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Abstract

Let U C R? be an open subset and f : U — R? be an arbitrary local
homeomorphism with Fiz(f) = {p}. We compute the fixed point in-
dices of the iterates of f at p, ig2(f*,p), and we identify these indices
in dynamical terms. Therefore we obtain a sort of Poincaré index
formula without differentiability assumptions. Our techniques apply
equally to both, orientation preserving and orientation reversing home-
omorphisms. We present some new results, specially in the orientation
reversing case.

1. Introduction.

There is abundant literature about the fixed point index of a homeo-
morphism f, in a neighborhood of an isolated fixed point, and the local
dynamical behavior of f. There are results in both directions, i.e. bounds
(or explicit computation) for the fixed point index from dynamical properties
of f and conversely how the knowledge of the fixed point index is used to
describe the dynamics locally.

One can notice that due to the systematic use of Brouwer’s translation
arcs theorem (see [8] or [10]), most of the known results are limited to ori-
entation preserving homeomorphisms.

It is well known the classical Poincaré index formula relating the index
of a planar vector field with the elliptic and hyperbolic regions in a neigh-
borhood of a critical point. Such a formula, for the iterates of an arbitrary
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homeomorphism, will give a geometric interpretation of the fixed point in-
dices of the iterates, it could help to attack some open problems and it will
provide simple proofs of many of the strongest theorems in the subject. This
is the main goal of this article.

The Ulam’s problem about the existence of minimal homeomorphisms
in the multi-punctured plane was solved completely in the negative by Le
Calvez and Yoccoz in [29]. The main technique in the proof of their theorem
is the computation of the fixed point index of all iterates of an orientation
preserving homeomorphism in a neighborhood of a fixed point p which is an
isolated invariant set, neither an attractor nor a repeller. Given an orien-
tation preserving local homeomorphism f : U C R? — R? they carry out a
detailed local study, near the fixed point p. Then they prove the existence
of integers r,q > 1 such that

, 1-rq ifkerN
ZRQ(fk’p):{ . it k¢ rN

The authors, in [36], using Conley index ideas, gave, in a quite simple
way, a general theorem extending the above result to arbitrary local home-
omorphisms. In particular, if f reverses the orientation, there are integers
5 € {0,1,2} and ¢ such that

1-96 if k£ odd
. k oy _
ig2(f",p) —{ 1-0—-2q ifkeven

Later, Le Calvez extended his theorem with Yoccoz to arbitrary isolated
fixed points of orientation preserving planar homeomorphisms. Again the
fixed point indices of the iterations of the homeomorphism have periodical
behavior. Le Calvez, in [27], uses in a very clever way the nice Carathéodory’s
prime ends theory (see [12] and [13]). The idea of applying the compactifi-
cation of Carathéodory to study planar dynamical problems is not new. It
was introduced by Pérez-Marco in [33] and it was used more recently by the
first author, in [35], to prove that the index of arbitrary stable planar fixed
points is equal to 1.

On the other hand, Baldwin and Slaminka, in [2], dealt with the problem
of relating the fixed point index of an orientation and area preserving home-
omorphism around an isolated fixed point p and the number of branches in
which the stable/unstable "manifold" of p decompose. The results of Bald-
win and Slaminka were improved by Le Roux, in [30], where the fixed point
index is used not only to detect stable/unstable branches but also Leau-Fatou
petals around p. The authors, in [37], gave a stable/unstable "manifold" the-
orem for arbitrary planar homeomorphisms near a fixed point admitting nice
filtration pairs.

There are some papers dedicated to the study of the analogous problem
in dimension 3. See [20], [28], [39] and [40] and its references.



The computation of the fixed point index of any iteration of any planar
homeomorphism at an isolated fixed point laying in an isolated invariant
compactum was done by the authors in [36] and [37]. As we said above,
when p does not belong to any isolated invariant compactum and the home-
omorphism is orientation preserving, Le Calvez improved a result of Brown,
see [9], showing that the sequence of indices is periodic. We will find with our
methods the same formula for orientation preserving homeomorphisms and
we shall solve the problem also for orientation reversing homeomorphisms.
The main fact to obtain our results is the existence of special classes of filtra-
tion pairs in the Carathéodory’s prime ends compactification that will allow
us to by-pass the technical problem that occurs if the fixed point does not
lay in an isolated invariant compactum.

Roughly speaking, if a fixed point p does not lay in arbitrary small iso-
lated compacta, we can consider any disc J containing p in its interior and
take K, the component containing p of the maximal invariant set contained
in J. By using the Carathéodory’s compactification of S?\ K, we work in a
disc and we can compute the index at p from the local indices (in semi-discs)
of the fixed prime ends that now will admit isolating blocks. The existence
of such isolating blocks around the fixed prime ends not only provides a
simple technique to compute the index of the iterations of arbitrary home-
omorphisms but also allows to identify such indices in a geometrical way.
Given a disc J the existence of isolating blocks, around the fixed points that
appear in the compactification, allows to find dynamical objects (generalized
stable/unstable branches and generalized attracting/repelling petals whose
definitions we will precise later) which are the keys for the computations of
the indices.

Essentially, the index of the homeomorphism at p only provides "opti-
mal" dynamical information if p admits isolating blocks. Otherwise, the set
of indices of the induced homeomorphism in the Carathéodory’s compacti-
fication of S? \ K, at the new fixed points provides much more information
than the index at p.

The main goals of this paper are the following:

a) To provide a general geometrical method to compute the fixed point
index of the iterations of an arbitrary local homeomorphism at an isolated
fixed point.

b) Given any Jordan domain J such that Inv(cl(J), f) N 9(J) # () and
an isolating block, N, a neighborhood that isolates the fixed (or periodical)
prime ends of the component of Inv(cl(J), f) containing p, to prove that
J and N determine canonically a number of generalized unstable (stable)
branches and generalized repelling (attracting) petals around the fixed point
(see Definition 3). Their number depends on J and N but their difference
depends just on the germ of f.

¢) To provide some dynamical consequences. We shall give new and short



proofs of some known results and new theorems in the orientation reversing
framework.

The paper is organized as follows: In Section 2 we start with some pre-
liminary definitions. We will dedicate subsections to recall the results we
will need in the special case where the fixed point is an isolated invariant set
and to give a brief presentation of the Carathéodory’s prime ends theory. At
the end of the section we give the statement of the main results. Section 3
is devoted to the computation of the fixed point indices of the iterations of
arbitrary planar homeomorphisms at an isolated fixed point. In Section 4 we
will give the proof of the main theorems and the dynamical meaning of the
indices. First we shall study the case where the homeomorphism has a finite
number of periodic prime ends. The general case follows easily from this
previous simpler case (Section 4.3.). Finally Section 5 contains the proofs of
a number of corollaries of our techniques.

2. Preliminary definitions and results. The main construction
and the statement of the principal results.

2.1. Preliminary definitions.

Given A C B C N, cl(A), clg(A), int(A), intg(A), O(A) and 0p(A) will
denote the closure of A, the closure of A in B, the interior of A, the interior
of A in B, the boundary of A and the boundary of A in B respectively.

Let U C X be an open set. By a (local) semidynamical system we mean
a local homeomorphism f : U — X. The invariant part of N, Inv(N, f),
is defined as the set of all x € N such that there is a full orbit v with
r€yCN.

InvT(N, f) (resp. Inv™ (N, f)) will denote the set of all z € N such that
fi(x) € N for every j € N (resp. f~7(z) is well defined and belongs to N
for every j € N).

A compact set S C X is invariant if f(S) = S. A compact invariant
set S is isolated with respect to f if there exists a compact neighborhood N
of S such that Inv(N, f) = S. The neighborhood N is called an isolating
netghborhood of S.

An isolating block N is a compactum such that cl(int(N)) = N and
FTHN)NNNf(N) C int(N). Isolating blocks are a special class of isolating
neighborhoods.

We consider the exit set of N to be defined as

N™ ={x e N: f(x) ¢ int(N)}.

If X is a locally compact ANR (absolute neighborhood retract for metric
spaces), ix(f,S) will denote the fixed point index of f in a small enough
neighborhood of S. The reader is referred to the text of [I1], [I6] and [3T]
for information about the fixed point index theory.



An isolated fixed point p is said to be indifferent if for every small enough
disc D such that p € int(D), Inv(D, f) N (D) # 0.

An isolated fixed point p is accumulated if p € cl(Per(f|v) \ {p}) for
every neighborhood V of p.

2.2 Strong filtration pairs.

The next definition is based in the notion of filtration introduced by
J.Franks and D.Richeson, in [19]. It is the key for the direct computation of
the fixed point index of any iteration of any homeomorphism of the plane.

Definition 1. Let f : U C R? — R? be a local homeomorphism. Suppose
that L C N is a compact pair contained in the interior of U. The pair
(N, L) is said to be a strong filtration pair for f provided N and L are each
the closure of their interiors and

1) N and (N \ L) are homeomorphic to a disc and S* respectively.

2) cl(N \ L) is an isolating neighborhood.

3) f(cl(N\ L)) Cint(N) (i.e. L is a neighborhood of N~ in N).

4) For any component L; of L, n(L;) is an arc and there exists a topolog-
ical disc B; such that On(L;) C B; C L;, B[AN~ # @ and f(B;)Ncl(N\L) =
0.

