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1. Introduction

The Radial Lemma (Strauss 1977).
Let d > 2. Every radial function f € H(RY) is almost everywhere
equal to a function f, continuous for x # 0, such that

~ 1-d
F()l < clx| 2 || £ IHY (R, (1)
where ¢ depends only on d.

This lemma contains three different assertions:

(a) the existence of a special representative of f, which is
continuous outside the origin;

(b) the decay of f near infinity;

(c) the controlled unboundedness of f near the origin.
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Compactness of embeddings

2d
1/md d < < i d>2,
HY(RY) < Lg(RY), 2_q{<C>O by

Strauss (1977), Coleman, Glazer, Martin (1978) and Berestycki,
P.L. Lions (1979):

2d
RHYRY) 5o Lo(RY), 2< q<{ i d>2,

Necessity of these restrictions for the compactness of the
embedding: Ebihara, Schonbeck (1986).
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3. The regularity of radial distributions

3.1 Radial distributions

Definition
A tempered distribution f € S'(R?) is called radial, if it is invariant under
rotations around the origin, i.e.,

f(p(®)) = f(o) fiir alle ¢ € S(RY)

and all rotations ®.

Examples: 1) The Dirac distribution  : ¢ — ¢(0) is radial and
1
o€ B,‘,’,(oz 1)(IR"’) for all p.

2) The spherical mean f : ¢ — f\x|:1 ©(x) dx is radial and

1_
feBinw(RY) forall p.
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3.2 The regularity of radial distributions outside the origin

Theorem 1
Letd >2,0< p<ooand0< qg< oo. Furthermore, we assume

1
s>max(0,;—1).
Iff € RB; ,(R?) s.t. 0 ¢&suppf, then f € Li(RY).

tr f(t) := f(¢,0,...,0), teR.

Theorem 2
Under the restrictions of Thm. 1 we have tr f € B; ,(R).
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3.3 The continuity outside of the origin

Let s >1/pund f € RB;’q(Rd). Let ¢ be a smooth radial
function s.t. 0 & supp ¢ and

sup sup |D%p(x)| < o0.
a€ENg xeR?

Then the pointwise product ¢ - f € RBS .(R“) and

tr(p - f) € BS o(R) < BLHYP(R) = Z57V/P(R).

s d s—d d s—d d
B o(RY) = B3 Y/P(RY) = 257 9/P(RY)
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Corollary 1

Letd>2,0<p<o0,0<qg<o0,ands>1/p. Let p be as
above. If f € RBFS,’q(]Rd), then o f € Z5~1/P(RY) follows.

Corollary 2

LetT>0.Letd>2,0<p<ooand0<qg<oco. If either
s >1/p (and q arbitrary) ors =1/p and q < 1, then
f € RB; ,(RY) is uniformly continuous on |x| > 7.

e P.L. Lions (1982) (Sobolev spaces), S. and Skrzypczak (2000);
e U:={(s,p,q): (s,p,q) asin Cor. 2}.
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4. Decay of radial functions near infinity. |

Theorem 3
Letd >2,0< p<oo, and 0 < g < oco. Furthermore we assume
(s,p,q) € U. Then there exists a constant c s.t.

XD (x)] < c || £[B; o(RY))|

holds for all |x| > 1 and all f € RB;7q(Rd). Moreover

d—1
lim x| * |f(x)|=0

|x]—o00

holds for all f € RB;yq(Rd).
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Theorem 4

(i) Let (s, p,q) € U. Then there exists a constant ¢ > 0 s.t. for all
x, |x| > 1 there exists a smooth radial function f € RB;q(Rd)
with || f |RB3 ,(R?)|| = 1, and satisfying

X5 |F()] > c. 2)

(ii) Let (s,p,q) & U and % > op(d). For all sequences

(Xj)j'i1 C R\ {0} with limj_,o0 || = oo there exists a radial
function f € RB5 ,(R?), || f|RBS ((R)|| = 1, s.t. f is unbounded
in any neighborhoud of x/, j € N.

