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Abstract

In this paper we consider two notions of attractors for semidynamical systems de-
fined in metric spaces. We show that Borsuk’s weak and strong shape theories are
a convenient framework to study the global properties which the attractor inherits
from the phase space.

Moreover we obtain pointed equivalences (even in the absence of equilibria) which
allow to consider also pointed invariants, like shape groups.
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1 Introduction

Several authors [15,17,18,20,22,26,37,38] have recently studied in various pa-
pers the global topological properties of attractors of dynamical systems. A
common feature of these papers is the use of shape theory and Cech homology
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and cohomology. The most general result in this direction can be found in [18],
where the authors focus their attention on attractors for flows in Hausdorff
topological spaces.

In all the cases, the shape being studied is unpointed, and it is a matter
of considerable interest to know what the situation is in the pointed case.
This problem can be described in the following terms: Suppose K is a global
attractor of a flow in a metric space X. Suppose the attractor does not have
equilibria. Is it true that the inclusion i : (K, x¢) — (X, x¢) is a pointed shape
equivalence for any choice of the point x, € K7 If the attractor has equilibria,
the difficulty is the same as in the unpointed case.

The interest of an affirmative answer lies in the fact that in such a case the
pointed shape invariants, like the shape groups and homotopy pro-groups, are
shared by the phase space and the attractor. The main idea, in order to find
a solution to the problem, is to use Beck’s Theorem [1] to replace the flow by
another with equilibria in the attractor.

There are other shape-theoretical issues in the paper which are interesting
even in the unpointed case. We show that the most natural shape theories
to treat semidynamical systems in metrizable spaces are Borsuk’s weak and
strong shapes [7] (see also [4] and [5]). We also consider the most natural
notion of attraction from the topological viewpoint i.e. the notion of compact
attraction, which is more general than the notion of attraction of bounded
sets considered by most of the authors in the literature of dynamical systems.
This notion of bounded attraction is not only more restrictive, it is also non-
topological, i.e., it depends on the metric considered in the phase space and
it is not preserved by a change in the metric. Our conclusion is that global
attractors with both notions of attraction have the same strong shape (in the
sense of Borsuk) as the phase spaces.

The use of shape theory in the study of dynamical systems was initiated by
Hastings in [24] and [25]. Other authors have shown how to apply shape theory
to obtain global properties of attractors in the papers [3,13,15,17,22,37-39].
Shape theory and dynamical systems were also connected in [16]. On the other
hand, shape theory was related to differential equations in [35] and it is the
main tool used in [33] and [34] to define a Conley index [9,36] for discrete
dynamical systems.

2 Basic notions about dynamical systems

Let X be a metric space. A dynamical (resp. semidynamical) system on X
is a triad (X,R,7) (resp. (X,Ry, 7)) where 7 : X x R — X (resp. 7 :



X xRy — X) is a continuous map such that m(z,0) = x for every = € X,
and 7(m(x,t),s) = w(x,t + s) for every z € X and every t,s € R (resp.
t,s € Ry). For every t, we will consider the map S; : X — X given by
Si(z) = m(x,t).

Given z € X, the positive semi-orbit of = is y"(z) = {Si(z) | t € R}
and, if {S;} is a dynamical system, the negative semi-orbit of z is defined as
v (z) = {Si(z) | t € R_}. The orbit of z is y(z) = v (z) Uy (x). A set
B C X is invariant if S;(B) = B, for every t € R (for every t € R, in the case
of semidynamical systems). B is positively invariant if S;(B) C B, for every
teR,.

Given z € X the positive limit (w-limit) of z is the set

A*(z) ={y € X | there exists t,, — oo such that S, (z) — y} = [ 7+ (S:(z)).
0

The first prolongational positive limit of z is the set

JH(x) ={y € X | there exist z, — x,t, — oo such that Sy (z,) — y}.

Finally,
D*(z) ={y € X | there exist x,, — x,t, C Ry such that S;, (z,) — y},

(hence J*(z) C D*(z)), and for any set C' C X, D*(C) = (] D*(x).

zeC

A set K C X attracts a set C' C X if for every € > 0 there exists T' € R such
that S;(C') C B.(K) for every t > T.

