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A CHARACTERIZATION OF K-ANALYTICITY OF GROUPS OF
CONTINUOUS HOMOMORPHISMS

JERZY KAKOL, ELENA MARTIN-PEINADOR, AND SANTIAGO MOLL

ABSTRACT. For an abelian locally compact group X let X, be the group of
continuous homomorphisms from X into the unit circle T of the complex
plane endowed with the pointwise convergence topology. It is proved that
X is metrizable iff X ﬁ is K-analytic iff X endowed with its Bohr topology
o(X, X") has countable tightness. Using this result, we establish a large
class of topological groups with countable tightness which are not sequential,
so neither Fréchet-Urysohn.

1. Introduction

For abelian topological groups X and Y we denote by Hom,(X,Y) and
Hom, (X, Y) the set Hom(X, Y) of all continuous homomorphisms from X into
Y endowed with the pointwise and compact-open topology, respectively. Set
X 9 =: Hom,(X, T), X} =: Hom.(X, T), where T denotes the unit circle of
the complex plane. For every x € X the function x": X" — T, defined
by x(f) := f(x) for f € X", is a continuous homomorphism on X/ and
{x : x € X} C (X)". By Pontryagin-van Kampen’s Theorem (see [10],
Theorem 24.8), if X is a locally compact abelian group, the mapping a: x — x"
is a topological isomorphism between X and (X))). If X is an abelian locally
compact group, X/ is also locally compact and abelian, and by Peter-Weyl-van
Kampen’s Theorem X/ is dual separating, i.e. for different x, y € X, there ex-
ists f € X” such that f(x) # f(y), see [14], Theorem 21. For an abelian group
X the set of all homomorphisms from X into T endowed with the pointwise
convergence topology is a compact abelian group, as it is a closed subgroup of
the product TX, see [11], Proposition 1.16. For a metrizable abelian topological
group X the group X is always an abelian complete Hausdorff hemicompact
group which is also a k-space, see [1], Corollary 4.7 and [5].

The main result of this paper is the following theorem:

THEOREM (1.1). Let X be a locally compact abelian group. The following
assertions are equivalent: (1) X is metrizable. (2) X, is o-compact. (3) X,
is K-analytic. (4) (X, o(X, X)) has countable tightness. Moreover, if X is
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Lindelof, then each of the above conditions is equivalent to (5) X/ is metric
complete and separable.

We believe this theorem is interesting since it relates two different fields of
research. It was motivated by several similar results concerning the spaces
C,(X) of all continuous real-valued functions on a completely regular space X
endowed with the pointwise convergence topology. (Calbrix [4], Theorem 2.3.1)
showed that if for a Tychonoff space X the space Cp,(X) is analytic, then X must
be o-compact and analytic (cf. also [7], Theorem 3.7). If X is locally compact,
then X is a polish space iff C,,(X) is analytic, [13], Corollary 5.7.6. In [9] Corson
proved that a locally compact topological group X is metrizable iff the Banach
space Cy(X) of continuous, complex valued functions which vanish at infinity
is weakly Lindeléf. On the other hand, C,(X) is Lindeldf provided X is second
countable. The converse fails in general but very recently we have shown [12]
that for a locally compact topological group X the space C,(X) is Lindelof iff
X is metrizable and o-compact; in particular, C,(X) is Lindelof iff X is second
countable. Recall that a (Hausdorff) topological space X is said to be K-analytic
[16] if there is an upper semi-continuous set-valued map from the polish space
NN with compact values in X whose union is X. Notice that analytic = K-
analytic = Lindelof. A topological space X is said to have countable tightness
if for each set A C X and any x € A (the closure of A) there exists a countable
subset B C A whose closure contains x. For a topological abelian group X the
coarsest group topology on X for which all elements of X" are continuous is
called the Bohr topology; we denote this topology by (X, X"). A topological
space X is said to be hemicompact if X is covered by a fundamental sequence
of compact sets, i.e. there is a sequence (K, ), of compact subsets of X such
that each compact set in X is contained in some K,. Finally by R and C we
denote the sets of real and complex numbers, respectively.

2. Proof of the Theorem
The proof of the theorem is derived from the following facts:
Fact (1). A locally compact Lindeldf topological group X is hemicompact.

Proof. Take an open neighbourhood of the neutral element U whose closure
U is compact. Since X = J,.x xU and X is Lindelof, there exists a sequence
(2,) such that X = |, x,U. Set K,, := |J._, x;U. Then (K,), is a fundamental
sequence of compact subsets of X, so X is hemicompact. O

FAcT (2). If X is a metrizable abelian group, X[ is a hemicompact k-space.

Proof. Let (U,),cn be a decreasing basis of neighbourhoods of zero in X.
Then UY = {¢ € X/ : $(U,) C T, } is compact in the compact-open topology,
where T, := {z € C : |zl = 1,Rez > 0}. But X" = (J,U>. In fact, if
¢ € X, then ¢—1(T,) is a neighbourhood of zero, so there exists m € N
such that U,, € ¢ XT,). Therefore ¢ € UL. If K is a compact set in X7,
then K* C (X" is a neighbourhood of zero. The canonical mapping « is
continuous, therefore a }(K>) = {x € X : Re ¢(x) > 0,V € K} =: K7, is
a neighborhood of zero in X. Thus, K< D U,, for some m € N, and we have
K CKPTCUL.
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The proof of the fact that X/ is a k-space is harder. It was given indepen-
dently in [1], Corollary 4.7 and [5]. O

FacTt (3) (See [1], Proposition 2.8). If a topological abelian group X is hemi-
compact, then X/ is metrizable.

