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1. Introduction and basic concepts

1.1 Trigonometric approximation in L,, 0 < p <1

Let f € Ly(T9)if0<p<ocorfeC(TY)ifp=occ, neN.
En(f)p :=inf{[If —gll, : & € Tn}

Best approximation by trigonometric polynomials of spherical order less
than n

Let ke Nand 6 > 0.

wi(f, 0)p = sup 1A% FC)lp

|hl<

Modulus of smoothness of order k
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Good news: V. |. lvanov 1975 (d = 1), Storozhenko, Krotov, Oswald
(1975, 1977, 1978)

» Direct (Jackson) theorem: 0 < p < 1, f € L,(T9)

En(f)p < cpkwi(f, ”_l)p

> Inverse (Bernstein) theorem: 0 < p < 1, f € L,(T9)

n+1
wilf, 1) < Gpun™ (Y VP E(F),) M
v=1

» Proof of Jackson Theorem:
Step 1: Approximation by piecewise constant (polynomial) functions

Step 2: Approximation of piecewise constant (polynomial) functions
by linear means generated by appropriate kernels (depending on p)

» Key inequalities for trigonometric polynomials (Bernstein, Nikol'skij,
...) hold true for 0 < p < 1!
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Bad news:

» In contrast to the case 1 < p < 0o - no constructive method for
approximation by trigonometric polynomials

» Classical summability methods (Fourier means)
Let f € L,(T9) 1< p<oo, orfe C(TY) (if p= o).

© € K: continuous, suppp € {£€ : [§] <1}, p(=&) = ©(&)
for each ¢ € R? and ¢(0) = 1.

MEf(x) = (277)_‘/‘/ fy)Wf(x—y)dy, neN

where the kernel

k B
We(y) = Z @(;)e’ky, neN, yeT?

kezd

is a trigonometric polynomial of order less than n.
Do not make sense if f € L,(T9),0<p<1!
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» Classical K - functionals

If 1 < p<oothen(d=1)
wi(f, t)p = inf{||f —gll, + t“|D"gllo: &€ Wy}
= K(F, t5 Lp, WE)
are trivial if 0 < p < 1!

» Ditzian, Hristov, Ivanov 1995: If 0 < p < 1 then

inf{||f —gll, +t“|D"gll,: g€ T} =0
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1.2 Families of linear polynomial operators

Alternative approach: K.V. Runovski 1993/94

>» gel, =

@ k’\ IKX
Mig(x) =Y (- )&k)e™
|kl<n
2n 2n
27y 27y
= (2n+1)~ (o) 5051)
(2n+1) P Fog ont+1)" 2n+1

=:Syg(x)
» Thrg := g(-+ A) translation operator =

Syg=Mg
=[T_xoMfoTig=[T ro0SoT)g

if ge7,
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Definition. f € Lp(T?), 0 < p < oo, or f € C(TY) (if p= o0)
peK, XeT, neN

2wy 2wy
L2, f(x) = (2n+1)" ( ) W (x= A~ )
mx F(x) = (2n+ I/Z:o VZ;O n \X 2n+1
» well-defined for almost all A for all f € L,(T9), 0 < p < o0
» trigonometric polynomial of order less than n for almost all A
> used as a constructive approximation method in L,, 0 < p <1

» alternative proofs of direct and inverse theorems

K. V. Runovski/H.-J. Schmeisser Trigonometric Approximation



Sect. 1 1.1 1.2 1.3

1.3 Problems and intentions

» Convergence - Criteria
MEF—f in L,(T9), 1<p<oc andin C(T9)
S¢f—f in C(TY)
Lo f—f in L(T?xTY), 0<p<oo

for all f, in dependence on the generator ¢

» unified (universal) approach to trigonometric approximation in L,
for all 0 < p < oo via families of operators (L )

in particular extensionto 0 < p < 1

» approximation error and smoothness
direct and inverse theorems (equivalence),
appropriate K -functionals and moduli of smoothness

» Example: approximation by Bochner-Riesz families and means
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2. Convergence - a unified approach

2.1 General results

0<p<oo, g: T9xTY— R measurable, g = g(x, \)

lells = (@n)* [ [ lgtenie aon)”

