Chapter 7

Simple Lie algebras

In this Chapter we present the general structural theory concerning complex
semisimple Lie algebras and their corresponding real forms. The underly-
ing idea is to generalise the procedure considered for the three dimensional
Lie algebras and su(3), specifically by the use of simultaneously diagonal-
isable linear operators that span a (maximal) Abelian subalgebra and the
(quadratic) Casimir operators. This will lead to a structure (of crystal-
lographic type) called root system that contains the essential structural
information of the Lie algebra, allowing us in particular to determine the
isomorphism classes of simple complex Lie algebras.

7.1 Some preliminaries

In this section, we review some important properties of linear operators that
are required for our analysis, such as its diagonalisation and nilpotence
properties, and the so-called Dunford decomposition of a linear operator
(matrix) into a direct sum of semisimple and nilpotent operators.

7.1.1 Basic properties of linear operators

For clarity and completeness we recall some definitions and properties al-
ready mentioned in Chapter 2. An n-dimensional Lie algebra g is generated
by n elements T,,a = 1,--- ,n obeying the commutation relations

[TaaTb] = ifabcTc ; (71)
and satisfying the Jacobi identity

[Taa [Tvac]] + [Tb, [TcaTaH + [Tc; [Ta;TbH =0.

The latter identity can also be given in terms of the structure constants
fap©. Indeed, using (7.1) we obviously obtain

fbcdfade + fcadfbde + fabdfcde =0. (72)
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To the Lie algebra g one can associate the Killing form defined by
gab = £(To, Th) = Tr (ad(T,)ad(T3) )
where the adjoint representation is defined by

ad(T,) - Ty = [T1, Tu] , ad®(Tn) Th = [+ 11, Tu], Tu] -+, Tu] (7.3)

k—times

(see Eq. (2.88)) and ad(T,)s® = —ifap®. Thus, we have

Gab = _facdfbdc .

There are various types of Lie algebras, but in this Chapter only
(semi)simple complex and real Lie algebras will be considered. Following
the Cartan-Killing Theorem 2.15, a given Lie algebra is called semisim-
ple iff its Killing form is non-degenerate. In this case, since the metric is
non-degenerate, an inverse metric g% satisfying

gacQCb = 6ab s

can be defined. The metric tensor and its inverse enable us to raise or lower
indices. In particular, we can consider

fabc = gcdfabd y

which is fully antisymmetric

fabc = _fbac = _facb .

The first property is obvious and the second comes from the Jacoby identity.
Indeed, we have

Jave = =Ja” for“Jee? for " fra® foo! = = (o faa® + Fra"Fou®) Fo!
——

9de Jacobi

- iTr(ad(Tb)ad(Ta)ad(Tc) - ad(Ta)ad(Tb)ad(Tc)) ,

which implies that f,p. is fully antisymmetric.

In addition, since for a simple complex Lie algebra we can always find
a basis where the structure constants are real, the matrix elements in the
adjoint representation are purely imaginary.
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7.1.2 Semisimple and nilpotent elements

In the characterisation of the complex Lie algebras su(2) and su(3), we
encountered two types of elements. For instance, for the Lie algebra su(3)
the elements H' and H? are diagonal and the elements Einiy,t=1,2,3
(see Eq. (6.4)) are eigenvectors of the H's. We have also shown that the
generators F. ;) are nilpotent, that is, they vanish at some power. The
former elements are called semisimple and the latter nilpotent. It is however
important to observe that the semisimple elements are given by a diagonal
matrix only when the Lie algebra su(3) is considered as a complex Lie
algebra. Of course a similar classification for the elements of su(2) occurs.

Having recalled these elementary properties which can be directly
checked on (a complexification of) su(3) (or of su(2)), one may naturally
ask the question whether or not this decomposition (between nilpotent and
semisimple elements) holds for any (semi)simple complex Lie algebra. In
fact this decomposition remains true for any (semi)simple complex Lie al-
gebra, and is due to the following

Proposition 7.1 (Dunford decomposition). Let M be an n x n com-
plex matrixz. Then there exists a unique decomposition

M=A+N,

such that

(1) A is diagonalisable;
(2) N is nilpotent;
(3) A and N commute as matrices: AM = MA.

In addition the matrices A and N are polynomial in M.

This means that considering a given semi(simple) complex Lie algebra
g with basis T,,a = 1,--- ,n, and considering the adjoint representation,
the elements ad(T,) can be decomposed into a set of semisimple elements
and a set of nilpotent elements. This is precisely this decomposition which
allows to deduce a complete classification of simple complex Lie algebras.

In the theorem above, the matrix M is considered as a complex matrix.
This is simply due to the fact that if a matrix can be diagonalised over the
field of complex numbers, it may happen that it cannot be diagonalised over
the field of real numbers. This simple observation applied in the context
of simple Lie algebras means that the classification of real Lie algebras is
more involved than the classification of complex Lie algebra. Historically,
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the complete classification of simple complex Lie algebras was first obtained
by Killing, being corrected and completed by E. Cartan in his thesis, and
subsequently extended to the classification of real simple Lie algebras by
Cartan and Gantmacher. In this chapter we shall consider the complete
classification of simple complex Lie algebras, and only some specific simple
real Lie algebras will be considered, as the compact or the split real forms.

7.2 Some properties of simple complex Lie algebras

To obtain a classification of simple complex Lie algebras, following Proposi-
tion 7.1, we have to identify appropriate semisimple and nilpotent elements.
A detailed analysis can be found e.g. in [Cornwell (1984b)]. For this chapter
one can see the following references [Jacobson (1962); Gilmore (1974); Hel-
gason (1978); Cahn (1984); Cornwell (1984b); Fuchs and Schweigert (1997);
Georgi (1999); Frappat et al. (2000); Ramond (2010)].

7.2.1 The Cartan subalgebra and the roots

We extract from a complex Lie algebra g the maximal set of generators
H', ... H" such that

(1) ad(H?),i=1,---,r are diagonalisable;

(2) [H,Hi| =0foralli,j=1,---,r.

Such a maximal Abelian subalgebra of semisimple elements § =
Span(H*',--- |H") C g is called a Cartan subalgebra and r = dimb is
called the rank of the Lie algebra g. Obviously, the choice of the Cartan
subalgebra is not unique, but it can be shown that all Cartan subalgebras
are conjugate,! hence that all choices are equivalent [Helgason (1978)]. As
we have previously seen, su(2) is a rank one Lie algebra with Cartan sub-
algebra h = Span(T3) (see Eq. (5.7)) and su(3) is a rank two Lie algebra
with Cartan subalgebra h = Span(T5, Ts) (see Eq. (6.4)).

Since all the elements ad(H?) are diagonalisable and are pairwise com-
muting, they can be simultaneously diagonalised. Thus, one can find a
basis of g = Span(H*!,---  H", Eopys s Bag,_,, ), called the Cartan-Weyl
basis, such that the (n —r) elements E, , By are simultaneously
eigenvectors of the H's:

aayr T (n—r)

[H',E,] = a'E, . (7.4)

LFor the case of real form Cartan subalgebras are no more conjugate.



7.2. Some properties of simple complex Lie algebras 273

For each element E,, the commutation relations with the Cartan subalgebra
are perfectly specified by the r numbers a',---,a”. All these numbers
define an r-dimensional vector a called a root. We introduce the set of

roots of the Lie algebra

Y= {04(1)7"' aa(nfr)} ;

meaning that for any root a € ¥ there exists a nilpotent element in g such
that [H', E,| = o'E,.

The relation (7.4) is valid for the simple complex Lie algebra g or for
any of its real forms (if we allow however to have linear combinations with
complex coefficients — see (5.6) and (6.4)). In particular for the real form
corresponding to the compact Lie algebra all the generators of g, and in
particular, the H's are Hermitean (see Eq. (7.34) below).? Thus their
eigenvalues are real and consequently all the roots are real r-dimensional
vectors. We thus consider now the real form of g corresponding to its
compact Lie algebra since the proofs are more easy.

Next, the fact that the Lie algebra g is semisimple has strong conse-
quences upon the roots

(1) if v is a root then —a is a root;
(2) for any root their is only one eigenvector;
(3) the only multiple of a root o which are a root are +a.

The point 1 above is easy to prove, indeed if
[H'E,] = a'E, ,
by Hermitean conjugation, and using (H*)' = H? we obtain
[H',E]] = —a'E]
and we can assume
El =E_, .

In particular, the difference n — r is always an even number.

Properties 2 and 3 are more involved and come from the fact that the
Killing form is non-degenerate, see e.g. [Cornwell (1984b)] [Appendix E,
Sec. 7]. Note also that there is a nice physical demonstration in [Georgi
(1999)] of these two latter points.

2If instead of considering the real form corresponding to the compact Lie algebra, we
are considering the complex Lie algebra itself, the various proofs are more complicated.
One can see e.g. [Cornwell (1984b)].
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To any root a € X the space
Ja = Span(Ea) ’

is called the root-space associated to the root « and because of the point
(2) above dim g, = 1. We also introduce for latter convenience

h=go,
i.e., we identify the operators associated to the vector a = 0 with the
Cartan subalgebra. Of course now dim gy = r.
Let now give some useful properties, of the roots and of their associated
operator FE,. Now, considering two different roots «, 8 € X, the Jacobi
identity applied to E,, Eg, H® implies

[H, [Eq, Eg]] = (o' + B")[Eq, E5] .

As a consequence, the following situations can appear:

(1) if a+ B =0, since H* commutes with [EQ,E_Q], [EQ,E_(X] automat-
ically belongs to the Cartan subalgebra;

(2) if vy = a+ B € X, since there is only one eigenvector associated to ~,
we have [Ho, Hg| ~ E;

(3) if @+ B # 0 and o+ 8 is not a root, the commutator vanishes.

