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o Let X = (Xo,X1), Y = (Yo, Y1) be quasi-Banach couples
@ T:X — Y means that

T:Xo+ X1 — Yo+ Yjis linear
and, fori =0,1,
restriction of T to X; is bounded from X; to Y;
@ The K—functional: for all t > 0 and x € Xy + X1,

K(t,x) = inf {[xollx, + tllxallx, s x = x0+xi € X}
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@ Real interpolation space (Xo, X1)q, (0 € (0,1), g € (0, 0])
e all x € Xy + X1 with finite quasinorm
o 1/q
(fo (7K (t, x))? %) , 0<g<oo,
Ix1lg,q ==

swpeoo {E0K(E X)), q=co.
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Compactness (Cwickel, Cobos-Kiihn-Schonbek)
e T:X—Y

T :Xo — Yo compact = T : (Xo, X1)g, — (Y0, Y1)y, compact

Measure of non-compactness, entropy numbers

Let B(X,Y) be family of all bounded linear maps from X to Y,
B(X) = B(X, X)

@ Bx = closed unit ball in X
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e let TEB(X,Y), neN
e n' (dyadic) entropy number of T

en(T) :=inf {e > 0: T(Bx) covered by 2! Y — balls of radius ¢}
e {e,(T)} is monotonic decreasing

B(T):= lim e,(T)

n—oo

is the measure of non-compactness of T; B(T) =0 <= T compact
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B behaves well under real interpolation

B(Toq) < CB(To) B (T1)
Here

TG,q =T: (XO'X1>9,q - (Yo, Yl) T,' : X,' — K

0.q"

Cobos, Ferndndez-Martinez, Martinez (1999)

Behaviour of entropy numbers under interpolation?

Might conjecture

emtn—1(Toq) < Cem(To) Pe,(T1)°

Supporting evidence

True when one end-point space is fixed (Pietsch, Haroske-Triebel).

Agrees with known results for concrete operators
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To explain background, some notation is needed

p € (0, c0], I non-empty countable set, f scalar-valued function on /

. 1/ .
111, = (Sies [F(D)IP)"F (p < 00), ||f||oo,/:$25>|f(')|

(1) = {F 2 1Ifll,, <o}

o Often write f; instead of f(i). When | =N or {1,2, ..., n} write /, or
I3 .Points denoted by {fi}; ., fi = f(i)

Lorentz spaces: p € (0,00), u € (0, 0]

N oo 1/p % Y. 1 1/u R [i/p
HXHp,u =Lz () (u < 00), HXHp,oo = seuﬂgl X;
1

Here {x;},.p is non-increasing rearrangement of {|x;|};cn
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e Given 0 € (0,1), u € (0,00]; po, p1 € (1,00),

(/po' lpl)f),u = lpu,

where
1/p=(1-6)/po+6/p1.

@ Lorentz spaces play a big part in our analysis
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@ Examples

o Let Po, P1, 90,41, U € [1100]
o> max(l/qo —1/po.1/q1 — 1/P1.0)v

e 0<6f<1and
1 1-0 0 1 1-6 0
, == +

p Po p1' q q0 g1

Consider the diagonal map ((ax)) — ((Akak)), where Ay ~ k=*

o Let To:lpy — lgoo Tothpy — lgys T2 (g Ipy ).y — (lgos Iy )g ,, b€ its
realisations

@ Then (I, lpl)e,u = Ip,u, (Ig, /q1>6,u = lg.u, and
ex (T/) ~ kL/ai=1/pi—a (,- =0, 1>, ex (-,-) 5 kl/qfl/pfay

so that
exti-1(T) S ef ' (To) ef (Th).