Remark
Let p be fixed. Then increasing the smoothness s will not result

in an improved decay rate.
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5. Controlled unboundedness of radial functions near the
origin

Theorem 5
Letd >2,0<p<ooand0< qg<oo.
(i) Let (s,p,q) € U and s < %. Then there exists a constant ¢ > 0 s.t.

d_ S
Ix[» =% F ()] < e[| £|RB; o(RY)]| (3)
holds for all 0 < |x| <1 and all f € RBj ,(R?).

(ii) Let o,(d) < s < d/p. Then there exists a constant ¢ > 0 s.t. for all
x, 0 < |x| <1, there is a smooth radial function f € RB  (R9),

|| |RB;7q(Rd)|| =1, satisfying

X[ If(x)[ = <. (4)
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The limiting case

Theorem 6
Letd >2,0< p<oo,1<qg<o0ands=d/p. Then there esists
a constant ¢ > 0 s.t.

_ / d
(—log |x|) M/ |(x)] < c|| f|B (RY)]

holds for all 0 < |x| < 1/2 and all f € RBS/P(RY).
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6. Compact embeddings. |

Theorem 7
Letd >2and1 < p; < oo. Then RB%MO(Rd) is compactly

embedded into L,, (RY) if, and only if,

1 1
po < p1 and so>d<———>.

o RBZ{Z(]Rd) = RH'(RY) in the sense of equivalent norms.

e S. and Skrzypczak (2000) (many forerunners in case of Sobolev
spaces).
e Cwikel and Tintarev (2011; different proof).
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7. Homogeneous Besov spaces

Let M € N and
1
opi=d max (0, —1) <s< M.
p

S dy|| . -5 M d qﬂ 1/q
| £1B54(R )n.—(/Rd A AP L@ ) < oo

[flm :={f+p: p isa polynomial of order < M — 1}

Definition _
The class [f]y belongs to BS (RY) if f is a regular distribution s.t.
1B o(RY)I| < oo.
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op<s<d/p:
4
G

Interpretation: there exists a representative g € [f]y which belongs
to Ltm(Rd).

Bf;’q(]Rd) = Lio(RY), t:=

o(f):= Y FHei(€) FF(Q)]

j=—o0

RB;yq(Rd ) — 'B;q(]R{d) N RL: 0 (RY).
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8. Decay of radial functions near infinity. Il

Theorem 8
Let d > 2,0 < p < oo, and in addition

1 d
max(ap,;) <5<;.

Then there exists a constant ¢ > 0 such that

x>~ lg(x)] < cll[g] B3 (R

holds for all g € B;oo(Rd) N RL; oo(RY), t = d/(% —s), and all

x # 0.
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9. Compact embeddings. Il

Strauss et all:
_2d_
RHLRY) 5o Lo(RY), 2< q<{ i d>2,

Can one replace RH(R9) by the homogeneous counterpart
RHY(RY) (with an appropriate interpretation) ?

Answer: no !
2d
. =& d>?2
1(md d d—2 )
RH(R)gZLq(R), q<{ d—>o
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Theorem 9
Lletd>2,0<p<oo, 1<p <pr<ooand

1 d
ap:dmax(0,5—1)<s<;.

Then
B;q(Rd) NRL:(RY), t:= —r

is compactly embedded into Ly, (RY) + Lp,(R?) if

d
pP<p1<y S<p2§c>0-
p

e S. und Skrzypczak (2010).
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10. Compact embeddings. Il - exterior domains

Q:={xecR9: |x|>1}.

Theorem 10
Letd >2,0< p< o0,
1 d d
max(ap,f)<s<— and p < p1 < 0.
P p E—S

Then RB;’OO(Q) is compactly embedded into Ly, (R?) N C(RY).

e S. and Skrzypczak (2010).
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