FAcT (4). Let X be a Tychonoff space and assume that C,(X, R) has countable
tightness. Then Cn(X,Y) also has countable tightness for any metric space
&, d).

Proof. Let A C Cp(X,Y) and assume that f € A (the closure in Cp(X,Y)).
Define a continuous map T': C,(X,Y) — Cp(X, R) by T(g)(x) := d(g(x), f(x)),
where g € C,(X,Y) and x € X. Note that 0 = T(f) € T(A) c T(A). By
assumption there exists a countable subset B C A such that T(f) € T(B);

hence, as easily seen from the definition of the pointwise convergence topology
inC(X,R)andin C(X,Y), f € B. O

Proof of the Theorem. (1) = (2): By Fact (2) the group X/ is hemicompact.
So X}, is o-compact.

(2) = (3): If (B,), is an increasing sequence of compact sets covering X Q,
set T(a) := By, for a = (n;,) € NV, It is clear that T is upper semi-continuous,
with compact values which cover X Iﬁ.

(3) = (4): Since X, is K-analytic, then any finite product (X IQ)” is Lindelof.
By [2], Theorem II.1.1, the space Cp,(X 9, R) has countable tightness. Now Fact
(4) applies to deduce that the space C,(X, C) also has countable tightness.
Therefore (X, o(X, X)) (as a subspace of C,(X > ©)) has countable tightness.

(4) = (1): Since X is a locally compact group, there exist a compact subgroup
G of X, n € NU{0}, and a discrete subset D C X such that X is homeomorphic
to the product R” x D x G, see [8], Theorem 1, Remark(ii). Therefore the
induced topology o(X, X")|G coincides with the original one of G. Hence G
has countable tightness. Since a compact group with countable tightness is
metrizable, (see e.g. [12], Theorem 2); so X is metrizable as well.

For the last statement observe that under the assumption that X is metriz-
able and Lindelof, Facts (1) and (3) apply to deduce that X/ is a separable
metric space. It is complete since the dual group of a locally compact abelian
group is also locally compact. The result follows now from the fact that X 1? is
the continuous image of X' under the identity mapping. O

Recall that a topological space is sequential if every sequentially closed
subset of X is closed. In [6], Theorem 2.1, it was shown that for a metrizable
topological group X the dual group X/ is Fréchet-Urysohn iff X' is locally
compact and metrizable. This result provides a large class of complete strictly
angelic hemicompact sequential non Fréchet-Urysohn groups [6], Theorem 2.3.
We supplement this result by the following

COROLLARY (2.1). If X is a metrizable locally compact non-compact abelian
group, then the group (X, (X, X")) has countable tightness but it is not se-
quential, nor Fréchet-Urysohn.

Proof. From Glicksberg’s Theorem it follows that (X, o(X, X)) has the same
compact subsets as X. Since X is metrizable, it is already a k-space, and X
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does not admit a weaker k-space topology with the same compact subsets.
Therefore (X, 0(X, X")) is not a k-space, and in particular it is not sequential
neither Fréchet-Urysohn, which are stronger properties. O

Remark (2.2). If X is a hereditarily separable topological group (in par-
ticular if it is metrizable and separable), then (X, o(X, X”)) has countable
tightness.

This derives from the more general fact, brought to our attention by L.
Aussenhofer: If (X, 1) is a hereditarily separable topological space, then any
weaker topology & on X is hereditarily separable and hence (as easily seen) has
countable tightness.

We complete the note with the following observation about continuous func-
tions defined on a topological abelian group which are not homomorphisms.

PROPOSITION (2.3). Let f: X — T be a continuous functions defined on an
abelian topological group X which is not a homomorphism. Then there exist
a finite collection {zi, ..., z,} of integer numbers and a finite set {x1, ..., %}
in X such that for all ¢ € X" one has ¢(x1)*P(x2)?2 - p(x,)» = 1 and
Re(f(x1)* - - - f(x,)?) < 0, where Re stands for the real part.

Proof. Clearly X is a closed subgroup of C,(X, T) which can be considered
as a subgroup of the topological group TX. Thus, C,(X, T) is precompact and
so X 19 is dually closed as a subgroup of Cp,(X, T), see [3], (8.6). This means
that every element of C,(X, T) \ X" can be separated from X" by means of
a continuous character of Cp,(X, T), which in particular is the restriction of a
character on TX. On the other hand, it is well-known that the character group
of a product of topological abelian groups is the direct sum of the corresponding
dual groups. So the direct sum ZX is the character group of TX. Hence for f ¢
Cp(X, T)\ X" there exists a character ¢ which can be written as z,, +2zy, + - - +2x,
with z,, € ZX) such that &(¢p) = d(x1)*1 p(xg)?2. - - - .p(x,)%» = 1for all ¢ € X/
and Re(&(f)) = f(xy)® f(xa)®2. - - .fx,)? < 0. O
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