K is stable if for every open neighborhood V' of K there is a neighborhood V
of K such that S;(Vy) C V, for every t € R;.

Definition 1 Let {S;} be a semidynamical system on a metric space X. A
compact positively invariant set K C X is said to be a global attractor if it
attracts all compact sets.

The notion of attractor is related to that of a compact dissipative semigroup
in [23, page 38].

We will also consider in this paper a stronger definition of global attractor.
The definition will be analogous to Definition 1 replacing compact subsets by
bounded subsets.

Definition 2 Let {S;} be a semidynamical system on a metric space X. A



compact invariant set, K C X, is said to be a global strong attractor if it
attracts all bounded sets.

This definition has been used, associated to some classes of evolution equa-
tions, in [23], where compact and dissipative semigroups are studied. The
study of global attractors in the literature is often related to some initial
boundary-valued problems for partial differential equations.

Note that the notion of a global strong attractor is not topological, in the sense
that global strong attraction is not preserved if we change the metric on X by

another equivalent one. For example, if one considers the equation ¢y’ = —y in
R, with the usual metric d, then the origin is a global strong attractor but it is
d

not a global strong attractor if we consider the equivalent metric d’ = T5d
Vaughan [40] proved that for a metrizable space X, X is locally compact and
separable if and only if there exists a metric d on X such that the subcompacts
of X are exactly the closed and d-bounded subsets. Consequently the difference
between both definitions of attractor is significant in the absence of local
compactness of the phase space X.

We will need in the paper the following lemma. Some of the properties we
obtain are given in [23, Chapter 3] but we include our proof for the sake of
completeness. In order to simplify the notation we will write xt = S;(z) and,
for A C R, xA = U;ea Si(2).

Lemma 3 Let X be a metric space and let {S; : X — X |t € Ry} be a
semidynamaical system with a global attractor K. Let C' C X be a compactum.
Then

i) For every € > 0 there exist 6 > 0 and T' > 0 such that Bs(C)[T,00) C
B.(K).
ii) K is stable (see [23, Theorem 3.4.2])
iii) DT(C) is a subcompactum of C[0,00) U K.
iv) For every open neighborhood V' of DT (C) there is an open neighborhood
V of C such that V[0,00) C V.

PROOF. i) Consider first C' = {x¢}. Suppose there exist {z,} — z( and
{t,} — oo with z,t,, ¢ B-(K). Then, the set is a compact subset that is not
attracted by K. This is a contradiction.

Suppose now that C' C X is an arbitrary compactum and fix € > 0. For each
x € C take the corresponding ¢, and T, as above. There is a finite subset
{1’1, To, ... ,Ir} C C with C' C UjE{l,?,...,T}B(ij (l'])



Now choose 0 such that Bs(C') C Ujeqi,2
Then Bs(C)[T, 00) C B.(K).

.....

r}Bs,, (¢) and T'=_max }{ij}.

je{1,2,...,r

ii) Consider V' C X open such that K C V. Take ¢ > 0 such that B.(K) C V.
Take 6 < e and T as in (i). Then Bs(K)[T,00) C B:(K) C V.

Using the continuity of m and the invariance of K there is ' > 0 such that
By (K)[0,T] C Bs(K). Then By (K)[0,00) C V. Hence K is stable.

iii) Let {yr} € DT(C) be a sequence. Then, there exist {z%} C C, {tF} C R,
such that {z%t*} — gy, and {2%} — 2, € C.
We can also assume that {x;} — o € C. Inductively we can construct increas-

1 1
ing sequences {k;} and {ny, } such that d(xy,,, zo) < —, d(zkrm thm 4, )< —
m m m

km T
1

d d(xkm —.
and d(z )<m

Nk Y ka

Rewriting all above, we have two sequences {x,} — o and {t,} C R, with

1
d ntna n) < —.
(@ntn, Yn) <

Assume first that {¢,} is bounded. Then we can suppose that {t,} — to.
Consequently {z,t,} — zotg € DT (C). Hence {y,} — zoto.

