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Hardy’s inequality:

/Q V)Pdx > c(n, p, ) /Q ‘g ((;?lpdx, fecr@,

where () is a domain (an open connected set) in R", n > 2, 1 < p < oo, and
o(x) = dist(x,R"\ Q) = inf{|x —y|, y € R" \ Q}.

e For a convex domain €2 in R", n > 2, the optimal constant in (1) is

AN
G\, ) = (pT) . (2)

e Brézis and Marcus (1997), () convex, p = 2,

/Q|Vf(x)\2dxz i/g ‘ggi;fdx—i—)\(ﬂ)/g]f(x)|2dx, (3)

where

1
g > 4diam(£2)?




Non-convex domains:
® a sharp constant in (1) is not known in general;

® (Ancona, 1986) for a planar simply connected domain:

¢(2,2,Q) > )

1
6
e Laptev-Sobolev: “degrees of convexity’;

e Annular regions: Avkhadiev-Laptev 2009.



Objective:

/Q IV f(x)|[Pdx > c(n,p,Q) /Q {1+ a(d,00)(x)} ‘g((;())lpdx, ®)

where a(d, 0€2) depends on 9 and geometric properties of the boundary O of
Q.



Skeleton S(€2) and ridge R(€2) of ()

S(Q) ={xe€Q:card N(x) > 1}

where N(x) := {y € 00 : |y — x| = 6(x)}, the set of near points of x
on 0.

oelfx € Qandy € N(x)then N(y + t|x —y|) = {y} forall t € (0, \),
where
A=sup{t € (0,00):y € Ny +t|x—y|)}.

R(Q) = {p(x) : x € Q)

where p(X) := y + A|x — y| is called the ridge point of x € ().



e (E/H, 1987): ¢ is differentiable at x if and only if x ¢ S(Q2). In Q \
S(€2), Vé is continuous and Vi(x) = (y — x)/|y — x|, where N(x) =

{y}

e 5(02) is of measure zero

e (D.H.Fremlin, 1997):

S(2) SR € SO

We shall assume that R (€2) is closed relative to €2 and so R(£2) = S(12)
o if 92 € C? thend € C*on Q\ R(Q) ((Lewis/J.Li/Y.Li, 2011)



Lemma 1 (BEL 2011, Gilbarg/Trudinger, Appendix) Let {2 be a domain in R",
n > 2, with C*? boundary, and set 0(x) := dist(x, d2). Then § € C?*(Q \

R(Q)) and )
s -5 (5

1=1
where the k; are the principal curvatures of JS) at the near point /N (x) of X.
The equation (6) holds for all x € 2\ R(2).




e The terms [x;/(1 + 0k;)| (y), N(x) = {y}, i = 1,2,---,n — 1, in
(6), are the principal curvatures of the level surface of ¢ through x at x;

L " [ki/(1 4 6k;)] (y) is the mean curvature of this level surface at

X.
e If (2 is convex, then S(€°) = R(Q)°) = 0.

e If () is a convex domain with a C%>-boundary, then

Ad(x) > 0 forallx € Q°, §(x) = dist(x, ), (7)
Ad(x) < 0 forallx € Q\ R(). (8)



e If ) is convex and OS2 € C?, then for all 7 and with NV (x) ={y},

1+ 6(x)k;(y) > 1 forallx € Q, 6(x) = dist(x, Q) 9)
1+ 6(x)ki(y) > 0,forallx € Q\ R(). (10)

e If ) is convex and JN) € C? then x € R(Q) \ S(Q) if and only if for
N(x) = {y}, and some 1,

1+ 6(x)r;i(y) = 0.

In this case R({2) has Lebesgue measure zero.



Theorem 1 If 02 € C?, then for all f € C°(2\ R(Q2))

/yva Vf\de>< _1) /{1— POR } P an
p 0 p—1J o

where 7 == Y 1) - . If Q2 is convex, then £ < 0. If R({2) is “reasonably

regular” then (11) holds for all f € Co ().

Theorem 2 When () is a ball By, 0(x) = R — |x|, ki(x) = —1/R,i =
L,2,---,n—1, Ad(x) = —(n — 1)/|x|,R(Bg) = {0} and for all f €
Co°(%2),

{(n—2)2 1 2

R AT L

(12)

[ vieopix =7 [



Theorem 3 Let () C R",n > 2, be convex with a C ? boundary. Then for all
f e CrR™\ Q)

/Rn\sz R = (1%1)19 /R”\Q {1 \ ppfi} 'ﬁjfdx, &

% _ :
EEee =D - > 0.

Theorem 4 Let ) be a convex domain in R" with a C? boundary. Then for all

f € CR®R™\Q),

/ 5|V - V fPdx > i/ 11 + pred]|lf o
Rn\Q PP Jrm\Q

h 1 .
where & =37/ - > 0.



Non-convex domains: Torus

Example 1 Let {2 C R? be the interior of a ring torus with minor radius r and
major radius R > 2r. Then AJ < 0in )\ R(£2) and

/Q\Vd-Vf]pdx > (p;l)p il

D 0 AP
p—1 pl/ 1 il ¥l
SR — d
< D ) 0 <(7"—5) \/:c%—|—$%> OFN 3

for all f € CP(£2), where x € () has co-ordinates (1, s, 3), and the last
integrand is positive.



Doubly connected domains

A domain 2 C R? = C is doubly connected if its boundary is a disjoint
union of 2 simple curves. If it has a smooth boundary then it can be mapped
conformally onto an annulus 2, s = Br \ B, = {2z € C : p < |2| < R}, for
some p, I?.

Lemma 2 Let(); C (), C Cand B, C B C C,0 < p < R, where B, is the
disc of radius 7 centered at the origin. Let

FIQQ\Ql %BR\F,O
be analytic and univalent. Then for z = | + ix9, X = (21, 75) € Qs \

e . 1 N
ORI

is invariant under scaling, rotation, and inversion. Hence, § does not depend on
the choice of the mapping F’, but only on the geometry of €25 \ €);.




Theorem 4 For ) := ), \ €, C R?,
1
/ Vo) P / 3(x) () [2dx.
Q 4 Jo

Example 2 Let $(z) = (z — 1)(z+ 1) and
= {2 : p* < | D2V

for 0 < p < R. The function F'(z) = /P(z) is analytic and univalent in 2
and
F:.Q— Qp,R'

A calculation gives

< ks

1,S{(Z) I ‘22 N 1‘2
2 R — p)?
. (R—p)

B EET p)2(R — /]2 — 1)



