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History:

» Several authors
(Gol'dman, Kalyabin, Lizorkin, Merucci, Cobos, Fernandez, Leopold,
Edmunds, Triebel,...)

» Different approaches

(interpolation theory, approximation by series of entire analytic
functions, higher order differences,...)

~ Consider general Fourier analytical approach
(Edmunds & Triebel, 1998), (Moura 2001)
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» Slowly varying function W:  positive, measurable function on (0, 1]
with W(st)
st

li =1

50 W(e)

€ (0,1].

» Examples:
W(x) = (1+|logx|)?(1+log (1+ |logx[))?, x€(0,1], a,b€ER,
V(x) = exp(] log x|), x €(0,1], c €(0,1)

Let 0 < p,g < 00, s € R, W slowly varying function. The space B,(,Z’w)
consists of all f € S’ such that

55 1/q
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» Modulus of continuity:
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> L,, 0 < r <oo: class of all continuous functions 4 : (0,1] — (0, 00)
with

/1 1 g % B d /1 tr g % _
oon(ey t) o u(ey t) =%

Let 0 < r < oo, € L,. The space /\f;((;), consists of all f € Cg for which
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Motivation

Continuity envelopes (Triebel & Haroske, 2001)

~ Continuity envelope of a function space X

Ec(X) = (é‘g(t)7 uX)

f
X(0) ~ sup D
IFx<tt

-—» Of interest: X < Cg and X ¢ Lip
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Motivation

Continuity envelopes (Triebel & Haroske, 2001)

Ec(X) = (&&(t), uy)

~ additional index u, is infimum of all 0 < v < oo such that

</o [i"éé’(ii]"wr))i < clfIX|

--> in B-space context yields (optimal?) embeddings
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Question

Let 0 < p,g < o0,

VW, s inthe “critical line".

» Do Continuity envelopes
1 t , d 1/‘7/
cces) = (1 ([ vor ) =
’ t \Jo y

yield optimal embeddings
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Embedding results

Theorem (Moura, Neves, and S., 2010)
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Embedding results

Theorem (Moura, Neves, and S., 2010)

(i) IF0 < r < q < oo, then BS: ) (R") < NEOU(R™) if, and only if
0o N 2—J ,,dt ﬁ =N .,
S
(Z\U 2=k ) } < 00

st S 2—J g 2—N
dt dt
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Ideas of Proof:

> use equivalent characterization of Besov spaces via
v Peetre’s maximal function

M atomic decompositions
> construct extremal functions f2 — estimates for w(f?,27¥)

» Hardy inequalities for non-negative sequences

long & technical calculations unavoidable in limiting case
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Let (bm)meNy: (dm)men, be non-negative sequences.
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Sketch of the proof of Main Theorem (i)

» “if part”

Assume 0 < g < r < oo and that (x) holds.
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Z aj v #(2x), xeR", $e (R,

a = (aj)jen, non-negative sequence in ¢4 with:

(i)
v

f e B! and 185" < Jla |l

(ii)

w(f2,27F) = L
ok 2 2k Zaj\ll(2 /) !



Sketch of the proof of Main Theorem (i)

» ‘“only if part” Contruct extremal functions 2,

Z aj v #(2x), xeR", $e (R,

a = (aj)jen, non-negative sequence in ¢4 with:
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Optimal weights

Corollary (Moura, Neves, and S., 2010)

Let and define weights

=

< [ [F s\ 7T
) i=v0f ([ 7F) T e
0
Among the embeddings
B SN 1<q<r<oo,

that one with p1 = g is sharp with respect to the parameter (.

Furthermore, the embedding with ;1 = A\qq and r = q, i.e.,
Byl < A5

is optimal.
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~ Consider (more) general Fourier analytical approach
(Farkas & Leopold, 2006)

o,N o,N H
B, and  F7, ~» o,N admissible sequences

Definition (Admissible sequence)

A sequence v = (7j)jen, of positive real numbers is an admissible
sequence if

Y < v+1 < avj, J € Np.
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Spaces of generalized smoothness

Let N = (N)jen, be an admissible, strongly increasing sequence
[classical case: N; = 2/]

~ (%’-\I)J‘eNo generalized partition of unity

Definition (Farkas & Leopold, 2006)

Let 0 < p, g < oo and o = (0j)jen, be an admissible sequence. The
space B,‘;;,N consists of all f € §’ such that

00 1
£ 1B = (30 of e} F)Y|Lpll?) * < oo
j=0
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Spaces of generalized smoothness

Approach recovers well-known function spaces:

> 0= (2%)jen, N=(2)jen,

o,N _ ps _
~ Bp-,q - Bp-,q §(0') = 5(0') =S

> o =(29V(2))jen, N=(Y)jen,

oN _ s, v
~ BIN=B"

e use Boyd indices s(o), 5(o) to describe asymptotic behaviour of
admissible sequences

e also possible:  s(o) < 5(0)



Main Theorem (Moura, Neves & S., 2010)

Let 0 < p<o00,0<gq,r<oo, u€L,. Let o and N be admissible
sequences, the latter satisfying N; > 1. Put
T=0oN"/P

and assume that
3(r)=0 and T l'e/,.

(i) If 0 < g <r < oo, then
o,N .
Ba' — M)

if, and only if,

17220 Jj=0 J+1

(i) fO0<r<gq< oo, then ...
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Main Theorem (Moura, Neves & S., )

Let 0 < p<o00,0<gq,r<oo, u€L,. Let o and N be admissible
sequences, the latter satisfying N; > 1. Put

T =0oN"/P
and assume that
35(t)<s(N) and T 'e/l,.
(i) If 0 < g < r < o0, then
B;;,N — Agé),

if, and only if,

Qf

»/—\\h—‘
[

Tk_q/> < 00.

(+) sup Z/

M>0 \ ‘=5 Ind

(i) If 0 < r < g< oo, then ...
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Connection to previous results

o,N _ (s,¥).
Bp)q - BP)q :
M~ new assumptions correspond to

s<1+2 and {271'(57%)\11(27])71} € ly
P j
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Generalization of previous results

--» cover new spaces in limiting case

s(t)=0
Example: (Kiihn, Leopold, Sickel, Skrzypczak, 2006)

N construct new sequence 7 with

0=s(r) <3(7) <1=s5s(N) and ety
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