All this can be summarised in
[Eo,Es] =X NupgE,ifa+BeX, (7.5)
0 ifa+p&x.
Now for any «, 8 € X there exists an integer n such that
ad"(Ey) - Eg=0.
Otherwise this would imply that g + ka € ¥ for any k£ in N. But since ¥

is finite, this is a contradiction. So ad(E,) is nilpotent. The Lie algebra
decomposes then into

9= b @ Span(Eow a € E) = b Daex o - (76)
~— | —
semisimple elements nilpotent elements

The basis {H',--- | H", E,,« € X} is called the Cartan-Weyl basis of g.
Now for every pair of (different) roots a, f € ¥ there exist two integer
numbers p and g such that
ad?(Ep) - Fo #0 and ad?™ (Eg) - E, =0

ad?(E_g) - B, # 0 and ad?™ (F_3) - E, =0 . (1)
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Thus, the set of roots a—pg,--- ,a—0,a,a+f, - ,a+qS called a S-chain
through « belongs to ¥ and we have

E_g E_g Eﬂ Eﬂ
a_p/B ...... a_ﬂ o a_i_/BH ...... a_l’_q/B

We introduce the subspace

Ja,8 = @Z:_pgaJrkﬁ :

Having defined the roots of simple Lie algebras, we can put an order
relation, which for instance is taken to be the lexicographic order. Of
course this order relation is not unique since e.g. it depends on the ordering
H' ... H" of the Cartan subalgebra. However, the properties of a given
simple Lie algebra g do not depend of this ordering. A root « is said to be
positive if its first non-vanishing component is positive. The set of roots of
g decomposes then into positive and negative roots

T=%,63%_.

The decomposition of roots can even be refined, introducing the so-
called simple roots. If a Lie algebra has dimension n and rank r, the
1/2(n —r) positive roots cannot be independent. For instance, for su(3) we
have seen that o o) = (1) +(3). A positive root is said to be simple if it is
positive and cannot be obtained by a positive sum of simple roots. It can
be shown that for a rank r simple Lie algebra one can identify r linearly
independent simple roots denoted (1), ,B(;). Let us emphasise again
that any positive root o € ¥} decomposes uniquely into a sum of simple
roots with positive integer coefficients

« :niﬁ(i), nt-o,n"eN. (7.8)

This is a direct and simple consequence of Eq. (7.5) which simply means
that any operator associated to a positive non-simple root can be obtained
through a multiple commutator of operators associated to simple roots.
Note also that the simple roots depend on the choice of the Cartan sub-
algebra, but fortunately the properties of semisimple Lie algebras g are
independent of this choice. We shall show later on that the simple roots
are linearly independent.

Finally, considering only the generator associated positive roots we de-
fine the Borel subalgebra

b:h @aEZJrgana
and its derived algebra

b'=[b,b] = Daex 0. COCyg.
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The Borel b subalgebra is clearly solvable, since the derived series

D% =b C D'b = [D°,D°b] C --- C D*b = [D" b, D b]
stops for some k, and b’ nilpotent because the central descending series

Co' =b' cc'v' = [b,b] C---cchv’ = [cF v, 0],
stops for some k (see Sec. 2.11.2). The former corresponds (in any rep-
resentation) to the set of upper triangular matrices and the latter to the
set of strictly upper triangular matrices. These two properties (which are
related since the derived algebra of a solvable algebra is always nilpotent)
directly follows from the definition of simple roots, as any nilpotent oper-
ator associated with a non-simple root can always be given in terms of a
multiple commutator of nilpotent operators associated with simple roots.
This property has an interesting consequence on the decomposition of b’
b = @ng ,

where
g = {Ea , a €%} s, a=n'B; ,with Zni = kz} .
i=1

A positive root which satisfies the property above is called a level k-root,
and the subspace g;: is spanned by the nilpotent generators associated to
level k-roots. The level 1-roots just correspond to the set of simple roots.

7.2.2 Block structure of the Killing form

In order to obtain more concise information concerning the commutation
relations of g, we now briefly focus on some relevant properties of the Killing
form. We recall that

Gab = TY(ad(Ta)ad(Tb)) .

Due to the decomposition (7.6), this implies several simplifications of the
Killing form:

(1) Tr(ad(Ea)ad(Eﬁ)> —0ifa+h #£ 0 and Tr(ad(Ea)ad(Hi)) = 0.
Consider the first identity. It is enough to show that ad(E,)ad(Eg) has
no diagonal element to prove that the trace vanishes. We thus consider
the action of ad(E,)ad(Eg) on an arbitrary eclement of g. Consider
in ¥ and denote E5 = E.,, H*, ¥ = v,0. Compute

[[E5, Es], Ea] = ad(Eq)ad(Eg) - Ey .
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Using (7.5) we have

ad(E,)ad(Eg) - E5 € b fa+tB+7=0
ad(Eq)ad(Eg) - E5 ~ Eaypys if a+f+7€X
ad(E,)ad(Eg) - E5 =0 fat+tpB+y¢E

In the second case, since o+ # 0, we conclude that go45+5M0g5 = {0}.
Thus there is no contribution to the trace. The other cases are analysed

in a similar manner. This means that Tr (ad(Ea)ad(E5)> = 0. The
second equality is proved along the same lines.
(2) Tr (ad(Hi)ad(Hj)) = g% with g% a non-degenerate r x r matrix and

Tr (ad(Ea)ad(E_a)) = 2p, # 0. Indeed, if g/ is singular or one of the
po = 0, the Killing form is degenerate, contradicting the simplicity of
g.

Since Ef = E_,, we have p, > 0. Furthermore, the eigenvectors E, € g,
are defined up to a non-vanishing scale factor. This means that the nilpo-
tent element FE, can be chosen such that all the p, = 1. In the basis
{H',--- H"E,, . ,E_ ,Ea(%yE,a(%)} when the F, are cor-

a1y oy
rectly normalised the Killing form becomes
9"
01
g = 10 (79)
01
10

This special form enables us to endow the root space with the scalar product
(0[, B) = aiﬁjgij ;
with g;; the inverse of g%
9% gy =% .
7.2.3 Commutation relations in the Cartan-Weyl basis

We now give the commutation relations of g in the Cartan-Weyl basis.
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(1) By definition in the Cartan subalgebra we obviously have
[H',H'] =0. (7.10)
(2) By definition of the roots we have
[H',E,] =d'E, . (7.11)
(3) We have previously seen that
[Ea, E_o] = NH' .

We now compute the coefficients ;. Applying H’ on both sides, going
into the adjoint representation and taking the trace we obtain

Tr (ad(Hf)ad(Ea)ad(E,a) - ad(Hj)ad(E,a)ad(Ea))

:Tr( [ad(H7),ad(Ea)] ad(E_a)>

=adTr (ad(EQ)ad(E_a)) =a’

— A Tr(ad(Hj)ad(Hi)) .

—gti

We have used the expression of the Killing form (7.9), the cyclicity of
the trace and (7.11). Thus,

;
Ai = gija = ay

and
[Ea,E_o] = o;H' . (7.12)
4) fa+pBegY
[Ea,Eg] =0. (7.13)
b) fat+pex
[Eo,Es] = NogEoys . (7.14)

The coefficients N have the following symmetry properties
Nopg=-Nsga=N_p5_q. (7.15)
and

./\/'a”@ = N@_a_g = ./\/'_a_@a . (7.16)
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The fact that the structure constants f,,¢ are real allows to chose the
coefficients NV, s to be real [Cornwell (1984b)]. This property, together with
the fact that E! = F_, and the antisymmetry of the commutator, leads
to (7.15). To prove (7.16) we consider three roots such that 8+~ 4+ a = 0.
Then

[Ea, [Ep, Ey]] = i, H' .
Taking cyclic permutations, and using the Jacobi identity we get
(ai/\/g,7 + BNy .o + ’yz—Na,B)Hi =0.
Multiplying by H7, taking the trace and using v = —a — 3 we obtain
@ (Np,—a-p = Nag) + B (N-a-pa —Nag) =0.

Since the roots o and f are arbitrary, this gives (7.16).

Finally, one can obtain the coefficients N, 5. Since this is central in
the following classification, we give the computation of those coefficients in
several steps. In fact, as it is usually the case for Lie algebras, the intensive
use of the Jacobi identity puts constraints upon the algebraic structure. In
particular, for simple Lie algebras it allows to get the fundamental relation

ZEEQ =p—q, (7.17)
with p, g defined in (7.7), together with
N2 = 5alp+1)(5.6) (718)

We observe that this relation does not fix completely the sign of NV, g. In
fact this sign depends on the one hand on the relative sign of E,, Eg, and
on the other hand on the sign of E,4z. See for instance the commutation
relations of su(3). Anticipating to the fact that (5, 3) is always a rational
number, this shows that the N’?s are rational numbers. This relation will
have a natural interpretation latter on (see (7.37)).

Step one

For —p < k < ¢ we have

Bila' + kBY) = F(k) — F(k — 1), with F(k) = N arusN_p —a—kp -
(7.19)
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Considering the Jacobi identity for Eg, E_g, Fqtrg, —p < k < g gives
N_porks Noart-1)p + Novkss Nogararns = Bila’ +EB7)
N—— —_— —

= N_a_(k—1)8,—8 ="Npatks |= Noa-kpg,—8

==N_pg,—a—(k-1)8, =-N_g,—a—kp

==F(k-1) =F(k)
(7.20)

where we have used Nap = N_a_p 4 coming from (7.16) and Ny p =
—Npg. 4 from (7.15). This gives the desired property.