If {t,} is unbounded, for any € > 0 there exists 7. € R, such that ({z,} U
{zo})[T:,00) C B:(K). This implies, taking subsequences if necessary, the

1

existence of a sequence {z,} — z € K with d(z,,z,t,) < —. Then {y,} —
n

z € DY (xg) C DT(C).

iv) Suppose on the contrary that there exists ¢ > 0 and {x,} — 2o € C such
that d(x,t,, DT(C)) > ¢.

If {t,} is bounded we can assume that {z,t,} — zoty € DT(C) which is
contradictory.

On the other hand, if {t,,} is unbounded we can obtain, taking subsequences if
1
necessary, a sequence {z,} C K such that {z,} — z € K and d(z,t,, z,) < —.
n
Then {z,t,} — z € DT (C) which is again a contradiction.

Remark 4 Note that (i) in the above lemma is not true if we only assume
that K attracts points.

K is said to be a local attractor if there exists a positively invariant neigh-



borhood W of K such that K attracts all compact subsets of W. The region
of attraction of K is the maximal neighborhood with this property. It can
be seen that, if K is a local attractor, then the region of attraction of K is
precisely the set A(K) ={z € X |0 # A" (z) C K}. As a consequence, A(K)
is a positively invariant open subset of X.

We recommend [23] (also [2]) for more information on dynamical systems.

3 A Short Account of Shape Theory

We assume as known the basic facts and definitions in shape theory. In this
section we recall several results and definitions which are less well known and
that will be used in the sequel. The main reference is the book [7] by K.Borsuk.

Let X and Y be compacta, with Y contained in the Hilbert cube, Q. A se-
quence of continuous maps {f, : X — @ | n € N} such that for any open

neighborhood V' of Y in @ there exists ny € N such that f, £ fm for any
n, m > ng, is called an approximative sequence from X to Y [7, page 87|. The
homotopy extension property of ANRs allows to extend {f,,} to a fundamental
sequence (see [30, Lemma 1, page 333]).

We shall use in the sequel the following result.
Theorem 5 ([7]) Among countable compacta there are Ny different shapes.

There is an important part of the theory of shape for compacta concerning
complement theorems. In these theorems the shape of compacta is determined
by the topological type of its complements in some Euclidean space or in the
Hilbert cube. An example of these results is the following theorem due to
Geoghegan and Summerhill [14].

Theorem 6 Let A and B be two non-empty, strong Z, __o-sets in E™, where
k>0 and n > 2k + 2. Then the following conditions are equivalent:

e Sh(A) = Sh(B).
e The pointed spaces (E™/A,|A]) and (E™/B,|B|) are homeomorphic.
e E"/A is homeomorphic to E™/B.

The classical shape theory used for arbitrary spaces is that developed in [30],
[29], [11] and [31]. In the case of metrizable spaces there is a more geometrical
description introduced earlier by Fox in [12].

In [7] (see also [4] and [5]) Borsuk extended his shape theory for compacta



to arbitrary metrizable spaces, obtaining a theory different from that of Fox.
He essentially gave two extensions, the weak and the strong shape (the last
should not be confused with what later was called strong shape, in the sense of
coherent homotopy). None of these two extensions seems to have been specially
appreciated by topologists. However, we hope to make clear in this paper that
Borsuk’s extensions are naturally associated with the study of attractors.

We now introduce Borsuk’s notions of shape for arbitrary metric spaces. Let
X and Y be two metric spaces. By Kuratowski-Wojdyslawski theorem we can
suppose that X and Y are embedded as closed subsets in two AR-spaces P
and () respectively.

Definition 7 A weak fundamental sequence F' = {f,}pen : X — Y is a
sequence of continuous maps {f, : P — Q | n € N} such that for any compact
subset A C X there is a compact B C'Y such that for any open neighborhood
V' of B in Q) there are an open neighborhood U of A in P and ny € N such that
fol = fulu : U — V' for any n,m > ngy (=~ denotes the homotopy relation).
In the above situation we say that the compact B is F-assigned to the compact

A.

