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Ω in Rn is called quasi-bounded if

lim
x∈Ω,|x |→∞

dist(x , ∂Ω) = 0 .

An unbounded domain is not quasi-bounded if, and only if, it

contains infinitely many pairwise disjoint congruent balls.

Corollary

Let Ω be an unbounded, uniformly E-porous domain in Rn.

If Ω is not quasi-bounded then an embedding

B̄s1
p1,q1

(Ω) ↪→ B̄s2
p2,q2

(Ω)

is never compact.
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Let Ω be an uniformly E-porous domain with Ω 6= Rn, b(Ω) <∞
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Application

Let α > 0 and

ωα := {(x , y) ∈ R2 : |y | < x−α where x > 1 } .

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (ωα) := C∞0 (ωα)

W 2
2 is

a positive self-adjoint operator on L2(ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1

k log k if α = 1

k
2
2 if α > 1 .
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Uniformly E-porous domains

Let Ω be an open set in Rn such that Ω 6= Rn and Γ = ∂Ω.

Ω is said to be E-porous if there is a number η with 0 < η < 1

such that for any ball B(γ, r) ⊂ Rn, γ ∈ Γ, 0 < r < 1, there exist a

ball B(y , ηr) with

B(y , ηr) ⊂ B(γ, r) and B(y , ηr) ∩ Ω = ∅ .

The domain Ω is called uniformly E-porous if it is E-porous and Γ

is uniformly porous.

A close set Γ is said to be uniformly porous if it is porous and

Γ = suppµ with a locally finite positive Radon measure µ on Rn

and

µ(B(γ, r)) ∼ h(r) , with γ ∈ Γ, 0 < r < 1 ,

where h : [0, 1]→ R is a continuous strictly increasing function

with h(0) = 0 and h(1) = 1.
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Function spaces on domains

Ãs
p,q(Ω) =

{
f ∈ As

p,q(Rn) : supp f ⊂ Ω
}
.

Ãs
p,q(Ω) =

{
f ∈ D ′(Ω) : f = g |Ω for some g ∈ Ãs

p,q(Ω)
}
,

‖f |Ãs
p,q(Ω)‖ = inf ‖g |As

p,q(Rn)‖,

B̄s
p,q(Ω) =


B̃s
p,q(Ω) if 0 < p ≤ ∞, 0 < q ≤ ∞, s > σp ,

B0
p,q(Ω) if 1 < p <∞, 0 < q ≤ ∞, s = 0 ,

Bs
p,q(Ω) if 0 < p <∞, 0 < q ≤ ∞, s < 0 .
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p,q(Ω)
}
,

‖f |Ãs
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Theorem [Triebel 2008]

Let Ω be an uniformly E-porous domain in Rn, Ω 6= Rn. Let{
Φj
r : j ∈ N0; r = 1, . . . ,Nj

}
be a special u-wavelet system,

constructed in [Tr08, Section 2.3 and 2.4] that is an orthonormal

basis in L2(Ω) and u > max(s, σp − s).

Then f ∈ D ′(Ω) is an

element of B̄s
p,q(Ω) if, and only if,

f =
∞∑
j=0

Nj∑
r=1

λjr2−j
n
2 Φj

r , λ ∈ `q
(

2j(s−
n
p

)
`
Nj
p

)
.

If f ∈ B̄s
p,q(Ω) then the representation is unique with λ = λ(f )

λjr = λjr (f ) = 2j
n
2 (f ,Φj

r ),

where ( , ) is a dual pairing and

I : B̄s
p,q(Ω) 3 f 7→ λ(f ) ∈ `q

(
2j(s−

n
p

)
`
Nj
p

)
is an isomorphism.
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Sequence spaces

Let β = {βj}∞j=0 be a sequence of positive numbers and let {Nj}j
be a sequence with Nj ∈ N ∪ {∞}.

