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Khintchine inequality

1. Khintchine inequality
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Khintchine inequality

Theorem (Khintchine, 1923)
Given 1 < p < oo, there exists constants A, Bp such that

Ay (iaﬁ)m . (/Ol‘ianrn(t)‘pdt)l/p ‘s, (iaﬁ)m
n=1

n=1 n=1

@ r(t) = (1% teak:=[,t Kl@a<k<2"neN)
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Rademacher functions

(S

o0
@ Orthonormal system: H Z anfn
n=1 n=1

[o¢] [o¢]
@ ) "anm(t) converges ae. <= Y _aj < oo.
n=1 n=1

@ Rad(X) := closed linear span of {r,} in X
@ Rad(L?) = ¢?
@ Rad(LP)~ (2, for1<p < oo
@ Rad(L*>) = ¢ since

N

sup > anf(t) =) an|

te0.1] o n=1
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Beyond LP

Any other function space X such that Rad (X ) ~ ¢2? J

@ Yes: the space Exp L? of all functions f such that

1
/ ex p<| (t)|> dt < oo, for some A > 0.
0

@ Exp L? is “close” to L™:

L* CExpL2cLP, 1<p<o
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Characterization of KiI

Symmetric space: Banach function space where the norm of a
function is determined its distribution function

Rad(X) ~ 7 «— ( )UZAHZakrk ‘

n=1

. () €2

Theorem (Rodin & Semenov, 1975)
Let X be a symmetric space. Then,

R 2
Rad(X) ~ 2 <= [= " c X
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A local version of Khintchine inequality

2. A local version of Khintchine inequality
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Local version: idea

@ If E = A adyadic setor order N, e.g. A = [0, ziN]

@ Modulo the size of A, the Rademacher functions {ry1,n+2,--- }
behave on A as {ry,r,,... } behave on [0, 1]

That is, for every (ay) € ¢2,

/A‘ i akrk(t)‘zdtzziN i aZ

n=N+1 n=N+1
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A result of Zygmund

Theorem (“Trigonometric Series”, 1935)

Let ¢ > 0. For any measurable set E C [0, 1] with m(E) > 0O there
exists N := N(E) such that

(1—6)§a§ < W/E \n;akrk(t)\ dt §<1+s)n:§;aﬁ

for every (ayx) € /2.

Guillermo P. Curbera (Univ. Sevilla) Local Khintchine inequality 19.07.2011 11/28



The LKI for LP

Theorem (Sagher & Zhou, 1990)

Forany 1 < p < oo there exist constants Ay, By > 0 so that for any
measurable set E C [0, 1] with m(E) > 0 there exists N := N(E) such
that

Ag(iaﬁ)m < (%/E ‘ iakrk(t)‘pdt>1/p < B;(iaﬁ)m
n=N n=N

n=N

for every (ayx) € /2.
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How to extend beyond LP?

Two possibilities:

1 = p \'P = podr \7P
(m/E‘r;akrk(t)‘ dt) = (/E‘nz:,:\lakrk(t)‘ W)

o0 1/p 0
(%/E ‘nz_;akrk(t)‘pdt) = @HXE 'nz_;lakrk(t)Hp
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The LKI for Exp L*

Theorem (Sagher & Zhou, 1996)

There exist «, 8 > 0 so that for E C [0, 1] with m(E) > O there exists
N := N(E) such that

a( ak)l/Z < H Z anfn| (e ) < 5( 3 aﬁ)l/z

n=N E]

for every (ay) € /2.

||f||EXp L g) = inf{/\ >0: /E (exp (@) - 1>|?E—t| < 1} .
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The LKI for Exp L?