Theorem 1. ([36] and [37]). Let f : U C R? — f(U) C R? be a home-
omorphism. Suppose that there exists a strong filtration pair, (N, L), for
f and let K = Inv(cl(N \ L), f). Then, there are an absolute retract for
metric spaces, Dy, containing a neighborhood V- C R? of K, a finite subset
{q1,---,gm} C Do and a map f : Do — Dq such that fly = fly and for
every k €N, Fiz((f)¥) Cc KU{q1,...,qm}-

Moreover,

a) If f preserves the orientation, then

iRz(fkyK):{ 1_“] ZEZEEE

where k € N, q is the number of periodic orbits of f in {qi,...,qm} and r is
their period.
b) If f reverses the orientation, then

: k [ 1=9 if k odd
ire(f ’K)_{ 1—-6—2q ifk even

where § € {0,1,2} and q are the number of fized points and period two orbits
of fin{qi,...,qm} respectively.

Definition 2. Under the setting of the above theorem, the integer r (r = 2
if f is orientation reversing) is called the period of the strong filtration pair
(N,L).



We conclude this subsection with the next theorem that resumes the
main results of [37]. We will construct a family of branches of the stable and
unstable "manifolds” associated to a fixed point p which admits a strong
filtration pair (N, L). The minimum number of elements of these families
depends on the fixed point index ig2(f", p) with 7 the period of the strong
filtration pair (IV, L). In order to make the paper as self-contained as possible
we shall sketch the proof which contains some ingredients we will need in
the future.

Theorem 2. Let f : U C R? — f(U) C R? be a homeomorphism with p
an isolated fized point of f and let us assume that there is a strong filtration
pair of period v, (N,L), such that p € int(N\ L), L # 0, fi(cI(N\ L)) CU
for 5 €{1,...,r} and Fiz(f")Ncl(N \ L) = {p}. Let us suppose that the
connected component of K = Inv(cl(N\L), f) which contains p is K, = {p}.
Then there exist trivial shape continua Si,...,Ss,Ur,...,Us in cl(N \ L),
with s =1 —ig2(f",p), such that:

Uiz Si € Kf and U, U; C K, with K,f and K, the connected
components of K = Invt(cI(N\L), f) and K~ = Inv~(cl(N\L), f) which
contain p.

2)S;inS; =UinU; = {p} for all i # j and S; NU; = {p} for all
i,7€{1,...,s}.

3) J7(S) C Sy F(U) € Uy and My S~ (U3) = ey S77(55) = {p)
for everyi e {1,...,s}.

4) The sets S;NO(cl(N\L)) and U;NO(cl(N\L)) alternate in O(cl(N\L)).

Proof. If L =L1U---U Ly,, let us consider the quotient space Ny, obtained
from cl(N\ L) by identifying each 0y (L;) to a point ¢; for i = 1,...,m. Take
the projection map 7 : ¢l(N\ L) — Ny, and the retraction r : N — cl(N\ L).
The map

f/:T['O’r'Ofoﬂ—_l:NL\{qu"'7qm}—>NL

induces in a natural way a continuous map f : N — Ny . It is easy to
see that f({q1,...,qm}) C{aq1,--.,qm}. Let 0 = {p1,...,ps} be the biggest

subset of {q1,...,qmn} on which f acts as a permutation. It is clear that 6 is
an attractor for f (is locally constant for every p; € 6). Let A be the region
of attraction of 0,

A= {x € Np: there is ng such that (f)"(z) € 6}

and let A(pj) be the component of A containing p; € 6. Let us observe
that K, and KJ are trivial shape continua such that limg_, f~*(z) = p
for every z € K and limg_, fk(x) = p for every z € K;“ (see the Main
Theorem in [37] for a proof). Then it is not difficult to see that p € cl(A(p;))
forall j=1,...,s.



Let K; = (,en(f)™ (cl(A(pi)) for i € {1,...,s}. Since (f)"(cl(A(p;)) C
cl(A(p;)) it is clear that K; is a continuum w1th {p,pi} C K; = (f)"(K;) C
cl(A(pi)). Then we have that ;g1 (Ki\{pi}) C K and, then Oy (Li)N
K, #0foralli=1,...,s

Let us define the continuum U; = 7~ 1(K;) N K, . We have that U; is
negatively invariant for f” and contains p.

On the other hand, U; N K = {p}. In fact, since nnEN f7"(U;) is an
invariant continuum for f” which contains p then (), f7"(U;) C Kp =
{p}. oz cUiNK, then x € (,on f7(Ui) C K, = {p}.

Let us see that U; has trivial shape. In fact, if U; has a hole V', then there
are a € V and ng € N such that f"(a) € int(L;) and f™(a) € cl(N\ L) for
alln € Z, n < ng. Then it is immediate that a € U; which is a contradiction.

Let us prove that U; C 7~ 1(A(p;)) U{p}. If z € U;\ {p} then there exists
no € N such that f""(x) € ¢l(N \ L) for all integer n < ng and ™" (x) €
int(L;) (if this is not true, z € K and we have x = p). Then it follows that
z € 71 (A(pi)). As a corollary we obtain that U; = (7~ (A(p;)) U{p}) N K, .

It is obvious that U; N O(cl(N \ L)) C On(L;).

If we repeat this construction for i € {1,..., s} we obtain Uy, ..., Us with
UiNU; = {p} for every i # j.

Let us construct the sets S1, ..., Ss. Let us consider the set = {p1,...,ps}
with p;—1 adjacent to p; (there is an arc v C w(9(N \ L)) joining p;—1 with
pi such that v N6 = {pi—_1,p;}). If Di—ip; is the arc in 7(9(cl(N \ L)) which
makes adjacent p;—1 and p;, we have that there is a component K, C K;‘
of O(A(p;)) separating p; from 6\ p; (see the Main Theorem in [37]) with
Kp, Npic1pi # 0.

Let B; be the connected component of c/(N \ L)\ (U;—1 UU;) which con-
tains 71 (Kp, N\Ppi—1pi)- Then we define S; = (B; U{p}) N K. Following the
steps given with the family {U;} it is easy to prove the analogous properties
for the family {S;}. O

2.3. Carathéodory’s prime ends.

Let B C C be the unit open disc and let f : B — G C CU {00}
be an onto and conformal mapping. The problem whether f admits an
extension to cl(B) = B U S, by defining f(z) = lim,_., f(x) for z € S,
has a topological answer. Indeed, f admits an extension iff 9(G) is locally
connected. The problem whether f has an injective extension has also an
answer of topological nature: f has an injective extension iff 9(G) is a Jordan
curve (Carathéodory’s Theorem, see [34]). If 9(G) is locally connected but
not a Jordan curve there are points of 9(G) that have several pre-images. The
situation becomes much more complicated if 9(G) is not locally connected.
Carathéodory introduced the notion of prime end to describe this setting.
The points z € S! correspond one-to-one to the prime ends of G and the



limit f(z) exists iff the prime end has only one point (Prime End Theorem,
see [34]).

Let D C R? be a simply connected open domain containing the point at
infinity such that (D) contains more than one point. Then 9(D) is bounded.
A cross-cut is a simple arc, C, lying in D, except in the end points, with
different extremities. If C'is a cross-cut of D then D \ C has exactly two
components A; and Ag such that DNA(A;) = DNO(Az2) = C\{ end points }.

A sequence {Cy,} of mutually disjoint cross-cuts and such that each C,
separates Cp,_1 and Cj41 is called a chain. A chain of cross-cuts induces a
nested chain of domains (bounded by each Cy,) ...Dyp41 C Dy ... . Each
chain of cross-cuts defines an end. Two chains of cross-cuts, {C),} and {C},},
are equivalent if for any n € N there is m(n) such that D,, C D) and
D!, c D, for every m > m(n). Equivalent chains of cross-cuts are said to
induce the same end. If P and () are ends represented by chains of cross-
cuts {C(P),} and {C(Q),} such that for every n, D(P),, C D(Q), for
m > m(n) we say that P divides Q). A prime end P is an end which can not
be divided by any other.

Let P be a prime end. The set of points of P is the intersection £ =
Nnen cl(D(P)y) where {D(P),} is the sequence of domains bounded by any
sequence of cross-cuts representing P. A principal point of P is a limit point
of a chain of cross-cuts representing P tending to a point. The set Hp C F
of principal points of a prime end P is a continuum (compact connected set)
(see [12] or [I3] for details).

Each chain of cross-cuts inducing a prime end P determines a basis of
neighborhoods of P. We obtain in this way a topology in the set of prime
ends of D. More precisely, if P is the set of prime ends of D and D* is the
disjoint union of D and P, we can introduce a topology in D* in such a way
that it becomes homeomorphic to the closed disk and the boundary being
composed by the prime ends. It is enough to define a basis of neighborhoods
of a prime end P € P. Given the sequence of domains {D(P),}, we produce
a basis of neighborhoods {U,} of P in D*. Each U, is composed by the
points in D(P),, and by the prime ends @ such that D(Q),, C D(P), for m
large enough.

If S? is the 2-sphere R? U {oo} and oo € D C S? is a simply connected
open domain, the natural compactification, due to Carathéodory, see [12], of
D obtained by attaching to D a set homeomorphic to the one-dimensional
sphere S is called the prime ends compactification of D. We identify R? = C
and we consider a conformal homeomorphism g : D — S2\ B (where B is the
disc B = {z € C : |z] < 1}). Now a one-dimensional sphere S! is attached
to D using g. Each point of S corresponds to a prime end of D.