`q

(
βj`

Nj
p

)
:=

{
λ = {λj ,r}j ,r : λj ,r ∈ C ,

∥∥∥λ ∣∣∣`q(βj`Nj
p

)∥∥∥ =

( ∞∑
j=0

βqj

( Nj∑
r=1

|λj ,r |p
)q/p

)1/q

<∞

}

(usual modifications if p =∞ and/or q =∞).

If Nj =∞ then we put `
Nj
p = `p.



Box packing

Let Ω ⊂ Rn be a nonempty open set Ω 6= Rn.

bj(Ω) = sup
{
k :

k⋃
`=1

Qj ,m` ⊂ Ω , Qj ,m`

}
, j = 0, 1, . . .

Properties:

I 0 ≤ bj(Ω) ≤ ∞ for any j ∈ N0 and 0 < bj(Ω) for large j

I If bj0(Ω) =∞ then bj(Ω) =∞ for any j ≥ j0

I If bj0(Ω) > 0 then bj(Ω) > 0 for any j ≥ j0

I There exists a constant j0 = j0(Ω)such that for j ≥ j0

2(j−j0)n ≤ bj(Ω)

I If |Ω| <∞ then
bj(Ω)2−jn ≤ |Ω|

I It holds 2nbj−2(Ω) ≤ Nj ≤ bj(Ω) .
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It follows limj→∞ bj(Ω)2−js =∞ if 0 < s < n.

There exists at most one number b ∈ R such that

lim supj→∞ bj(Ω)2−js =∞ if s < b

and

limj→∞ bj(Ω)2−js = 0 if s > b.

We put

b(Ω) = sup
{
t ∈ R+ : lim sup

j→∞
bj(Ω)2−jt =∞

}
.

For any nonempty open set Ω ⊂ Rn we have n ≤ b(Ω) ≤ ∞.
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Example 1

Let α > 0. We consider the open sets ωα ⊂ R2 defined as follows

ωα = {(x , y) ∈ R2 : |y | < x−α, x > 1} .

Then

bj(ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

22j if α > 1

and in consequence

b(ωα) =

{
α−1 + 1 if 0 < α < 1 ,

2 if α ≥ 1 .

limj→∞ bj(ωα)2−jb(ωα) is a positive finite number if α 6= 1.

If α = 1 then the limit equals infinity.
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Let α > 0. We consider the open set Ωα ⊂ R2 defined as follows
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and
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α−1 + 1 if 0 < α < 1 ,

α + 1 if α ≥ 1 .

Again limj→∞ bj(Ωα)2−jb(Ωα) is a positive finite number if α 6= 1,

but if α = 1 then the limit equals again infinity.
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Remark

If there exist j0 such that Nj0 =∞ then the embedding

`q1

(
βj `

Nj
p1

)
↪→ `q2(`

Nj
p2 ) holds if and only if

p1 ≤ p2 and {β−1
j }j ∈ `q∗ .

Moreover, in that cases the embedding `q1

(
βj `

Nj
p1

)
↪→ `q2(`

Nj
p2 ) is

never compact.

Corollary

Let Ω be an unbounded, uniformly E-porous domain in Rn.

If Ω is not quasi-bounded then an embedding

`q1

(
2
s1− n

p1
−s2+ n

p2 `
Nj
p1

)
↪→ `q2(`

Nj
p2 ) or

B̄s1
p1,q1

(Ω) ↪→ B̄s2
p2,q2

(Ω)

is never compact.
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Theorem

Let Ω be an uniformly E-porous domain with Ω 6= Rn and

b(Ω) <∞. Let

s1 − s2

b(Ω)
+

b(Ω)− n

b(Ω)

( 1

p1
− 1

p2

)
>
( 1

p1
− 1

p2

)
+
.