Theorem (Carrillo-Alanis, 2011)

There exist A,B > 0 so that for E C [0, 1] with m(E) > 0 there exists
N := N(E) such that
)1/2

A )" < |5 ol J<8(3a

n=N \E\ n=N

~N

for every (ay) € /2.

||f||Exp LZ(E%) = inf{/\ >0 :/E (exp (@)2 — 1>|?E—t| < 1}.
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A local symmetric Khintchine inequality

@ X symmetric satisfies a Local Khintchine Inequality if:

there exist «, 8 > 0 such that for E C [0, 1] with m(E) > 0O there
exists N := N(E) such that

=
[,

a-px(Mm(E)) < < B-ex(M(E))

for every (aj) € ¢2 with ) "ajri(t) € X
i=N

® ox = [x[0,/Ix is the fundamental function of X.
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A local symmetric Khintchine inequality

@ For LP, the LKI was

A;,(Zaﬁ)l/z < (%/E ‘ Zakrk(t)‘pdt> p < B;(Zaﬁ)m
n=N

n=N n=N

where
po(t) = t1/P

(S a) =[S anc],

n=N
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A local symmetric Khintchine inequality

Theorem (Astashkin & C. (2011))
Let X be symmetric. Then

X satisfies a LKl<= ~,, >0

where v,, > 0 is the lower dilation index of the fundamental function
2

_log M., (t) ex (st)
= lim ———222 for M, (t):= su .
Teox = L0 logt ex(t) 0<521 ox(8)

Example: for X = LP the dilation index is %.
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The tail Rademacher multiplicator space

@ For f(t Ci XAn ), step dyadic function of order n
i

oy —sup{uf " anl, ] 5 an, <1]

@ A¢(X), the tail Rademacher multiplicator space of X, is the
completion of the dyadic step functions with respect to the
A¢(X)-norm
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The tail Rademacher multiplicator space

A complicate norm in A¢(X):

an 2n
° H jz_;CjXAj"(t)HAt(x) = H jz_;c,- log'/? (ﬁ) 'XAJ."HX

2m(E

o Ixelnco = 10972 (22 ) xpp ey,

o) SRR Do 2 AR

for g := Zjl m(Es), and 5y = 0.
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LKI and tail Rademacher multiplicator space

Theorem (Astashkin & C. (2011))
The following are equivalent:
@ The LKI holds in X,

ex(m®)- (3 a2)"" = |xe Y- aclv)]
k=N k=N

X
@ log'?(e/t) e L=" and  pax) = ¥x.

Ixoally = [10g™? (?) Xpal)|,, 0<a<1
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Weighted Khintchine inequality

3. A weighted Khintchine inequality
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LP weighted Khintchine inequality

Theorem (Veraar, 2010)

Letl <p < oco. Letw € LY([0,1]), for some g > p, and
m(supp(w)) > 2/3.

Then, there exists C1,C, > 0 such that

cl(i 1/2 (/‘Za,r. ‘|w \pdt> <cz(§:a3)l/2,

i=1

for every (a;) € /2.
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Weighted Khintchine inequality

Extension to symmetric spaces

@ Restriction on the support of the weight: m(supp(w)) > 2/3
A result of Stechkin and Ul'yanov on zero sets of Rademacher series
shows that they have measure < 1/2.

@ The upper bound:

=t
sup = |IW|lax)s

acl? H ZZI aili H
X

where A(X) is the Rademacher multiplicator space of X:

A(X) = {f: [0,1] —>R:f2anrn e X : foral Z:anrn ex}.

n=1 n=1

Guillermo P. Curbera (Univ. Sevilla) Local Khintchine inequality 19.07.2011 25/28



Weighted Khintchine inequality

Symmetric weighted Khintchine inequality

Theorem (Astashkin & C., 2011)

Let X be a symmetric space with Rad (X) ~ ¢2. Let A(X) be the Rademacher
multiplicator space of X. Consider a weight w € A(X) such that

1

max{m(M,](w) N [0, E]),m(Mn(W) N [% 1})} > %

for some n > 0, where
My (w) := {t € [0,1] : [w(t)] > n[lw/[ax)}-

Then, there exists constants Cx, D,, > 0 such that, for every a = (a;) € 2,

Dullwliallallz < |w - > aii|| < Cx [wlialiall

i=1
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Symmetric Weighted Khintchine inequality

@ Regarding the Rademacher multiplicator space of X:

@ In general A(X) is not symmetric and A(X) C X.
o Example: LP(logL)/2 C A(LP).

@ In particular: A(LP) D L9([0,1]), for all g > p.

@ Extensions of the result are available, but with technical conditions
on the structure of the support of the weight.
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