Step two

We have
F(k) = (b~ [l + 5k +a+ 18]

To prove this identity we first observe that if we take k = ¢ in (7.19), using
that [Eatqp, Eg] = 0, the identity (7.20) leads to

Flg—1) = —Bi(a" +qf’) .
Now, by an induction argument, this gives for any k= —p, -+ , ¢
] 1 .
Fk) = (k= )8 [a’ + 5 (k+ g+ DB | (7.21)

as we now show. It is obvious to check that F(¢) = 0 and F(¢g — 1) =
—Bi(a’ + qB%). Assuming that F(k) is given by (7.21), using (7.19) it is
direct to check

Flk=1)=(k=1-q)8;|a’ + S (k+q)8"] .

which ends the proof.
Step three

We have the relations

(ﬂva) I

CROR

To prove this very important relation, we proceed as in step one but with
k = —p. Since [E_g, Eq—_pg] = 0, we have that

2

Fl-p-1)= (Q+p+1)(5iai + %(q—p)ﬁzﬂi) =0.
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The latter easily reduces to (7.17).
Step four

We have .
ap = a0+ 1)(8,8) - (7.22)

This comes from F(0) = N oN_g -0 = —q(8,@) — 2q(q + 1)(B, B) using
(7.15) and (7.17) which expresses («a, 3) in terms of (3, 3).
We now summarise the commutation relations in the Cartan-Weyl basis

[H',H’] =0,

[HEQ] = o'E, , (7.23)
a;H ifa+B8=0,

[EQ,EB} = Na,BEOH'ﬁ ifa+peX,
0 if o+ 8¢ .

7.2.4 Fundamental properties of the roots

In the previous subsection we have obtained the relation (7.17) letting
ad(E1g) act on E,. Of course, we can proceed on the opposite way, i.e.,
with ad(E+q) acting on Eg. This means that for any two different roots «
and 3, there exist (p,q) and (p’, ¢’) such that

ad(Eg)1* - E, =0 } (,B)

ad(E_g)"*! - By = 0 2B.p) Pma=m

(7.24)

ad(E,) 't Ez =0 I C17) R
ad(E_o)P - Es =0 '
Taking the ratio of the two equations gives
n ()

w380 2

and multiplying the two equations implies
(o, B)*
(o, @)(B, )

with 0, s the angle between the two roots a and 3. In addition if cos? 0, 5 =

1
=cos® Oy 5 = Znn’ <1,

1 this means that « and S are proportional, which is not possible. This
considerably restricts the possible angles between the roots a and g, and
the only possible solutions are given by (we do not orientate the angles,
and make no distinction between 6 and —0)
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(1) (n,n") =(0,0), then (o, a)/(B, B) is unspecified and

(2) (n,n') = (1,1) corresponding to \/(8, 8) = \/(, @) and

HQ,B % ’
(3) (n,n') = (—1,—1) corresponding to \/(B, 3) = \/(a, @) and
9(1,,6’ = 2?7( P
(4) (n,n') = (1,2) corresponding to 1/(3, 3) = v2\/(a, a) and
™
HQ,B = Z )
(5) (n,n’) = (—1,—-2) corresponding to \/(, 3) = v2+/(c, a) and
9(1,,8 = 32% P
(6) (n,n’) = (1,3) corresponding to \/(3, 3) = v/3+/(a, a) and
™
Ha,ﬂ g )
(7) (n,n’) = (—1,-3) corresponding to \/(, 3) = v/31/(c, a) and
9(1,,8 = 5% ;

We summarise the results in Table 7.1.

Table 7.1 Relative length and an-
gle between two roots.

/ (8,8)
n n Ou. ()
0 0 5 unspecified
1 1 z 1
-1 [ -1 [ 2 1
1 2 z V2
-1 | =2 £ V2
1 3 z V3
-1 ] -3 ] 3 V3
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7.2.5 The Chevalley-Serre basis and the Cartan matrix

Since the components of the roots o € ¥ are not necessarily integer num-
bers, the commutation relations in the Cartan-Weyl basis involves in gen-
eral irrational numbers (see for instance for su(3)). There exists however
one basis where all the commutation relations involve integer number: the
Chevalley-Serre basis.

If we consider now two simple roots 3(;) and f3(;y, the difference ;) —5;)
is either a positive root, a negative root or not a root at all. Suppose that
By — By is a positive root. Because of (7.8) we can write 8y — B(;) =
nkﬁ(k), with ny positive. This contradicts the fact that the root SB;) is
simple. We conclude that the difference of two simple roots 5(;) and f;)
can never be a root. This in particular means that in (7.24) p,p’ = 0 and

2B P _ 0,-1,-2,-3. (7.26)

By, Biy)
Thus, the angle between two simple roots can only be 7/2,27/3,37/4 and
57/6.
We define now the Cartan matrix by
(Bay, Bi)

Ay = 220 P0) 7.27
! By, Biy) (7.27)

which has the following properties®

) N A“ = 2 ,

) :Aij =0 7713727737 7’7&] )
(ZZZ)AUZO 54 Aﬁ:O,

) :det(A4) #0.

(7.28)

All the properties of A above are obvious, but the last one. To prove
it we firstly show that the simple roots are linearly independent. Consider
o = 2'f(;) and show that

Zlﬂ(z):o = l‘i:O.

A priori the coefficients 2° can be either of the same sign or of both signs.
If we suppose that all the 2* > 0 (the case ' < 0 being identical), since all

3Tf in the definition of the Cartan matrix we replace (ii) by A;; <0 for i # j, and
we suppress condition (iv), the matrix A is called a generalised Cartan matrix which
allows to define the so-called Kac-Moody algebras [Moody (1968); Macdonald (1986);
Kac (1990)].
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the roots are positive o = 0 iff all the 2’ vanish. If we now assume that the
coefficients are of both signs, we can write

a=>Y aBun— >, (=2")Bu =ar—a_.
x>0 —x>0

Now
(a,a) = (O¢+,Oé+) + (Oé_,Oé_) - 2(a—aa+) > (o, 04) + (Oé_,Oé_)

because the scalar product of two different simple roots is negative and thus
—2(a—, a4) > 0. Assuming that o = 0 leads to

(Oé+,0[+) = (O‘—va—) =0,

but since the scalar product is positive definite, we deduce that oy = a_ =
0. As before, these two relations imply that all coefficients 2 vanish.

We prove now the non-vanishing of the determinant. Assume that the
simple roots are not linearly independent. Without loss of generality we
can suppose

Buy =Y KBu -
1=2

Thus we have for the first column of the Cartan matrix

(B B (Biy: Biy)) :
Ap =2 ——— E ] E KA, i>1,
(Beys B@ = >5<> =

(B1, B1) 1): B))
A1 =2=2 =2 kj KAy .
" (B1, B1) Z 5(1)5(1) Jz; Y

Since the first column is a linear combination of the others the determinant
of A vanishes. Which ends the proof.

Considering 31y, -+, B() the simple roots of g, for each simple root we
introduce three different operators
h; = 2 BayiH
By, By)
ef = #Eﬁ - (7.29)
’ By Bay)
€ ’ g E-s
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It is direct to check from (7.23) that
[hi,ef] = £2¢F |
lef e ] = h. (7.30)

i
Thus to any simple root is associated an sl(2,C) subalgebra. If we are
considering the real form corresponding to the compact Lie algebra, to any
root is associated an su(2) subalgebra. This observation will be essential to
obtain all unitary representations of the compact real form. Note however
the different normalisation, which implies an overall 2 factor in the first
equation. Note also that for ¢ # j, the two sl(2,C) (or su(2)) algebras do
not necessarily commute.
It is also obvious that we have

j
Finally, the property (7.26) translates into

ad (e )1 A -ej =0, ad(e;)- e;' =0, i#j,
since ¢ = —A;; and p = 0 in (7.24). This last identity will be essential in
order to obtain all the generators of the Lie algebra g from the generators
associated to simple roots.

We finally summarise all the information concerning the Lie algebra g
in the Chevalley-Serre basis

(1) [hlah]} =0,

(2) [ej_aei_:l = hl )

(3) [hi,e;f] = Aije;' , [hi,ej_] = —Aijej_ , (7.32)
(4) [e:raej] =0 717&] )

(5) ad' "M (ef) ef =0, i# ],

(6) ad' =% (e;) - e; =0,i#7.

These relations are usually called the Chevalley-Serre relations.

Some remarks are in order before closing this subsection. As we have seen,
the Cartan matrix is not necessarily a symmetric matrix.* In fact if 4;; =
Aj; then A;; = Aj; = —1 and the roots f(;) and ;) have the same length.
Furthermore, we have seen that starting from a semisimple algebra we
were able to associate a Cartan matrix. Conversely a Cartan matrix fully
characterises the Lie algebra (see (7.32)). The Cartan matrix is associated
with a choice of simple roots. In fact it is remarkable to observe that the
three following problems are equivalent:

41t should be noted that some authors use the opposite definition for the Cartan matrix.
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(1) The classification of simple Lie algebras;
(2) The classification of the possible sets of simple roots;
(3) The classification of Cartan matrices.

7.2.6 Dynkin diagrams — Classification

We have seen that a simple Lie algebra is completely specified by the Car-
tan matrix given in (7.27) and satisfying (7.28). In equivalent form, the
properties of a simple complex Lie algebra can be characterised by means
of a combinatorial structure called the Dynkin diagram. In this context, it
is important to observe that if A;;A;; # 1, then the simple roots 3(;) and
B(;) do not have the same length. Anticipating the classification theorem,
we note that there are at most two possible lengths for the roots of g: short
and long roots. We can always normalise the roots such that the length of
long roots is equal to one. This means that for any simple root

(Beiy, Bay) < 1.

This normalisation will be taken in this section for convenience, but will
differ from that taken in forthcoming sections. The Dynkin diagram of g is
constructed as follows:

— If rk(g) = r, then we consider a diagram (graph) with r circles (ver-
tices).