Two weak fundamental sequences F = {fn}nen, G = {gntnen : X — Y are

homotopic (F X G) if for any compact subset A C X there is a compact
B C Y such that for any open neighborhood V' of B in () there are an open
neighborhood U of A in P and ny € N such that fply >~ (gu)|lv : U — V for

any n > ng.

A weak shape morphism from X to Y is an equivalence class of weak funda-
mental sequences F' = {fu}nen : X — Y. Composition of weak shape mor-
phisms is defined in the natural way. We obtain a category whose objects are
the class of metric spaces and whose morphisms are the weak shape morphisms
between them. We say that two metric spaces X and Y have the same weak
shape (Shw(X) = Shw(Y)) if they are isomorphic in this category.

We say that a metric space X W-dominates a metric space Y (Shy(X) >
Shw(Y)) if there exist two weak fundamental sequences F' = {fu}nen : X — Y
and G ={gn}nen : Y — X such that FG is homotopic to the identity.

Not all sets have the weak shape of a compactum. For example:

Theorem 8 ([7]) If A is a countable compactum lying in E™, then the set
E™\ A is not W-dominated by any compactum.

Definition 9 A strong fundamental sequence F' = {f,}peny : X — Y s
a weak fundamental sequence such that for any open neighborhood V' of Y
in Q there are an open neighborhood U’ of X in P and ng € N such that



folor = fmlor - U"— V' for any n,m > nyg.

Two strong fundamental sequences F' = {fy}nen, G = {gn}neny : X — Y are

homotopic (F £ G ) if they are homotopic as weak fundamental sequences and
for any open neighborhood V' of Y in Q) there are an open neighborhood U’ of
A in P and ng € N such that f,|v ~ gnlp: : U — V' for any n > ny.

A strong shape morphism from X to Y is an equivalence class of strong fun-
damental sequences F' = {fu}nen : X — Y. Analogously, we obtain in this
way a category whose objects are the class of metric spaces and whose mor-
phisms are the strong shape morphisms between them. We say that two metric
spaces X and Y have the same strong shape (Shg(X) = Shg(Y')) if they are
1somorphic in this category.

We say that a metric space X S-dominates a metric space Y (Shg(X) >
Shs(Y)) if there ezist two strong fundamental sequences F' = {fu}tnen : X —
Y and G = {gn}nen : Y — X such that F'G is isomorphic to the identity.

Remark 10 X homotopic toY = Shg(X) = Shs(Y) = Shw(X) = Shw(Y).

All the above notions and results have pointed versions.

4 Shape Theory as a tool for dynamics

This section is devoted to the study of several properties of attractors formu-
lated in terms of Borsuk’s (pointed) weak and strong shape theories.

4.1 The shape morphism induced by a semidynamical system

We start by showing how a semidynamical system with a global attractor
induces shape morphisms in a natural way. Let X be a metric space and let
{S;: X — X |t € R} be a semidynamical system with a global attractor K.
By Kuratowski-Wojdyslawski theorem we can suppose that X is embedded as
a closed subset of an AR-space P. By Lemma 3, for each compact subspace
C C X and for every neighborhood V' of K in P there exists T' > 0 such that
C[T,00) C V. This implies that the sequence of maps {S,, : C'— P | n € N} is
an approximative map of C' towards K that can be extended to a fundamental
sequence and hence induces a shape morphism [S]¢ : C — K.



4.2 Attractors and components

The following result improves both Lemma 3.4.1 in [23] and Theorem 3.1 in
[19].

Proposition 11 Let X be a metric space and let {S; : X — X |t € R} be
a semidynamical system with a global attractor K. Then, for every connected
component X, of X there is exactly one component K, of K contained in X,
and K, is a global attractor of the semiflow restricted to X,. In particular if
X is connected then K is connected.