Td T4

~ ((2m) / leC-N)lzdr)”

average with respect to the parameter A
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Theorem 1. Let ¢ € K and let Fp € L1(RY).
(1) Let0< p < oo. Then
1L, F(x) — F(x)llp — O for all f e L,(T9) iff Fy e Ly(RY)
(2) If1<p<oothen
L5 () = £ ()l = [IMF £(x) = F(x)l
on L,(T?) (if p < 0o and C(T¥) (if p = o).
(3) We have
L5 £ () = F(N)llse = (IS5 F(x) = F(x) oo

on C(T?).
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» Runovski, S. 2004, Lasser, Runovski 2003 (Preprint), Rukasov,
Runovski, S. 2009

» 1 < p < oo classical approximation processes

well-known in various (and more general) cases, many examples

books by Zygmund, Timan, Butzer, Nessel (1971), Stein Weiss
(1971), DeVore, Lorentz(1993), Trigub, Belinsky (2004)

» 1 < p < oo general approach, necessary and sufficient conditions for
convergence

Feichtinger, Weisz 2006
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2.2 Example

» Bochner-Riesz kernels

0a(€) = (1—1£17)] = Fpa(€) = 7 *T(a+1)[£]7* % Jorapa(I€])

= || Fa ”i,,(]Rd) = / poPla+d/241/2)+d =1 4,
1
2d

RY) iff TR e——
= Fea € Lp(RY) P dt2a+1

Hence Fy, € Li(RY) iff > 951 (Bochner's critical index).
2

2d
< 0.

-1
f a>=5= then convergence iff =5 o <p<
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3. Approximation processes and smoothness

3.1 How to describe smoothness related to an approximation process

We discuss some examples and known results.

» Bochner-Riesz means: a > % ,1<p<
Baf(x)= 3 (1 - ‘5 2)“?(k)e"kx neN
SR " |

» Ditzian 2005, Belinsky, Trigub 2004
Ka(f,0)p == inf{||f — g, + 8[| Agll, : &€ WZ(T)}
If =By fllp < Ka(f,1/n),
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» Ditzian 2005, Belinsky, Trigub 2004

Ka(f,0)p < wa(f,0), if 1<p<oo

d
Kalf,8)p = sup |[2d f(x) = D_[F(x + hey) + F(x — hey)]

|h|<s = P
ifl<p<oo

» approximation by Bochner-Riesz is related to smoothness generated
by the Laplacian if 1 < p < o0

adapted modulus of smoothness if p =1 or p = c©

Is there a counterpart if p < 17

K. V. Runovski/H.-J. Schmeisser Trigonometric Approximation



Sect. 3 g4 32 83

» Hristov, lvanov 1990 (d=1), Ditzian, Chen, Hristov, Ivanov 1995
(d>1)

Ra(f.8)p = inf{|f — gll, + 02 2ell, = & € Tays)
Ra(f,0)p < Ka(f,0)p if 1<p<oo
Realization of the KC-functional on 7; /5
» Ditzian, Hristov, lvanov 1995

ICA(f,(S)pZO if 0<p<l.

» Ditzian, Hristov, lvanov 1995 (1990), d =1
Pil(f.1/n)p = inf{|f — gl + n¥lg®], : g €Ty}
Pi(f,1/n)p < wi(f,1/n)p if 0<p<oo

"Polynomial K - functionals” are appropriate to characterize
smoothness if 0 < p < 17
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3.2 Polynomial K - functionals related to smoothness

Generators of smoothness and operators: We denote by S the class

of complex-valued functions 1) defined on RY satisfying the following
conditions:

1) 1 is continuous on RY and C> on RY\ {0};
2) (=€) = (€) for each ¢ € RY;
3) 1(0) =0, ¢(£) #0 for £ € RY\ {0}.

Each function ¢ € S generates a family of linear operators Dj(v)),
0 > 0, defined on the space 7 by

Ds(v)g(x) = Y (0k)a(k)e™

kezd

Important subclasses:

Hg={peS: Y(re) =€)}, #>0
Then Ds(v) = 6°D(¥) .
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Examples:
> P(€) = (i), keN = D())g =g (d=1)
> (&) =¢| = D(¢) Riesz derivative (d = 1)
> () =K = D)g =Ag, (d=1)
> () =" = DW)g = (-L)*?g, (a>0)
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Polynomial K - functionals:
letpy €S, >0, fely(TY),0<p<co.