— Any simple root corresponds to a circle.

— If there are two root lengths, short roots are denoted by a darkened
circle;

— Any two circles associated with the roots 3(;) and ;) are connected
by A;jA;; =0,1,2,3 lines (edges).

It is clear from this construction that the Dynkin diagram corresponds to
a graphical method that codifies the simple roots and their relation with
respect to the inner product defined on the root space. The classification
theorem of simple complex Lie algebras is a consequence of several prop-
erties of the Dynkin diagrams. Assuming that rk(g) = r, we have the
following properties [Jacobson (1962)]

(1) The Dynkin diagram of a simple Lie algebra is connected.
(2) The Dynkin diagram of a semisimple non-simple Lie algebra is discon-
nected, each connected piece corresponding to a simple algebra.
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(3) If we remove a circle from a Dynkin diagram of a rank r Lie algebra,
we obtain the Dynkin diagram of a (semi)simple Lie algebra of rank
r—1;

(4) If the lines between two connected roots are suppressed, we obtain the

Dynkin diagram of a semisimple Lie algebra of the same rank;

(5) The number of pairs of circles connected by one line is at most r — 1;

(6) A Dynkin diagram contains no closed loop;

(7) The number of lines connecting two circles is a most three;

(8) The only connected Dynkin diagram containing a triple line is

=

(9) A connected Dynkin diagram contains at most one double line;
(10) Replacing a linear chain of roots by a root generates a Dynkin diagram
of a lower rank algebra.

To have a proof of these statements the reader is led to either [Jacobson
(1962); Cahn (1984)] or [Gilmore (1974); Georgi (1999); Ramond (2010)]
for a physicist’s point of view. We just briefly comment on the proofs of
some of these properties. To proceed with all the proof we replace all the
roots f3(;) by unit vectors u;. Of course, u; is a positive multiple of ;, but
now we have the conditions
(Z) (ui,ui)zl,i:1,~-~,r,
(ii) 4(ujuj)?=0,1,2,3, 1 <i#j<r, (7.33)
(131) (uiuj) <0,1<i<j<r.

We now prove some of the properties above.

We observe that, albeit its similarity, Properties 3 and 4 are distinct as
they give rise to algebras of different rank. However, they become equivalent
if the suppression of an edge also eliminates the vertex it is attached to.

— (5): Consider a Dynkin diagram with only roots connected by one
line. Then (B;y,Buy) = 1 for i = 1,---,r and (B(), B;)) = 0,—1/2 for
1< 7, (ﬁ(i),ﬁ(j)) =-1/2if ,B(i) is connected to ﬁ(j) and (ﬁ(i),ﬂ(j)) =0 if
not. In we denote N the number of connected pairs we have

2> (B By)) =—N .
i<j
Considering 3 = Y7 B(;) since (8,8) = >.i_1(Bu), Buy) + 232 (Bey,
B(;)) > 0 we have

=23 By, By)) = N <D _(Bay: Bay) =7 -
1=1

i<j
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— (6): Counsider a Dynkin diagram with a closed loop. If we remove all
the roots which are not in the loop, by (3) we obtain a Dynkin diagram of
say 1’ roots connected by ' lines. Which contradicts (5).

— (7): Assume that we have a root v connected to the roots vy, -+, vp.
Since by (6) there is no loop we have (v;,v;) = 0 for ¢ # j. Consider now

E = Span(v,vy1,- -+ ,v,) ,

and complete the orthonormal set of vectors (v1, -+, v,) to an orthonormal
basis (vg,v1,- -+ ,v,) of E. We have
v=") (v,0); ,
i=0
with (v,v9) # 0 because v € E but v & Span(vy, - -+ ,v,). Because of (i) in
(7.33)

n n
1= (v,v) = Z(v,vi)Q = 42(1},%)2 <4.
i=0 i=1
Since the number of lines connecting v and wv; is precisely given by
S (u,u;)?, this ends the proof.

— Property (8) is an obvious consequence of (7).
To prove (9) consider the diagram

by removing the intermediate circles and lines. The resulting diagram how-
ever contradicts (7).

— The property (10) drastically reduces the possible diagrams. For in-
stance the two following diagrams are excluded
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since they can be shrinked respectively to the diagrams

contradicting property (7). Thus the only possible diagrams with one dou-
ble lines are linear and of the type

or have three branches

where the dots indicate a linear chain.

The last step in the reduction process is to exclude some diagrams that
cannot be excluded by the properties above. In fact one more important
property of simple Lie algebra is that their Cartan matrix is non-singular
or the determinant of the Cartan matrix is not zero. Imposing this latter
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condition excludes more diagrams. For instance the Cartan matrix of the
diagram (where the numbers in the circles indicate the corresponding roots)

is given by

@

@

©®

O—0O0——0—=0

2-1 0 0 0 0 0
~1 2-1 0 0 0 0
0-1 2-1 0-1 0
0-1 2-1 0 0f ,
0 0-1 2 0 0

0-1 0 0 2-1
0 00 0-1 2

o O O O

and the determinant clearly vanishes. Thus this diagram is excluded.®
Manipulating these properties leads to all possible simple complex Lie
algebras [Jacobson (1962); Gilmore (1974); Georgi (1999); Ramond (2010)].
We obtain four series of Lie algebras A,, By, Cp, Dpt1,n > 1 and five
exceptional Lie algebras Gs, Fy, Fg, E7, Eg which are given in Table 7.2.
The series are also called the classical Lie algebras.
The series correspond to some of the algebras introduced in Chapter 2,

Sec. 2.6

as we will see in the following Chapters. The Lie algebras Eg, E7, Eg, Fy, G2
are the so-called exceptional Lie algebras.
We finish this subsection with some important remarks

5This algebra is of rank 6 and isomorphic to FEg, the affine extension of FEg, see Table 7.4.
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Table 7.2 Dynkin diagrams of simple complex
Lie algebras.

An O O—0O0—0—"—0——0
Bn O O—0—"0——C—@
Cn @ @—0—0—8—0O
Dn O O—O—O—O<z
Eg
By
- O—O—i—O—O—O—O
e O—C—0—0
Gy, C=9
(1) There are accidental isomorphisms in small rank
A =B =0,
B2 = CQ )
DQ = A1 X Al s
A3 = D3 .

(2) The algebra D5 is not simple but semisimple.

(3) If for all 1 < i < j < r we have A;; = Aj;, corresponding to the
algebras A,, D, and Eg, E7, Eg all roots have the same length and
the algebras are called simply-laced.

(4) There are only two possible lengths for the roots: short and long roots.

(5) All simple Lie algebras are finite-dimensional.

(6) Generalisation of simple complex Lie algebras was considered by
Moody (1968); Macdonald (1986); Kac (1990) by means of a gener-
alised Cartan matrix A. However, in this case the generalised Cartan
matrix A has a vanishing determinant. Two types of algebras can be
defined: (i) the affine Lie algebras, which can be easily handled and
hyperbolic algebras, which require a complicated formalism for their
description.
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7.2.7 Classification of simple real Lie algebras

As can be expected, the classification of simple real Lie algebras is more
involved than the classification of simple complex Lie algebras. Given an
n-dimensional complex Lie algebra with basis (71, - ,Ty), if we perform a
change of basis T = C,,*T}, with C,* € C, in the new basis the commutation
relations read®

(T2, Ty] = ifo T0

with f/,¢ € R, the Lie algebra generated by (Ty,--- ,T)) is areal Lie algebra
called a real form of the complex Lie algebra generated by (71, - ,T,) (see
Sec. 2.9.1). Even if the classification of real Lie algebras is not obvious there
is always, two extreme cases, the compact and the split real forms, can be
easily defined. These two real forms play a relevant role within the real
classification of simple algebras.

7.2.7.1 The compact Lie algebras
Considering the Cartan-Weyl basis, the compact Lie algebras is generated
by
H i=1,--,r,
Xo=E,+FE_, RSN (7.34)
Yo =—i(Es —E_,) ,a€X, .
We observe that
(HY' =H', XI=X,, YI=Y,.

(o3

In order to have closed commutation relations we extend (7.34) for o € 3
with the obvious relations X_, = X, and Y_, = —Y,,. The commutation
relations can be easily obtained form (7.23) and using (7.15) and the fact
that 2« is not a root

[H" Xo] = io/Ya ,

[H',Yo] = —ia'Xa

[Xa Xﬂ] i aBYa+/3+ZN —8Ya- 5,

[Y Yg] = —1 aﬁYa+B + 4N, 7QYQ B s
] =

2oy H? ifa+5=0 ora—p=0
—iNo gXot+p +iNa _pXapifa+B#0 anda— 5 #0,

with the convention that Ny g =0, No_g=0if a+ 8, a— 3 & 3.

6In general the constant f,¢ are not real.

[Xa, Y5
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The compact real forms corresponding to the classical Lie algebras are

respectively
A, = su(n+1),
B, —so(2n+1) ,
Cp, — usp(2n) ,
D,, — so(2n) ,

with the geometrical interpretations given in Chapter 2, Sec. 2.6.

7.2.7.2 The split Lie algebras

The split Lie algebras are generated,” in the Cartan-Weyl basis by
Z]:ZHJ7 j:17"',7’,
Xo=i(Ba+E_n), a€Xy,
Yo=—i(Ey,—E_,) , €3y .

We observe that

(zH =-7' Xl=-X,, YI=VY,.