PROOQOF. For every component X, of X take C, = X,NK. Since the semior-
bit of every point z of X, is connected and K is compact then ) # AT (z) C C,.

To prove that C, is connected, suppose that C, = C} U C? with C! and C?
nonempty disjoint compacta. Consider X! = {z € X, | AT(z) C C.}. By
its proper definition X} and X? are disjoint, and since X! D C! they are
nonempty. We see now that X, = X! U X2 Let x € X,. Consider ¢ > 0
such that B.(C!) and B.(C?) are disjoint. Then there exists 7' > 0 such
that z[T, 00) C B.(Cl)U B.(C?). Since z[T, 00) is connected, then [T, c0) C
B.(CL) or x[T,00) C B.(C?). Therefore AT (x) C CL or A*(x) C C?. We see
finally that X! and X2 are closed.

Consider a sequence {y,,} C X! such that y,, — y and suppose that y € X2.
Take C = {y} U{ym : m € N} C X, and consider the shape morphism [S]¢
defined in 4.1. Consider also the induced map Arg, : O(C) — O(C,) =
O(CL) U O(C?) between the corresponding spaces of components (see [7,
page 214]). Since {y,,} C X} and y € X2, then A, ({yn}) € O(C,) and
Aig.({y}) € O(C2). But this contradicts the continuity of Ayg,,. Therefore
X} and X? are closed, and hence X,, is not connected. Since this is a contra-
diction, K, has to be connected.

Proposition 12 Let X be a metric space and let {S; : X — X |t € Ry} be
a semidynamical system with a global attractor K. Suppose that either X or
K is locally connected. Then X and K have a finite number of components.

PROOF. If X is locally connected, then its connected components are open
sets. The former proposition implies that the components of K are also open
in K and, since K is compact there can be only a finite number of them.
Using again the former proposition we obtain that X also has a finite number
of components.



On the other hand, if K is locally connected, since it is also compact it can
only have a finite number of components. The above proposition implies that
X also has a finite number of components.

4.8 Attractors and pointed shape

We have the following result for semiflows on ANRs.

Theorem 13 Let X be a metric ANR and let {S; : X — X |t € Ry} be a
semidynamaical system with a global attractor K. Then, for every xy € K, the
inclusion i : (K, x0) — (X, x0) induces a pointed weak shape equivalence, a
pointed shape equivalence and a pointed strong shape equivalence.

Remark 14 We note that, although the statement of Theorem 18 concerns
pointed shape equivalences, the existence of an equilibrium is not required.

To prove the assertion concerning shape and strong shape we need first to
prove the following Lemmas.

Lemma 15 Let X be a connected metric ANR and let K be a subcontinuum
of X. Let xy € K and suppose that the inclusion i : (K, xq) — (X, x) induces
a pointed weak shape equivalence. Then v induces pointed shape and strong
shape equivalences.

PROOF. Since (X, ) is a connected ANR, then it is pointed movable (in
the sense of [7, page 168]). Since movability is a weak shape invariant, then
(K, ) is pointed movable.

On the other hand, we have mentioned earlier that a pointed weak shape
isomorphism induces, for every dimension, isomorphisms between the corre-
sponding fundamental groups in the sense of Borsuk [7]. Since K is compact

and X is an ANR, these fundamental groups agree with the standard shape
groups. By a result of Keesling [27] (see also [32]), this implies that

i* : pro —mp (K, x9) — pro —mg (X, ) =~ mp (X, o)

is an isomorphism for every k£ € N. Here pro —m (K, ) is represented as the
inverse sequence of groups

Tt —>7Tk(Un+17$0) —>7Tk(Um$0) — —>7Tk(U0,950),

10



where {U,} is a neighborhood system on K in X. We shall also consider
pro —m.(K, zo) as the inverse sequence of groups

oo o0
—>H7Tg Un+1, 7o H1_[7Tg Uml’o) "'—>H7Tj(U07~TO)
Jj=0 j=0

and prove that

* : pro —m, (K, z9) — pro —m. (X, xo) ~ m.(X, 20) = [] (X, z0)
=0

is an isomorphism.