Py(f,0)p = inf{[If —gllp + I1Ds(¢)gllp - &€ Tays }
If ¢ € Hg then

Py(f,0)p = inf{|If —gll, +6°IDW)gllp : &€ Tys }

where 77 5 trigonometric polynomials of spherical order less than 1/0
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3.3 Direct and inverse theorems

Let p = min(1,p) and let n € C5°(RY) such that

n€)=1if [¢]<e<1/2
n(§) =0 if [¢] > 20

Theorem 2. 5 as above, 0 < p< o0, pe K, e S. If

Fo e L5(RY) and F [(1_1;0)"] € L(RY)

then
Lo\ f = flls < cPy(f,1/n),

forall n€ N and f € L,(T?) (f € C(TY) if p = ).
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Let 1 be as above and let § € C§® such that
0(§) =1 if 20<[¢]<1,
n€)+6(6) =1 if [{[<1.

Theorem 3. 7,0 as above, 0 < p< oo, p €S8. Let ¢ € K, such
that (&) #1if £ #0. If

F [%} € L3(RY)

and if for some m e N

then
Py(f,1/n)p < cllLo\f —flls

forall ne N and f € L,(T?) (f € C(T?) if p = o).

K. V. Runovski/H.-J. Schmeisser Trigonometric Approximation



Sect. 4 41 42 43

4. Approximation by Bochner-Riesz families

4.1 Convergence

> Generator: o (€) = (1 [€?)T, a>0.

Kernels: W = > (1 — |k/n|?)™ e
|kl<n

Bochner-Riesz means:

Bif(x) ==Y (1 - ‘5 2)“?(k)e"kx . neN

n
|kl<n

Bochner-Riesz families:

Biaf(x) = Fx) = (2n+1) "Zf(fi’l ) W (A )
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Theorem 4.

(1) We have
If = Baaflls =0 (n— o0)

on C, Ly orin L, forall 1<p<+oco ifandonlyif o> (d—1)/2.
(2) Let 0<p<1.Wehave

If = Biafllp — 0 (n— o)
on L, ifandonlyif a>d(1/p—1/2)—-1/2.

In (1) we can replace By, f and p by Bif and p, respectively.
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4.2 Characterizations by (polynomial) K-functionals

Generator of smoothness: (&) = —|¢[?
Differential operator: A Laplace - operator

Corresponding P functional: 6 >0, 0 < p < o0
Pa(f,0), = inf{||f —gll, +6°|Agllp : g€ Trys }
Corresponding K functional: § >0, 1 < p < oo

Ka(f,8), = inf{||f —gll, + *|Agll, : & € WF(T?) }

K. V. Runovski/H.-J. Schmeisser Trigonometric Approximation



Sect. 4 41 42 43

Theorem 5.

(1) Let < p <1l Then

d+2 +1
If = Bisfllp = Pa(f,1/n)p, neN,, fe Ly(T)

2) Let @ > 951 and let 1 < p < co. Then
2

X

If = Boaflls = [If = Byfllp
PA(f, l/n)p

= ICA(fv 1/”)[’

)
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4.3 Characterizations by moduli of smoothness

» 0<p<oo, §d>0.

wa(f,0), == sup [AFF(x)],
|h|<o

» 0<p<oo, §>0.

5a(f,8), == sup H2df zd: (F(x + he;) +f(x_he,))H

|hl<6 p

Jj=1
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Theorem 6.

(1) Let @ > 951 and let 1 < p < co. Then
If = Boaflls =< [If = Bifllp < wa(f,1/n),
(2)Letd=1,0<p<l, a>1/p—1 Then
[f = Boafllz < wa(f,1/n)p
B)letd>1,0<p<1l,a>d(}—3)—3 If 345 <p<1, then
If = Boafllz = @2(f,1/n)p

fo<p< d+2 then the upper estimate holds and the estimate from
below is not true.
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» Runovski, S.: J. Fourier Anal. Appl. 2008
Rukasov, Runovski, S.: Math. Nachr. 2011

» Work in progress: General moduli of smoothness adapted to
approximation processes and (polynomial) K-Functionals
partial results: d =1, 1 < p < 0o, Riesz modulus related to Riesz

derivative and Fejér means
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