If

0 < lim inf
j→∞

bj(Ω)2−jb(Ω) ≤ lim sup
j→∞

bj(Ω)2−jb(Ω) <∞

then

ek

(
B̄s1
p1,q1

(Ω) ↪→ B̄s2
p2,q2

(Ω)
)
∼ k−γ

with

γ =
s1 − s2

b(Ω)
+

b(Ω)− n

b(Ω)
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− 1
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Let Ω be a uniformly E-porous quasi-bounded domain with

|Ω| =∞ and b(Ω) <∞ with one additional property, then
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is compact if
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with
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k1 − k2

b(Ω)
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b(Ω)− n
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)
.

Here W̃ k
p (Ω) = C∞0 (Ω)

W k
p .
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Applications to spectral theory on unbounded domains

Let Ω be a quasi-bounded uniformly E-porous domain

Then we have B̄2m
2,2 (Ω) = F̄ 2m

2,2 (Ω) = W̃ 2m
2 (Ω), m ∈ N.

Let

A(x ,D) =
∑
|α|≤2m

aα(x)∂α

be formally self-adjoint, uniformly strongly elliptic differential

operator of order 2m, with real valued coefficients aα ∈ C∞(Ω)

that are uniformly bounded and uniformly continuous for |α| ≤ 2m.

Then the operator A = A(x ,D) with domain

D(A) = B̄2m
2,2 (Ω)

is a closed linear operator with discrete spectrum σ(A) of

eigenvalues having no finite limit point.

Moreover we assume that A is a positive self-adjoint in L2(Ω).
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Theorem

Let Ω be an uniformly E-porous domain in Rn, Ω 6= Rn, such that

b(Ω) <∞ and

0 < lim inf
j→∞

bj(Ω)2−jb(Ω) ≤ lim sup
j→∞

bj(Ω)2−jb(Ω) < ∞.

Let λ1, λ2, . . . be eigenvalues of A ordered by their magnitude and

counted according to their multiplicities. Then

λk ∼ k
2m
b(Ω) .
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Example 1

Let α > 0 and

ωα := {(x , y) ∈ R2 : |y | < x−α where x > 1 } .

Then

bj(ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

22j if α > 1 .

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (ωα) := C∞0 (ωα)

W 2
2 is

a positive self-adjoint operator on L2(ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1

k log k if α = 1

k if α > 1 .



Example 1

Let α > 0 and

ωα := {(x , y) ∈ R2 : |y | < x−α where x > 1 } .

Then

bj(ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

22j if α > 1 .

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (ωα) := C∞0 (ωα)

W 2
2 is

a positive self-adjoint operator on L2(ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1

k log k if α = 1

k if α > 1 .



Example 1

Let α > 0 and

ωα := {(x , y) ∈ R2 : |y | < x−α where x > 1 } .

Then

bj(ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

22j if α > 1 .

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (ωα) := C∞0 (ωα)

W 2
2 is

a positive self-adjoint operator on L2(ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1

k log k if α = 1

k if α > 1 .



Example 1

Let α > 0 and

ωα := {(x , y) ∈ R2 : |y | < x−α where x > 1 } .

Then

bj(ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

22j if α > 1 .

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (ωα) := C∞0 (ωα)

W 2
2 is

a positive self-adjoint operator on L2(ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1

k log k if α = 1

k if α > 1 .



Example 2

Let α > 0 and

Ωα = {(x , y) ∈ R2 : |y | < |x |−α} .

Then

bj(Ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

2j(α+1) if α > 1 ,

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (Ωα) := C∞0 (Ωα)

W 2
2 is

a positive self-adjoint operator on L2(Ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1 ,

k log k if α = 1

k
2

1+α if α > 1 .



Example 2

Let α > 0 and

Ωα = {(x , y) ∈ R2 : |y | < |x |−α} .

Then

bj(Ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

2j(α+1) if α > 1 ,

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (Ωα) := C∞0 (Ωα)

W 2
2 is

a positive self-adjoint operator on L2(Ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1 ,

k log k if α = 1

k
2

1+α if α > 1 .