In order to do it, we have to show that for every ny € N there exists n; € N and
there exists v n, : [152 75 (X, 20) — 1720 7 (Ung, ¥o) such that the diagram

anno
HWJ noax()) Hﬂ'] n1;I0

Jn Nno ]nl

H Xﬂfo)’i HW]XSEO

commutes, and this will be proved if we show that, given ng, there exists
ny > ng such that for every k € N there exists af  : m(X, 29) — 7 (Upy, 20)
such that the diagram

nino

ﬂ-k(UnQ? xO)‘ﬂ ﬂ-k(Unl ) .1:0)
jn@\@ wno l]nl
(X, 2o )0 (X, o)

is commutative for every k.

Since (K, xo) is movable, given ng, there exists m(ng) such that, for every
n > m(ng), there exists 7y, : (Upy(no), o) —(Un, xo) such that

(U o )—09100, (D7, )

\ (.

(UTM xO

1s commutative.



On the other hand, since i : pro —m (K, xg) — pro —m (X, xp) is an isomor-

phism then, given ng, for every k € N, there exists n¥ > m(n

exists an,fno (X, 20) — 7 (Upy, o) such that

6 (Ung, o }—2n0— 7 (U, ., o)
Fk(X, 900)‘¢ Fk(X, 900)

is commutative for every k.

Then

m(ng)no
nou xO)‘A_L m(no $0)

" T
k
ny

Jn "kno i ( U k;ﬂﬁo)

Ink

1

(X Top————— X xg)
also commutes.
Finally, since
(Un(no)s Toy—2~ (Un'fvfﬁo% (X, o)

Zm(ng)n lln’fno Ino

(Un()7 Zo
commutes, we have that j, 7. = jin(n,), and therefore
1
Wk(Unoa xO)Jmoﬂ-k(Um(no)y xO)

. k .
]nol an’fno l]m(no)

(X, wop— (X 20)

o) and there

Then, since (K, zg) is movable and pro —m. (K, x¢) is stable, by Theorem 7.6
n [10], (K, xg) is a pointed FANR and, applying the Whitehead theorem in
shape theory [10], we get that the inclusion is a shape equivalence.

12



Finally, the fact that the inclusion is a weak shape equivalence and a shape
equivalence implies that it is also a strong shape equivalence.

Lemma 16 (Keesling’s reformulation [28] of Beck’s Theorem [1]) Let
X be a metric space and let {F; : X — X |t € R} be a flow on X with S as
set of fized points. Then for any closed set S" containing S one can construct
a new flow {F}: X — X |t € R} with S" as set of fized points. Moreover, for
any x € X \ S" with orbit O(x) under {F,}, the orbit of x under {F}} is just
the set of points which can be joined to x by an arc in O(x) \ 5.

Remark 17 Keesling’s reformulation of Beck’s Theorem can be seen to hold
also for semidynamical systems.

PROOF. [Proof of Theorem 13] By the Kuratowski- Wojdyslawski theorem,
we can assume that X is embedded as a closed subset of an AR-space P.
Then, since X is an ANR, there is a retraction » : V. — X from a closed

neighborhood V of X in P.

Take f; : V — X as f; = S, or and consider F; : P — P, where F} is any
continuous extension of f;. Let F' = {F, },en.

Using (i) in Lemma 3, F' is a weak fundamental sequence from X to K, and K
is F-assigned to any compactum C' C X (see definition in the introduction).

Consider ix x : K — X and Idg : K — K the weak fundamental sequences
induced by the inclusion and the identity respectively. Since F,,|x is homotopic

in K to the identity in K, for every n € N, then F'oig x M:/ Tdy.

In order to prove that ig x o I X Idx note first that for any compact C' C X,
DT (C) is also compact ((iii) in Lemma 3). Let A’ C V' be an open subset of P
containing D*(C) and let V' = A'NX. Applying (iv) in Lemma 3 we have that
there is a neighborhood Vg of C'in X with S;(Vp) = Fy(Vp) = fi(Vo) C V' C A’
fort € R,.

