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Sample space

Definition:
Given a random object X, the sample space S of X is
@ a set containing all possible values of X
@ with a sigma-field of events where probability is to be
evaluated (minimal structure)

However, if the analysis requires operations (averages,
distances, projections, ...) they need to be defined in S

its structure determines the available tools for the analysis
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Examples of sample space: random sets

Random non-empty compact sets in a plane

@ distance between sets: Hausdorff
an(S1, S2) = max{supg, s, d(s1, S2), sUPs,cs, d(S1, 52)}

@ sigma-field generated by Hausdorff open balls

@ operation: set union, intersection

o sample variability: Var[X; S] = 3" d?(X;, S)

@ sample mean and variance (Fréchet approach)
Mean(X) = argmingVar[X;S] , Var(X) = min Var[X; S]

° ...
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Examples of sample space: time to failure T

Two alternatives

sample space: Rt
group operation:

x @y = exp(logx + log y)

square distance:
d2(x,y) = log?(x/y)
mean value:

exp[(3_ log x;)/n]

(geometric mean)
reference measure:

A+{(a,b)} = |log a/b|

sample space: R
group operation:
X+y

square distance:
dP(x,y) = (x —y)?
mean value:

Z x,-/n

(arithmetic mean)
reference measure:
Lebesgue measure
M(a,b)} =|b—4
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Examples of sample space: random densities

Random positive densities supported on an interval

@ Bayes Space: elements are equivalence classes of
proportional densities

@ group operation: perturbation f(x) & fo(x) = Cfi(x)f(x)
o transformation: cir(f(x)) = log f(x) — (1/L) [ log(f(x))
@ inner product: (fy, f,)5 = (clr(fy), clr(f2))

@ mean value: geometric mean
@ coordinates: Fourier coefficients
@ structure: Hilbert space
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Bayes

Bayesian statistics: what is there?

There are: random observations, random parameters jointly
distributed and the corresponding sample spaces (reference
measures assumed Lebesgue, \)

@ Initial/prior and final/posterior probability measures:
Py{A}, P1{A|R} and Lebesgue densities f(0), i (0| R)

@ likelihood conditional to observation R, L(6|R)

Bayes theorem: For any event A in the
parameter (sample) space

A(BIR) = C-LOIR) - h(6) . Pi{AIR} = /A f(6]R)dA

reference measures determine which densities and their
characteristics are to be used
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Bayes

Binomial observations with two different references

Observations: X = 1 successes, N = 10 trials
Parameter: p € (0,1)
Initial probability: Beta(a=1/2,b=1/2)

Lebesgue reference Logistic reference
uniform measure in (0,1) o [p(1 — p)]~!
fo(p) o< p~1(1 — p)° fo(p) < p?(1 — p)°

L(p|X =1,N =10) oc pX¥(1 — p)N=*¥

f1 (,D) o pa+X—1(1 _ p)b+N—X—1 f1 (,0) x pa+X(1 o p)b+N—X
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Bayes

Binomial observations with two different references

Likelihood, Initial, Final

densities, Lebesgue ref.
3
|
densities, logistic ref.
2
|

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
P P
Same sample set; different reference measure
Lebesgue measure A, uniformin (0, 1)
Logistic measure p, d\/du = p(1 — p)
Densities are Radom-Nikodym derivatives

(o) = -5

f(Logis) (,O) =0 d_u
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Bayes

What is changed by different references?

Almost nothing:

Densities are different but probability measures are equal.
However, modes of final densities are not equal

Not a problem for "Bayesians” (hope so) but for "frequentists®

Is maximum likelihood flawed?
@ Yes, unless the reference measure (Lebesgue) is specified
for likelihood and posterior densities;
@ Does it mean that parameters only can live in R?
@ What about (max) likelihood ratio tests?

Binomial example: maximum posterior point estimates of p are

reference initial dist. initial mode  final mode
Lebesgue  Beta(1,1) (unif) undefined 1/10=0.10
Lebesgue Beta(0.5,0.5) (Jeffreys) Oand1 1.5/10.5=0.143

Logistic Beta(0.5,0.5) (Jeffreys) 0.50 25/11.5=0.217
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non real parameter spaces

Number of extreme events in time

Observation: number of events per year
N(t) ~ Poisson(6(t)) , 6(t)=a+bt+cl{t> b}
Parameters:

Initial Poisson parameter: a > 0 (positive, Ry)
Slope (climatic change?): lower bound depends on aand ¢

Change (measuring device?): lower bound depends on a, b
Changing one of these parameters implies the change of
the others to preserve fitting of data

Slope b
74 Lack of orthogonality!
S Can g, b and c be independent?
{ } i e Which is the structure
of the parameter space?

Poisson parameter

time
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non real parameter spaces

Final descriptors depend on the parameter space

@ Reference measure
= initial and final probability densities

@ Vector space operations & distance
= mean and variance

o Inner product = orthogonality, projections
Mean and variance depend on distances (Fréchet)
Var[@; ] = / o2 (6; ) £(6)

Mean[©] = argmin, Var[©;n] , Var[®] = min, Var[©;n]

lllustrative example:
Estimation of multinomial parameters or their coordinates
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The 3-part simplex S° as a parameter space

Compositions:

@ Vectors of proportional positive components are
compositionally equivalent

@ A composition is an equivalence class
@ Compositions can be represented in S3

SS:{XGR3 ‘x,->0,2x;:1}

Vector space operations x,y € S, a € R
perturbation powering

X®Y =C(X1y1, Xy2,X3y3) , a©X=C(X", X3, X3)
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Euclidean structure