2.4. The main construction.

Let f : U — W be a local homeomorphism with U,W C R? open



subsets and let p be a non-accumulated and indifferent fixed point in a small
enough Jordan domain J with {p} the unique periodic orbit contained in
cl(J) and such that K, N 9(J) # 0 for K, the connected component of
K = Inv(cl(J), f) which contains p. We will suppose that p € 9(K},) (for
example, if p is not stable and J is small enough, then p € 9(K))).

Remark 1. Let us observe that, given p a non-accumulated and indifferent
fixed point, if ig2(f*,p) # 1 for some k € N then we can select a Jordan
domain J, as above, with p € 9(K},). In fact, if p € int(K,) for every small
enough Jordan domain .J, then p is stable for f* and ig2(f*,p) = 1 (see [37],

[15]).

It is easy to see that the set K, C cl(J) has trivial shape, that is, K,
and R?\ K, are connected.

We follow with some of the most important notions of the paper: The
generalized stable/unstable branches and generalized attracting/repelling
petals. The first ones are essentially branches, in a classical sense, for the
map that our homeomorphism f induces in the compactification of R? \ K,
at a fixed prime end.

Let p € J be an indifferent and non-accumulated fixed point for f in the
above conditions. Given the open domain S? \ K, for each open arc v C J
with end-points a, b € K, (we do not exclude the possibility a = b) such that
v N K, = 0 we call D, the bounded connected component of R? \ (yU Kj,).
The set D, is an open ball contained in J.

Definition 3. A continuum U, C cl(J) is a generalized unstable branch for

f at pif:

i) UpNKjp is an invariant continuum contained in 9(K,) such that p € U,N
K, and U, \ K, C J is non-empty and has trivial shape components.

i) f~Y(Up) C U, and Npen [ (Up) = Up N K.

iii) There exists an open ball D, associated to an open arc v, as above,
with Uy, C cl(D), U, N~y a compact set, and such that:

— The set U, is locally maximal, that is, if U, C cl(D.,) satisfies
conditions i) and ii), then U}, C U,.

— For every open neighborhood V' of U, there exists x € D, NV
with f~"(x) ¢ cl(D~) for some n, € N.

In an analogous way we define generalized stable branches S, for f at
p. We only have to replace f by f~! in ii) and iii).

A set R, is a generalized repelling petal for f at p if:



i) R, = cl(D) C cl(J) with D, an open ball associated to an open arc
7, as above, such that cl(y) = v U {q1, g2} with p ¢ {q1, ¢2}.

i) f7HRp) C Ry and ey [ "(Ry) C 9(Kp) is an invariant continuum
for f which contains p.

In an analogous way we define generalized attracting petals for f at p.
We only have to replace f by f~1 in ii).

Remark 2. The stable and unstable branches in the classical sense associ-
ated to f at p and constructed in the proof of Theorem 2, are, of course,
particular cases of generalized unstable and stable branches if we consider
the map f' = f" and K, = {p}. It is easy to obtain an adequate arc
v; C cl(N \ L) for each unstable (stable) branch Uj.

Let U’' be a Jordan domain such that cl(J) C U’ C U C S? and let
f: 5% — 52 be a homeomorphism such that f|;» = f. The Carathéodory’s
compactification of S?\ K, is a disc (obtained by gluing S* to $%\ K},) which
we call D. The homeomorphism f|g2\ g, : S2\ K, — S?\ K, can be extended
to a homeomorphism f : D — D. Let us denote D \ (S%\ K,) = 9(D) and

let us consider the set of prime ends obtained from the accessible points
K,No(J) (by arcs on U \ cl(J)) and which we call P(K, N9(J)) C 9(D).

If f is orientation preserving and there exist periodic orbits for ﬂa( D)s
then all of them have the same period r. If J? is orientation reversing, then
fA‘\ a(p) has exactly two fixed points and period two periodic orbits.

Let us see that the compact sets Per(ﬂa(D)) and P(K, N O(J)) are
disjoint. Let Py be a prime end in P(K, N I(J)) associated with a point
po € K, NO(J). Then Py ¢ Per(ﬂa(D)). In fact, if this is not true, Py is
a fixed prime end for fr (r=2if ]? is orientation reversing) and, since py
is accessible by an arc ~,, C U \ cl(J) such that cl(vp,) \ Ypo = {Po}, then
the principal points of the fixed prime end Py are the continuum, invariant
for 7, Hp, = {po} (Hp, C cl(vpy) \ Ypo = {Po}). Then, pyp must be a fixed
point for f”. But this is a contradiction.

Remark 3. Note that both fand the set of fixed prime ends of fdepend
on the Jordan domain J such that Inv(cl(J), f)NA(J) # 0. See Example 1.

Example 1.

Let us consider the dynamical system of Figure 1, which gives us a home-
omorphism f of R? with p a non-accumulated and indifferent fixed point.

10
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Figure 1

The Jordan domains J; and J3 of Figure 1 are such that Inv(cl(J1), f) =
K, is a "petal" which contains p and such that Kj, N 9(J;) # 0. On the
other hand, Inv(cl(J2), f) = Ko, are two "petals" which contain p and such
that Koy N 9(J2) # 0.

The maps ]?: D — D have the following dynamical behavior

/A, A
%x\‘ AR

f for J; f for Jo
Figure 2

The map ffor J1 has, in 9(D), a fixed prime end p; and the map ]?for
Ja has, in (D), two fixed prime ends {pi,p2}.

Following with the main construction, there are two possible situations:
a) Per(ﬂa(D)) is a finite set of n points.

b) Per(ﬂa(D)) is an infinite set of points.

Let us suppose that we are in case a) (the case b) will be reduced to the
case a) by identifications to points of adequate intervals in 9(D)). If f is
an orientation preserving homeomorphism we have that n = gr for certain
¢, € N with 7 the period of the periodic orbits of f|sp) and ¢ the number

of periodic orbits. On the other hand, if fis orientation reversing, we obtain
g periodic orbits of period 2 and two fixed points in (D). It is obvious that
n=2q+ 2. R

Let us suppose that D C S? and let us denote by f, : S? — S2 the
homeomorphism obtained by pasting along 9(D) a symmetric copy of f :
D — D.

11



The next lemma is needed for the computation of the fixed point index
ig2(f*,p) by using strong filtration pairs.

Lemma 1. Given a fized point p1 of ﬁk|a(D), (k € rN if f is orientation
preserving), there is a pair (N1, L1) which is in one of the following two
situations: o

a) (N1, L1) is a strong filtration pair for fs : S — S2, in a neighborhood
of p1. The period of the strong filtration pair is 1 if f is orientation preserving
or 2 if f reverses the orientation.

b) The pair (N1, L1) has the properties 1), 2) and 3) of strong filtration

pairs with Ly a disc with a hole, Oy, (L1) ~ S' and Ny C int(fsk(Nl)),

~k
Proof. Given a fixed point p1 of fs |5(py, let us see that there exists the pair

(N1, Ly) for fsk in S% with p; € Inv(cl(Ny \ L), fsk)

Take a small enough arc [a,b] C J(D) with p; € (a,b) and such that
Inv([a,b],]%b(m) = p1. The set [a,b] is an isolating block for ﬂ\a(D).
Let us consider a small enough disc M in D with M N 9(D) = [a,b] and
sz(]ﬂﬂM) = {p1}. Since the space of components of Inv(M, ﬁ“) is a zero-
dimensional compactum, it is easy to construct a disc M; C M such that
[a,b] C My and Inv(M, f*) N dp(M;y) = 0. If we choose the disc N C S2
obtained by joining M; with its reflected disc on (D), Ma, we have that N

is an isolating neighborhood for ﬁk

It is not difficult to construct a disc Ny C int(N), N1 symmetric with
respect to d(D) and isolating block for fsk (see [37] and [38]), with O(N1) N
Inv(N,ﬁk) =0 and p; = Fm(ﬁk]Nl)

If there is not a disc B C Ny such that p; € int(B) and B C mt(fsk(B))

~k
then there exists a strong filtration pair (N7, L1) for fs with L; a finite
(perhaps empty) union of disjoint discs (see [36], [37]). By the symmetry

~k
property with respect to 9(D) of fs it is immediate that the period of the

generalized filtration pair is 1 if fsk is orientation preserving and 2 if J/”;k is

orientation reversing (see [36]). Therefore, we are in the conditions of a).
On the other hand, it there exists the above disc B, we obtain in an easy

way the pair (N1, L) of the case b). O

Definition 4. We are interested, for each fixed point p; of ]/”;k]g)( p), in the
pairs (N;ND, L; D) = (N/, L}) which we call strong filtration pairs adapted
to D for p;. Let us observe that the pair (N}, L}) has the properties of the
strong filtration pairs for ]/"7“ : D — D at each fixed point p; € (D). We will
suppose without loss of generality that each arc v; = dp(IN}) corresponds in
J to an arc with two end points in Kj,.