Take U = r~1(Vy) N A, then U is a neighborhood of C' in P. Consider the
continuous map H : U x [0,00) — V' C A’ defined by H(z,t) = Si(r(x)).
Then H induces homotopies between the identity and every S; on C' inside
V', Using now the fact that V' is an ANR we have that there is an open
neighborhood U’ of C' contained in U such that ¢|y» and r|y» are homotopic
in V' (where 7 is the identity). Then F,|y» ~ i|ps in V' for every n € N and
therefore i : K — X induces a weak shape equivalence.

To prove that ¢ induces a pointed weak shape equivalence we use Keesling’s
reformulation of Beck’s Theorem to get a new semiflow {S]: X — X |t € R}

13



having zy as an equilibrium. We see that K is also a global attractor for {S;}.
Suppose it is not. Then there exists a positively invariant neighborhood U of
K and there exist {y,} C X, y, — %o, and {t,} C R,, ¢, — oo, such that
S; (yn) ¢ U for every n € N. On the other hand, there exists ¢, € Ry such
that S; (yo) € U, and, by the continuity of the semiflow {5/}, there exists
no € N such that S} (y,) € U for every n > ng. But then Si(y,) € U for every
n > ng and every t > ty and this is a contradiction.

Finally, if X is connected, we apply Lemma 15 to get that ¢ induces a shape
and a strong shape equivalence. If X is not connected, the result follows from
the same argument applied to each component.

Corollary 18 Let X be a metric ANR and let {S; : X — X |t € Ry} be
a semidynamical system with a global attractor K. Then the Cech homology
and cohomology groups, the shape groups, and the homotopy, homology and
cohomology pro-groups of X and K are isomorphic.

Corollary 19 Let X be a metric ANR and let {S; : X — X |t € R, } be a
semidynamical system with a local attractor K. Then, for every xo € K, the
inclusion i : (K,x0) — (A(K),zo) induces a pointed weak shape equivalence,
a shape equivalence and a strong shape equivalence.

The following corollary extends to this context a result of [8].

Corollary 20 Let X be a metric ANR and let {S; - X — X |t € Ry} bea
semidynamical system. Assume that K € ANR is a local attractor. Then K

and A(K) have the same homotopy type and, as a consequence, their Euler
characteristics X (K) and X (A(K)) agree.

In view of Theorem 13 and Proposition 12 every ANR which admits a semidy-
namical system with a global attractor must have a finite number of compo-
nents. The question can be naturally raised whether every ANR with a finite
number of components admits a semidynamical system with a global attractor.
The following corollary shows that the answer is very far from positive.

Corollary 21 For every n > 2 there is a family {G;}ic;r of open connected
dense subsets of R"™, with Card(I) = Ny, with the following properties:

a) G; and G; are not homeomorphic if i # j.

b) If {S; : Gi — G} is a semidynamical system then it does not admit global
attractors.

PROOF. By Theorem 5, there are N; countable compact metric spaces of
different shapes. We can place a copy F; of each of them in R" as a strong
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Zn—o-set. Consider G; = R™\ F;. Then, using Theorem 6 we obtain a).

In order to prove b) it is enough to apply Theorems 8 and 13.

4.4 Attractors and strong shape

For strong attractors, in the sense of Definition 2, the most significant result
is the following:

Theorem 22 Let X be a metric space. Suppose that {S; : X — X} is a
semidynamical system with a global strong attractor K. Assume B C X is a
bounded positively invariant neighborhood of K. Then, the inclusioni : K — B
induces a strong shape equivalence. In particular, Shg(K) = Shg(B). More-
over, if {S; : X — X} is a dynamical system, then i : (K, z9) — (B, xg) is a
pointed strong shape equivalence, for every xg € K.

PROOF. Assume that B is embedded as a closed subset of an AR-space P.
Since K attracts B, we can obtain a base {V},},en of open neighborhoods of
K in P with the following properties:

1) Sy (B) C V, for m > n.
2) S,|p and S,,|p are homotopic in V,, for m > n.