«

As for the compact real forms, for later convenience we extend the def-
initions above to any « € Y. The commutation relations can be easily

obtained form (7.23), using (7.15) and the fact that 2« is not a root
(27, X,] = —id'Y, ,

]
[XomXB] = —i oz,BYoHrB - Z'Na,fﬁyafﬁ ’
[YQ,YB] = —iNogYaqts + 1N, —8Ya—5,
_ 2o 7 ifa+p5=0
[Xa,Y5] a {Z a7gXa+5+’L'N 7_5Xa_g 1fa+57é0 ,

with the convention that Ny 3 =0,N,_p=0if a+ f,a — 5 & X.
The split real forms corresponding to the classical algebras are
A, = sl(n+1,R),
B, —»so(n+1,n),

1
Cn — usp(2n —2p,2p) ,p = [271}

D,, — so(n,n) ,

7Sometimes the split form is also referred to as the normal real form.
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with [a] the integer part of a. The geometrical interpretation of these
algebras is given in Chapter 2, Sec. 2.6.

In the two real forms constructed so far, a direct inspection to the
commutation relations clearly shows that the structure constants are purely
imaginary, as it is expected for an appropriate real form.

7.2.7.3 General real Lie algebras

The classifications of real non-compact Lie algebras can be deduced from
the compact real forms, by classifying its involutive automorphisms. See
for instance [Cornwell (1984b)]. Denote g. the real compact form of the
complex Lie algebra g. We recall that ¥ is an automorphism of g.. if for all
x,y € g and all A\, u € R we have

YAz + py) = A¥(z) + p¥(y) ,
¥([a.y]) = |¥@). v()] ,

and is involutive if for all = € g,

VoU(z)==x.
Because of the equation above, the eigenvalues of ¥ are 1,—1, and there
exists a basis of g., {Uf‘,~-~ ,Un++,U1_,~-~ ,Uni} with ny +n_ = n such
that
\P(U:):U;_ ’ &:1,"' PR

VU )=-U, , a=1--,n_.

It can be shown that the Lie algebra gy generated by

Vi=Ur, a=1,---,ng,
V, =W, , a=1,---,n_,

is a real form of the complex Lie algebra. We denote

t= Span(vl+7' v avnt) )
p =Span(Vy ,---, V. ).

n_—

Obviously we have
guv = td p,
and

[e,e] C&,[e,p] Cp,[p.p] CE. (7.35)
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Then £ is a subalgebra of the gy called the maximal compact subalgebra.
It is straightforward to verify that the Killing form of gy is diagonal and
given by

H(V+7%+) = 6ab )
_aV;;_) = _5ab s
(V5 V7 )=0.

a

The Lie algebra gy has a signature (n4,n_) and it turns out that any real
form is fully characterised by the signature. We define then the character
of a Lie algebra by

oc=n_—n4 .

The real forms ggr associated to a simple complex Lie algebra gc are
given in Table 7.3. The Lie algebras given in this Table are the real forms
obtained from each simple complex Lie algebra g. Since the character
completely specifies the real form of a given complex Lie algebra, for the
exceptional Lie algebras the second number in parenthesis in Table 7.3
denotes the character of the corresponding real form. This number reduces
to minus the dimension of the Lie algebra for compact real forms and to
its rank for split real forms. Note that the compact real form is the most
compact real form (i.e., all the generators correspond to compact directions)
and the split real form is the less compact real form (the number of compact
directions is equal to (n —r)/2 with n the dimension of the Lie algebra and
r its rank). Note that in addition to this list there also exist non-compact
Lie algebras associated to g X g, i.e., two copies of the same Lie algebra.
These latter Lie algebras have also a vanishing character. See e.g. [Cornwell
(1984b)].

Not all of the algebras are non-isomorphic, as follows easily from the al-
ready observed equivalence of some of the complex simple algebras through
their Dynkin diagram. For the real forms, we have the following isomor-
phisms:

(5) = usp(4) ,
50(5,C) 2 sp(4,0C) = ¢ 50(2,3) 2 sp(4,R) ,
s0(1,4) = usp(2,2)
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Table 7.3 Simple real Lie algebras and their maximal compact Lie subalgebras.

Complex Lie Real forms characters maximal compact
algebras g aR o subalgebras &
su(n + 1) —(n4+ 12 F1 su(n + 1)
su(n + 1 —p,p) . _ 2 1 1
An 1):17_”1[%(n+1)] (n+1 2p)° + 1 su(n + p) X su(p) X u(l)
s((n + 1,R) n so(n + 1)
Eun(:dt D —n —2 usp(n + 1)
s0(2n + 1) —n(2n + 1) s50(2n + 1)
Bn ”“f”_*ll - 2"n2") —2(n —2p)(n —2p+ 1) +n| so(2n+1— 2p) X so(2p)
wsp(2n) —n(2n + 1) wsp(2n)
c sp(2n) n w(n)
n S —
usp(2n 21)’121)) —n — 2(n — 2p)2 usp(2n — 2p) X usp(2p)
p=1,---, [577'
so(2n) “n(Zn — 1) s0(2n)
Dn se(Zn =P, p) —otn—p)2 4+ n s0(2n — p) X s0(p)
RN
50" (2n) —n u(n)
Gy [ Ga(—14) [ —14 [ Ga(—14) |
[ Ca(2) [ 3 [ Su(2) X su(2) ]
Fy(—52) —52 Fy(—52
Fy F4(4) 4 usp(6) X su(2)
F4(720) —20 50(9)
Eg(—78) —78 Eg(—78)
5 E6(6) 6 usp(8)
6 E6(2) 2 su(6) X su(2)
EG(—14) —14 50(10) X s0(2)
Ee(—26) —26 Fa(—52)
E7(—133) —133 Er7(—133)
Eq E7(7) 7 su(8)
E7(75) —5 50(12) X s0(3)
E7<725) —25 E6(778) X s0(2)
Eg(—248) —248 Eg(—248)
Eg E3(s) 8 50(16)
Fg(—24) —24 E7(_133) X 54(2)

su(4) = s0(6) ,
u(4,C) 2 50(6,C) = < su(2,2) X s0(2,4) ,
su(l,3) = s0™(6) .
In addition to these, there is another important isomorphism, the origin
of which is related to the so-called triality [Cornwell (1971)]

50(2,6) = 50%(8) .

7.3 Reconstruction of the algebra

In the previous sections we have given the classification of the simple com-
plex and simple real Lie algebras. The former were fully defined by their
Cartan matrix or Dynkin diagram and the latter by considering an appro-
priate involutive automorphism of the compact real form. In both cases the
construction of the algebra is thoroughly associated to its presentation in
the Chevalley-Serre basis (7.32), defined only for the generators associated
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with the simple roots. We now give the general rule to obtain all the oper-
ators of simple complex or real Lie algebras. Since both cases go along the
same lines, we suppose now that g is a simple complex Lie algebra of rank
r. Denote B(1y,- -, B() its simple roots and recall that to each simple root
we have two types of operators: the semisimple operators h;,i = 1--- ,r
which are diagonal and the nilpotent operators eii,i =1,---,r, that van-
ishes at some power (in the adjoint representation). We identify further
the operators ej to creation operators and the operators e; to annihilation
operators. The key observation in the reconstruction of the whole algebra
is the relation (7.30), which means that to obtain all the generators asso-
ciated to g we only have to deal with the representation theory of s((2,C).
For completeness, recall that if®

h¢|—n>:—n|—n> and e;|—n)=0, (7.36)

the full representation is (n + 1)-dimensional and is obtained by acting
n-times on | — n) with e;”

.
|_n>i>|_n+2>i>...L>,n_2>L>|n>

e+l —n)=0
Thus the relation
(e ] = Aiel | [e,ef] =0,

of (7.32) is in a direct correspondence with (7.36). Moreover, from (7.31),
if we assume that 3(;) + B(;) is a root we have, using the Jacobi identity
[hk7 [6?, ej” = (A;“ + Ak]) [e:r, e;r] .
With these notions recalled, we are now in position to describe an algo-

rithmic procedure to obtain all the generators of g from the Cartan matrix
(7.27) and the Chevalley-Serre relations (7.32):

(1) To each simple root f3(;) associate an r-dimensional vector |A;) =
|A1i,---, An) where the k'™ entry represents the eigenvalue of hy on
the vector e;f

i -

8Note the overall additional factor two in the commutation relations (7.30).
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(2) For each |A;) identify the negative entries. If, say Ay, = —¢, then act
q times on the vector with ez

+
€k

ef of
|Ai) —= [Ai) + [Ap) —— -+ [Ai) + (¢ — 1) [Ap) — |Ai) + q|Ag)

. | |

EB(@) EB(i)+5(k) e E5(¢)+(q—1)ﬁ(k) Eﬁ(iﬂrqﬂ(k)

and identify the corresponding operators.
(3) In the series of vectors |A;) + £|Ax),1 < £ < ¢q constructed in the step
2, identify the entries, except the k*'-entry which is negative. If the
th . e (— o with et
k'™ entry is negative (= —¢’) then act ¢’-times with e,}.
(4) Reiterate the process until there are no more vectors with negative
entries.

(5) The normalisation of the nilpotent operators is now fixed by (7.18).

Considering a nilpotent generator e, associated with a non-necessarily
simple root «, i.e., obtained from multiple commutators of the nilpotent
operators associated with simple roots as described in the procedure above
(the operator e, can of course be associated with a simple root f(;) with
Ca = eét(j)) we have

ad(ef )1t e, =0
ad(e; )P e, =0.

This means that with respect to the sl(2,C) subalgebra generated by
(hi,ef), eq span a spin 1/2(p + q)-representation of the sl(2,C) (or of
the su(2)— for the real compact form) algebra associated with the i*h-
simple root. In particular we have the identification e, = |s,m) =
[1/2(p+q),1/2(p — q)) with s = 1/2(p + ¢) and m = 1/2(p — ¢). Thus
the representation theory of su(2) (see (5.9)) gives

ad(e]) [s,m) = /(s —m)(s +m+ 1) [s,m +1). (7.37)

This latter relation is utterly compatible with the relation (7.18) when the
operators Ejg  are renormalised as in (7.29). We shall come to this point
latter on. With this spin-interpretation note that (7.17) reduces to°

QM:p—q:%n, (7.38)

(Beays Bay)

9The factor two comes from the normalisation in (7.30).