There are three possible cases:
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i) If L; =0, then f/%(NZ,) C intp(N/) and we say that N/ is an attracting
petal associated to ]"7“ at p;.

ii) If O, (L;) ~ S1, then N/ C intp(f%(Ni’)) and we say that N/ is a
repelling petal associated to J/ﬂ“ at p;.

iii) If (IV;, L;) is a strong filtration pair with L; # 0, given the sets of stable

and unstable branches {S;}, {U;} of (N;, L;) associated to j/”\sk at p;
(see Theorem 2), we select the subsets of branches {S,,}, {Uy,} which
are contained in (N/\ 9(D)) U {p;} . We call {S,,} and {U,,} stable
and unstable branches of (N, L}) associated to 7" at p;.

bi
case 1)

- LyND

p;

case i)

case iii)

Figure 3

Remark 4. If Per(ﬂa(D)) is not a finite set of points (we supposed before),
we can select a finite and disjoint union I = I1U- - -UI,,, of closed arcs of a(D),
with f(I) = I, such that Per(f|op)) C I and P(K,NA(J))NI = (. Let us
identify each component of I to a point. We obtain a new disc which we call
D again. If f: D — D is the new induced homeomorphism we have that
Per(f|apy) is a finite set and the construction of the strong filtration pairs
adapted to D is also valid (see Figure 3). It is obvious that this construction
depends on the choice of the set I.

13



Example 2.

Let us consider the dynamical system of Figure 4. We obtain a home-
omorphism f of R? with p a non-accumulated and indifferent fixed point
and Inv(cl(J), f) = K, an infinite family of petals which contain p in their
boundary.

9
\
N

Figure 4

The dynamic of the map fin D is given in Figure 5a. We have an infinite
family of fixed prime ends (fixed points for f in 9(D)). If we consider the
two invariant arcs for f, I, and I, of Figure 5a and make a identification of
them to points p; and po, we obtain a new homeomorphism (which we call in
the same way) f: D — D. This homeomorphism has only two fixed points
in (D) and we are in case a). See Figure 5b. The new map fhas a repelling
point in ps and an unstable branch in p;. Let us observe that the choice of
the invariant intervals which contain the fixed prime ends, I = I; U I3 is not
unique. We can select I with an arbitrary family of intervals of this type
which gives us a different dynamic for fand a different set of fixed points in
(D) for the identification map.

Figure ba Figure 5b

Figure 5

Definition 5. Given a Jordan domain J, a set of strong filtration pairs
adapted to D is a finite collection of pairs {(N; N D, L; N D)}; associated to

14



the family {p;}; of fixed points of ﬁk|a(D).

Let us observe that this set depends on the choice of J and, if Per(ﬂ a(D))
is not finite, on the choice of the set I such that, after an identification,
transforms Per(f[sp)) in a finite set .

2.5. The statement of the principal results.

To conclude this section we summarize below the main results of this
article.

Let f: U — W be a local homeomorphism with U, W C R? open subsets
and let p be a non-accumulated, indifferent fixed point. If p is stable, that is,
if there exists a basis of neighborhoods {U,, }nen of p such that f(U,) C U,
for all n € N, we obtain ig2(f*,p) = 1 for all k € N (see [15] and [35]).

We are interested in the relation between the fixed point index of the
iterations of f at p and the local dynamics at p, with p a non-stable fixed
point.

Main Theorem 1. (Poincaré formula. Orientation preserving case.)

Let f: U — W be an orientation preserving local homeomorphism with
p an unstable, non-accumulated and indifferent fixed point. Let us select a
Jordan domain J such that p € J C cl(J) C U with K, N 9(J) # 0, and
let {(N; N D,L; N\ D)}; be a set of strong filtration pairs adapted to D, the
Carathéodory’s compactification of S\ K,. Then there exist r € N and
Tps Up, Sp, ap € TN such that

. N ! if k¢ rN
ir2(f ,p)—{ l—up+rp=1-—s,+a, ifkerN
B 1 ka%?"N
L T+ 5((rptap) = (up+5p)  ifkerN

We have the following dynamical interpretation: there are u, (s,) gener-
alized unstable (stable) branches and r, (ap) generalized repelling (attract-
ing) petals for f" at p (see Definition 3). They are negatively (positively)
invariant for f” and f~! (f) acts as a permutation on them. Let us observe
that the numbers {uy, rp, sp, ap} depend on J and the set of strong filtration
pairs but their differences depend only on the germ of f.

Remark 5. The last result gives us, as a corollary, a theorem due to Le
Calvez (see [27]) which says that if p is a non-accumulated, indifferent fixed
point, there exist r > 1 and g € Z such that

. 1 ifké¢rN
mz(fkvp):{q ifkgeérN
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On the other hand, if f preserves or contracts (expands) areas, then
rp =0 (ap = 0) and we obtain a corollary which improves a result of Simon
(see [42]) about the existence of a bound for the fixed point index of the
area and orientation preserving homeomorphisms at an isolated fixed point.
More precisely, if f preserves or contracts areas then ig2(f,p) < 1.

From the above considerations, given an orientation preserving homeo-
morphism h : U C R? — R? which preserves a measure supported in the
open sets, such that Fiz(h) = Per(h) = {0} and ig2(h*,0) = 1 for every
k € Z, it is natural to ask if 0 must be a stable (in the past or in the future)
fixed point. The famous example of Anosov and Katok, [I], is a counterex-
ample to this problem. They produced a diffeomorphism of the disc which
preserves natural measures and it is ergodic. This map is constructed in-
ductively as limit of an appropriate sequence of diffeomorphisms. In the
next section (see Example 3) we will exhibit an explicit, very simple and
geometric example of an orientation and area preserving homeomorphism
h: R? — R? such that Fiz(h) = Per(h) = {0}, 0 is stable neither for h nor
for h=! and the fixed point indices ig2(h*,0) = 1 for every k € Z. Moreover,
there will not be h-invariant subsets of positive finite measure.

For the orientation reversing case we prove the following theorem:

Main Theorem 2. (Poincaré formula. Orientation reversing case.)

Let f: U — W be an orientation reversing local homeomorphism with p
an unstable, non-accumulated, indifferent fized point. Let us select a Jordan
domain J such that p € J C cl(J) C U, with K, N 9(J) # 0, and let
{(N; N D,L; " D)}; be a set of strong filtration pairs adapted to D, the
Carathéodory’s compactification of SQ\KP. Then there exist u, u;, T, 7“2’7 eN
with u‘,’n < up, r;) <7p, u;, + 7’;, < 2 such that

. 1—u,+r if k even
ZRQ(ka)):{ ptr

L —u,—r, ifk odd

and with the following dynamical meaning: there are u, generalized unstable
branches for f? at p with u; < 2 of them negatively invariant for f. In the
same way there are r, generalized repelling petals for f? atp and 7"; <2 of
them are negatively invariant for f.

As in the orientation preserving case we have similar formulas involving
generalized stable branches and generalized attracting petals.

Remark 6. As a corollary ig2(f,p) € {—1,0,1} for f an orientation re-

versing local homeomorphism and p a non-accumulated fixed point. This is
Bonino’s theorem (see [3]) when p is non-accumulated.
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Remark 7. The Main Theorem for orientation reversing homeomorphisms
says that ig2(f2", p) is constant. Then it solves Problem 7.3.9. of [23].

Theorem 3. Let f : U — W be an arbitrary local homeomorphism with
Fixz(f) = {p} an indifferent fixed point, such that igz(f",p) =1—m <1 for
some r € N (r = 2 if f reverses orientation). Then there exist m unstable
(stable) branches, in the classical sense, {U;} ({Si}) for " at p such that:

1) f~% and f act as permutations in {U;} and {S;} respectively.

2) limy, oo f7"(x) = p for every x € U;, limy,—o0 f"(y) = p for every
Yy € S;.

3) There exists a closed disc Dy C J, with p € int(D,), Ui~ (U; US;) C
Dy, in such a way that the intersection of the stable and unstable branches
with O(Dy) alternate in O(Dp).

Each generalized repelling (attracting) petal contains p in its boundary.
As a corollary of the Main Theorems for both, orientation preserving and
orientation reversing homeomorphisms we shall obtain the following result
(see [30] for the orientation preserving case):

Theorem 4. (Petal’s theorem.)

Let f : U — W be an arbitrary local homeomorphism with p a non-
accumulated and isolated fized point such that ig2(f",p) = 1+ m > 1 for
some r € N. Then there exist m generalized repelling petals {R;} and m
generalized attracting petals {A;} for f* at p such that:

1) int(A;) Nint(Aj) = int(R;) Nint(R;) =0 for all i # j, and int(A;) N
int(R;) =0 for alli,j.

2) The map f (f~1) acts as a permutation in {A;} ({R:}).

3) limy, o0 f7"(x) = p for every x € R;, lim,_,o f"(y) = p for every
y € A;.

4) The sequences { ™" (R;) tnen and {f™ (A;) }nen determine ends con-
taining p and (\,en f~" (R;i) and ey [7"(Ai) are fT-invariant continua
containing p.

5) There is a Jordan curve v around p such that y intersects alternatively
the sets {A;} and {R;}, with vy N A; and v N R; closed arcs.

