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Corollary

Let Q be an unbounded, uniformly E-porous domain in R".
If Q2 is not quasi-bounded then an embedding

is never compact.
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Let Q be an uniformly E-porous domain with Q # R", b(Q2) < oo
— WKk
and define W;(Q) = CgO(Q)W". Then we have

WE(Q) — W(Q)

is compact if

_ k- k b(Q)—n(l 1) 1 1

6@ T b \; m) e m

And with one additional property concerning the box packing holds

ek(W,fll(Q) - v”vp’g(fz)) ~ kT
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— w2
The Dirichlet Laplacian with D(—A) = W(w,) := Cé’o(woé)w2 is

a positive self-adjoint operator on Ly(w,) and
kita  if 0<a<l
M(—A) ~ S klogk if a=1
k> if a>1.
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Let Q be an open set in R” such that Q # R” and I = 09Q2.

Q is said to be E-porous if there is a number n with 0 <7 < 1
such that for any ball B(y,r) CR", y €T, 0 < r < 1, there exist a
ball B(y,nr) with

B(y.nr) C B(y,r) and  B(y,nr)NnQ=10.

The domain € is called uniformly E-porous if it is E-porous and I
is uniformly porous.

A close set I is said to be uniformly porous if it is porous and
" = supp p with a locally finite positive Radon measure 1 on R”
and

w(B(y,r)) ~ h(r), with ~€el, 0<r<1,

where h: [0,1] — R is a continuous strictly increasing function
with h(0) = 0 and h(1) = 1.
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Function spaces on domains
Aa(@ = {fe s (R): swpfcay.
A = {FeD(@): f=glo forsome g A (D},
1A%, = inf [lg|A} o (R)]],
By o(2) if 0<p<oo,0<qg<o0,s>o0p,

Bq(Q) = ¢ BY,(Q) if 1<p<oo, 0<g<oo, s=0,
By o) if 0<p<oo,0<qg<oo,s<0.
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Theorem [Triebel 2008]

Let Q be an uniformly E-porous domain in R"”, Q # R". Let
{CD’, cjE€Ny; r=1,..., NJ-} be a special u-wavelet system,
constructed in [Tr08, Section 2.3 and 2.4] that is an orthonormal
basis in L2(€2) and u > max(s,op, —s). Then f € D’'(Q) is an
element of B; () if, and only if,

o N
f= ZiAf;z*f%qw;, et (2P
j=0 r=1
If f € B ,(Q) then the representation is unique with A = A(f)
Xo= X(f) = 25(f,9),
where (, ) is a dual pairing and

I: B (Q)3 f s A(F) € (2f<5">z )

is an isomorphism.



Sequence spaces

Let 8 = {5}, be a sequence of positive numbers and let { N}
be a sequence with N; € NU {oo}.

N.
€q<5jfp’) = {A:{Aj,r}j,ri Air € C,

= (gﬂﬁ (i N |P>q/p> " oo}

(usual modifications if p = oo and/or g = c0).

(32

If N; = oo then we put £y = (,.
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Box packing
Let Q C R” be a nonempty open set 2 # R".
k

bi(Q) =sup{k: | JQm CQ, Qum }, J=01,...
Properties: =
» 0 < bj(R2) < oo for any j € Ny and 0 < bj(Q2) for large j
> If bjy(2) = oo then b;(Q) = oo for any j > jo

If bj,(2) > 0 then b;(2) > 0 for any j > jo

v

v

There exists a constant jo = jp(2)such that for j > jy
ol—jo)n < b;(Q)

v

v

It holds 2nbj_2(Q) < Nj < bJ(Q) .
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There exists at most one number b € R such that
limsup; ,o, bj(Q)27 =00 ifs<b

and
limjso0 bj(Q)27 =0 if s > b.
We put
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For any nonempty open set Q2 C R” we have n < b(Q2) < oo.
If the measure |Q| is finite then b(Q) = n.
If Q is unbounded and not quasi-bounded then b(2) = oc.

But there exist also quasi-bounded domains such that b(Q2) = co .



Example 1

Let o > 0. We consider the open sets w, C R? defined as follows

wa={(x,y) €R?: |y <x % x>1} .



Example 1

Let o > 0. We consider the open sets w, C R? defined as follows
wa={(x,y) €R?: |y <x % x>1} .

Then
(7)) if 0<a <1,
bj(wa) ~ ¢ j2% if a=1,
2% if a>1



Example 1

Let o > 0. We consider the open sets w, C R? defined as follows

wa={(x,y) €R?: |y <x % x>1} .

Then
207 if 0<a<1,
bj(wa) ~ ¢ j2% if a=1,
2% if a>1

and in consequence

b( ) al+1 if O<ax<l,
Wa) =
2 if a>1.



Example 1

Let o > 0. We consider the open sets w, C R? defined as follows

wa={(x,y) €R?: |y <x % x>1} .

Then
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Example 2

Let o > 0. We consider the open set Q, C R? defined as follows

Qo ={(x,y) R |y| <[x|™°}.

Then
20741 if 0<a<1,
bj(Qa) ~ 4 j2¥ if a=1,
2(00tl) if 4> 1,
and

b)) = al4+1 if 0<a<l,
Cla+1 if a>1.