Example 2

Let α > 0 and

Ωα = {(x , y) ∈ R2 : |y | < |x |−α} .

Then

bj(Ωα) ∼


2j(α

−1+1) if 0 < α < 1 ,

j22j if α = 1 ,

2j(α+1) if α > 1 ,

The Dirichlet Laplacian with D(−∆) = W̃ 2
2 (Ωα) := C∞0 (Ωα)

W 2
2 is

a positive self-adjoint operator on L2(Ωα) and

λk(−∆) ∼


k

2α
1+α if 0 < α < 1 ,

k log k if α = 1

k
2

1+α if α > 1 .





Appendix



Wavelets on domains

Let ψF ∈ Cu(R) and ψM ∈ Cu(R), u ∈ N be real compactly

supported Daubechies wavelets.

We assume also that ψM satisfy the moment conditions for all

v ∈ N0, v < u.

Ψj ,L
G ,m(x) := 2(j+L)n/2

n∏
a=1

ψGa(2j+Lxa −ma),

G ∈ {F ,M}n, m = (m1, . . . ,mn) ∈ Zn

where L ∈ N0 is fixed such that

suppψF ⊂ (−ε, ε) suppψM ⊂ (−ε, ε)

for some sufficiently small ε > 0.

{F ,M}n∗ = {F ,M}n \ {F̄ = (F , . . . ,F )}.



ZΩ := {x jr ∈ Ω : j ∈ N0; r = 1, . . . ,Nj} ,Nj ∈ N = N ∪ {∞}

such that

|x jr−x
j
r ′ | ≥ c12−j , r 6= r ′ and dist

( Nj⋃
r=1

B
(
x jr , c22−j

)
, Γ)
)
≥ c32−j .

The system of functions{
Φj
r : j ∈ N0; r = 1, . . . ,Nj

}
with suppΦj

r ⊂ B(x jr , c22−j)

is called u-wavelet system (with respect to Ω) if it consists of:

Φ0
r = Ψ0,L

G ,m for some G ∈ {G ,F}n, m ∈ Zn

Φj
r = Ψj ,L

G ,m dist(x jr , Γ) ≥ c42−j , G ∈ {G ,F}n∗, m ∈ Zn

Φj
r =

∑
|m−m′|≤K

d j
m,m′Ψ

j ,L

F̄ ,m
dist(x jr , Γ) < c42−jm = m(j , r) ∈ Zn,

with
∑

|m−m′|≤K

d j
m,m′ ≤ D, suppΨj ,L

F̄ ,m′
⊂ B(x jr , c22−j).
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Example 3

Let {rj}j be an increasing sequence of positive numbers.

We assume that r0 > 1 and put Rj = Rj−1 + 2j(n−1)rj , R−1 = 0.

The sequence {Rj − Rj−1}j is also increasing.

Aj :=
{
m : m = (`, 0, . . . , 0), 3j + Rj−1 ≤ 2−j` < 3j + Rj

}
,

Ωj :=
⋃

m∈Aj

Q j ,m and Ω :=
( ⋃
j∈N0

Ωj

)◦
.

cardAj ∼ 2j(Rj − Rj−1) and bj(Ω) ∼ 2jn
∑j

k=0 rk .

If rk = 2αk , α > 0, then 0 < limj→∞ bj(Ω)2−j(n+α) <∞ and

b(Ω) = n + α.

If rk = 2αk max(1, k), α > 0, then limj→∞ bj(Ω)2−js =∞ if

s ≤ n + α and limj→∞ bj(Ω)2−js = 0 if s > n + α

again b(Ω) = n + α but limj→∞ bj(Ω)2−jb(Ω) =∞.

If rk = 2αk max(1, k)−1, α > 0, then its similar to the previous.

If rk = 2k
α

, α > 1 then bj(Ω) are finite but b(Ω) =∞.
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