Remark 8. Using the petal’s theorem one can prove the following conse-
quences that extend a theorem due to Le Calvez (see [27]):

If f:U — W is a local homeomorphism such that Fiz(f) = {p} and
1 # ip2(f",p) > 1 — q for some r € N (r = 2 if f reverses orientation).
Take a disc J such that p € int(J) C cl(J) C U. We have the following two
properties:

a) If there exist ¢ generalized stable branches for f at p then there exists
a domain V; C U such that the domains of the sequence {f™(V1)}nen are
well defined and disjoint.
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b) If there exist g generalized unstable branches for f at p then there
exists a domain Vo C U such that the domains of the sequence { f~"(V2) }nen
are well defined and disjoint.

As a corollary, if ip2(f",p) > 1 for some r € N there exist domains
Vi, Vo C U such that the domains of the sequences { f™(V1) }nen and { f7"(V2) }nen
are well defined and disjoint.

The last remark can be applied to the following interesting situation:
Let M be an oriented compact 2-dimensional manifold with boundary and
let f:U C M — M be an orientation preserving homeomorphism. Let
p € (M) NU be an isolated fixed point of f. Denote by DM the double of
the manifold M and Df : DM — DM the natural map induced by f.

Then,

a) If p is a saddle point of f|gns) and ipa(Df,p) > 0 then there exist
domains Vi, V, C U such that the domains of the sequences {f"™(V1)}nen
and {f7"(V2) }nen are well defined and disjoint.

b) If p is an attractor of f|gns) and ipar(Df,p) > —1 then there exists a
domain V; C U such that the domains of the sequence {f"(V1) }nen are well
defined and disjoint.

c) If p is a repeller of f|yar) and ipa(Df,p) > —1 then there exists a
domain Vo C U such that the domains of the sequence {f~"(V2)}nen are
well defined and disjoint.

Note that in this particular setting, since p is isolated using Brouwer’s
lemma on translation arcs, it is not necessary to assume ipas (D f,p) # 1.

For orientation and area preserving homeomorphisms in surfaces we have
the following Nielsen type theorem (see [7] for the particular case where M
is a disc).

Corollary 1. Let M be an oriented compact 2-dimensional manifold with
boundary and let f : M — M be an area and orientation preserving homeo-
morphism such that f|ary has n attracting fived points and n repelling fived
points. Then f has, at least, n+ A(f) fized points in int(M) where A(f) de-
notes the Lefschetz number of f. As a consequence, if M is the 2-dimensional
disc, we have that f has, at least, n + 1 fized points in int(M).

Restricting ourselves to orientation reversing homeomorphisms and using
that ip2(f,p) € {—1,0, 1}, we shall produce a sharp theorem. The proof will
be obtained easily by using the previous results.

Theorem 5. Let f: U — W be an orientation reversing local homeomor-
phism with p a non-accumulated, indifferent fived point, and ig2(f2,p) # 1.
Then there are u, generalized unstable branches and r, generalized repelling
petals for f% at p such that ig2(f?,p) =1 —up + 1y, and:
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a) The generalized unstable (stable) branches and the generalized repelling
(attracting) petals are negatively (positively) invariant for f2.

b.1) If ig2(f%,p) = 1 +m > 1, then 7, > m and there are, at least, m
generalized attracting petals for f2 at p (m of the generalized attracting petals
alternate with m of the generalized repelling petals around p).

b.2) If ig2(f%,p) = 1 —m < 1, then u, > m and there are, at least, m
generalized stable branches for f2 at p (m of the generalized stable branches
alternate with m of the generalized unstable branches around p).

c.l) If ig2(f,p) = 1 then:

There are neither generalized repelling petals nor generalized unstable
branches for f? at p, negatively invariant for f. On the other hand there
are two generalized attracting petals or two generalized stable branches or
a generalized stable branch and a generalized attracting petal for f? at p,
positively invariant for f.

The numbers u, and r, are even. Therefore, ig2(f2,p) is odd.

c.2) If ig2(f,p) = —1 then:

There are two generalized repelling petals or two generalized unstable
branches or a generalized unstable branch and a generalized repelling petal
for f? at p, negatively invariant for f. On the other hand, there are nei-
ther generalized attracting petals nor generalized stable branches for f? at p,
positively invariant for f.

The number u, + rp, is even and ig2(f?,p) is odd.

c.3) If ig2(f,p) = 0 then:

There are a generalized unstable branch or a generalized repelling petal for

f? at p negatively invariant for f. On the other hand there are a generalized
stable branch or a generalized attracting petal for f2 at p, positively invariant

for f.

The number u, + 1, is odd and ig2(f?,p) is even.

Corollary 2. Let f : 52 — S? be an orientation reversing and area preserv-
ing homeomorphism. If f has a fixed point, then |Per(f)| = occ.

3. Computation of ig2(f*,p).
3.1. Orientation preserving case.

Let f : U — W be an orientation preserving local homeomorphism with p
a non-accumulated, indifferent fixed point for f. Let J, be a Jordan domain,
with p € J, the unique periodic orbit contained in cl(Jp,), K, N 9(Jp) # 0,
and such that p € 9(K}). Given k € N, we can select a small enough Jordan
domain J C J, such that Fiz(f*|y)) = {p} (the map f is defined after
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Remark 2) and such that the above continuum K, is also the connected
component of Inv(cl(J), f) which contains p. Then

is2(f*,p) +iga(f5, 8%\ J) =2
We have (after identification if necessary) that Per(ﬂa( p)) is a finite set.

Then ﬂa(D) has ¢ periodic orbits of period 7.
If kK € rN, then

Fix(fkla(p)) ={{p11,--sp1r}s - P15 Pgr }}
with {pj1,...,p;r} the periodic orbits of ﬂa(D) forj=1,...,q.
We have that Flﬂf(fk|a(J)) = and Fix(ﬂ‘p([(pma(]))) = 0.

Let A= (J\ K,)UA(D) C D. Then ig2(f*, 52\ J) = ip(f¥, D\ A) and,
since D is contractible,

q
Z'D(fkaD\A)"'TZZ.D(fkapjl) =1
i=1

Then we have the following proposition:

Proposition 1. Under the above setting,

i]RQ(fk’p) = iSQ(fk7p) =2- Z-SQ(ka’S2 \ J) =

q
=2—ip(f¥,D\ A) = 1+7'Z7:D(]?kapj1)'
j=1

For each fixed point p;; of J/‘7€ we have a strong filtration pair adapted to
D, (le, le), with pj1 € Kjl = Inv(cl(le \ le), Jf%) (see Lemma 1).

The set L1 is a finite amount of disjoint discs and it is easy to see that
iD(ﬁ“,pﬂ) = 1 — g; with ¢; the number of components L7} of L;; such
that ﬁ“(@Nﬂ (L71)) Cintp(L}) (see [36]). Since f is a homeomorphism, the
number ¢; is the same for any other pj; with k € {1,...,7}.

Then, if & € N,

ig2(f*p) =1+ 7(q —

M-

qj)
1

J

If ﬂa( p) has not periodic orbits it is obvious that ip2( fk.p) =1 for all
k e N.
If & ¢ rN, then Fim(]/”%\a(D)) = and ig2(f*,p) = 1.

Therefore, we have proved the following theorem (see [27]).
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Theorem 6. If f : U — W is an orientation preserving local homeomor-
phism with p a non-accumulated, indifferent fized point, then:

a) If Per(flomy) =0,

iR2(fk,p) =1 for all k € N.

b) If Per(ﬂa(D)) is a mon-empty finite set, then ﬂa(p) has q periodic
orbits of period r, and

‘ e If k ¢ rN
IR2 (fk,p) = { 1+7r(q— E?:l Qj) If kerN

with q; € N defined as above. Let us recall that we obtain ig2(f*,p) for
all k € N by observing f" .

As an application of these techniques, we shall give an explicit simple
example of an area and orientation preserving homeomorphism h : R? — R?
such that Fix(h) = Per(h) = {0}, 0 is neither stable for i nor for h=! and
the fixed point indices ig2(h*,0) = 1 for every k € Z. Moreover, there are
not h-invariant subsets of positive finite Lebesgue measure.

Example 3. Let g, : R?> — R? be a rotation with center the origin and
angle « € R\ Q.

Let S' be the unit circle and xg € S'. For every point of the orbit of x,
{(ga)™(x0) : n € Z}, following the classical construction of Denjoy, we paste
an interval I, in each point (g, )"(z¢) for every n € Z such that:

a) l(Imy1) < (1) and [(1y,) = I(I-p) foreverym € Nand ), ., I(I,) =
27 < oo where [(I) denotes the length of the interval I.

b) limy, oo ‘) = 1.

Extending radially to the whole plane the corresponding map of Denjoy
we obtain a homeomorphism ¢ : R? — R2.
Let Q, = {a € R?: there are A > 0 and b,, € I,, such that a = \b,}.

The homeomorphism h we are looking for, will satisfy that h\RQ\UneZ Qn =
g.

Let us define h in |J,,c; Qn. Consider n € Z and take an isometric copy
of @y, denoted by ©,, C R x [0, 00) such that ©,, is obtained by rotating @,
in such a way that the line x = 0 divides ©, into two symmetric sectors ,
©;" and ©; . We shall denote by 2, € [0,7) the interior angle determined
by ©Op,.
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It is clear that ©,,41 C ©,, and ©_,,, C ©_,,,+1 for every m € N. For
each n € Z let us denote by j, : Q, — 0O, the obvious isometry.