7.3. Reconstruction of the algebra

299

and the scalar product of the two roots ;) and « is directly related to the

eigenvalue of the semisimple element h;.

We now illustrate the procedure for the small rank Lie algebras. For
the rank one Lie algebras nothing has to be done. For the rank two Lie
algebras only G2 has to be considered since su(3) was already studied in
Chapter 6 and so(5) will be analysed in details in a latter chapter. Recall

the Dynkin diagram, the Cartan matrix

==

1-(37)

and the simple roots

V3 0
Bay = f% By = <1> .

of G5. We obviously have

3
By, B1y)) =3, (B Be) =1, (BayBe) = —3

The vectors of the point 1 above are given by
[ A1) = A1, Aor) = [2,-3)
|A2) = |A12, Az) = [-1,2)
and the procedure leads to the following set of positive roots
|—1, 2>

+ + +

12, -3) —2> [1,-1) >0, 1) — 2> |-1,3)

\Lef

1,0)

(7.39)

In the Cartan-Weyl basis the commutation relations are given by (pay at-
tention to the relationship between e; and Eg,,, together with (7.38))

3
[E5<1>’E/3<2>] — V2P the o

[Eﬁ<1>+ﬁ<2>’EB<2>] = ‘@E@l)”ﬂ@) )
3
[EB<1)+2,3(2)’E5(2)] - §EB(1)+35(2) )

3
[Bsy+38e By ] = \[QEzﬂuwsmz) )

(7.40)
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for the nilpotent operators associated to the positive roots. In the same way
we obtain the commutation relations for the nilpotent operators associated
to the negative roots. If for o, f € X, we have

[Ea, Eg] = NogEasts ,
then by Hermitean conjugation we obtain
[E—aaE—ﬂ] = _-/\/'(X,BE—a—B .

The commutation relations for operator involving positive and negative
roots are obtained by means of the Jacoby identity. For instance

2
[E3<1)+5<2)’E—»’3<1>] = \/g[[Eﬂu)’EB(m]’E—ﬁ(l)]
2 2
= \/;HE%)’E—B(I)]’E%)] + \/;HE—B(U’EBQ)LEBUJ

2 3
= (5(1)7/3(2))\/; Eg,, = —\/gEﬁ@) :

Considering negative roots together with the Cartan subalgebra, we observe
that Gy is a 14-dimensional Lie algebra. The root diagram is given in
Fig. 7.1.

E—B(l) E5(1)+3B(2)

E5(1)+2 2)

2B(1)+38(2)

' “Pay+B8e2)

—B1)—3B2) EB 1)

Fig. 7.1 Roots of G2.
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An important remark with respect to the normalisations for the com-
mutation relations of G5 and in fact of any Lie algebra g is in order. The
various coefficients in the commutation relations are a direct consequence
of relations (7.22). Recall that these relations where obtained considering
the compact real form g. of the complex Lie algebra g and are perfectly
compatible with the unitarity of the adjoint representation and lead to an
orthonormal basis. However, if we are considering different real forms or
even the complex Lie algebra itself, since the adjoint representation is not
unitary there is no need to normalise N, 3 as in (7.22). Nevertheless for
convenience this normalisation might be used.

For the rank three Lie algebras three cases must be studied. For su(4)
the Dynkin diagram and the Cartan matrix are given by

O—C0O—~=~0

2—-1 0
A=[-1 2-1
0—-1 2
and the simple roots read
1 -1 0
Bay=10| , Bp = ? » Bi) = —? ;
0 0 @
where
(BayBewy) =1, i=12,3
r
(5(1)75(¢+1)) =75 1=1,2.
The vectors of point 1 are given by
|A1) = [A11, Ao1, Ag1) = [2,-1,0)
|Ag) = [A12, Aoz, Az) = |-1,2,-1) ,
|A3) = |Aus, A2z, Az3) = |0,-1,2) |
and the reconstruction of the algebra gives
|277170> |7172771> |0’7172>
ot ot
J{e+/ \ J/e_'_
2 2
‘171771> |715171>
x of
3 1

1,0,1)
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we thus have six creation operators
1
[Eﬁu) ) Eﬁ(z)] = ﬁEﬁupLﬁ(z)
1
[Eﬂ(z) ) E5(3)] = EE5(2)+5(3)
1
[E5(2)+5(3)7Eﬁ(1)} = ﬁE5(1)+5(2)+5(3) :

Hence su(4) is a 15-dimensional algebra.
For usp(6) the Dynkin diagram and the Cartan matrix are given by

o—0—0I

2-1 0
A=1-1 2-2
0-1 2

and the vectors of point 1 by

|A1) = |A11, Ao1, Asp) = [2,-1,0)
|A2) = |A12, Aoz, Asp) = |—1,2,-1) ,
|Az) = |A13, Aoz, Asz) = 10,-2,2) .

The reconstruction of the algebra gives

12, —1,0) |-1,2,—1) 0, —2,2)

N

1-,1) |—1,0,1)

Iy

11,—1,1) |—2,2,0)

+
62 4
€1

0,1,0)

12,0,0)

and usp(6) is 21-dimensional.
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For s0(7) the Dynkin diagram and the Cartan matrix are given by

O—(C—0

2-1 0
A=|(-1 2-1
0-2 2

and the vectors of point 1 by
|A1) = |A11, A21, Azr) = [2,-1,0)
|Ag) = |A12, Aoz, Ag2) = [—1,2,-2) |
|Az) = |A13, Aaz, Asz) = [0,—1,2) .

The reconstruction of the algebra gives

|2,—1,0) \—1,2,—2) |0,—1,2>
€+ €+
+ 1 3 +
sy
|171,—2> |—1,17O>
ot
3
8+ €+
3 1
|1,O7O> |—1,0,2>
8+ €+
3 1
|1,—1,2>
|+
\071,0>

and we find that so(7) is of dimension 21.

7.4 Subalgebras of simple Lie algebras

Having obtained all simple complex and simple real Lie algebras an impor-
tant related question is to obtain all possible Lie subalgebras of a given
Lie algebra g. Given g a rank r Lie algebra, fewer rank subalgebras of g
can be obtained straightforwardly, due to Property 3 of Sec. 7.2.6. Indeed,
if we remove a circle (vertex) from the Dynkin diagram of g, we get the
Dynkin diagram of a Lie algebra of lower rank g’ but also g’ C g. If the
corresponding Dynkin diagram is constituted of one connected (two dis-
connected) part(s), the corresponding Lie algebra is simple (semisimple).
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For instance it is easy to see that D5 C Eg C E7 C Eg or By C Fy or
Ap X Ay C A1, ete.

There is an nice diagrammatic way to obtain all the subalgebras of the
same rank of a given simple Lie algebra. Denote ¥ the highest root of a
given simple Lie algebra of rank r, that is, satisfying ¥ — o > 0 for any
a € 3 different from ¥ and introduce

Boy=-Y,

since W is the highest root (g is the lowest root. Therefore, since for any
simple roots B(;),7 = 1,--+ ,r we know that By — B(;) is not a root, the
relation (7.17) shows that

) By, Bioy) 5 By Beay)
(Beay» Beay) (B(oy: Beoy)
If we define now the extended Cartan matrix

(Bay, Bj) o
Ajj=2———=, 0<i<j<r,
’ (Beay» Beiy)

are negative integers .

we obtain an (r + 1) x (r 4+ 1) matrix which satisfies all the hypothesis of
(7.28) but the last one (vi). To this extended Cartan matrix we associate
a Dynkin diagram. The Dynkin diagram of the extended system of roots
(B(oy, -+, B(r)) is called the extended Dynkin diagram of g. In this general
construction, some care must be taken for the small rank Lie algebras. The
case of g = A; = By = (1 must be treated differently since there is only
one positive root a and «(g) = —a. Note also that we need enough roots to
put the additional lines (see in Table 7.4 the extended Dynkin diagrams).
Correspondingly a special attention is needed for the small rank Lie algebra,
taking under consideration the accidental isomorphisms. In particular

(1) Since By = Cs, the extended Dynkin diagram of By is given by the
extended Dynkin diagram of Co;

(2) Since Dy = Ay x Ay, Dy is not simple but semisimple, no new extended
Dynkin diagram is defined (see the case of Ay);

(3) Since D3 = Aj the extended Dynkin diagram of Dj is given by the
extended Dynkin diagram of As.

In conclusion, this means that An is defined for n > 2, Bn for n > 3,
C’n for n > 2 and ﬁn for n > 4. The corresponding extended Dynkin
diagrams are given in Table 7.4. In fact these extended Dynkin diagrams
are associated with some possible extensions of simple Lie algebras called
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affine Lie algebras. To the list given in Table 7.4, one has to add the affine
extension of A; and the twisted affine Lie algebras. See e.g. [Lorente and
Gruber (1972); Goddard and Olive (1986)].

These extended Dynkin diagrams are powerful tools to obtain subal-
gebras of simple Lie algebras. Indeed, if we remove an arbitrary circle or
equivalently one line and the corresponding column of the Cartan matrix,
we obtain the Dynkin diagram (or the Cartan matrix) of a Lie algebra g’
of the same rank such that g’ C g.