Centered log-ratio

3
_ X1 Xo X3 ) _
clr(x) = <Iog In()’ log Gn()’ log gm(x)> , E clri(x)=0

i=1

Aitchison’s inner product, norm and distance

(X, y)a = (clr(x),clr(y)) , lIxlla=v{x,X)a

da(x,y) = /d(clr(x), clr(y))

SP has a (D — 1)-dim Euclidean space structure

any composition can be represented by coordinates,
particularly, Cartesian coordinates
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compositions

Isometric log-ratio (ilr) coordinates

Contrast (D, D — 1)-matrix:
ViV=Ip.y , W'=Ilp-—(1/D)1"1
ilr/Cartesian coordinates
ilr(x) = clr(x) V

Example for S3

by = ilry (x) = %Iog %;’Xz) . by = ilnp(x) = \/g Iogi—;
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Compositional ellipses and axes

ilr-coordinates: straight-lines, angles, distances, convex domains
simplex: all is distorted; infinity is at the border . ..

ilr 2
x3

-2 -1

-3

-3 -2 -1 0 1 2 ilr 1 x1 x2
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compositions

The Normal distribution in the simplex

Aitchison measure in the simplex SP: ),
corresponds to Lebesgue measure in ilr-coordinates

B Borelianin R~ | A {ilr~'(B)} = \{B}

ax
ar, =VDpipz-pp

A random composition is hormal in the simplex
if its coordinates are multivariate normal

Densities of a Normal in the simplex
Reference measure: Lebesgue Reference measure: Aitchison
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estimation multinomial parameters

Model of multinomial observations

Observations: counts in 3 categories from n trials,
X = (X1 , Xo, X3),
Multinomial model:
parameters p = (py,p2), p3 =1 —p1 — p2
n! X X: X:
PriX=x|p] = X! py' P Pg°

Naive parameter space: p is in a 2-D affine subspace of R3

Compositional parameter space: p can be represented in the
3-part simplex or equivalently
represented by isometric-coordinates (ilr) in R?
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estimation multinomial parameters

A Multinomial case

@ observed counts: x; =0, x2 = 35, x3 = 70

o Dirichlet initial: a = 0.3 - (1,25,40)/66

@ simulated probabilities p*) = (pk1, Pk, Pxa), k=1,2,... K
@ or ilr-coordinates b() = jlr(p(®)) = (b1, bxz),

Initial and final distribution of p in a ternary diagram

x3 x3

x1 x2 x2

failed expected but not real
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estimation multinomial parameters

A multinomial case: modes and means

Final distribution: Dirichlet(0.0045, 35.11, 70.18)
Comparisons between numbers should be relative!

ref. measure ol o) Ps
mode Lebesgue 0 0.330 0.670
mode  Aitchison 432.107% 0.333 0.665
mean Lebesgue 432.1075% 0.333 0.665
mean  Aitchison 1.55-10"%® 0.332 0.668

Formulas:

ref. measure formula
mode Lebesgue (ai—=1)/ - ak—3), aj > 1
mode  Aitchison i/ > o
mean Lebesgue i/ > o

mean Aitchison Cexp(¢(ey))
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estimation multinomial parameters

Multinomial case: ilr-coordinates

Initial and final distribution of b (note plot scale)
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are prior Aitchison mean probabilities credible?
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Prlbs < 2.82] = 0.035 Prlb, < 0.33] = 0.134
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estimation multinomial parameters

Multinomial case: p marginals?

Parameters: p = (p1,P2,p3), p1+p2+p3 =1
A marginal on p; is not relevant as it does not convey

information on odds like py/p2 or p1/ps3

It may lead to confusing results: are the values p; = 0.015,
p> = 0.38, p3 = 0.61 credible?

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

Prlp: < 0.015] = 0.999 Prlp, < 0.38] = 0.826 Pr[ps < 0.61] = 0.093
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Marginalisation in Bayesian statistics

Types of marginalisation

Bayes factors: odds for two models Hy, H;
f(Hilx) _ [ f(01H1)L(0|x) dO Pr(Ho)
f(Holx) [ f(61Ho)L(6]x) d&  Pr(H)

Marginals
(64 ]x) = / 1601, 0o]x) dOp = / £(01162,X) - £(0]X) db
Expectations of predictive quantities
Ele(y)Ix] = /eso(v)f(yle,x) do

All these integrals can be viewed as expectations ...
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Marginals or expected conditionals?

Generic expression of a marginal: (initial or final)
f(01) = [ £(61162) - F(62) dO2 = Eu,[F(61162)] , 61 € R 6, € R
02

Real setup for 7(0;02), in L(R¥) If £(64|62) is considered as a function in
L' (R¥) then

£(0,) = /0 _ [0:162) - 1(62) oty

is the traditional probabilistic marginal of 6; and also its mean conditional

Bayes space setup for f(61/62)

Ey,[f(01]62)] = exp (/ , log(f(61162)) - f(62) d92)

0o E€R

which is the mean conditional and the geometric marginal of 6;, and it is
different from the probabilistic marginal
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conclusions

Conclusions

@ Almost always parameters are considered to be real, even
in cases in which this assumption is not appropriate
o If parameters are assumed to be in a subset of real space,
initial and final distributions in a Bayesian framework are
equal whatever the parameter space structure. However,
o the mode of parameters depends on the assumed
reference measure
@ means and variances depend on the distance assumed
o other moments can depend as well ...
@ Selecting appropriate real parameters may simplify
computation and representation of initial and final
distributions

@ When densities are assumed to be in a space of functions
different from £(RX), marginals and mean conditionals can
differ
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