To define the required homeomorphism h we shall consider, for every
n € 7, area and orientation preserving linear homeomorphisms fy, p4+1 :
@n — @n-i-l'

Let frnt1: 0, — @:{_H be given by the formula

Sin Q41 sin oy, COS Qpt1 COoS (i,
x +x —

fn,n+1(x7y) = ( . yY— " "
sin o, sin a1 sin o, sin 41

Since frn+1(0,y) = (073/512?17311)7 we can extend f, n41: 0, — O, by
the obvious symmetry.

On the other hand, f, n+1(7sinay,rcosay) = (rsinag4q1,7cosany1).
Then, it is easy to check that f, ,4+1 is an area and orientation preserving
injective map such that fy, ,11(05) = Op41.

— Il frnt1 ()l sin a
MOI‘QOVQI", fn+17n+2 o fn,n+1 = fn,n+2 and 1 < nT|L|ZH < sinoznjq (1 >

Ifnns1@l > _sinas, ) for every z € ©,, and n > 0 (n < 0).

BT < Snani

Now we are in a position to give an explicit definition of the homeomor-
phism & : R? — R? by

) hipa\y,, e, Qn = 9
i) h(z) = ((Jnt1) 7" © fams10n)(2) € Quia for z € Qp.

By the construction it is obvious that A is a bijective and area preserving
map such that Fixz(h) = Per(h) = {0}.

1) h in continuous in 0. Indeed, for any € > 0 take ¢ > 0 such that e =
dmax{>2%m—: m € N}. Then, if B(0, s) denotes the open ball centered in 0

sin am 41

and radius s, we have that h(B(0,6)) C B(0,€) and h=1(B(0,9)) C B(0,¢).

2) h is continuous in any z € R?\ {0}. In fact, we only have to pay
attention to z € R? \ U,z int(Qy). For such points we use polar coordi-
nates z = (r,0) and g(r,0) = (r,g2(6)). Since f, pt1(rsinay,,rcosa,) =
(rsinagp41,7cosapt1) for every n € Z, we have that h(z) = h(r,0) =
(r, 92(6)).-

Consider any open neighborhood V' = (r —e,r+¢€) X (g2(0) — €, g2(0) +€)
of h(z) and take any open neighborhood U of z such that g(U) C V and
UNQ, # 0 just for |n| such that % is close enough to 1. Then, if 2’ € U

then ||h(2")]|/]|2|| is close enough to 1 and ||h(Z))|| € (r —€,7 + €).
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3) 0 is neither stable for h nor for h~'. Indeed, take any z € int(Q.,)
with m € N such that j,(2) € {(z,y) : + = 0,y > 0} C ©,,. Then,

I fmm+1Gm ) _sinam

l7m ()l sin am41”

Now, consider any k& € N. There exists k,, € N such that j,, 1, (h¥"(2)) €
{(2,9) 12 =0,y > 0} C Oy, and om— > T Then, [|[hFn(2)] > 2F.

SiN At ke,

In the same way we have that 0 is not stable for h~!. The same arguments
allow to prove that neither the positive semi-orbit nor the negative semi-orbit
of z € int(Qy) are bounded. On the other hand, any h-invariant subset has
null or infinite Lebesgue measure.

5) For any closed disc, D, centered in 0, we have that Inv(D,h) =
(R \ Upez int(Qn)) N D. Then, Inv(D,h) has not h-periodic prime ends
and consequently ig2(h¥,0) = ig2(h",0) = 1 for every k € N. O

3.2. Orientation reversing case.

Let f: U — W be an orientation reversing local homeomorphism with
p a non-accumulated, indifferent fixed point and let J, and K, as in the
orientation preserving case. Note that from a theorem of Kuperberg, see
251, p € ().

Given k € N, we can select a small enough Jordan domain J C J, such
that Fi:):(fk\du)) = {p} and such that K, is the connected component of
Inv(cl(J), f) which contains p.

Since f : S — S? is orientation reversing,

o o 0 if k odd
ZSQ(fk7p)+/LSZ(fk7S2\J):{ 2 ifk;even

and, since Per(ﬂa( p)) is, after identification if necessary, a finite set, then

ﬂ@(D) has ¢ periodic orbits of period 2 and two fixed points {pg, p1}.
Let us divide the computation of ip2( f*, p) into two cases: k odd and k
even.

Case a). Let us suppose that k is odd.
Since f* is orientation reversing,

is2(f*,p) +ig2(f*, 8\ J) =0
On the other hand, since Fix(]ﬂﬂa(D)) = {po,p1},

ZD(LI/C%?D\A)_FZD(}%)})O)+ZD(]/H€7p1):1

Then we have the following proposition:
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Proposition 2. Under the above setting,

in2(f*,p) = in(f*, po) + ip(f¥,p1) — 1.

Let us compute z'D(]%,po) for k odd.
There exists a strong filtration pair adapted to D, (Ny, Lg), associated

to po. ] .
If ¢° is the number of components {L}} of Ly such that ]ﬂ“(aNo (L})) C
f*

intD(Lé), since is orientation reversing, we have that ¢ € {0,1} (see

We obtain that
in(f¥,p0) =1—¢°

In the same way we have

in(f*p1) =1-¢'
with ¢! € {0,1} defined as ¢°.
Then, for k£ odd and f an orientation reversing local homeomorphism,

iRQ(fk7p) = (1_q0)+(1_q1)_1: 1_q0_q1 S {_1)0)]—}
and the Case a) is finished.

Case b). Let us suppose that k is even.
Then J% is an orientation preserving homeomorphism with Fw:(f7€ la(py) =

{po,p1, {11, P12}, -, {Pg1,Pg2}}. Following the steps of the orientation pre-
serving case,

Z.D(fk7pj1) =1- q; for ] € {17 s 7(]} and ZD(J?k7pZ) =1- ql for i € {07 1}

Then

iwe(f5p) =2 —ip(FF. D\ A)=2-[1-2 (1 —q) ~ (1-¢") — (1 - ¢")]

J=1

q
=3+20-¢"—¢" -2 g
j=1

Let us observe that in this case (k even) we have not ¢ € {0,1}.
Therefore, we have the following theorem.
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Theorem 7. Let f: U — W be an orientation reversing local homeomor-
phism with p a non-accumulated, indifferent fized point such that Per(f|spy)
is a finite set (two fized points and q periodic orbits of period 2). Then:

(= 1m0 —d e {-1,01) if ko odd
wr2(J " P) = 3+2q_q0_q1_2231.:1qj if k even

with q;, q° and ¢! defined as above. Let us recall that we obtain ig2 (fk,p),
for all k € N, by observing f and P

4. Dynamical meaning of ig2(f*, p).

4.1. Proof of the Main Theorem. Orientation preserving case.

Let f: U — W be an orientation preserving local homeomorphism with
p a non-accumulated, indifferent fixed point for f in the conditions of the
orientation preserving case of Section 2. Then Per(ﬂa( p)y) is a finite set of
q periodic orbits of period 7. Let pj; € Fi:v(j%b([))) with & € rN. We will
relate ¢ D(]ﬂ“, pj1) with the dynamical behavior of fk in the proximity of pji.
This fact permits us to establish a new relation between ig2(f*, p) and the
dynamical meaning of f at a neighborhood of p.

Let (Nj,Lj) be a pair, as in Lemma 1, for fsk at pj1. If (N;,L;) is a
strong filtration pair the period of (Nj,L;) is 1. We have then a family
(perhaps empty) {U1,...,U,} of unstable branches of (N;, L;) associated to
fsk at pjl with s =1 — isz(fsk,pjl).

If (Nj1,Lj1) is a strong filtration pair adapted to D for pji, we call u;
the number of unstable branches of (N;1, Lj1) associated to f% at p;j1. If we
select any other p;, with k € {1,...,r}, since fis a homeomorphism, we
obtain the same numbers u; associated to p;,. Let us study the relations
between the numbers u; and g;.

Case a). If pj1 is an attractor for J?k’a(D), then Lj; N9(D) = 0 and ¢j = u;.
If g; = 0, then NN;; is an attracting petal associated to j% at pj1, that is
ﬁf(le) C intD(le).

Case b). Let us suppose that p;; is a repeller for f’“\@(D).
Then ¢; > 1. We have two subcases:

b.1) If ¢; = 1, Ny is a repelling petal associated to f/% at pj1, that is,
le C intD(ﬁ“(le)). We have Uj = 0.
b.2) If ¢; > 1, we obtain u; = ¢; — 2.

Case c). If pj; is a saddle point for j%|a(D) then ¢; = u; + 1.

Let us denote
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A = {je{l,...,q} :pj1 isin case a) }

Ry = {je{l,...,q} :pj1isin case b.1) }
Ry = {je{l,...,q} :pj1isin case b.2) }
S = {je{l,...,q} :pj1isin case c) }

Since f%’a(D) is orientation preserving, the sets A and R = Ry U Ry
have the same number of elements. There are r]AJ%: r|R| attractors (and
repellers) and 7|S| = r(q — 2|A[) saddle points for f*|5p).

If we come back to the computation of ig2(f*, p), then

i (f*p) =1+7r(g=> q) =

j=1
=1+7lg=> uj—|Ri|= > (u;+2) =) (u+1)] =
jeEA JER2 jES
=1-r Z uj + 7| Ry

JEAURUS

If we associate the number w;,, = u; to each point pj,,, then

i (ffp)=1— Y jm+7|Rl
je{1,..., q}
me{l,...,r}

The number u;y, is the number of unstable branches of (Njy,, Ly, ) asso-
ciated to fr at pjm.