Table 7.4 Extended Dynkin diagrams. The numbers of roots is
r + 1, with r the rank of the algebra.
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Several examples constructed along these lines are now given. Note
firstly that two types of algebras can be obtained. If we remove a circle at
the end of the diagram we obtain a simple subalgebra g’ C g of the same
rank although if we remove a roots such that the corresponding Dynkin di-
agram is constituted by two disconnected diagrams we obtain a semisimple
(but not simple) subalgebra g’ C g. As explicit examples we only consider
the simple subalgebras that can be obtained from the extended Dynkin
diagrams:

(1) For B,, we obtain D,, C B,,.
(2) For Es we obtain Dg C Fj.
(3) For G2 we obtain As C Ga.
(4) For F, we obtain By C Fj.

Obviously semisimple algebras could also be obtained, but we skip this step
as it is straightforward.

7.5 System of roots and Cartan matrices

Looking at the roots of either Gy (7.39) or su(3) (6.7), we observe that
their components are irrational numbers. It is however possible to express
all the roots, in a possibly higher dimensional space, in terms of orthogonal
vectors. This construction is very useful for instance to obtain an oscillator
or a differential realisation of simple Lie algebras. Introduce a set of N
orthogonal vectors ey, -+ ,en

ei-ej=6ij,

where now the scalar product is the Euclidean scalar product in RY. Inter-
estingly, it is possible to express the simple roots of all simple Lie algebras
in terms of the vectors e; for a given N. Two observations are in order.
Firstly we have N > r where r is the rank of the Lie algebra. Secondly,
the metric in the root space g% is a priori not equal to the diagonal metric
tensor 6%. However, considering the compact real form, its is known that
the Killing form is positive definite. So g% is also definite positive. Thus
in this case one can find a Cartan subalgebra h = { hi,--+,hy} such that

Tr(ad(hi)ad(hj)) =5 .

Note that this choice was implicitly done for the reconstruction of G5 and
su(4) in Sec. 7.3.
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Before giving all simple roots of all semisimple Lie algebras in terms
of an orthogonal basis, we would like to mention how all the roots can
be obtained from simple roots, just using geometrical properties. This
procedure is an alternative way for the reconstruction of the full algebra
and is based on the following properties. Considering o and S two different
roots satisfying (7.17) since a + kS € go,p for —p <k <g¢

(8, @)

/

o =ogla)=a—-—(p—q¢)f=a—-2

8, (7.41)

belongs to g, and is a root. This transformation has a nice geometrical
interpretation if we write

I P R
a=optor w)/”( </m>5>’

where o) (resp. «.) is parallel (resp. perpendicular) to 5. Thus, og
can be seen as a reflection in the hyperplane orthogonal to §. The set of
all the possible reflections with respect to all the roots constitute the so-
called Weyl group. Since all the roots can be obtained from simple roots,
the Weyl group can be obtained considering the group generated by the
reflections with respect to all the simple roots. Alternatively this gives rise
to a procedure to obtain all the roots of a given simple Lie algebra. The
set of roots is obtained inductively. At the first step we consider the simple
roots. At the second step we construct all the roots obtained by all possible
Weyl reflections from all the simple roots. Having obtained the roots at
the step n, the roots at the step n + 1 are obtained by considering all the
possible Weyl reflections from the roots obtained in the step n. The process
ended when no more roots can be generated. We shall illustrate this process
on GQ.

We suppose now that the Killing form is Euclidean, and we restrict
ourselves to the compact real forms. The scalar product is then denoted
by a dot. For completeness we also give the Cartan matrices of all simple
Lie algebras in addition to their Dynkin diagrams.

(1) For su(n+ 1) take N =n + 1. The simple roots are given by
By =€i—eiy1, t=1,-,n.
The non-vanishing scalar products between two roots is

ﬂ(z)ﬂ(z)zQa i:]-a"'vna
ﬁ(i)'ﬁ(i+1):_1a Z.:1,"'77’?,—1,
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and the Cartan matrix reduces to

2 -1 0 o -0
-1 2 -1 - 0
0 —1 2 -1 -0
A=
0 - .- —1 2 —1
O -+ -~ 0 =1 2

Finally, all the (n 4+ 1)n roots of su(n + 1) are given by
Bijy=¢ei—¢€, 1<i4,j<n+1
and S is a positive root when i > j and obviously B(;;) = —B;i)-
(2) For so(2n + 1) take N = n. The simple roots are given by
Buy =€ —¢eiy1, t=1,-,n—1
Bn) = €n -
The non-vanishing scalar product between two roots
Biy Bay= 2,i=1,--,n-1,
By By = 1,
By - By =—-1,1=1,--- ,n—1,

and () is the shorter root. The Cartan matrix takes the form

2 -1 0 o -~ 0
-1 2 -1 o -~ 0
0 -1 2 -1 --- 0
A:
0 -+ - —1 2 1
0O --- --- 0 -2 2

Finally, the n? positive roots of s0(2n + 1) are
Bij) =ei—ej, 1<i<j<n,
Blujy =eitej 1<i<j<m.

BE;):6i7 221,771
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(3) For usp(2n) take N = n. The simple roots are given by
ﬂ(z) = €; — €41, Z:]., ,n—l 5
,B(n) = 2e, .

The non-vanishing scalar products between two roots is

B(l)ﬁ(z): 271.:17"‘,”_13

By By = 4,
ﬁ(1)5(1+1):_17 i:]-v"'an_27
Bn-1) " Bm) = =2,

B(n) is the longer root. The Cartan matrix takes the form

2 -1 0 o -+ 0
-1 2 -1 0 - 0
0 -1 2 -1 - 0
A:
0 - -0 —1 2 _9
0O -+ -+ 0 —=-1 2

Note that the Cartan matrix of usp(2n) is the transposed of the Cartan
matrix of s0(2n + 1). The positive n? roots are

Bij)y =ei—ej, 1<i<j<n,
Béij):ei—i—ej, 1<i<j<n
(4) For so(2n) take N = n. The simple roots are given by

ﬁ(i):ei_ei+17 izla"'an_17

6(n) =én—1té€n .
The non-vanishing scalar products between two roots is
/8(7,) 5(1) =2 ai: 17 , 1,

By Bty =-1,i=1,--n—-2,
B(n*2)ﬁ(n) - _17
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and the Cartan matrix is

Simple Lie algebras

2 —1 0 0 0 00
-1 2 -1 0 0 00

0 -1 2 -1 0 00

A =

0 -1 2 -1 0 0

0 0 -1 2-1-1

0 0 0 -1 2

0 0 0 -1 0 2

The n(n — 1) positive roots are given by

Buj) =ei—ej,1<i<j<n,

Bup =eite 1<i<j<n.

The set of roots of the classical Lie groups are related to their fundamental
representation as we will see in the next chapters.

(5) For Giy(_14) take N = 3. The simple roots are given by

By = —2e1t+ex+e3,
By =e€1—e2,

and we have

Bay - Bay =6,
By - By =2,
Bay - By = -3,

recall the Cartan matrix already given

()

The set of positive roots can be deduced from the proceeding subsec-
tion, or alternatively can be obtained from Weyl reflections. We now
illustrate how to obtain all the roots of G5 in this way. We start from
the simple roots (1) and () and proceed to all the possible Weyl
reflections. At the first level we obtain

05(1)(ﬂ(2)) = 5(2) + 6(1) ,
05 (B1)) = Bay +3B) -
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At the second level we obtain

T80y +382 (Ba)) = 2B1) +3B2) »
T8y +B0 (B2)) = By + 2B(2)

OBy +B (Bay) = —2Ba) — 35 @) >
T84y +38, (B2y) = =By — 2B2) -

No more positive roots are obtained. We observe that the generation of
positive roots is in one-to-one correspondence with the reconstruction
of the algebra (see Sec. 7.3). Finally the positive roots are given by

By + By = —e1+es,
By +2Bp) = —e2+e3,
By + 3By =e1—2ex+e3,
28(1) + 3B2) = —e1 —ea + 2es3 .
(6) For Fy_s59) we take N = 4. From s0(5) C Fj(_52), to construct the

root system of Fy(_59) we just add one root to the root system of so(5).
The simple roots are then given by

5(1) = €2 — €3,
5(2) = €3 — €4,
B3y = e,
1
5(4) (61 — €2 — €3 — 64) )
which satisfy

By By =2,1=1,2,
By Buy=1,1=3,4,

Bay - By =—1
By By =-—1,
By - By = —3>
leading to
2—-1 0 0
-1 2-1 0
4 0-2 2-1

0 0-1 2
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To construct the roots associated to Fg, 7 and Fg we just use the embed-
dings

50(10) C Eg—78) C Er(—133) C Eg(—s)
and complete the system of simple roots of s0(10) to a system of simple
roots of E6(—78)7 E7(_133) and ﬁnally E8(—248)‘
(7) Denote f(;),i = 1,---, 5 the simple roots of 50(10) and set for Fg(_7s)

B(i)zéi-‘rl*ei?i:la'”azla
By =e1+ez,

7
1
Be) = 3 <€8+€1 —Zzez) )
which satisfy

ﬂ(i)'ﬁ(i): 2, i=1--,6,
By - B+ =—1, i=1,---,3,

By By =—1,

Bay - Bey = —1.

Now reordering roots, namely in the basis (8, B1)," - - , B(5)) the Car-
tan matrix reduces to

2-1 0 0 0 O
-1 2-1 0 0 O
0-1 2-1 0-1
0 0-1 2-1 O
0 0 0-1 2 O
0 0-1 0 0 2

A:

Note that if we have chosen

1 ° 6
ﬂ(G):i (61—22:61') —\/2- %

we would have reproduced the Cartan matrix above but with irrational
coefficients. Furthermore the embedding Es C E7 would have been less
immediate.

