV Ls reflexive~f ant) only 1/for every
decreasingsequenceof closet)subspaces(Ea) such that

a) n=codim E”.
b) It E”={0}.

ant) for everyoperator A frorn X into anotiter Banacit sp¿iCeY, inflIAV”II =4A),
72

witere e(A) Es tite infirnuni of the Gelfaná nurnbersofA.

Proof. Just take into accountRemark2, andProposition2.

We cansayfurther that when IV is separableandreflexive, B(Á) can also
becomputedby meansof a nestedsequenceob elosedsubspacessatisfying the
sameconditionsas thoseof theorem2.

Openquestions.1) What can be said when separabilityof X is dropped?
2) Why doesreflexivity establishsuch a difference?

3. We relatetheseconstantsnow with spectraltheory.The real numbers
of the interval [hA,HA] can be characterizedas follows:

Tbeorem3. Let IV be a separablereflexive Banach space,A an operator
defznedfrornIV into an arbitrary BanachspaceY Titen ¿6{IIA, HA] ~fandonly
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Proof. Let AS(itA, HA) and let (a,,) bean M-basisof X. For everyneN, let
v,,=inf{IIAxII; xe[a,,, ...], [lxii= fi. Then v72=h4<A <HA ClinlIAWa 4 Take
now z,,, y,,e[a,,, ...], with 11z7211=IIy,,II= 1 such that v72=IIAz,,II<A and
I’n ~ ¡¡Ayt,¡~ > A. Becausethe unit sphereof [a,,, ...] is connected,one can find
x,,e[a,,, ...], ¡jx,,fl = 1 sueh that IiAx,,II = A. Iterating for nEN we obtain a
sequence(x,,), which by lemma 1 convergesweakly to zero, and IIAx,,Ii = A.

Slight modif¡cationsin this argumentgive the proofbr A = hA and A = HA.

By lemma 2, for every fixed pEN we can choose(z¶P)W.ic[a~, ap+¡, ...]

with ii4r~ii = 1 V’nsN, z?> ~-*0and ¡¡x,,—4f>¡¡ --.0 wich implies
72~ o, 72—. o,

¡ I¡Az~PI¡ — JjAx,,j¡ —.0. Thus jAzif>—’tA.

Select now a diagonalsequence(z~>)~1, with jlAz¶Q,>[I —0.
p—.oo

For everypeN, vp=IIAz~3,>II=p~.Iherefore,Ae[hA, HA].

Equality of itA andHA, fo¡’an operatorsatisfyingthe former conditions,is
determinedby:

Corollary 1. TIte following are equivalent:

1) hA=HA=r.
2) Every norrnalized sequenCe(x,,) of IV, witit x,, ‘~-*0 verjfles IIAx,,Il—.r.
3) For every normalizet) (x,,)cX with x,,‘~-*0, (IIAx,,¡I) Es conv«rqent.

Corollary 2. TIte operator A is compactji ant) only ji It4 = HA = 0.

Corollary 3. TIte operator A is serni-Fret)Itolrn+ ji ami only ji It,< >0.

We omil the proofof thesecorollarieswhich arestraight-forward,and do
the samewith tIte following propositions.

Proposition 2. Ler AeB(X, Y). TItefollowing properties boU:

1) hA ant) H4 are stableÉhrough CornpaCt perturbations,i.e., ItÁ+x = hA and
HÁ+K =H4,for everyconzpactoperator K.

2) If A, TeB(IV, X)
HAT < IIA¡JHT
ItAT=ItAIIT
If TeC~, HAR CHAHT.

3) H4+a=H4+H11ami it4+11=It4+it~.

Proposition3. Le¿ AsB(X, Y). Tite following properties are equivalent:
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1) IIAIslI = líAn for everycloset), linear finite-cot)irnensionalsubápaceE.
2) ¡¡A¡¡=HA.
3) There exists a normalized weakly nulí sequence,(x,,), such that

4. GEOMETRICAL MEANING OF THE CONSTANTS
ItA AND HA FOR A HILBERT SPACE OPERATOR A

Now let IV be aseparableHilbert space;A a selfadjoint operator on IV,
andE the spectralmeasureof A. Recalí thata number¿ is a limit point of the
spectrurnof A, «(A), itt E(V) has infinite rank for every neighborhoodV of 2.

Theoreni4.>If A is a selfat)joint operatoron IV, HA ant) it4 are respectively,
tite rnaxirnurn and tIte rninirnurn of <he lirnit points of rIte speetrurnof A.

Pí-oof. Suppose2 is a limit point. Accordingto Weyl’s result(s. [3], p. 266)
<here exists (x,,) in IV, Ilx,,ll = 1 x. ~-‘tOand lI(A — 2I)x72j ¡ —.0. Inpartieular,
IIAx,,Il-.2 and thereforehA C2=HA,althoughobviously not alí the points
of [It4, HA] are limit points. Taking into account that addition of a self
adjoint compactoperatordoesnot changethe limit points on <he spectrum,
and by the resultsof Weyl and Von Neumann(s. [3], th. 2.1 p. 253),without
loss of generality,we assumeA is a diagonaloperator(obviously referred
to an orthonormal basisof eigenvectors(e,,)), say

2~0. ~/ieN

Let fl,,= sup lIAxiI.
xe[e. .3

ix>> = 1

Clearly fi,, = 5Up..~q
¡‘.72

Choosenow (4,)c(2,,) su’zh tItar p,,—4. —* 0. Wc have4.—*HA.
72~O,

The fact Ae~.=4,e~., VneN,implies ¡j(A ~H4)ep.lI—*0,and thereforeHA is
a limit point, actuallythe largestof them.A similar argumentprovesthathA ~5

the rninimum of the lirnit points of A.

Remark3. Ib A is not selfadjoint <lien HA and It4 arenot necessarilylimit
pointsof u(A). Neverthelessit can be easilyproved, by polar descomposition
and theorem2, that it4 andHA areexactly the maxirnum and the minimum
of the limit points of (A*A)l

12.

Reniark4. Othergeometricpropertiesof operatorsA with hA = H
4, canbe
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seenin [7] and [8], wheresuchoperatorsarecalled«asyrnptoticsimilai-ities»,
becauseof their geornetricbehaviour.
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