D. E. Edmunds (University of Sussex) Remarks on entropy numbers July 2011



@ Let () be a bounded open subset of R” with smooth boundary

o Let sp,s1,t0,t1 €INg, 1 <r,p<co;0€(0,1),q€(1,00)and
suppose that so — tg, 51 —t1 > n(1/p— 1/r)+.

o Let id; : W5 (Q) — W} (Q) (i=0,1),
id: (W (Q), wyt (Q))B,q — (WP (Q), Wi (Q)))g ,be the natural
embeddings.

@ Then

(W (Q), W3t (Q)),, =B, (Q), (WP (Q), W (Q)),, =B, (Q

0,9 0,9 rq

o where s = (1 —0)sy +0s1,t = (1 —0)ty + 0t;.

o Also
ex (idi) ~ k=6=8)/1 (= 0,1), e (id) ~ k~(s78)/n,

Hence
exti—1(id) S e} 70 (ido) €] (ich) .
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o Conjecture false (Netrusov-E)
@ Basic idea: use sequence spaces, combinatorial arguments

@ Theorem For any A € (0, 1) there exist Banach spaces Xy, X1, Yo, Y1
and a linear map T : Xp + X1 — Yp + Y1 such that for all u € (0, o0},
6 €(0,1) and n € N,

en (T:Xo— Yy) < an e, (T: X1 - Y1) < cn

and
en (T: (X0, X1)g — (Yo, Y1)g,) = cn~(log n)*.
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@ Indication of proof

o Let E; (i € IN) be disjoint subsets of IN with union IN, fE; = 22’ for
each /, arranged so that every element of E; is less than every element
of E,'_|_1.

@ Let A > 0 and define a linear operator T by

T (i) = ).y =2""% (j€E,i€N).

e Lemma Let p,q,u, v € (0, ] be such that A:=1/p—1/g > 0 and
set c =1/u—1/v. View T as a map from /, ,(IN) to /g, (IN). Then

em(T) > cm *(logm) ™" (m € N).
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Sketch of proof

By a change of variable the required estimate from below is
equivalent to
esos(T) > c27%*s77 (s € N)

Given any set E and any v € IN with v < {E, put

L(E,v)={E CE:{E =v}

Let s € N be large; let kg = least natural number such that s < 2o,

Lemmas of combinatorial type give the following:
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o Thereis aset A C Ay 41 X Ag2 X ... X Ag, each A; C L(E;,2°71),
such that

o (i) for any distinct Fo, F1 € A; (i € {ko+1,...,s}),
f(FoNF) <2571
o (i) for any fo = (fo,1)i—p11. i = (Ai)ioks1 €A o # fi,
f{ic{ko+1,..,s}:f,;="fit <(s—k)/2;
o (iii) there is a positive absolute constant ¢ such that
logfA; > c2° (i€ {ko+1,...,s});
o (iv) there is a positive absolute constant ¢; such that

logA > ¢12°s.
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o Forany f = (fi)i_, .1 €A let

Xf 1= (Z/s':ko+127(57i)/p7(fi> s v

It turns out that
HXpr,u <o, feU,

and, for distinct fy, f; € A,
|| TXf0 — TXf1 ||q,u > C3275A57(7.

The result follows.
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@ Completion of proof of theorem
o Let Xo = Iy, X1 = lp,, Yo = lgy, Y1 = Ig,, where
po. p1. Go, g1 € (1,00) and

1/pp—1/qo=1/p1 —1/q1 = A >0,

Use the result of Kithn: if0<p<g<oo, A:=1/p—1/g >0 and
D is the diagonal map

D(xi)jen = ((log(i + 1)) ") e,

then e, (D) < k.

@ After some manipulation, this result can be applied to give

en (Tl —lg) < cn* (j=0,1)
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@ Note that
(po. /p1)9,u = Ip,u and (Ig, /q1)9,u = lg,u,

where

1/p=1—-0)/p+60/p1,1/qg=(1-6)/q0+6/q.

By the last lemma,

en (T: (Ipg, lpl)e,u — (lgy, /q1)9,u) > cn_’\(log n)/\.
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