(8) The roots of Er(_i33) are deduced from those of Eg_7g) adding one
more 1oot (3(7)

By = €6 —e5 5
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with the new non-vanishing scalar product (with the reordered vectors
of ES(—?S))

By, Bay) = =1, By, Biry) =2 -

Now reordering roots, namely in the basis (81, -, 85, B(7), B(s)), the
Cartan matrix reduces to

2-1 0 0 0 0 O
-1 2-1 0 0 0 O
0-1 2-1 0 0-1
A= 0 0-1 2-1 0 O
00 0-1 2-1 0
00 0 0-1 2 O
0 0-1 0 0 0 2

(9) The roots of Eg(_24g) are deduced from those of Er(_;33) adding one
more 100t (3(g)
By =er — e,

where the non-vanishing scalar product (with the reordered vectors of
E?(—133)) are

By By =—1, B Br) =2

Now reordering roots, namely in the basis (81, - - , B(s), B(s), B(ry) the
Cartan matrix reduces to

2-1 0 0 0 0 0 O
-1 2-1 0 0 0 0 O
0-1 2—-1 0 0 0-1
. 0 0-1 2—-1 0 0 O
00 0-1 2—-1 0 O
00 0 0-1 2-1 0
00 0 0 0-1 2 0
0 0-1 0 0 0 0 2

To end this section we collect in Table 7.5 the simple and positive roots
of simple Lie algebras.

7.6 The Weyl group

We now focus briefly on the group of transformations on a root system
defined by equation (7.41). To this extent, we reformulate the notion of root
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Table 7.5 Simple roots and positive roots of simple Lie algebras. Dimension repre-
sents the dimension of the underlying Fuclidean space.

Lie algebra | Dimension Simple roots Positive roots
An n+1 ei—€iy1 ,0=1,---,mn e;—ej,1<i<j<n+l1
B n ei—ejir1,i=1,---,n—1le;fe; ,1<i<j<n

" en ei s 1<i<n
c n e —€i41,i=1,---,n—1|le;xe; ,1<i<j<n
" 2en 2e; , 1<i<n
e —¢€i+r1,1=1,---,n—1 . .
D 1 1+1 ) ) X 1< <
n n en1+en e;tej ,1<i<j<mn
1 d 1 5
sles+e1— 3 ) s(es —er —es + > *e;)
=2 i=1
FEs 8 even number of signs
ei+1—€ , 1 <i<4 . .
ite , 1< <5
1 + €3 ej e, <1<y <
1 u 1 6
5(68 +e1— > ei) 5(68 —er+ > :I:ez-)
i=2 i=1
B 8 odd number of signs
7 cis1te, 1<i<5 ejte, 1<i<j<6
el + ez €g — €7
1 ’ 1 ’
s(es+e1— > ei) s(es+ > +e;)
i=2 i=1
E 3 even number of signs
’ eit1—€, 1Si<6 eite;, 1<i<j<8
e1 + e j i > J >
ey —e3 , e3 — ey e¢+iej, 1<i<j<4
Fy 4 €4 e, 1<i<4
%(61—62—63—64) %(61 :|:62:|:83:|:€4)
er —e2 €1 —€2,63 —€1,€3 — €2
G2 3 —2e1 +e2+e3 ez +e3 — 2e1,e1 +e3 — 2e2

—e1 —e2 + 2e3

system axiomatically and prove that the Weyl group actually corresponds
to the point group of such systems.!'®

If E denotes an Euclidean vector space with inner product («, 3), the
transformation

(8, )
(8,8)

determines geometrically a reflection'’ with reflecting hyperplane Pz =
{a € B (a,B) =0}

10Recall that the symmetry group of a finite system (that is, which leaves invariant the
system) is called the point group if all its elements leave at least one point of the system
invariant.

11 Also called an involution, since 0’% = Id.

ogla) =a—2 B, (7.42)
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Let R be a finite subset of F. It is called a root system if it satisfies the
following axioms:

(1) R spans the vector space E and does not contain the zero vector
(2) If @ € R, then the only multiples of o in R are +a.

(3) For any «, the reflection o, leaves R invariant.
(4)

(IB’a)
4) If a, B € R, then 2(/375) eZ.

We observe that the root system, as defined for semisimple Lie alge-
bras, trivially satisfies the preceding requirements, as a consequence of the
Cartan-Weyl decomposition. In fact, the root system can be deduced tak-
ing into account the linear forms associated to the generators of a Cartan
subalgebra h of a semisimple Lie algebra g, i.e., considering the dual space
h*. This result in the usual presentation of the classification theorem as to
be found in most mathematical texts [Humphreys (1980)]. Here, however,
we have opted for a more direct approach.

The Weyl group W of a root system R is defined as the subgroup of
GL(E) (the group of invertible matrices acting on the vector space E)
generated by the reflections o,. It is clear from this definition that W
leaves the root system R invariant, thus it corresponds to the symmetries
of R, and can be interpreted as the point group of the geometric polytope
(see Secs. 3.3.2 and 3.5) spanned by the vectors in R. Since VW permutes
the roots of R, each reflection can be identified with a permutation of |R|
elements, showing that W is always a finite group.

Now consider an automorphism 7 of the vector space E and suppose
that it leaves invariant the root system R. If o, is an arbitrary element of
W, then
-1 (67 OZ)
roar ™ (7(8)) = 0 (8) = 7(8) - 23
It is clear from this equation that 70,7~ ! leaves the root system invariant,
sends 7(«) to —7(«) and fixes pointwise the hyperplane 7(P,). It follows
that the transformation 70,7 !0, (4) fixes 7(a) and acts as the identity on

r(a) € R. (7.43)

the one-dimensional subspace R7(«) of E, as well as on the quotient space
E/R7(a). In these conditions, it follows that 7047 o, (4) = Id, thus that
ToaT Lt = 0r(a), @s the latter is an involution. In particular, since

vy (r(8)) = 7(8) — 2L T() (7.44)

(7(@), 7(a))
using (7.43) we conclude that
(8,0) _ (7(B), 7(a))
(5.5) ~ G(3),78) T
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This property shows that an automorphism of a root system R is the same
as an automorphism of the Euclidean space E leaving R invariant. There-
fore the Weyl group W is a normal subgroup of the automorphism group
Aut(R).

The interest of the Weyl group for semisimple Lie algebras lies in the fact
that it solves the ambiguity in the choice of simple roots. More specifically,
if 3 is the root system associated to the semisimple Lie algebra g and
we denote by A a basis of simple roots, then the following properties are
satisfied:1?

(1) The Weyl group acts transitively on the bases of simple roots, i.e., for
two bases A, A’ of ¥ there exists some o € W such that o(A) = A,

(2) If 0(A) = A for some o € W, then ¢ = 1. Hence the Weyl group acts
simply transitively on bases.

(3) If @ € X, there exists some o € W such that o(a) € A.

(4) The Weyl group is generated by the reflections o, a € A.

(5) All roots of X of a given length are conjugate under W.

We first observe that the Weyl group of a semisimple Lie algebra g = g1 @
-+ @@, is isomorphic to the direct product of the Weyl groups associated to
the simple algebras g; for 1 < i < r. Now, as a consequence of the properties
above, to find the Weyl group of a simple algebra it is sufficient to analyse
the reflections corresponding to a basis A of simple roots. Computing
the order of each product of different involutions enables to determine a
presentation for the group as:

W={oa,ai € AloZ =1, (ola)ola) =1}, (7.46)

where k;; denotes the order of the transformation o(w;)o(a;). Equation
(7.46) is nothing but a particular case of the study of finite groups gener-
ated by reflections, commented in a Chapter 3. The enumeration of finite
reflection groups is well known, and can be found for example in [Coxeter
(1935)]. In this context, however, we merely mention that if a group G
is generated by two involutions, then it is isomorphic to a dihedral group.
This implies in particular that the Weyl group of the simple Lie algebras
Ay, By = U3, Dy and G4 is a dihedral group, D3, Dy, Do and Dg, respec-
tively, the Weyl group of Dy = Cy x C5 being the Klein Vierergruppe.

It can further be shown that the automorphism group of the root system
R, whenever we fix a basis A, is given by the semidirect product of I' =

12See e.g. [Humphreys (1980)] for the detailed proof, as well as for additional properties
of the Weyl group.



7.6. The Weyl group 317

{r € Aut(R) | 7(A) = A} and the Weyl group W. The group I' can be
easily determined using the corresponding Dynkin diagram of g. The group
I" is sometimes also called the group of outer automorphisms. Note also
that the outer automorphisms group of the extended Dynkin diagram is
always larger than the outer automorphisms group of the corresponding
Dynkin diagram. For the Weyl group itself, a presentation in terms of
generators and relations can also be extracted from the Dynkin diagram
[Coxeter (1935)]. The procedure is the following;:

(1) Each vertex « of the Dynkin diagram corresponds to a reflection o,.

(2) If k£ is the number of edges joining the vertices o and [, then the
transformation o,0p satisfies the relation (aoéag)k+2 =1.

(3) If the vertices a and f are not connected by an edge, then 0,04 satisfies
the relation (O’adg)g =1.

We remark that, specially in the case of the exceptional Lie algebras, their
Weyl group shows some connection with the classification of simple Lie
groups.

In the following Table we give the order and structure of the Weyl
group for the classical complex simple Lie algebras. The precise structure
for the Weyl group of exceptional algebras is quite involved, and we omit
the details here. The interested reader can find a precise description in
[Coxeter (1935)].

Table 7.6 Weyl groups of simple complex Lie algebras.

Lie algebra | Rank w W] r
Ay [ Yei1 £+ 1) Cy, £>2
Bz ¢ Cé X Eg 2[& 1
Cy ¢ CEx 240! 1
Dy 4 C3 x5y 2341 Csy
Dy (>4 | Ci ey, 2¢=1p Co
Go 2 Dg 12 1
Fy 4 27.32 1
Es 6 27.3%5 Cs
E; 7 210 34 5.7 1
Eg 8 214 35 52 7 1