Again lim;_, o bj(Qa)Q_jb(Qa) is a positive finite number if o #£ 1,
but if &« =1 then the limit equals again infinity.
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If there exist jo such that Nj; = oo then the embedding
Loy (/Bj E,’;’{) — qu(ﬂ,l,yj) holds if and only if

p1 < P2 and {ﬁj_l}j S Eq* .

Moreover, in that cases the embedding /4, (Bj E,’;’{) — €q2(€£lj) is
never compact.

Corollary

Let ©Q be an unbounded, uniformly E-porous domain in R".
If Q2 is not quasi-bounded then an embedding

lay (gsl—ﬁ—sﬁé g[’)’lf) s Ley(6p) or B3 (Q) < BZ,(Q)

is never compact.
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2nbj(Q) < bj+1(Q) < Clbj(Q)

And s; — s, + (b(Q) — n) <% — é) > b(Q) (i — L)Jr by

: 1 1 1 1
{21(517527”(575))bj(Q)f(E*H)+ }j is almost strongly increasing.

Then we obtain

— 1

s 55 —k(si—sp—n(L—L —
ean)(Bot (@) = BRg() ~ 27 ) )

P2;q2

or

1
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Let s1,5 € R, 0 < p1, p2, g1, g2 < 00 and we assume

51— S 1 1
n >(P1 P2)+'

For positive real ~y, such that

S1— S 1 1
> - — )
n ! (Pl Pz)Jr

there exists an uniformly E-porous quasi-bounded domain € in R”
such that

e (B3 () = B () ~ k7.
C . %7(%7%)
hoose an example with b(Q)=n—--722" >n.
7*(5*5)



Let Q be a uniformly E-porous quasi-bounded domain with
|| = oo and b(2) < oo with one additional property, then

W,fll(Q) N Wp’g(Q)

is compact if

k

Here WX(Q) = Co(Q)""*.



Let Q be a uniformly E-porous quasi-bounded domain with
|| = oo and b(2) < oo with one additional property, then

W (Q) — WR(Q)
is compact if

ki — ko b(Q)—n(l 1>>(l_l)

+ -
b(2) b(Q2) \p1 p2 pr p2’ Tt
and
ek(W;I(Q) = Wg(n)) ~ k7
with -k b(Q) 1
R — K2 —n s
TTh@) T B@ <p1 p2>

k

Here WX(Q) = Co(Q)""*.
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Applications to spectral theory on unbounded domains

Let Q be a quasi-bounded uniformly E-porous domain
Then we have 322’5’(9) = 1322’2"(9) = Wf’"(Q) m e N.
Let

A(x,D)= > aa(x)0"

|a|<2m

be formally self-adjoint, uniformly strongly elliptic differential
operator of order 2m, with real valued coefficients a, € C>(Q)
that are uniformly bounded and uniformly continuous for |a| < 2m.
Then the operator A = A(x, D) with domain

is a closed linear operator with discrete spectrum o(A) of
eigenvalues having no finite limit point.
Moreover we assume that A is a positive self-adjoint in Lp(Q2).
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Let Q be an uniformly E-porous domain in R”, Q # R", such that
b(£2) < oo and

0 < liminf b;(2)272Y) < limsup b;(Q)277D < .

Jj—=00 Jj—oo

Let A1, A2, ... be eigenvalues of A ordered by their magnitude and
counted according to their multiplicities. Then

2m
A ~ kB@)
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Let « > 0 and
Qo ={(x,y) €R?: |y| < |x[7°}.

Then

20741 if 0<a<1,

bj(Qa) ~ 4 j2¥ if a=1,
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Wavelets on domains

Let vr € CY(R) and ¢p € CY(R), u € N be real compactly
supported Daubechies wavelets.

We assume also that vy, satisfy the moment conditions for all
v eNp, v<u.

wJ'G,Lm(X) .— ol+L)n/2 H ¢Ga(2j+LXa — m,),

a=1
G e {F,M}", m=(my,...,m,) €Z"
where L € Ny is fixed such that
suppyr C (—€,e)  suppym C (—¢,¢)

for some sufficiently small € > 0.
{F,M}™ ={F,M}"\{F =(F,...,F)}.
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Zo:={x<decQ:jeNy r=1,....Nj},N; e N=NU {0}
such that
N
x| > 29, r# ¢ and dist ( U B(x. c227). r)) > 327
r=1
The system of functions
{ber : JE€Np; r= 1,...,Nj} with SuppCD{ C B(x{,cﬂfj)

is called u-wavelet system (with respect to Q) if it consists of:

®0 = W%fm forsome G € {G,F}", meZ"

o = W dist(d, 1) > 27, Ge{G F}™ mez"

o = 3 d Vs <@2dm=m( ) ez,
[m—m’'|<K

. i .,L . .
with Z dfn,m/ < D, supp WJI_:,m’ C B(x/, 277).
im-ml <K
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A = {m: m=(£0,...,0), 3j+R_1<2790<3+R},
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card A; ~ 2(R; — Ri—1) and b;(Q) ~ 27" J;;:o rk-

If re =29k @ >0, then 0 < limj_so bj(Q)277(""®) < 00 and
b(Q) =n+ a.

If re = 2%% max(1, k), @ > 0, then limj o bj(2)27° = 00 if
s<n+a and limj_bj(Q)275° =0 if s>n+a

again b(Q)=n+a but limj_ . bj(Q)272) = .

If e =2%% max(1, k)~%, o > 0, then its similar to the previous.

If r, = 25", o > 1 then b;(Q) are finite but b(Q) = oo.