Let Ujy, be an unstable (stable) branch of (N, Ljm) associated to frat
Pjm- It is easy to see that the continuum clg2 (Ujp, \pjm) C U is a generalized
unstable (stable) branch for f" at p.

We can select the repelling petals Nj, in such a way that the arcs
Op(Njn,) are cross-cuts of d(K)) i.e. their end points are exactly two points
in O(Kp) (the set of elements of 9(D) which are accessible by arcs on U \ K,
is dense in J(D)). Then, the continuum clg2(int(N;m)) is a generalized
repelling petal for f" at p.

The generalized attracting petals for f™ at p are constructed in an anal-
ogous way.

We define u, = )y, to be the number of generalized unstable branches
for f7 at p and r, = r|Ry| to be the number of generalized repelling petals
for f" at p.

We have proved that, if f is an orientation preserving local homeomor-
phism, then r,,u, € rN and

1 if k ¢ rN

. k _
Z]R?(f ap)_{l_up+rp if kerN
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Let us recall that ig2(f*,p) is computed by observing fr. The numbers
up and 7, depend on the choice of the Jordan domain J and of the set
of strong filtration pairs adapted to D (if Per(fsp)) is not a finite set).

However, the difference r, — u, does not change.
O

Remark 9. Note that the above techniques allow us to compute ig2(f,p)
even if p is an accumulated isolated fixed point. Using Lemma 1 there are
not problems to construct strong filtration pairs adapted to each fixed prime
end. Since it is well known that for an accumulated isolated fixed point
p igz(f,p) = 1, we have that the number of generalized unstable (stable)
branches and generalized repelling (attracting) petals that are negatively
(positively) invariant for f coincide.

Corollary 3. Let pj1 € Fi;v(]ﬂ“b(D)) with k € N and let (Nj;,L};) be a
pair as in Lemma 1 and (Nj1, Lj1) = (Nj; N D, Ly N D) a strong filtration
pair adapted to D at pj1. Then

—1 Zf 8]\[]/_1 (L;l) ~ Sl
uj1  otherwise

in(f*, Nj1) — Z'S?(J?ska ) = {

]ﬂ“at

with wj1 the number of unstable branches of (Nji,Lj1) associated to
pj1- Therefore,

. .ok
ZZDU?I{:,ij)_ZZSQ(fs 7Ng/‘m>:up_rp and

Z ZD(J?kaNJm) - Z 252(ﬁk,N],m) = up

JER JER

4.2. Proof of the Main Theorem. Orientation reversing case.

Let f : U — W be an orientation reversing local homeomorphism and
let p be a non-accumulated, indifferent fixed point for f in the conditions of
the orientation reversing case of Section 2. Then, Per(ﬂa( p)) is a finite set
with two fixed points and ¢ periodic orbits of period two.

If k is even we have that J/ﬂf is orientation preserving and Fw:(fk\ aD)) =

{po,p1,{p11,p12}, - -, {Pg1, Pg2}}. Then

iR2(fkap) =1—up+rp.

with 7, and wu, the number of generalized repelling petals and unstable
branches for f2 at p. The petals and branches are constructed as in the
orientation preserving case.
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If k is odd, then let Fiz(f*|yp)) = {po,p1} with {(No, Lo), (N1, L1)}
be strong filtration pairs adapted to D for pg and p;. Let u; and r;, be the

number of unstable branches and generalized repelling petals associated to ]/07"’
at the fixed points of O(D) which are negatively invariant for fk Since ﬁ“ is
orientation reversing, we obtain that u;, < 2, r, <2 and rj+u;, = @+ <2
Then

i (ffp)=1-¢"—¢' =1 —u), — 1) € {~1,0,1}

If f is an orientation reversing local homeomorphism,

. 1—uy,+r if k even
ZRQ(fkap):{ v v

17u;,fr;, if k£ odd

with ig2(f*,p) € {~1,0,1} if k is odd. The numbers {u,,7,} and {up, 7}
are computed by observing ]?2 and f g

Definition 6. Irreducibility of branches and petals.

Let p € J be a non-accumulated and indifferent fixed point with J a Jor-
dan domain such that K,NA(J) # 0 and let us construct the Carathéodory’s
compactification of S% \ K,, D, and the homeomorphism f: D —D. If
pi € F ix(ﬁﬂa( p)) is an isolated fixed prime end (and not a identification to
a point of an interval I; of prime ends) and it gives us a family of generalized
unstable branches for f" at p, we call them irreducible unstable branches for
f7at pin J. In the same way, if p; gives us a generalized repelling petal for
f7 at p we call it irreducible repelling petal for f at p in J.

Remark 10. If the set of isolated fixed prime ends of ]/”7“\ a(p) 1s not finite
then, given m € N we can obtain another identification homeomorphism,
which we call again ]/”7“ : D — D, which gives us a number > m of generalized
unstable branches and a number > m of generalized repelling petals at p
(obviously, we have u, > m and r, > m). However, the number r, — u, =
ig2(f*,p) — 1 is constant and it just depends on the germ of f.

Remark 11. Let us observe that if f is orientation reversing, since Fm(ﬂ a(D))

is a set of two fixed prime ends for every fA‘, then the numbers u;, and r;, of

ir2(f,p) =1— u;, — 7’1’, are independent of the map ]?considered (this fact is

not true for u, and rp).
The following proposition is a consequence of our previous results.

Proposition 3. Let us suppose that ig2(f",p) # 1 for some r € N (r = 2
if f reverses orientation). There exists a family of u, generalized unstable
branches, {U;}, and a family of rp generalized repelling petals, {R;}, for f"
at p such that ig2(f",p) =1 — u, + 1y and:

28



1) The open repelling petals and the sets {U; \ K,} are two families of
mutually disjoint sets. Moreover, each set of a family is disjoint from the
sets of the other family.

9) ity oo f(2) = {p} and limp o0 f~(y) = {p} for cvery = € U;
and every y € R;.

3) Mpen S (i) and (,en S~ (R;) are f"-invariant continua contain-
ing p and the sequence {f~""(R;)}nen determines an end containing p.

If f is orientation reversing, the numbers u; < 2 and 7“1’, < 2, of the
decomposition ig2(f,p) = 1 — u, — 1, determine the number of generalized
unstable branches and generalized repelling petals of our families which are

negatively invariant for f.

Proof. Let us select an adequate J such that Fiz(f"|;) = {p}. Given a
fixed point p; for f”|8( p) and a strong filtration pair (NV;, L;) adapted to D,
the unstable branches {Uy;, ..., U} for fr at p; are compact sets of trivial
shape. We define generalized unstable branches {U;} as the closure in R? of
the sets {U1; \ {pi},...,Us \ {pi}} for every p; € Fi:c(fg(D)).

Since ip2 (f",p) # 1 and Fiz(f"|s) = {p}, it is not difficult to prove that
for every x € clp2 (U \ {pi}), f~""(z) — {p} (see [37], Proposition 2).

Let us construct generalized repelling petals {R;}. There are 1, general-
ized repelling petals {N1,..., N, } associated to the fixed points of f’"\a(D).
We can select generalized repelling petals {N;} in such a way that each arc
vi = Op(IV;) has two end points in 9(K)). Each p; has associated a union of
prime ends {P;}. At least one of these prime ends, P;, is a fixed prime end
for ]?T. We call P; the set of points of P;. It is not difficult to prove that
P; C O(K)) is a continuum, invariant for f", with p € P;.

For each p; we obtain a generalized repelling petal, R;, for f" at p

R; = clpe (int52 (Nl))

with p € P; C 9(R;). The associated open repelling petals are disjoint and
it is obvious that they are disjoint from the sets {U; \ K} which are also
disjoint. O

Remark 12. If a generalized unstable branch (or a generalized repelling
petal) for f" at p, Uy, is irreducible, then (), f~(Uo) C 9(Kp) is a
continuum, invariant for f”, and it is the set of points of a fixed prime end
for f".

Remark 13. Note that from our techniques one can provide reasonable
notions of local hyperbolic and elliptic sectors in terms of the generalized
stable/unstable branches and generalized attracting/repelling petals such
that the classical Poincaré formula remains true (Question 1.16 of [30]).
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5. The remaining proofs.
Proof of Theorem 3.

We can assume that p € 9(K)).

The fixed point index ig2(f",p) =1 —u, + 1y < 1 gives us m = uy, — 7p.
We obtain that there are u, > m unstable branches {U,..., Uup} for J?T at
the fixed points in 9(D).

Let ap, and 7, be the number of fixed points in 9(D) associated to at-
tracting and repelling petals for f’". If the disc NV; of a strong filtration pair
adapted to D, (N;, L;), is not an attracting nor a repelling petal, then we
say that N; is an unstable petal. We call R > r, the number of repelling

fixed points for _]/C\T‘ a(p)- R is also the number of attracting fixed points for
flap)-

Given a point p; € Fiz(f"|5p)) associated to an unstable petal N;, there
are three cases:
Case a). p; is a saddle point for fr|3(D).