Now, following the procedure (essentially based on the homotopy extension
property) described in Lemma 3 in [30, page 333], we can construct a sequence
{fn : P — P | n € N} of maps and a sequence of closed neighborhoods
{Up}nen of B in P such that f,|p = 5, and f,|y, and f,|y, are homotopic
in V,, for m > n. Consequently, if we use the F-assignment as in the proof of
Theorem 13 and the above property we have that F = {f,}nen : B — K is a
strong fundamental sequence.

Consider ix g : K — B and Idg : K — K the weak fundamental sequences
induced by the inclusion and the identity respectively. Since f,|x is homotopic
in K to the identity in K, for every n € N, then F o ix p~Id.

In order to prove that ix po F g Idg observe that for every neighborhood V'
of B in P there exists ng € N such that, for n > ng, V,, C V, and hence f, Ung
and fp,|v,, are homotopic in V. On the other hand, since B is invariant, fo|p
and f,,|p are homotopic in B and hence there exists a neighborhood U C U,,
of B in P such that fo|y and f,,|v are homotopic in V. Therefore, for every
n > ng, fu|v is homotopic in V' to the identity.
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Consider now a compact set C' C B. Then DT (C') U K is also compact. Let V/
be an open neighborhood of D*(C')UK in P. In a similar way as before, there
exists ng € N such that, for n > ng, V,, C V, and hence f,|v,, and fy.|u,,
are homotopic in V. On the other hand, by Lemma 3, there exists U closed
neighborhood of C' in B such that U[0,00) C V. This implies that fy|y and
fnolu are homotopic in V. Then there exists U’ C U, open subset of P such
that U C U’, and fy|pr and f,,|or are homotopic in V. Therefore, for every
n > ng, fo|lor is homotopic in V' to the identity and, hence, i : K — B is a
strong shape equivalence.

Now, a careful analysis of the proof of Beck’s theorem shows that when {S; :
X — X} is a dynamical system we can conveniently alter the flow so that K
is a global strong attractor with an equilibrium x, for any choice of zy € K.
The rest of the proof is similar to that of Theorem 13.

Using the standard technique of primitive Lyapunov functions, we can get
a strong deformation retraction from X to a bounded positively invariant
neighborhood of K, B. Then, applying Corollary 11.4 in [7, page 118] we
obtain the following corollary of theorem 22.

Corollary 23 Let X be an arbitrary metric space and {S; }ier, a semidynam-
1cal system on X with a global strong attractor K. Then, the inclusion i : K —
X induces a strong shape equivalence and, in particular, Shs(K) = Shg(X).
Moreover, if {S; }ier, is a dynamical system, we have that i : (K, x¢) — (X, zo)
s a pointed strong shape equivalence for any choice of the point xo € K.

As a consequence, K and X share all strong shape invariants. In particular
Sh(K) = Sh(X), their Cech homology and cohomology groups agree and K is
connected if and only if X is connected. When {Si}ier, is a dynamical system,
K and X also have isomorphic shape and homotopy pro-groups.

The fact that Shg(K) = Shg(X) implies that Sh(K) = Sh(X) is proved in

[21], where it is also shown that the converse result is not true.

4.5 The shape of positively invariant regions

We prove in this section that closed positively invariant regions of the phase
space X have the shape of subcompacta of the global attractor.

Theorem 24 Let X be an arbitrary metric space and {S; }1er, @ semidynami-
cal system on X with a global attractor K. Let L be a closed positively invariant

region in X. Then L has the shape of a positively invariant subcompactum of
K.
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PROOF. Consider K’ = L N K. Then K’ is a global attractor of the flow
{Sihier, = {Si|r}ier, and, as a consequence, Sh(L) = Sh(K'), where K’ is a
positively invariant subcompactum of K.

Corollary 25 If dim(K) = n then every positively invariant closed set has
the shape of a m-dimensional compactum (m < n). As a consequence its Cech
homology and cohomology groups vanish for m > n.
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