Then there are the same number of unstable and stable branches for f’"
at p;.
Case b). p; is a repelling fixed point for J?”|3(D).

If r; is the number of unstable branches for fr at p; then there are r; + 1
stable branches at p;.
Case c¢). p; is an attracting fixed point for fﬂa(D).

If r; is the number of unstable branches for fr at p; then there are r; — 1

stable branches at p;.

We have a family {Si,...,Ss,} of stable branches for f7 at the fixed
points in 9(D) with

sp=up—(R—ap)+ (R—1p) =up+ap,—1p>u,—rp=m

Let {p;} be the family of fixed points of fr|3(D) and let {N;} be the
family of attracting, repelling and unstable petals of the strong filtration
pairs adapted to D, {(N;, L;)}, associated to each fixed point. We denote
N, = U; N; such that N; is unstable.

Let us consider the Jordan curve contained in D,

Y= (8(D) \Nu) U 8D(]Vu)
Let L = UZ] Lg , with L{ the components of each L; such that Lf -
intg2(D) and f’"((‘)Ni (Li)) C intg2 (Lf) Let U; be an unstable branch for

fTat D with Uy Ny C l1, where [; is the connected component of L N~
which intersects U;. Two unstable branches {Uy, Us} are adjacent if there is
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an arc li 2 in 7y joining the arcs l; and lp, with I3 Uly C l12 in such a way
that 11’2 NL=1Uls.

If two unstable and adjacent branches for J?”, {U1, Uz}, are contained in
the same region N7, there exists a stable branch S; in N7 between U; and
Us.

If two unstable and adjacent branches {U;, U} are contained in disjoint
regions N1 and Ny associated to fixed points p; and po, then we have two
situations:

i) If there is a stable branch S; which intersects 1y o N 9dp (N1 U N3) then,
S1 is a stable branch between U; and Us in 11 5.

ii) If there is not a stable branch which intersects {12 N dp(N; U Na),
then the points p; and py are attractors on the right side and on the left
side respectively for fAr\a(D). By this observation, if pipz C 9(D) is the
arc induced by [y 2 joining p; and py we have that there exists a repelling
fixed point p’ for f’"\ a(p) contained in the interior of p1ps. The point p’ has
associated an unstable or repelling petal N’.

If N’ is unstable, there exists in N’ a stable branch S; (between U; and

U2 in ng).

Since there are r, repelling petals, we can construct, at least, u, —r, =
m stable branches {S1,..., Sy} alternating in - with m unstable branches
{U1,...,Un}.

The stable and unstable branches for f’” at D, {S1,...,Sm}and {Ui,...,Un},
give us the alternating set of generalized stable and generalized unstable
branches for f" at p we are looking for.

Let us consider a Jordan curve vy C D near enough 9(D) and let

71 = (70 \ Nu) UOp(Nu)

The closed disc D, C J (and containing p) determined by 7 is the disc
we are looking for. [

Proof of Theorem 4.

Since ip2(f",p) = 1+ m > 1, we have that p is indifferent. On the other
hand, p € O(K,) (if p € int(K)) then p is stable and ig2 (f", p) = 1, see [15]).

We have i (f*,p) = ig2(f",p) =1 —up +1, > 1 for all k € rN with r
the period of the periodic orbits of ﬂa( p)- We obtain that there is a family
of r, generalized repelling petals (see Proposition 3), {R;}, with int(R;) N
int(R;) = 0 for i # j. The fixed point index ig2(f",p) = 1 — up + rp gives
us m = r, — u,. Since r, > m, there are, at least, m generalized repelling
petals.

Let us construct the m generalized attracting petals {4;}. Since ]?"| a(D)
has, at least, r, repelling fixed points then there are also r, attracting fixed
points {p},..., p;p} (fr|3( p) is an orientation preserving homeomorphism).
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From these r, fixed points, there are no more than u, without generalized at-
tracting petals. Then, the remainder points (at least r, —u, = m) are points
with associated generalized attracting petals N]. We define the generalized
attracting petals A; as

A; = clpz((intge (NZ,))

It only remains to construct the Jordan curve v around p. Let us consider
two repelling fixed points {p1,pa} of f’"]a(D), with repelling petals { N1, Na},
and adjacent in the set of fixed points R = {p1,...,pr,} C (D) associated
to repelling petals. Given the arc ;2 C 9(D) joining the points p; and ps
(with y12 N R = {p1,p2}), there are A; unstable branches in D associated
to the fixed points of fr|3(D) contained in 71 2. In the same way we consider
the arcs 7 ;41 for {p;, pi+1} and the numbers \; of unstable branches of the
fixed points in the arcs v; ;41. Then

Tp
Z Ni=Up=1p—m
i=1

There are, at least, m elements {A;,..., A;,,} C {A1,...,Ar, } such that
Aip =--=X\;,, =0.

Since p;, and p;,+1 are repellers for f’"]a(D), there exists, at least an
attractor for f7"|3(D), p;,, in the interior of 7;, ;,41. Since A;; = 0, then
pfi1 is associated to an attracting petal Ni’l. In the same way we construct
attracting petals {Ni/p . ,N{m} which alternate with the repelling petals
{Ni,,...,N;,, } around 9(D). The required Jordan curve is obtained by
selecting v C int(D) near enough J(D). The generalized attracting petals
{Ai), ..., A, } associated to {N],...,N; } and the generalized repelling
petals {R;,,..., R;, } associated to {N;,,..., N;, } alternate with respect to
~v. O

Proof of Corollary 1.

Let DM be the double of the manifold M and let Df : DM — DM be
the homeomorphism induced by f.

We only have to pay attention to the case where Fix(f)Nint(M) is finite.

Let p1,...,pn € O(M) (q1,...,qn € O(M)) the repellers (attractors) of
flacary and 1, ..., 7y the fixed points of f in int(M).

We know that the index of Df at each fixed point is < 1 because there
are not generalized repelling petals.

Note that the saddle points in (M) have index < 0 because there exists,
at least, a generalized unstable branch.

Then,

ADf) <2 Y iulfiry)+

j€{17"'7q}
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+ > ipu(Dfp)+ > ipu(Df,q)

ie{1,...,n} ie{l,...,n}

Now, since there exist al least two generalized unstable (stable) branches
with each repeller (attractor), ipa(Df,p;) < —1 and ipyp(Df,q;) < —1 for
every i € {1,...,n}.

Then 2A(f) = A(Df) < 22]46{17”.7(]} iv(f,rj) — 2n.

Therefore, A(f) +n <> ey g im(firy) and ¢ > A(f) +n. O

Remark 14. In the particular case where M is the closed 2-disc much
more can be said. Indeed, if f has a fixed point in the boundary then it has
another fixed point in int(M). Then Df : S? — 52 is an area and orientation
preserving homeomorphism with at least three fixed points. Therefore, using
a theorem of Franks ([I7]) (see also [27], we have that D f has infinite periodic
orbits. Consequently, f also has infinite periodic orbits.

Proof of Theorem 5.

The proof of a), b.1) and b.2) follows as in the orientation preserving
case. Let us prove c.1). Since ig2(f,p) = 1 —u;, — 7, = 1 we obtain that
there are not generalized repelling petals and generalized unstable branches
for f? at p, negatively invariant for f (that are associated to the two fixed
points for f, {po,p1})-

An easy topological argument allows us to say that pg and p; are attract-
ing or repelling fixed points for ﬂ a(p)- For each one of the three cases (two
attractors, two repellers or an attractor and a repeller) we obtain the three
situations of the case c.1).

Since u; = T;) = 0 and f is orientation reversing, it is easy to see that w,
and r, are even. This fact gives us ig2(f?,p) = 1 — up + 7, odd.

The proofs of ¢.2) and c.3) are analogous. [J

Proof of Corollary 2.

We shall give a proof based on our results and a strong theorem of exis-
tence of periodic orbits of orientation and area preserving homeomorphisms
in the 2-sphere. Note that it can be used also the results of Bonino in [4].

If |[Fiz(f)] > 3 then |Fiz(f?)] > 3 and, since f? is an orientation and
area preserving homeomorphism, by a theorem of Franks ([I7]) (see also [27])
we have that |Per(f2)| = oo and, therefore, |Per(f)| = occ.

If 1 < |Fiz(f)| < 2, let us see that |Per(f)| = oo. If we suppose that
|Per(f)| < oo then, each p; € Fiz(f) is an isolated periodic orbit and we
have ig2(f,pj) < 1 (see [3]). If p; is stable, the index is 1 (see [35]). If p;
is not indifferent, then the index is 1 — 4§ € {—1,0,1} (see [37]). If p; is
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indifferent, then the index is 1 — u;,j € {0,1}. Let us observe the following
two equalities,

0=ig(f, 5% = > is(fip))

pjEFix(f)

2=ig(f%5%) = Y ise(ffp)+ > is2 (2, 4))

pjEFz(f) q;€Fiz(f2)\Fiz(f)

It is easy to see that ig2(f?,p;) < ig2(f,p;). In fact, if p; is stable the
index for f2is 1. If pj is not indifferent, the index for fPis1—6-2¢<1-6
(see [37]) and, if p; is indifferent, the index for f2 is 1 —u,, < 1 — U,
Using the above two equalities we have that |Fiz(f?)| > 3 and we obtain a
contradiction which gives us |Per(f)| = co.

0
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